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THE POWER SERIES METHOD
FOR NONLOCAL AND NONLINEAR EVOLUTION EQUATIONS

RAFAEL F. BAROSTICHI, A. ALEXANDROU HIMONAS* & GERSON PETRONILHO

ABSTRACT. The initial value problem for a 4-parameter family of nonlocal and nonlinear evo-
lution equations with data in a space of analytic functions is solved by using a power series
method in abstract Banach spaces. In addition to determining the power series expansion of the
solution, this method also provides an estimate of the analytic lifespan expressed in terms of
the norm of the initial data, thus establishing an abstract Cauchy-Kovalevsky type theorem for
these equations.

1. INTRODUCTION AND RESULTS

In this work we prove an abstract Cauchy-Kovalevsky theorem for the following 4-parameter
family of Camassa-Holm type equations

b
ug + uFug — a2 + 0,(1 — 9%) 71 [m uF e —a (k- 2) uk_guﬂ

+(1—-03)7t [[k (k+2) —8a—b—c(k+1)]u"u — 3a(k—2)u3ud um} =0, (1.1)

which was introduced in [HMal] and is referred there as the k-abc-equation. The three parameters
a, b and ¢ range over the real numbers while k is a positive integer, whose value depends on a.
If @ # 0 then k > 2 and the presence of the term au*~2u2 makes k-abc-equation a nonlocal and
nonlinear equation which is not quasilinear. For k = 2 and ¢ = (6 — 6a — b)/2, we obtain the
ab-family of equations (ab-equation) with cubic nonlinearities

b 6—6a—b 2a+b—2

3 u® + + uuﬂ +(1- 82)_1{% ui] =0, (1.2)
which was also introduced in [HMal] and which contains two well-known integrable equations
with cubic nonlinearities. In fact, for a = 1/3 and b = 2 the ab-equation gives the Fokas-Olver-

Rosenau-Qiao (FORQ) equation (also known as the modified Camassa-Holm equation)

ug + vug — aud + 0y (1 — 83)_1[

1
O+ u20yu — L(0pu)® + 0,(1 — ag)—l[guS Y (azu)ﬂ F(1- ag)—1[§ (axu)?’} -0, (1.3)

which was derived in different ways by Fokas [F], Olver and Rosenau [OR] and Qiao [Q], and
also appeared in a work by Fuchssteiner [Fu]. For a = 0 and b = 3 the ab-equation gives the
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2 The Power Series Method for nonlocal and nonlinear evolution equations
Novikov equation (NE)

which was derived by V. Novikov in [N1], where he provides a classification of all integrable
CH-type equations with quadratic and cubic nonlinearities.

ui} =0, (1.4)

Finally, for a = 0 and ¢ = (3k — b)/2 the k-abc-equation makes sense for all k£ > 1 and gives the
following generalized Camassa-Holm equation (g-kbCH)

— —1)(b—
w4+ uFug + (1 — 82)719 b Wk 3k buk—luz} F (-9t [(k )2(b k)

@1 5 . uk_Qui] =0,

(1.5)

which is a quasilinear equation with (k + 1) order nonlinearities and which was studied in [HH2]
and [GH]. When k& =1 the g-kbCH equation gives the well-known b-equation

my + umg + buzm =0, m=1u— Uz, (1.6)
~— —~— ——
evolution  convection  stretching

having quadratic nonlinearities. In this local form it was introduced by Holm and Staley
[HS1, HS2] and it expresses a balance between evolution, convection and stretching. The b-
equation (1.6) contains two integrable members, namely the Camassa-Holm (CH) equation that
corresponds to b = 2 and the Degasperis-Procesi (DP) equation that corresponds to b = 3.
Mikhailov and Novikov [MN] proved that there are no other integrable members of the b-equation.
Furthermore, V. Novikov [N2] recently proved that the only other integrable member of the g-
EbCH equation (1.5) apart from CH and DP is the NE (1.4). To summarize, thus far it is known
that the k-abc-equation (1.1) contains four integrable equations, CH, DP, FORQ and NE. How-
ever, the existence of other integrable members of the k-abc-equation remains an open question.
In fact, integrability theory provides one of the motivations for studying such nonlocal equations.

Another motivation for studying equations like k-abc-equation is the quest for equations capturing
wave breaking and peaking, which goes back to Whitham, who articulates it in his 1974 book [W]
(p. 477) as follows: “Although both breaking and peaking, as well as criteria for the occurrence of
each, are without doubt contained in the equations of the exact potential theory, it is intriguing
to know what kind of simpler mathematical equation could include all these phenomena.” It is
remarkable that the k-abc-equation has peakon traveling wave solutions for all values of the four
parameters k, a, b and c¢. These, including multipeakons, have been derived in [HMal]. The
peakon solutions in the non-periodic case can be written in the following form

u(z,t) = 76_|z_(1_“)7kt‘, v eR. (L.7)

When ¢ = 0 and ¢ = (3k — b)/2, which is the case of the generalized Camassa-Holm equation
(1.5), these are of the form wu(zx,t) = c'/Fe~l*=¢ and were derived in [GH], together with
the corresponding multipeakon on the line and the circle. In the case k = 1, which is the b-
equation, peakon solutions were derived by Holm and Staley [HS1, HS2], who made the important
observation that the b-equation has peakon (and multipeakon) traveling wave solutions for all
values of b. Of course, it is Camassa and Holm [CH] who observed first that the celebrated CH
equation has the peakon (weak) solutions u(z,t) = ce~1*=¢!,
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The initial value problem of the k-abc-equation in Sobolev spaces was studied in [HMa2]. More
precisely, there the following well-posedness result was obtained. If a,b,¢c € R with a # 0 and
k € N with k& > 2, then the Cauchy problem for the k-abc-equation (1.1) with initial data
u(x,0) =up(x) € HS, z €Ror T, s > g, has a unique solution u € C([0,T]; H®). Furthermore,
the lifespan T' satisfies the estimate .
ol
Also, in [HMa2] continuity properties of the data-to-solution map are investigated. The case

(1.8)

a=0and ¢ = (6 —6a—0b)/2 yields the g-kbCH equation, whose well-posedness in Sobolev spaces
H? for all s > % was proved in [HH2]. The Cauchy problem for the integrable members CH,
DP, FORQ and NE was studied earlier by many authors. For some results on well-posedness,
traveling wave solutions, and other analytic properties of these and related equations we refer
the reader to the following works and the references therein [BHP2], [BSS], [BC|, [CHT], [CK],
[CL], [CM], [CS], [DP], [EY], [FF], [HH1], [HK], [HMPZ], [KL], [LO], [LS], [R], [B], [CKSTT],
[KPV], [GLOQ)], [HHG], [HGH], [HLS], [KT], [L], and [Ti].

In this work we study the initial value problem for k-abc-equation when the initial data belong
to spaces of analytic functions, on both the line and the circle. More precisely, these spaces are
defined as follows. For s > 0 and § > 0, on the line these spaces are defined by

G(S,s(R) = {(p c LQ(R) . HSOHQGzS,S(R) = /R<€>28625|§|@(€)2d€ < OO}, (1.9)
where (€) = (1 + £2)Y/2. On the circle the corresponding spaces are
G (T) = {p € L*(T) : H‘PH%:&S(T) = Z(kI)ZSeQélkH@(k)\Q < oo}, (1.10)
keZ
where (k) = (1 + k2)Y/2. Here, when a result holds for both on the line and the circle then we
use the notation || - ||5,s for the norm and G%* for the space in both cases. We observe that a

function ¢ in G%* has an analytic extension to a symmetric strip around the real axis with width
0 (see Lemma 2). This 0 is called the radius of analyticity of ¢. Since in the next Theorem we
will assume that the initial data wug is in G1**2? we would like to point out that in the periodic
case an analytic function (i.e. an element of C*(T)) belongs to a G%*(T), for some §y > 0 and
any s > 0. More precisely we have the following result, whose proof is easy and will be omitted.

Lemma 1. If ug € C¥(T), there exists 6 > 0 such that ug € G%*(T) for any s > 0.

Next, we state our main result, which is motivated by [BHP1] and [BHP2]. For the sake of
simplicity we shall assume that our initial data ug belong in G112

Theorem 1. Let s > % If ug € G¥*2 on the circle or the line, then there exists a positive time
T, which depends on the initial data ug and s, such that for every 6 € (0,1), the Cauchy problem
for the k-abc-equation (1.1) with initial condition u(x,0) = up(x) has a unique solution u which
is a holomorphic function in D(0,T(1 —§8)) valued in G***2. Furthermore, the analytic lifespan

T satisfies the estimate
1
T~ (1.11)
\|U0||1,s+2
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A more precise statement of estimate (1.11) is provided in Section 4 (see (4.13)). For the Camassa-
Holm equation on the circle, a result similar to Theorem 1 but without an analytic lifespan
estimate like (1.11) was proved in [HM]. Furthermore, for CH, DP, NE and FORQ Theorem
1 was proved in [BHP2] using a different approach based on a contraction type argument in
an appropriate space which is build from a scale of Banach spaces. Here we are using a power
series method, which for the quasilinear g-kbCH equation was presented in [BHP1]. The novelty
of this work is that it provides a comprehensive treatment of a large family of Camassa-Holm
type equations whose local part includes non-quasilinear terms like u*~2u3. Furthermore, it
makes a complete presentation of the autonomous Ovsyannikov theorem using the power series
method, on which the proof of Theorem 1 is based. We conclude, by mentioning that there are
many versions of the abstract Cauchy-Kovalevsky theorem proved in a variety of ways. Many of
these works are motivated by water wave models and the Euler equations. For more information
about these we refer the reader to Baouendi and Goulaouic [BG1], [BG2], Ovsyannikov [O1], [02],
Treves [Trel], [Tre2], Nirenberg [Nr|, Nishida [Ns], Caflisch [C], Safonov [S], and the references
therein.

The paper is organized as follows. In Section 2 we describe the spaces used and prove the needed
properties. In Section 3, following the work of Treves, we presents the proof of the autonomous
Ovsyannikov theorem which solves an abstract Cauchy problem by the power series method.
Finally, in Section 4 we apply the power series method to the k-abc-equation and derive the
estimates needed for this method.

2. G%5 SPACES AND RESULTS

We begin with the properties of the G%* and the estimates needed to prove our main result. The
next two lemmas provide a better understanding of the spaces G%° and their properties. One
can easily prove these results.

Lemma 2. Let ¢ € G**. Then, ¢ has an analytic extension to a symmetric strip around the
real azis of width 8, for s > 0 in the periodic case and s > % in the non-periodic case.

Lemma 3. I[f0 <8 <8 <1, s>0 and ¢ € G* on the circle or the line, then
—1

18:ell57s < 5= Illlss (2.1)
19:¢lls.s < llgllssrs (2.2)
11 = 32) " llssrz = llellss (2:3)
101 = 32) el < llellas (2.4)
19:(1 = 32) " ellss < el (2.5)

Furthermore, we shall need to prove an algebra property for these spaces, which is the main
result in the following lemma.

Lemma 4. For ¢ € G% on the circle or the line the following properties hold true:

1)If0< ¢ <6 and s >0, then || - ||§,7S <|I- 345 i-e GOs s GU5,
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2)If0< s <sandd >0, then || - His, <||- ||§75; ie. GO — GO,
8) For s >1/2 and ¢, € G** we have
letllss < esllells,sl[¥]ls,s, (2.6)

where cs = \/2(1 +229) 37, ﬁ in the periodic case and cs = \/2(1 +225) [° @%df in the

non-periodic case.

Proof of Lemma 4. We will provide the proof in the periodic case. The proof in the non-
periodic case is similar. Properties (1) and (2) follow directly from the definition of the spaces
G%* and the corresponding norms. Therefore, we restrict our attention to the proof of the algebra
property (3), which reads as follows

lewl?, = ERM%WW@MMF=waﬂW@wmé@

keZ
0
= S |k‘Z(p k—n ||€2(Z <CQH¢||§SH¢||6S (27)

neL

Defining f and g by f(k) = (k)*e?HB(k), and (k) = <k>se5|k|zz;(k), we see that the algebra
property (2.7) is equivalent to

6\n|f e dk—nlG(k —n ~ —
fem s Eom) 1 < 2Ry 191 (2:8)

(k= mn)®

02(Z
neZ @)

Furthermore, using the triangle inequality |k| < |n| 4+ |k — n| we notice that in order to prove
(2.8) it suffices to show that

o~

2

sx— f(n) gk —n) s o
) R e vl | WA V| YN 7 9o (2.9)
H 7% (n)s (k =n)® llez) 2@)9llew)
Using the Cauchy-Schwarz inequality we have
f(n) gk = 1 2
o (S =) (S oot )

which gives the following bound for the left-hand side of (2.9)

& §:f et <169 (E e =) (St =)
: i“g{<k>%(zW}H(Z|f<n>l2|§<k—n>l2)”2 - (2.10)
€ nez nez

Now, we need the following estimate, whose proof is given after the one of algebra property.

Lemma 5. For { >1/2, a € Z and ¢y = \/2(1 +22 %7, we have

1
"7

1 c?
> B2k — )2t < <a>[2£' (2.11)

kEZ
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In the non-periodic case, for a € R and ¢ = \/2(1 + 220) f§>0 @Lﬂdf we have

1 2
/]R ()2 (x — a)ﬂdw (@) (2.12)

Since s > 1/2, combining (2.10) and (2.11) and interchanging the order of summations (Fubini’s
theorem) we get

IN

neL @)
< @Y Y NPk =) = lldllee > 1T = Ell e a1k ),
neZ kez nez

which completes the proof of Lemma 4. [

Proof of Lemma 5. If a = 0 then it is easy to see that inequality (2.11) holds true. If a is
a negative integer then making the change of variables m = k — a the estimate is reduced to
the case where a is replaced with —a. Thus, it suffices prove inequality (2.11) only when a is a
positive integer. For this we shall use the notation [z], which stands for the biggest integer that
is less than or equal to x. Thus, x — 1 < [z] < z. Now, we begin by decomposing our sum as
follows

1 1
S i _— = —_—
¢ 74 74 74
,; (k)?(k — a)* _OO;KO (k)?(k — a)?
1 1
" 1<1;[a/21 PR~ [a/z];l;kqa] () (ke — )¢
1 .
+ Z m251+5’2+53+54.
[a]+1<k<oco
By setting # = —k we obtain
1 I 1
Sy = < ,
1 _g;@ A+ R+ o) = (@ 2 7

By noticing that in Sy we have 1+ (k —a)? > 1 +a%/4 = # > # we obtain
220 N1

(a)? — k)2t

Sy <

We also notice that in S3 we have 1 + k2 > 1 + a2/4 > # and k£ — a < 0 and therefore we
obtain
22[

p @ L2 1 22 &
VS A Tma® S A T (o

[a/2]+1<k<2[a] k—a<0

In Sy we have 1+ k%2 > 1 + a2 and therefore if we set m =k —a

1 o 1
S4 < (a)2" Z (m)2t

m=1
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Adding the estimates obtained above for the sums 51, S, S3 and Sy gives inequality (2.11). In
order to prove (2.12) one has just to replace the sums with integrals. This completes the proof
of Lemma 5.

3. THE POWER SERIES METHOD

Here, following Treves [Trel], [Tre2], we prove the autonomous Ovsyannikov theorem using the
power series method, which consists of finding a solution for the Cauchy problem

d

& Pw), w(0) = uo, (3.1)
dt
given by a formal power series

u(t) = > umt™, (3.2)
m=0

and estimating the coefficients u,, in order to prove the convergence of the above series. We
begin with the following important definition. Let {X5}o<s<1 be a decreasing scale of Banach
spaces and ug € X1 be given. Also, let Xy = U Xs.

0<o<1
Definition 1. We say that F': Xo — Xg is Ovsyannikov analytic at ug if there exist positive
constants R, A and Cy such that for all k € Z, and 0 < § < § < 1 we have

ACKE!
[|DFF(u)(v1, ..., 0p)|ls < 5—06’ loills - - - vklls, (3.3)
for all u € {u € X5 : [Ju—uo|ls < R} and (v1,...,v4) € XF= X5 x -+ x X5, where D*F is the
—_———
k

Frechet derivative of F' of order k.

Here, we shall prove the following important result.

Theorem 2. If up € X1 and F' is Ovsyannikov analytic as above, then there exists T > 0 such
that the Cauchy problem (3.1) has a unique solution which, for every § € (0,1) is a holomorphic
function in D(0,T(1 — 0)) valued in Xy satisfying

sup  lu(t) —wuolls <R, 0<0<1. (3.4)
It|<T(1—6)
Moreover, the lifespan T is given by
1
T=——
2e2AC,’

where the constants R, A and Cy come from the Definition 1.

From the definition of Ovsyannikov analyticity one can easily prove the following result.

Proposition 1. If F' is Ovsyannikov analytic at ug € Xy then there is R > 0 such that, given
any pair (6,8"), 0 < § <6 <1 and any u € Bs(up; R) the Taylor series

— 1
ZED'“F(UO) (w—u® ... u—u)
k=0 " 4
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converges absolutely to F(u) in Xg .

Proof of Theorem 2. Let 0 < §’ < § < 1. Since ug € X7 and F is Ovsyannikov it follows from
Proposition 1 that

N(uw—u’ ... ,u—1u), in Xy.

W||—A

9=3 5D

k=0

Since we want to have ‘3—7; = F(u), we must have

o0
uy + Z (m 4+ Dupert™

m=1

UO)""ZZ Z ﬁDkF( )(umlv'--aumk)'

m=1k=1mi+-+mp=m
miZI

We then conclude that the coeflicients of the series are given recursively by

uy = F'(up) (3.5)
and
DEF(u
(m + Dtpmy1 = Z > %(uml,...,umk), m > 1. (3.6)
k=1mi+--+mp=m :
miZI

We shall use the following lemma.
Lemma 6. Forallk=1,2,..., we have

5 L1 (27#)’“‘1

2 2 = 9 :

" An. . mi...mj m 3
m;>1

Proof. We prove the lemma by induction on k. For k£ = 1 the inequality is clear:

3 111 f2r%\°
2..om2 om? om2\ 3

mi+-+mp=m 1

7774'21
For k > 2 we can write
m—k+1
Z 1 1 1
2 2 = § : 72 E : 2 2
my...m J4 m m
myttmp=m 1 k (=1 mit-tmp_1=m—L 1 k-1

m;>1 m;>1

Hence the induction hypothesis gives

2\ k—2m—1
S e R
mi...mg 3 02(m —0)?

mi+otme=m 1 (=1
m;>1
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We now see that

VA
[\
ghi
N
=
+
3
| |+~
~
e
N——
VA
S
[
x| -
Il
[\
w|§
&)

Therefore

mi+-tmp=m LT
miZI

which proves the lemma. (]
We claim that

p (B \™
|um||5gm<m) , forallm=1,2,..., (3.7)

where p = ﬁ and B = 2e2AC,. To prove this fact, we proceed by induction on m. For
m = 1, we know that u; = F(up). Then it follows from (3.3) that

A uB
=||F < <
[[ur|ls = [[F(uo)lls < N5 S1;
which is true since uB = 3;;54 > A. For m > 2, we select v = —7711161 > 0. We notice that
0<d<d+v<1and
1 m+1
- . 3.8
1—(0+v) (m(1—5)> (3.8)

Thus, by using (3.6), the induction hypothesis and (3.8) we obtain

AN

m
1
(m+Dllumplls < 3 D ACG[fum llssw - [lumg[lsv

k=1mi+--+mr=m

m+ 1 ACkuF B \" \™
1—52 Z mZmi 1-6 1+E '

k=1mi+-Fmp=m 1

IN

We then have

o ACoepuB™ =~ [ 2C,pr? k_lz ACpeuB™ & 1 kot
TS (1= gy & 3 m2(1 =gt &= \2)

since pu = ﬁ. Hence,

tmslls < 2ACheuB™ - 2ACye?uB™ _ m B \™t!
Al = syt = 4+ D21 — &) (m41)2 \1—6 ’

since B = 2ACpe?. The proof of the claim is complete.

oo
= B~ ! and for |t| < T(1—6) the series Z umt™ converges absolutely

m=0

_ 1
Therefore, for T' = 5 yIen

in X for the unique solution to our Cauchy problem. [
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4. THE k-abc-EQUATION

In this section we apply the power series method for the k-abc-equation. For this we rewrite this
equation in the following nonlocal form:

b+1 ki
k—|—1

~ 11— [[k:(k +2) = 9a—b—clk+ 1)]ub 23 - 3a(k — 2)uk~ 3u3um} (4.1)

ou = Flu)=—(1-03"10, { + (¢ — B)uF 12 — wFug, + 3auf~ 2u2um}

We shall prove that there exist positive constants A, Cy such that

: AC) !
|1D?F(uo)(vi, - - -, vj)|]g7,s42 < ro(sj,||vl||6,s+2 s lls,s+2, (4.2)

for all (vy,...,v;) € G%*2 and j =0,1,...,k + 1 since for j > k + 2 we have

||DY F(ug)(v1, - .., v;)l]s 42 = 0.

For simplicity, we shall provide estimate (4.2) only for the term
Filu)=(1—-08>)""! [3a(k — 2)uk~ 3u3um} ,

since the other terms can be estimated analogously. By using the following formula for the
Frechet derivative of F' of order j, 1 < j < k + 1, at the point ug,

)

, d
DI F(uo)(v1,...,v5) = %~~~d7_1{ U0+Z7'ﬂ)z }
J

T1:-“:Tj:0

we obtain, for vy € G*t2 ¢ =1,...,7,
D’ (u k— 3u3um) (vi,...,05) =
up
k—3)! g
( ) uk=3 ]((%uo)?’(aguo)vlvg v (4.3)

pICEEE



R. Barostichi, A. Himonas & G. Petronilho 11

(k—3)! 3
+(k72ij)! I (Bpug) ;8% i (4.4)
(k=31 4 d
+3 — g2 (D,10)%(2u0) D (Favi) i (4.5)
(k—2—7) —
13 B ki 22]:2]: 93v:)(0 (4.6)
(k 1 _j)' UO g Uz Uf Uz@ .
i
1o BB k1, 0) 02 iz]j ) (4.7)
(k‘ o 1 o j)! UO UO _1 _1 UZ ZBUZ Uzé .
Ry,
(k=3) 4y L& .
+6 ) (Da10) > > > (920)(9ave) (Ot ) Tis.m (4.8)
G
L S P '
+6 G (2u0) > > > (000:)(02v0) (Favm) Vi o.m (4.9)
’ i=1 (=1 m=1
i<l £<m

- A

(aivi)(axvé)(awvm)(amvn)@i,é,m,n (4.10)

+
D
/??/—\
+ =
=
e
S/ —
o
E
Jd,
MM
Mk}
Mb

i=1 =1 m=1 n=1

{7 £<m m<n
where we are using the notation v;, . ;, to express the product of all the vectors vy, ..., v;, except
Viyy ooy Viy, for 1. <idp,.o0yd;, < g distinet from each other and 1 < p < j —1, and v;,,__;; = 1.

Also, the term (4.3) appears only for j = 1,...,k — 3, the terms (4.4) and (4.5) appear only for
j=1,...,k =2, the terms (4.6) and (4.7) appear only for j = 2,...,k — 1 the terms (4.8) and
(4.9) appear only for j = 3,...,k and finally, the term (4.10) appears only for j =4,... k4 1.

Without loss of generality, for this term, we will assume that 4 < j < k — 3 since in this case all
terms in formulas (4.3) - (4.10) make sense and for j € {0,1,2,3} we can do the computation
separately and we obtain an estimate compatible with the case 4 < j < k — 3. By using formula
(2.3) in Lemma 3 and triangle inequality, for vy, ...,v; € G**2 we have

; k—3)! 3 s
19 o) 011 15) 2 < Sk~ 2) [Muu’s 3 0,u0) BEo)on vy

(k—3)! k- 3 -
. e E (02v;) i s7,

(k — 3)!

43— ||y
(k—2—j)!

+3
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(k 3) J J
+6ﬁ|| 8 Uo 8 L uQ ZZ 8 ’Ul 8 Ug)vlgHg/
i
(k — 3), Jj o3 g
+6(l~: _j) 7 (Dpug ;H; (920;)(D0e) (D0 ) T .ml57 6
TG tem
(k _ 3)| J J
+6 — ZZ Z 8 2 Vg ((9 W)(a Um)'”zém”é/
(k ‘7) i=1 f=1 m=1
i<l £<m

J
Z 8 ’Uz 8 U[ a 'Um)(a vn)vzémnnﬁ/

(k—3)! N
+6(k+1 Z

—
~

1=

3

Sl
3
3)—‘

M“
§&P1“

)

Now, from the algebra property in Lemma 4 and (2.2) in Lemma 3, we obtain

D7 Fi(uo) (v1, -+, v5) [l 542 <

< salcbtl - 2) | 552 ol 10l 02uollslon - ol
gt ol 210wl sl ol
43 ol 2 10 02l oyl
T ST Ll RO N O PPN 1 e
e ST L ol Y 3 Y RS T e
e ey L L XY M Y PRERRSY
Lok =3 (< )13( 2 ol 210200l 015051 - lesllarsin
e A L e e e
Finally, by using lemmas 3 and 4, for 0 < ¢’ < 6 <1 and v1,...,v; € Go5T2 with s > 1/2, we
can estimate
1D? Fi(uo) (v, -, vj)llov 42
< H 2 g s onlora - osloss | g ot
A(k — 3)15! 9(k — 3)15! 12(k — 3)15! 6(k — 3)15!

G-Dik—2=4)t " G=2k—1=5) " G=3)k—5! " G- Hk+1-))
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By using the fact that (k —2) < 2#73 for k € {3,4,...} we obtain

107 Fy(uo) (w1, - -, v7) 157,52

36|alck2k=3e" 10 iy k-3 k-3
< S Ty el sz Nesllasrz | (7)) + (G

(G2 () G
(e R G R ) R O R G P

and A} = |a|0567122k\|u0||lf‘2}r2 then we have that

Since

if we take Cy = ol asa
5+

A A1 5!
|1 D? Fi(uo) (v1, - - -, v) |57, 42 < ﬁ||vl||5,s+2||v2||5,s+2 e Jvgllss2- (4.11)

We can now do similar computations for the other terms of F'(u) and get

j ACGj!
1D (o) (vr, - -, vj)llers42 < S5 [villsseallvallssre -~ [lvjllss+e, (4.12)
where A = (2|a| + b+ 1| + 2|c| + |9a + b + 3)C§23k+2e—1||u0||’f:}r2.

Therefore, by Theorem 2 we conclude that the Cauchy problem for the k-abc-equation (1.1) with
initial condition u(z,0) = up(z) has a unique solution, which for 0 < § < 1 is a holomorphic
function in the disc D(0,T(1 — 6)) valued in G%*2. Moreover, the lifespan T is given by

- 1 B 1

- 2e2AC) C||U0H1f,s+27

where ¢ = e(2|al + [b+ 1] + 2|¢| + |9a + b| + 3)cF23F+3. (4.13)
The proof of Theorem 1 is now complete. [
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