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1. Introduction and preliminaries

Let A be the class of all normalized analytic functions of the form f(z) = 2z +az? +a3z®+- - - defined on
the open unit disc D. The subclass of A consisting of univalent functions is denoted by S. Let Sg be the class
of all functions in § with real coefficients. For aw < 1, we denote by $*(«) and K(«), the classes of functions
f € A satisfying Re(zf'(z)/f(2)) > o and Re(1 + zf"(2)/f'(z)) > o respectively. For 0 < a < 1, these
classes are subclasses of S and were first introduced by Robertson [22] in 1936. Later, for all o < 1, these
classes were considered in [23,4]. The classes §* := §*(0) and K := K(0) represent the classes of starlike and
convex functions respectively. We denote the closed convex hulls of $*(«) and K(«) by HS*(a) and HK(«)
respectively. The class of typically real functions, denoted by T, consists of all functions in A which have
real values on the real axis and non-real values elsewhere. Denote by P, the class of all analytic functions
p(z) =1+ c1z + 222 + -+ defined on D such that Rep(z) > 0. The class Pg consists of all functions in P
with real coefficients.
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In 1916, Bieberbach conjectured the inequality |a,| < n for f € S. Since then, several attempts were
made to prove the Bieberbach conjecture which was finally proved by de Branges in 1985. In 1960, as an
approach to prove the Bieberbach conjecture, Lawrence Zalcman conjectured that |a2 — ag,—1]| < (n —1)?
(n > 2) for f € S. This led to several works related to Zalcman conjecture and its generalized version
A2 —agn—1| < An? —2n+1 (A > 0) for various subclasses of S [18,20,6,16,5,14] but the Zalcman conjecture
remained open for many years for the class S. However, for n < 6, Krushkal [11] proved the conjecture for
the class S by using holomorphic homotopy of univalent functions and with the similar geometric idea, he
has recently proved it for all n > 2 in his unpublished work [12].

In 1999, Ma [19] proposed a generalized Zalcman conjecture for f € S that

lanam — antm—1| < (n—1)(m—-1) (n>2,m>2)

which is still an open problem, however he proved it for the classes $* and Sg. For A € R, let ¢(f,n,m; ) :=
|[Aarn G — anim—1| denote the generalized Zalcman coefficient functional over A. For § < 1, the class C(8) of
close-to-convex functions of order § consists of f € A such that Re(zf'(2)/(e"g(z))) > B for some g € S*
and 6 € R. For 0 < 8 < 1, the class C(f) is a subclass of S and was considered in [17] in a more general
form. The class of close-to-convex functions is denoted by C := C(0), for details, see [8]. Let F1(8) and
F2(B) be the subclasses of C(8) (5 < 1) corresponding to § = 0 and the starlike functions g(z) = z/(1 — z)
and g(z) = z/(1 — 22) respectively. For 3 < 1, let R(S) denote the class of functions f € A satisfying
Ref'(z) > 8. For 0 < 8 < 1, R(B) is a subclass of S and was first introduced in [9]. Here, we are interested
in R(B) for all values of 8 (8 < 1). Recently, for some positive values of A and 0 < 8 < 1, Agrawal and
Sahoo [1] gave the sharp estimation of ¢(f,n,m; ) for the classes R(8) and HK.

In this paper, for all real values of A, we give the sharp estimation of ¢(f,n,m;\) for f € R(8) (8 < 1).
Also, for f € §*(a) and f € K(a) (a < 1), the estimations of ¢(f,n, m;\) are given for all real values of A
which are sharp when A < 0 or when A is taking certain positive values. Moreover, for certain positive values
of )\, the sharp estimations of ¢(f,n, m;A) are provided for the classes T, Sg, F1(8) and Fa(8) (8 < 1).

We prove our results either by applying the well-known estimation of |Acpcm — Cniml| for p(z) = 1+
> cnz™ € P or by applying some characterization of functions in the class P and that of typically real
functions in terms of some positive semi-definite Hermitian form, see [13,21]. Earlier, such characterization
of functions with positive real part in terms of some positive semi-definite Hermitian form [13] was used in
(3,2,21]. It should be pointed out that in the literature, for various subclasses of S which are invariant under
rotations, the estimation of ¢(f,n, n; A) is usually obtained by using the fact that the expression ¢(f,n,n; \)
is invariant under rotations and by an application of the Cauchy—Schwarz inequality which requires A to be
non-negative. However, we are able to give the sharp estimation of ¢(f,n,m;\) for various subclasses of A
when A < 0. Moreover, for certain positive A, our technique is giving the estimation of ¢(f,n,m;\) when
f is in some subclasses of A which are not necessarily invariant under rotations. We need the following
lemmas to prove our results.

Lemma 1.1. /21, Lemma 2.5, p. 507 If p(z) = 1+ > pey cp2® € P, then for all n,m € N,

2, 0<pu<ly;

[encm = engm| <
nm = Cnem| 2|12u — 1|, elsewhere.

The result is sharp.
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Lemma 1.2. [13. Theorem /(b). p. 678] A function p(z) =1+ ;o ck2* € P if and only if

>0

o0 o0 2
E - E Ck4+1%k+j
k=0

Jj=0

2z; + Z Ck2ktj

for every sequence {z} of complex numbers which satisfy limsup,_, ., |zk|1/k < 1.

Lemma 1.3. [13. Theorem J(f). p. 678] A function f(z) = 2+ Y peyarz® € T if and only if

oo oo 2
E 2z; + E Alt1 — Qk—1) Zhtj E Alt2 — k) Zhtj >0
j=0 k=1 k=

for every sequence {z} of complex numbers which satisfy limsupy_, . |z|/* < 1.

Lemma 1.4. Let v(t) be a probability measure on [0,2x]. Then for all n,m € N,

2

2 2m
) ) ) 1, 0<A<2;
)\/emt du(t)/e”m dv(t) — /e’("+m)t dv(t)| < { -7
0

IA—1|, elsewhere.
0 0

Proof. The function p(z) =1+ Y., ¢,2" given by the Herglotz representation formula [10, Corollary 3.6,
p. 30],

1— etz

b= [T vt

is clearly in P. On comparing the coefficients on both sides in the above equation, we obtain

27

Cn = 2/6”“‘/ dv(t) (n>1).

0

An application of Lemma 1.1 to the function p gives

27 27 27
) ) , 1, 0<u<l;
2’u/emt dy(t)/ezmt dV(t) _ /ez(n+m)t dl/(t) < { SHS

2 —1 lsewhere.
, J J |2 — 1|, elsewhere
On substituting A = 2, the desired estimates follow. O

For A\ = 2, the above lemma is proved in [19, Lemma 2.1, p. 330].
2. Generalized Zalcman conjecture for S*(a) and K(«)

For a < 1, define a function f; : D — C by

fi(z) == m =z+ ZAnz (1)
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where

1 n—2 .
An:mg(za—a)ﬂ). (2)

It is known that f; and its rotations work as extremal functions for the coefficient bounds of functions in
the class S*(«) [23, Theorem 5.6, p. 324]. Therefore, they could be the expected extremal functions for the
upper bound of the generalized Zalcman coefficient functional ¢(f,n, m;A) when f € S*(a). This is shown
to be true by the following theorem at least when A > 24,,+,—1/(A,A.) or A < 0.

Theorem 2.1. If f(z) =z + Y., -,an2" € HS* () (o < 1), then for alln,m = 2,3, ...,

2A -
An+m—1> OSAS Lml;
|)\anam - an+m—l| < AnAm

[MNAR Ay — Aprm—1|, elsewhere,

where Ay, is given by (2). The second inequality is sharp for the function fi and its rotations where f1 is
given by the equation (1).

Proof. Since f € HS*(«) (a < 1), there exists a probability measure v(t) on [0, 2] [4, Theorem 3, p. 417]
such that

f(Z)Z/de(t)-
0

On comparing the coefficients on both sides, we obtain

27

ap = An/ei(”*l)t dv(t) (n>2),
0

where A,, is given by the equation (2). This implies

|)\anam — Op4m—1 |

2m 2m 2m

AL A, o o . B

= Apim-1 )\7/61(” L dz/(t)/ez(m L dz/(t)f/el(”J“m Dtdu(t)|.
An+m71 A A A

An application of Lemma 1.4 to the above equation yields

2A _
An+m—1; OS)\Sﬁml,
|)\anam - a”l’L-‘r’H’L—1| < nm Od

MR A — Apim—1|, elsewhere.

For m = n, we have the following sharp result.

Corollary 2.2. If f(2) =z + > - yanz" € HS*(a) (a < 1), then for alln = 2,3, ...,

2A2,-1
‘)\ai _ a2n_1| < AQn—la 0 < A < A% ’

INA2 — Ay, 1|, elsewhere,
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where A, is given by (2). The second inequality is sharp for the function f1, given by the equation (1), and
its rotations whereas the first inequality is sharp for the function of the form

2(n—1)

FE) =Y mig(2), 3)

k=1
where 0 < my, <1, S0 may = Yop—) mag—1 = 1/2, gi(2) = €70 f1 (% 2) and 6 = (2k + 1)7/(2n — 2).

For « = 0 and A > 0, the above corollary reduces to the inequalities mentioned in [5, p. 474]. It is a
well-known result given by Alexander that a function f € A is in K if and only if zf/(2) € §*. This implies
that for a < 1, f € HK(«) if and only if zf'(2) € HS*(«) and therefore, we have the following deduction
from the Theorem 2.1.

Corollary 2.3. If f(z) =z + Y .,_ 5 a,2" € HK(a) (a < 1), then for alln,m =2,3,...,

M, 0< A< 2nmAn -1 ;
n+m-—1 (n+m —1) A, Ap,
|>\a/nam - aner*l‘ S A A A + 1
A n4im nrm—

nm  n+m—1]

elsewhere,

where A, is given by the equation (2). The second inequality is sharp for the function fo and its rotations,
where

(1—z)~(1=20) 1 .
fa(z) = 1 -2« a2
—log (1 — z), a=1/2.

(4)

For « = 0 and A > 2, the above corollary reduces to [1, Theorem 2.1, p. 3]. For m = n, we have the
following sharp result which has been proved in [16] by maximizing the real-valued functional Re(Aa? —
agpn—1) for the case A > 0.

Corollary 2.4. If f(2) =z+ > oy an2" € HK(a) (a < 1), then for alln =2,3,...,

Aogp 1 0< )< 2n?Agp—1
2 2n —1’ - T (2n—1)AZ’
|Aa? — agn_1| < A2 Ay,
o 7o) elsewhere,
n?2 2n-—1

where A, is given by the equation (2). The second inequality is sharp for the function fa, given by (4), and
its rotations whereas the first inequality is sharp for the function given by the equation (3) with gx(z) =
e—’igk f2 (eiak Z)

If A > 0, the above corollary reduces to [14, Theorem 3.3] and [16, Theorem 4] for « = —1/2 and o = 1/2
respectively. Also, for « = 0 and 0 < X\ < 2, the above corollary was proved in [6, Theorem 3, p. 3.

3. Generalized Zalcman conjecture for the class R(3) and for typically real functions

For A > nm/((1 — f)(n + m — 1)) and 0 < § < 1, the second inequality of the following theorem
has been recently proved by Agrawal and Sahoo [1] and they proposed it as an open problem for 0 < A <
nm/((1—p)(n+m—1)) which has now been settled in the following theorem by making use of the Hermitian
form for functions in the class P.
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Theorem 3.1. If f(z) =24 Y .-, a,2" € R(B) (B < 1), then for alln,m =2,3,...,

21-5) 0<A< o ;
At — < n+m-—1 1-B)n+m-1)
nWm n+m—1| = 4)\(1 _ 5)2 2(1 _ ﬂ)
— elsewhere.
nm n+m-—1

The result is sharp.
Proof. Since f € R(B), (f'(2) —B)/(1=B) =14+ > 0" (n+ 1)ant1/(1 — B)z" € P which gives

2(1-7)

n

|an| < (n=2). ()

Clearly, the bounds are sharp for the function fy : D — C defined by

1+¢
fo<z>:<1—ﬁ>/mdt+ﬁ (6)
For fixed n,m = 2,3,..., choose the sequence {zx} of complex numbers by z,_o = A1 — 8)am, zZntm—3 =

—n(l—=p)/(n+m—1), z =0 for all k # n —2,n+m — 3. An application of Lemma 1.2 to the function
(f' =B)/(1 = P) € P gives

2

2 2
= Ay G — Gpgm—1]
2
mn

mn
< — - .
—K%(l 2 n+m1)“’" ntm—1"

(
mn 2
—\(1-5) (A(15)_1> anl? + ((5)

n+m n+m—1)2

L A2 - p)
n+m—1)2

By using the bounds given by (5) in the above inequality, we have

_ A2
B 0<A< - ;
Adnam — a |2< (n+m—1)>2 , (1-8)(n+m—1)
nfm T St = <4)\(1—ﬁ)2 2(1-5))
— , elsewhere.
nm n+m-—1

For 0 < XA <nm/((1— B)(n+m — 1)), the inequality is sharp for the function

z n+m—2
f6)=(-8) [ s

0

dt + Bz.
For A < 0 or A > nm/((1 — B)(n +m — 1)), the inequality is sharp for the function fy given by the
equation (6). O

For 8 = 0and 0 < A < 4/3, the above theorem was proved in [6] by maximizing the real valued functional
Re(Aa2 — ag,_1) over R(f3). Also, we have the following simple result.

Corollary 3.2. If the analytic function f(z) =z + > o, anz" satisfies Re(f(z)/z) > B (B < 1) in D, then
foralln,m=23,...,
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2(1 = B), 0<AS —;
|>\anam - an—&-m—l‘ < ( ﬁ) (1 - B)
21 =) 12M1 = pB) — 1|, elsewhere.

The result is sharp.

The following theorem generalizes [19, Theorem 3.1, p. 335] which was proved for A = 1 by induction on
n and m. Although, it can be proved by induction on n and m but here, we are giving it as an application

of the Hermitian form for typically real functions.
Theorem 3.3. If f(2) =2+ .- yanz" €T and A > 1, then

(i) if n =2 and m is even, the upper bound of |Aanam — antm—1| is
(@) 3+ (2A=1)(m —2) for 1 <X <3/2,
(b) 2Am —m —1 for A > 3/2;
(1) if m =2 and n is even, the upper bound of |Aaynam — Gptm—1]| s
(@) 3+ (2A—1)(n—2) for 1 <X <3/2,
(b) 2An—n —1 for X > 3/2;
(éit) in the other cases, we have

Aanam — anim—1] < Amn—n—m—+ 1.

The bounds given by (i)(b), (ii)(b) and (iii) are sharp whereas the bounds in (i)(a) and (ii)(a) are sharp for
A =1 or the case when n =2 and m = 2.

Proof. For fixed n,m = 2,3, ..., choose the sequence {z;} of real numbers by z,_2 = Aam, Zntm—3 = —1,
zp=0forall k #n—2,n+m— 3. Since f € T, |a,| < n (n > 2). So, by using Lemma 1.3 to the function
f €T, we have

|()\anam - anerfl) - (Aanf2am - an+m73)|2 S |(2)\ - 1>am + am72|2 - |am - am72‘2 + 4
= 4N\ = 1)a?, + 4Xapam_o + 4
< 4(Am —1)% (7)

Since f € T, therefore f(z) = (z/(1 — 2?))p(z) for some p(z) =1+ 37" | ¢u2" € Pg. This gives
gk =c1+cg+--+ceop—1 and agppr =l+cotca+ o+ Cope (8)

By [5, Theorem 1, p. 468], we have Aa3 — az < 4\ — 3. Clearly, Aa3 — a3 > —as > —3. Also, we observe that
1 < X <3/2is equivalent to 1 < 4\ — 3 < 3. Therefore, we have

3, for 1 <\ <3/2,

9)
AN —3, for A > 3/2.

|)\a§ —as| < {

The first inequality in (9) is sharp for the function f(z) = z(1 + 22)/(1 — 2%)? and the second inequality
(k

holds for the Koebe function k(z) = 2/(1 — 2)2. If n = 2 and m = 2k (k > 2), then

Mazam - am+1| = |)\a2a2k - a2k+1|

=|Xei(er+ez+ - Feapmr1) —(L4+co+ca+ -+ cop)
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[(Ac] —c2 = 1) 4+ (Aeres — ca) + -+ + (Acrcap—1 — cap)
|(Aa2 — a3) + (Acics — ca) + -+ (Aercar—1 — car)|- (10)

An application of Lemma 1.1 and the inequality (9) in the equation (10) gives

3+ (2A—=1)(m—2), for1<X<3/2

AaoQ,y — @ <
Aazan me| {2)\m—m—1, for A > 3/2.

This proves (7).

When m = 2 and n is even, the desired bounds in (i¢) follow by interchanging the roles of n and m
in the equation (10) and in the above inequality. For A = 1, the sharpness in (¢)(a) and (i¢)(a) follow for
the function f(z) = z(1 + 22)/(1 — 2?)2. Now, it is left to prove the inequality in the case (iii). Since
a3 — a7 <16\ — 7[5, Theorem 1, p. 468] and clearly A\a3 —ay > —7 > —9 > —(16\ — 7), we have

|\a3 —ay| < 16\ — 7. (11)
For n =4 and m = 2k (k > 3), by proceeding as in the equation (10), we have

[Aagam — amas)

= |Xasagy — azpy3

=|[XMer+es)(er+es+--+ear—1) = (L+ea+ea+ -+ Coprn))]

= |(Xa? —a7) + Aeres + -+ can_1) + (Aeses — cg) + -+ + (Aescap—1 — Coppo)|.

An application of Lemma 1.1 and the inequality (11) in the above equation gives
|[Aagam — amas] < 4dm —m — 3. (12)
Therefore, if n, m are even and n > 4, m > 2, then

|)\anam - an+m71| S ‘()\anam - an+m71) - ()\an72am - an+m73)|
+ |()\an—2am - an+m—3) - ()\Cln_40,m - an+m—5)| +

+ |(Aagam — amys) — (Nagam — ami3)| + | Aas@m — amsl. (13)

In view of (7), (11) and (12), we have
IAan@m — angm—1] < (Adm—=1)(n—4)+4dmA—m -3 =Imn—m—n+ 1.

Next, we consider the case when n is even and m is odd. If n = 2 and m = 2k+1 (k > 1), then by proceeding
similarly as in the equation (10) and applying Lemma 1.1, we obtain

|>\a2am - am+1| = |>\02a2k+1 - 02k+2|
= |)\Cl(1+02+c4+"'+c2k-)7(81+C3+"'+02k+1)|
<mEA—1) - 1. (14)

If n = 2k (k > 1) and m is odd, then by proceeding as in the inequality (13) and applying (7) and (14), we
have
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[Aanam — anim-1] <20m —-1)(k—=1)+m@2A—-1)—1=Amn—m—n+1.
Finally, we consider the case when n is odd. In this case, we have

|)\anam - an+7n—1| S |()\anam - an-l—m—l) - (Aain—2am - a'7L+7n—3)|
+ |(>\an72am - an+m73) - (Aanfllam - an+m75)‘ +---

+ |(Aasam — ams2) — (Aa1Gm — am)| + |Aa1am — am| (a1 = 1).
Using inequality (7) and the bound of |a,,| in the above inequality, we obtain
[Aanam — antm—1] < Amn—m —n+ 1.
The sharpness in the cases (i)(b), (ii)(b) and (iii) follow for the Koebe function k(z) = 2/(1 — 2)2. O
For A\ = 1, the following result is given in [19, Theorem 3.2, p. 338].
Corollary 3.4. If f(2) =z+ > oo yan2" € Sg and A > 1, then forn,m =2.,3,...,
[Aanam — antm—1] < Amn—n—m+ 1.
The result is sharp.
Proof. Since Sg C S, by using [7, Theorem 2, p. 35|, we have
la2 — as| < 1. (15)
Also, Sg C T, therefore for A > 1, by [5, Theorem 1, p. 468], we have a3 — a3z < 4\ — 3. For 1 <\ < 3/2,
an application of the inequality (15) gives Aa3 — az > a3 — az > —1 > —(4\ — 3). Thus, in view of the
inequality (9), we must have the sharp inequality
|NaZ —as| <4\ -3 (16)

where the sharpness follows for the Koebe function k(z) = z/(1 — 2)2. For even m > 2, an application of
(16) and Lemma 1.1 in the equation (10) gives

[Aa2am — ami1] < 2mA —m — 1.
When m = 2 and n > 2 is even, the desired estimate follows by interchanging the roles of m and n in
the above inequality. The other cases follow immediately from the Theorem 3.3. The result is sharp for the
Koebe function. 0O
4. Generalized Zalcman conjecture for some subclasses of close-to-convex functions
Recall that the classes F1(8) and F»(8) (8 < 1) are defined as follows:
Fi(B) = {f € A:Re((1 - 2)f'(2)) > B}

and
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Fo(B) :=={f € A:Re((1 - ZQ)f/(Z)) > (}.

For 0 < 8 < 1, the classes F1(8) and F3(3) are subclasses of C, the class of close-to-convex functions. Define
the functions f1,5:D — C and fa 3 : D — C, in F1(8) and Fa2(B) respectively, by

fae) = 20202 (1 a)ie(1 - ) (1)
and

Recently, for certain positive values of A, the sharp estimation of ¢(f,n,n;\) over C is given in [15] by using
the fact that C and ¢(f,n,n;A) are invariant under rotations. Note that the classes F;(8) and F2(5) are
not necessarily invariant under rotations. For instance, F1(0) and F3(0) are not invariant under rotations
since Re((l —2)(— ifl’o(iz))/) =—2atz=1/2—i/2and (1-2%)(— ifz,o(iz))l = (1—2%)?2/(1+42%)? maps
D to the whole complex plane except the negative real axis. In this section, for certain positive values of A,
we give the sharp estimation of the generalized Zalcman coefficient functional ¢(f, n, m; ) when f € F1(f5)

or f € Fa(B).

Theorem 4.1. If p > max {nm/((n +m —1)(1 — 3)),nm/(n+m — 1)} and f(2) = 2+ > ", anz" € F1(B)
(B < 1), then for alln,m =2,3,...,

|Manam - an+m71| S MBan - Bn+m717

where

_1+20-1)(1-B)

n

B,

(n>2). (18)
The inequality is sharp.

Proof. Let g(z) := (1 — 2)f'(2). Since f € Fi(B), therefore

1 _ 6 —~ n )
which gives
. (n+ Dapy1 — nay, (n>1)
and
14 (1— et e

a, = + (1= 8)(a +n02 +tenm1) (n>2). (19)

Since |¢,| <2 (n > 1), the equation (19) gives
|an| < By, (20)
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where B,, is given by the equation (18). For fixed n,m = 2,3,... and A € R, choose the sequence {z;} of
complex numbers by z,_2 = A1 — 8)am, zn+m-3 = —(1 — 8), 2z = 0 for all k # n — 2,n +m — 3. Then
Lemma 1.2 yields

|()\nanam —(n+m-— 1)an+m,1) - ()\(n —Dap—16m — (n+m — 2)an+m,2) |2

<1201 = B)am — Mam + (m — Vam_1]* — |may, — (m — Dam_1]* +4(1 — §)?

— (1= B)(A(1 = B) — m)am|? + 4m — DAL — B)Reay @t + 4(1 — )2,

If A > max {m/(1 — ), m}, then by using equation (20) in the above inequality, we obtain

|()\nanam —(n+m-— 1)an+m_1) - ()\(n —Dap—10m — (n+m — 2)an+m_2)|2
<4(1= B (\Bu — 1) (21)
For A > max {m/(1 — ), m}, consider
[Ananam — (n+m — Dapim—1]
< |(Manam — (n+m = Dapim-1) — (A = 1)an—1am — (n+m = 2)anim—2)| + -+
+ |(2/\a2am — (m+ 1)am+1) — (/\alam - mam)| + |Aaram — may,| (a1 =1).
By applying the inequality (21) and the bounds given by (20) in the above inequality, we have

n

1)
(n+m )n—l—m—l

Anm — Gpam—1| <2(1 = B8) (ABy, — 1) (n — 1) + (A — m)B,,.

On substituting 4 = An/(n + m — 1) in the above inequality and simplifying, we obtain
|Manam - an+m71‘ S MBan - Bn+m71

where 1 > max {nm/((n+m —1)(1 — 8)),nm/(n+m — 1)} and B, is given by (18). The result is sharp
for the function fi g given by (17). O

For 8 = 0 and m = n, we have the following.
Corollary 4.2. If f(z) =z + > .2y a,z" € F1(0) and pp > n?/(2n — 1), then

u2n—1)2 3 —4n
n2 2n—1"

lpa? — asp—1| <
The result is sharp.

Theorem 4.3. If p > max {nm/((n+m —1)(1 = B)),nm/(n+m — 1)} and f(2) = 2+ Y 1", anz" € Fa2(p)
(8 < 1), then for all n,m = 2,3, ... except when both n and m are even,

|,uanam, - an+m—1| S ,UJCnCm - Cn+m,—1
where, forn > 2,

I+(n-1)A-p8) . .
C, = - , ifn is odd, (22)
1-7, if n is even.

The result is sharp.
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Proof. Let g(z) := (1 — 22)f'(2). Since f € Fo(B3), therefore (g(z) — 8)/(1 — B) = p(z) for some p(z) =
14> ¢,2" € P. This gives

(n+ Dapy1 — (n— Dap—1

Cp = 1-3 >
1— - B
g = (1—=B)(c1+c3+ - +cap-1) (23)
2k
and
1+ (A —p)leateat - +car)
= . 24
2kt 2k + 1 24)
Since |¢,| <2 (n > 1), the equations (23) and (24) give
lan| < Cn (25)
for all n > 2, where C,, is given by the equation (22). Define a function f3: D — C by
z2(1—=p8) B, 14z
=+ =1
f3(2) 1=, "Tg87
=24 0322 + 0322 + Cu2t + Cs2 + -+ - . (26)

Clearly, the bounds given in (25) are sharp for the function f3.
For fixed n,m = 2,3,... and A € R, choose the sequence {z;} of complex numbers by z,_2 = A(1—)am,
Zntm—3 = —(1—0), zr =0 for all k #n — 2,n+m — 3. Then Lemma 1.2 yields

|()\nanam —(n+m-— 1)an+m_1) — ()\(n —2)ap—2am,m — (n+m — 3)an+m_3) |2

<1201 = B)am — Mam + (M — 2)am_2|* — |[may, — (M — 2)am_o|* +4(1 — )2
=4X1 = B)(A(1 = B) — m)|am|* + 4(m — 2)A(1 — B)Rean@m—z + 4(1 — B)°.

If A\ > max{m/(1 — ), m}, then an application of the equation (25) in the previous inequality gives

!(/\nanam —(n+m-— 1)an+m,1) — ()\(n —2)an—2am — (n+m— 3)an+m,3)|
<2(1=B)(ACp —1). (27)

Ifn=2and m=2k+1 (k>1), then

|2/\a2am — (m + 1)G,m+1‘ = ‘2)\&2@2]@4_1 — (2]6 + 2)a2k+2\

A1 = B) k k41
= mcl 1+(1—6);C2J‘ —(1—ﬁ)j2:202j—1

_ ( A 1) (1-B)er+(1— 5)21 (Wclc% _ csz) .

m

For A > max {m/(1 — ), m}, an application of Lemma 1.1 in the above equation gives

[2Aa2am — (M + 1)amy1| < (1= 5) (2/\Cm -1+ m)) (28)
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where C,, is given by the equation (22). If n > 2 is even and m is odd, then

[Ananam — (n+m — Danim-1]
< |()\nanam —(n+m-— 1)an+m_1) — (/\(n —2)ap—2a,; — (n+m — 3)an+m_3)| + -

+ [(4Xagam — (m + 3)ami3) — (2Aa2am — (M + 1)ami1)] + [2Xa2am — (m + D)ap41].
For A > max {m/(1 — 8),m}, in view of (27) and (28), we have

An

S ) e
(n+m )n—i—m—l

A — Apam—1| < (1= B)(AnC,, —n —m+1).

On substituting g = An/(n +m — 1) in the above inequality and simplifying, we obtain

|/f"a/nafm - an-‘rm—l‘ S (1 - B)(//Lc'm - 1)

where 11 > max {nm/((n 4+ m —1)(1 — 8)),nm/(n +m — 1)}. Next, we consider the case when n is odd. In
this case, we have

[Ananam — (n+m — Dantm—1]
< |(Manam — (n+m = Dantm-1) — (An — 2)an—2am — (n+m — 3)anim—3)| + -+

+ |(3/\a3am —(m+ 2)am+2) — ()\alam — mam)| + |Aaram — man,| (a1 =1).
For A > max {m/(1 — ), m}, use of the equation (27) and the bound of |a,,| in the above inequality give

An

A
(n+m )n_~_m_1

Anm — Gpam—1| < (n =11 = B8)(ACp, — 1) + (A —m)Cyp,

where Cp, is given by the equation (22). Substitution of g = An/(n +m — 1) in the previous inequality and
simplification give

‘,Uanam - an+m—1| < ,UOnCm — Untm—1,

where 1 > max {nm/((n+m —1)(1 - )),nm/(n+m —1)}. The sharpness follows for the function f;
given by the equation (26). O

In the case when p > max{nm/((n +m — 1)(1 — B8)),nm/(n + m — 1)} and n, m are simultaneously
even, the similar procedure which is used in the above theorem or in the Theorem 3.3 gives an upper bound
(probably not sharp) of |pa,am — Gnym—1], better than the one by the triangle inequality.

For 6 =0and m=n=2k+1 (k > 1), we have the following.

Corollary 4.4. If f(z) =z + > 00, anz" € F2(0) and p > (2k + 1)?/(4k + 1), then
|nadeyy — aqpr| <p—1 (k>1).

The result is sharp.
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