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Abstract

We analyze a weak formulation of the coupled problem defining the interac-
tion between a free fluid and a poroelastic structure. The problem is governed
by the time-dependent incompressible Navier-Stokes equations and the Biot
equations. Under a small data assumption, existence and uniqueness results
are proved and a priori estimates are provided.

Keywords: Navier-Stokes, Darcy, Biot, poroelastic, weak formulation,
existence
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1. Introduction.

We consider a fully dynamic model for the interaction of an incompressible
Newtonian fluid with a poroelastic material where the boundary is assumed
to be fixed. The fluid flow is governed by the time-dependent incompressible
Navier-Stokes equations. For the poroelastic material we use the Biot system
with appropriate flow and stress couplings on the interface between the fluid
and the poroelastic regions. This problem is a fully dynamic coupled system
of mixed hyperbolic-parabolic type and inherits all the difficulties mathemati-
cally and numerically involved in the standard fluid-structure interaction and
Stokes /Navier-Stokes-Darcy coupling.

The literature is rich in works on related coupled problems and here we
provide only a partial list of relevant publications. One related problem deals
with the interaction of an incompressible fluid with a porous material and
modeled by the coupling of the Stokes/Navier-Stokes equations to the Darcy
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equations. The steady-state case of this problem is analyzed mathematically
in [20, 15, 2] and the time-dependent case in [13, 10, 11].

Another related problem is that of the fluid-structure interaction. The
analysis of a weak solution for the time dependent coupling of the Stokes and
the linear elasticity equations is discussed in [16] and for the flow of a coupling
of time-dependent 2D incompressible NSE to the linearly viscoelastic or the
linearly elastic Koiter shell in [27]. The two layered structure version of this
problem is discussed in [28, 29].

In geosciences, aquifers and oil /gas reservoirs are porous and deformable
affecting groundwater and oil/gas flow, respectively [25, 23, 18]. In biomed-
ical sciences, blood flow is influenced by the porous and deformable nature
of the arterial wall [3, 7, 8]. Therefore, mathematical models that are used
to simulate these flow problems must account for both the effects of poros-
ity and elasticity. The Navier-Stokes/Biot system is investigated numeri-
cally in [3] using a monolithic and a domain decomposition technique and
the Stokes/Biot system is investigated in [9] using an operator splitting ap-
proach and in [12] using an optimization based decoupling strategy. In [31],
variational formulations for the the Stokes/Biot system are developed using
semi-group methods. Also a two-layered version was studied in [8].

In this paper, we focus on the coupling of the fully dynamic incompress-
ible Navier-Stokes equations (for the free fluid) with the Biot system (for the
poroelastic structure completely saturated with fluid). This coupled problem
is the nonlinear version of the problem presented in [9, 12]. We construct
a weak formulation and show the existence and uniqueness (local) of its
solution under small data assumption. We note that this small data assump-
tion is not needed if the fluid is represented by the linear Stokes equations
rather than the Navier-Stokes equations and the result would also be global.
We assume that the boundaries and the interface between the fluid and the
poroelastic material are fixed. The proof proceeds by constructing a semi-
discrete Galerkin approximations, obtaining the necessary a priori estimates,
and passing to the limit. To the author’s knowledge, there is no such analysis
for this fully dynamic nonlinear coupled system.

The outline of this paper is as follows: In Section 2, we introduce the
equations governing the problem and appropriate interface, boundary and
initial conditions. The next section is devoted to notation and some well-
known results that are used in the forthcoming sections. Section 4 sets the
assumptions on data, presents the weak formulation and shows that it is
equivalent to the problem. Section 5 summarizes the main result of the



paper. Section 6 contains the proof of the existence and uniqueness results
and a priori estimates for the weak solution.

2. Fluid-poroelastic model equations

Let Q € R%, d = 2,3 be an open bounded domain with Lipschitz con-
tinuous boundary 9. The domain 2 is made up of two regions €2, the
fluid region, and €2, the poroelastic region, separated by a common interface
'y = 00y N 0Q,. Both Qf and 2, are assumed to be Lipschitz. See Figure
1. The first region {2 is occupied by a free fluid and has boundary I'y such
that T'y = [P UT UT$ U T, where I'f* and I'#** represent the inlet and
outlet boundary, respectively. The second region (2, is occupied by a satu-
rated poroelastic structure with boundary I', such that I', = T'J U Fg“ uly,
where I'J U Fff”t represents the outer structure boundary.
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Figure 1: Fluid-poroelastic domain

Fluid flow is governed by the time-dependent incompressible Navier-
Stokes equations:

pray — 205V - D(Uf) +ppup-Vuy + Vpy =1£;  in Qf X (0,7), (1a)
V-ur=0 ianX<O,T). (1b)

Here uy denotes the velocity vector of the fluid, py the pressure of the fluid,
py the density of the fluid, py the constant fluid viscosity, and f; the body
force acting on the fluid. We used the dot above a symbol to denote the time
derivative. The strain rate tensor D(uy) is defined by D(uy) = % (Vuy +



(Vuy)") and the Cauchy stress tensor is given by o = 2u;D(uy) — psI. So
(1a) can also be written as

pray =V -op+ppup-Vuy = fy.

Equation (la) represents the conservation of linear momentum, while equa-
tion (1b) is the incompressibility condition that represents the conservation
of mass.

The poroelastic system is a fully dynamic coupled system of mixed hyperbolic-
parabolic type represented by the Biot model [5, 6]:

ppi) — 215V -D(n) = A V(V-m) +aVp, =1, inQ,x (0,7, (2a)
(sopp +aV 1) =V -KVp, = f, inQ, x(0,7), (2b)

where 7 is the displacement of the structure and p,, is the pore pressure of the
fluid. Here, f, is the source/sink term and f; is the body force. The parame-
ters ps and Ay denote the Lamé constants for the solid skeleton. The density
of the saturated medium is denoted by p,, and the hydraulic conductivity
by K. In the Biot model, the first equation, (2a), is the momentum equa-
tion for the balance of forces and the second equation, (2b), is the diffusion
equation of fluid mass. The total stress tensor for the poroelastic structure
is defined as o, = o — a p,I, where o'} is the elasticity stress tensor defined

)
by o = 2u,D(n) + A\;(V - n)I. Therefore, (2a) can also be written as

pp) — V-0, =1,

The constrained specific storage coefficient is denoted by sg and the Biot-
Willis constant by «, the latter is usually close to unity. In the subsequent
discussion, we assume that the motion of the structure is small enough so
that the domain is fixed at its reference position. All the physical parameters
are assumed to be constant in space and time. Next, we prescribe boundary,
interface and initial conditions where n; and n, denote the outward unit
normal vectors of {2y and €2, respectively and nr is the unit normal vector
of the interface I'; pointing from Q to €2,. Hence, np = n¢|r, = —n,|,.
Furthermore t&, [ = 1,...,d — 1 denotes an orthonormal set of unit vectors
on the tangent plane to I';.

Boundary conditions:
Since the boundary conditions have no significant effect on the fluid poroe-
lastic interaction, for simplicity they are chosen such that the normal fluid
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stress is prescribed on the inlet and outlet boundaries, the poroelastic struc-
ture is assumed to be fixed at the inlet and outlet boundaries and have zero
tangential displacement on the external structure boundary, that is,

on FZJ}” x (0,7, omy = —D;,(t)ny, (3a)

on I x (0,T), omy=0, (3b)

on I'{™ x (0,T), ur=0, (3¢c)

on I x (0,T) , KVp, -n,=0, n=0, (3d)
ext pp:Oa np'o-fnp: 0,

on I')" x (0,7, { té-n:O,lglgd—l. (3e)

Initial conditions:
As initial conditions, we assume that everything is at rest in the begin-
ning, that is,

Att=0: u=0, p,=0, n=0, n=0. (4)

Interface conditions on I';y x (0,T):
The interface conditions are given by

us-np = (7 — KVp,) -nr, (5a)
omr =o,nr, (5b)

np - o Ny = —p,, (5¢)
nr-oth=—pup—n)-th, 1<1<d-1, (5d)

where [ denotes the resistance parameter in the tangential direction. Con-
dition (5a) is the continuity of normal flux that satisfies mass conservation,
condition (5b) is the balance of stresses, that is, the total stresses of the fluid
and the poroelastic medium must match at the interface. Condition (5c)
guarantees the balance of normal components of the stress in the fluid phase
across the interface. Finally condition (5d) is the Beavers-Joseph-Saffman
condition [4, 30, 22| which assumes that the tangential stress of the fluid is
proportional to the slip rate. More details on the interface conditions can be
found in [26, 31].



3. Notation and useful results.

Let Q € R% d = 2,3 be a bounded, open connected domain with a
Lipschitz continuous boundary 9. Let D(£2) be the space of all infinitely
differentiable functions with compact support in €2. For s € R, H*(2) denotes
the standard Sobolev space of order s equipped with its standard seminorm
| - 5,0 and norm || - ||so. We denote the vector- and matrix-valued Sobolev
spaces as follows:

H*(Q) = [H*(Q)]Y, H(Q) := [H*(Q)]™

and still write |- |5 and || - ||s.q for the corresponding seminorms and norms.
When s = 0, instead of H%(Q2), HY(Q) and H°(Q2) we write L?(Q2), L?(Q) and
L2(Q2) and instead of |- |o.q and || - [[o.o we write |- |q and || - ||q. The scalar
product of L*(Q) is denoted by (-, -)q. The spaces H(div; Q) = {v € L*(Q) :
V-v e L2(Q)} and L¥2(div;Q) = {v € L3Q) : V-v € L¥?(Q)} are
equipped with the graph norm. If I' € 09, and v € HY?(I'), we define the
extension 0 of v as o =v on I', o = 0 on IN\I" and define the space of traces
of all functions of H'(2) that vanish on 9N\ as follows:

HP(T) = {ve LX) : 5 € H/*(0Q)}.
We also define for any 1 < r < oo,

L"(a,b; X) = {f measurable in : || f||1r(apx) < 00}

1/r
equipped with the norm || f|| (b, x) = (ff Hf(t)||’"th) for 1 <r < oo and
[ £l o (abix) = €88 8UDyepqy | f(£)[|x- Furthermore, (0,7 X) denotes the set
of all functions that are continuous into X and finally we define
H'(a,b; X) = {f € L*(a,b; X) : f € L*(a,b; X)}.

3.0.1. Useful results.

Here we state inequalities and results to be used throughout the paper.
More details can be found in [1, 17]. We define the following spaces for the
weak solution:

X;={veH'(Q): v=0onT{}

Vf:{VGXf V~V:0}7

X, ={6€H(Q): £=0onT} t,-£=0,1<1<d-1onI}"},
Qr = L*(y),

Q,={re H'(Q,): r=0on F;”}.



On these spaces, we have the following trace inequalities:

weXp Vie,  <Tilvhe, v

rir < Tolvl1o, (6)

Vg€ Qp,  lallmre)<Tsldhe,, ldllrs < Tilghg,, (7)
vwe Xy lnlr,  <Tsnhe,, (8)

the Poincaré inequalities:

Vv eXy, |vle,<Plvig,, (9)
vn € Xy, nllo, < P2(nliq,, (10)
vq € va ||Q||Qp S P3|Q|1,Qp7 (11>
a Sobolev inequality:
Vv € Xy, ||V||L4(Qf) < Sf|V|H1(Qf), (12)

and finally a Korn’s inequality:
Ve Xy, [|vle, < Kf[D(V)le,, (13)

where Th —T5, Py — P3, Sy and Ky are positive constants depending only on
their corresponding domain.

Theorem 3.1 (Gronwall’s inequality in integral form). Let

C(t) < B—i—C/tC(s)ds, a.e. t€(0,7T)

where ¢ is a continuous nonnegative function and B,C > 0 are constants.
Then ((t) < Be“*.

The next theorem is a compactness result that provides a strong conver-
gence result which is used to pass to the limit in the nonlinear terms of the
Galerkin solution.

Theorem 3.2. [32, Corollary 4] Let X, B and Y be Banach spaces such that
X C B CY where the imbedding of X into B is compact. Let F' be a bounded
set in LP(0,T; X) where 1 < p < oo and let the set {%}feF be bounded in
LY0,T;Y). Then F is relatively compact in LP(0,T; B).



4. Weak Formulation.

In this section we derive the weak formulation of the problem. But first,
we introduce additional notation and present assumptions on the problem
data. We assume that K € L>(Q,) is independent of time, uniformly
bounded and positive definite. There exists K in, Kmax > 0 such that

Vx € ﬁp, KpinX - X < Kx - x < KX - X. (14)

Further, we assume that f; € L*(0,T;L?(Qy)), £, € L?(0,T;L*(Q,)), f, €
L*(0,T;L*Q,)) and Py, € L*(0,T; Hl/Q(F}”)). The weak formulation we
propose for the problem is the following:

(WF]_) Find uy € LOO(O,T; LQ(Qf)) N LQ(O,T;Xf), Py € L1<O,T; Qf), n c
Whee(0,T; L2(2,)) x H'(0,T7;X,) and p, € L>(0,T; L*(Q,)) N L*(0,T;Q,)
where 1y € Ll(O,T;L%(Qf)), such that for all v.e Xy, g € Qy, § € X, and
req,

(pris, v)a, + (2usD(uy), D(v))a, +ps(uy - Vug, v)a, — (ps, V- v)o,

+ (ps1, €)a, + (20D (1), D(§))o, + AV -0,V - &)a, — (ap,, V- €)g,

+ (sopp + aV -1, 71)q, + (KVp,, Vr)q,

+ (ppnr, v — ), + Y (Bluy =) - th, (v — &) - th)r, + () — uy) - np,)r,
= —(Bin(t)r, Vire + (£, V)a, + (£, &), + (fo, ),

(V- uy,q)o, =0,

a.e. in (0,7, and
us(0) =0ae. iny, n0)=0, n0)=0, p,(0)=0ae. inQ,.

The reason for looking for a solution in L>(0,T;L?*(€)), i = f,p may
not seem obvious at this point, since typically the solutions are sought in
L?(0,T; X) where X is an appropriate Sobolev space, but we will prove that
such a solution exists.

4.1. Equivalence of the weak formulation (WF1).

The following proposition establishes the equivalence between the coupled
problem and the weak formulation (WF1) proposed in the previous section.



Proposition 4.1. Let the data satisfy the assumptions listed in the previ-
ous section. Then each solution uy € L>(0,T;L*(Qy)) N L*(0,T;X;) such
that vy € LY0,T;L2(Qy)), py € LY0,T;Q;), n € Wh(0,T;L(£,)) N
HY(0,T;X,) and p, € L>=(0,T; L*(Q,)) N L*(0,T;Q,) of the problem defined
by (1la)-(1b), (2a)-(2b) and (3a)-(5d) is also a solution of the variational
problem (WF1) and conversely.

Proof. We first show sufficiency. To simplify the presentation, we included
in Appendix A the justification of using Green’s formula in the following
proof. Let (uy,ps,m,p,) be a solution of the coupled problem defined by
(1)-(5) satisfying the regularity stated in the proposition. We multiply (1la)
by v € X;. After integration by parts and using (3a), (3b), v = 0 on Fjﬁt
and ny = nr on I';, we have

(pfufvv)ﬂf + (2:U’f D(uf)7 D(V))Qf + pf(uf ’ Vuf7V)Qf - (pf7 V- V)Qf
— (o, V)r, = (£, v)a, = (Pin(t), V)i (15)

Next we multiply (1b) by ¢ € @y and integrate to get

(V - s, q)a, = 0. (16)
Observe that (3e) implies opn, = o/'n, = - (t!-on,)-th on T, Then
since té £ =0onT¢", & =0o0nT} and n, = —nr on I'y, multiplying (2a)

by £ € X,, and integrating by parts yields

(opi; §)a, + (25 D(n), D(€))a, + (As(V 1), V- €)o, — (ap,, V - §)a,
+(opnr, §r, = (£5,€)o,. (17)

Multiplying (2b) by r € @),, integrating over €, and using (3d), » = 0 on
¥, and n, = —nr on I';, we obtain

(Sopp +aV - 777 T)Qp + (KVppa VT)Qp + <Kvpp -, 7’)1“1 = (fp7 T)Qp' (18>

Next, we rewrite the interface integrals using the interface conditions (Ha)-
(5d). On I'y, by (5¢) and (5d), we have

omp = (np-omp)np+ 30 (b mp)th = —p,np — 31 (B(uy—10)-th)th.
(19)



Adding (15), (16), (17) and (18) while using (19) for (o snr,v)r,, (5a) for
(KVp,-np,7)r, and (5b) and (19) for (o,nr, &)r, gives the weak formulation
(WF1).
For the converse, let (uy, pr,n, p,) be a solution of (WF1). We pick first
v € D), r=0and £ =0, second v € 0, r € D(Q,) and £ = 0 and last
v=0,r=0and § € D(,). This gives (1la) on 2 and (2a) and (2b) on 2,
in the sense of distributions. Next, we multiply (1a) with v € X, (2a) with
€ € X, and (2b) with r € @, apply Green’s formulas, add the outcomes and
compare with (WF1). This gives
<ppnF7 A E)F[ + Z;i:_ll<ﬁ<uf - 77) ’ tlFa (V - S) ’ tlF>FI
(0= up) mern, + (PO, Ve (20)
= —<0'fnf7V>r;"ur;utuF, - <a'pnp?£>1“§”ul‘1 - (KVp, - IlpJ’)F;;uFI
for all (v,&,r) € Xy x X, x Q,. f welet v=0,&=0in (20), we get

—(KVp, -0y, r)rsor, = (1 —uy) -0, 7)r,, Vr € Q). (21)
The choice r € @), such that r|p, = 0 yields
(KVp, -1y, 7)rs =0
which implies the first condition of (3d). Using this in (21), we get

_<KVPP *Np, T>FI = <(n - uf) -, 7n>1117V7n € QP
which yields (5a). This reduces (20) to

d—1
(ppar, v = E)r, + ) (Blug =) - b1, (v = &) - tihr, + (Pnl)ny, Vipm (22)
=1

= —<0'fnf,v>r7}‘cnurz}uturl — <0'pnp7€>rgztur‘l,vv c Xf,\V/E € Xp.

Now we let v =0 in (22). Then

d—1
_<ppnF7£>F1 - Z<B(uf - 77) 'tlI‘7€ ' ti“>F1 = _<o-pnp7£>F§“tUF17v£ S XP'

=1

Since p, = 0 on F;xt, the choice £ € X, such that £& = 0 on I'; implies

0= (o, &) = (n, opn, & ny)r = (n,- anp, §-ny)pe .

ext ext ext
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Therefore, we recover in the sense of distributions the second condition in
(3e). This also yields

—Ppnr — Zﬂ Uy — tl )ti“=€> _<aPnP7£>F17v€ € XP‘

Therefore,
—Ppplr — Z B((uy =) - tp)tr = opnr (23)
I=1
holds in the sense of distributions. This reduces (22) to

(ppnr, v)r, + Z (uy —m) - th,v-th)r, + (Pin(t)0f, V) rin
—(omy, v)asq,, Vv € X;.
Letting v € Xy such that v = 0 on I'; gives
(Pin ()0, V)pin = —(0 g, V)pingpgu.
Picking v such that v =0 on F;“t implies (3a). If we plug this in the above

equation we get 0 = — (o yny, V>F(}ut concluding that oyny = 0 on F?“t x(0,T)
in the distributional sense. This gives (3b) and also implies that

(ppnr, v)r, +Z (up — 1) - th,v-th)r, = —(omy, vir,, ¥ € X;.
Therefore,
ppr + Z (uf =) - tp)ty = —oymy.

This compared to (23) implies (5b) and also gives (5¢) and (5d) once dotted
Withnpandtlp,lgjgd—l. O]
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5. Main results.

This section summarizes the main results of this paper. First, for the
sake of simplicity, we define the following functions of time:

315K 3P2K2 P2 | ”»

Ct:( L1 P ()1 LI t)3, + =2l £ —fst2>,
1(1) = (g Py + =2 IE O, + 52101, + 5180,
(24a)

o 3T§K}Pt2 3P12K]%f.t2 PEoimie o Ligons 12

o(1) = (S5 NPl + =5 IO, + 52— 101, + 5IEIR,)
(24D)

a.e. in (0,7, and the following constant:

&= (PO e + LI+ 5O + RO
T pp G T g JANy T o g WP, g, 15, '
(24c¢)

where the constants 75, K¢, Py, P3 are defined in Section 3.0.1 and Cj is the
continuity constant of the continuous lifting operator from HY2(9Q;) —
HY (Q 7). Observe that Cy,Cy and Cs depend only on the data of the problem.
We now present out main existence and uniqueness result.

Theorem 5.1. Assume that f; € H'(0,T;L%*(Qy)), . € H'(0,T;L*(Q,)),
£, € H(0,T;L*(%y)) and P,, € H*(0,T; Hl/Q(F}”)) and that the following
small data condition holds:

T
1 eT/ps
( P )

T
CZ ||%2(0,T) + p_eT/ps C??
S S

+ (14 L1l + 0 T/”) Cil3 +1C1 I3 < 2@ (25)
—e P —et e o — -
Ds P2 LIlL2(0,1) Ll Lee(0,T) prc 5; K}g‘

Then, problem (WF1)has a unique solution (us,pr,m,p,) such that
Hrf P
P Ps | .
?||uf”%oo(o,T;L2(Qf)) + EHTIH%‘X’(O,T;LQ(QP)) + Hs||D(”7)||%oo(o,T;L2(Qp))
So 1
+ §|’pp‘|%°°(0,T;L2(Qf)) + ,Uf”D(uf)H%%o,T;JL?(Qf)) + 5HKl/szpH%Q(O,T;LQ(QP))

T
< (14 2 ) 1y (26)

s

12



Furthermore,

if
ID(us) =iz < 5—azm3 (27)

Pfy . Ps | . .
EHUfH%oo(o,T;m(Qf)) + EHTIH%W(O,T;L%QP)) + MSHD(n)H%OO(O,T;L?(QP))
S0 . . 1 )
+ §||pp||%oo(o,T;L2(Qf)) + :ufHD(uf)“%,Q(O,T;LQ(QJ:)) + 5||K1/2Vpp‘|%2(0,T;L2(Qp))

T Te2T/P2
<(1+ p—ezT/pg) Call 720y + TC?» (28)

and

S

1P#ll L 0.150200,)) < = (rllagll L 0.2, + 20D (ug) || L 0,152 (02)))

+ SHIus N Z e om0 ) + TV T3 lIPpl| o0, (0)) + BT IN0s || oo 0,111 0 )

+ BIVT5 |0 Lo (0,081 (0,)) + T2||Pin“Loo(0,T;L2(r}“)) + ||ff||L°°(0,T;L2(Qf)))'
(29)

The constants Ty — 15, K¢, S¢, P1, Ps used in the above estimates are de-
fined in Section 3.0.1.

6. Proof of Theorem 5.1.

The proof consists of multiple steps. The main idea is to use Galerkin’s
method on the divergence-free version of the weak problem (WF1) in which
the fluid pressure p; is eliminated. We will first present the divergence-free
formulation (WF2) and introduce its Galerkin approximation (GF). Next
we prove that there exists a unique maximal Galerkin solution by writing
(GF) as a system of first order equations and applying the theory of ordinary
differential equations. However this existence result holds only on a finite
subiniterval of [0, 7). Demonstrating a priori bounds for the Galerkin solution
guarantees the validity of this existence result on the entire interval [0, 7] and
also allows us to pass to the limit. At the end of this process, we obtain a
solution uy,n and p, of the divergence-free weak formulation. We conclude
the proof using an inf-sup condition to recover the fluid pressure p; that was
eliminated from the weak formulation, proving the equivalence of (WF2)
and (WF1). This last step also provides a priori estimates for py.

13



6.1. A divergence-free weak formulation.

For the analysis of the problem, we will focus on the following divergence
free version of the formulation (WF1).

(WF2) Find u; € L®(0,T; L2(Q;))NL2(0, T; X, ), n € Wh(0,T; L2(€,)) ¥
HY0,T5X,) and p, € L¥(0,7; 12(9,)) N 10,75 Q,) with
u; € L'(0,T;L2(Qy)) such that for all v e Vy, £ € X, and 7 € Q,,

(pras, v)e, + (2uD(uy),D(v))a, + ps(uy - Vuy, v)o,

+ (psfi;la €)Qp + (QMSD(TI)v D(é))gp + ()\sv -1, V- €>Qp ¢ (app7 V- é)QP

+ (sopp + aV -1, 1)q, + (KVp,, Vr)q,

+ (ppnar, v — E)r, + 2 (Blup —0) - th, (v — &) - thir, + (0 —uy) - np, ),
= _<Pin(t)nF7 V>F§," + (ff7 V)Qf + (fS, E)Qp + (fpar)ﬂp

a.e. in (0,7, and
us(0) =0a.e. inQy, n0)=0, n0)=0, p,(0)=0ae. inQ,.

Note that the unknown pressure py is no longer in the weak formulation. Fur-
thermore, it is obvious that any solution of (WF1) is a solution of (WF2).
The converse will be proved in Section 6.6 using an inf-sup condition.

6.2. A semi-discrete Galerkin formulation of (WF2).

The existence result is proved by constructing a sequence of approximate
problems and then passing to the limit, that is, using the Galerkin method.
Separability of V; x X, x @), implies the existence of a basis {(v;,&;,7:) }i>0
consisting of smooth functions. We define V7', X and @' as the span
of the first m v;, & and r;’s, respectively, and use the following Galerkin
approximations for the unknowns uy,n and p,:

m m m

W (%, 1) = Y a;()v;(x), 1, (6, 1) = Y Bi(D€;(x), (3, 8) = Y 75(8)r5(x).
j=1 j=1 j=1
(30)
Then, we can write the Galerkin approximation of the problem (WF2) as
follows:
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(GF) Find u,, € C'(0,T;V}), m,, € C*(0,T;X7"), pm € C1(0,T; Q) such
that

(pfﬁm’ V)Qf + (QMfD( ) ( ))Qf + pf(um Vllm, ) Qy + (pS'f'm7€)Qp
+ (QMSD( ) ( )) (/\sv * M V- S) Qp ™ (apnu V- €>Qp
+ (50pm +aV - nm7 )Q + (Kvpm7 vr)ﬂp + <pmnF7 A2 £>I‘1

+ 3 (B ( m = M) b0, (V=€) - tr)r, + (1, — W) 10, 7)r,
<Pm(t)nF7 >F’" (ffv ) (fsaS)Qp + (fpa T)Qpa
for all (v,&,7) € VI x X7' x Q7 a.e. t € (0,T) and

u,(0) =0, n,0)=07,0)=0 pn0)=0 (31)

Lemma 6.1. For each positive integer m, the formulation (GF) has a
unique magzimal solution (W, M, pm) € CH0,To; V) x C*(0, T; X77) %
CH0, T; Q') for some time Tr, where 0 < Tp, < T.

Proof. Using the Galerkin expansions given in (30), the problem (GF) can be
represented in matrix form. The following is a standard finite-dimensional
argument which is basically defining the problem as a square first order
system of ordinary differential equations (ODE) with an initial condition.
For the integrals on the left hand side for 1 <4, j < m, we define

Al =pp(vi,vi)a,, Bl =2p(D(v;),D(vi))a, + S0, Bv; - th,vi - th)r,,

N; = (ps(vj - Vv, Vi)o, )1<jk<m,
Afj = p8<€j7€i)ﬂp’ ij = 2Ms(D(€j)7 D(&;))o, + As(V - £,V- &)a,
A7 = s0(rj,1i)q,, Bl = (KVr;, Vi),
Cij = a(ry, V&), + (rjor,&§)r,, Di; = (rnr, vi)r,,
Zl 1 ( tr, Vi - th)r, Fij Zl 1 < “tr, &t

And ﬁnally for the right hand side integrals we define

a4 = —<Pm(t)nf,Vz‘>Qf + (ffaVi)Qf, b; = (f57€i)ﬂp7 Ci = (fpari)ﬂp

The unknowns are a; = «;(t), B; = 5;(t) and v, = v(t), i = 1,...,m and
we define w(t) = [a(t), B(t),'y(t) H(t)]T and set (N (w)); = N;a - a. With
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these definitions, (GF') is equivalent to the following system of autonomous
first order ODE in w(t):

w=M'd(w) - M 'Nw =: g(w), where w(0) is given,

Af 0 0 o0 B 0 D -E
0O I 0 O 0 0o 0 -I
M = 0 0 A? 0 |’ N = -DT 0 Br CT
0 0 0 A -ET B -C 0

and d(w) = [a— N (w),0,c,b]. Since p;,p, and so are positive, A, AP
and A® are symmetric positive definite implying that M is invertible. The
matrices M, N are 4m x4m and the vectors d, w have length 4m. It is obvious
that the function g is continuous in time and locally Lipschitz continuous in
w. Then, it follows from the theory of ordinary differential equations [14]
that there is a unique maximal solution w in the interval [0, T;,] for some T,

such that 0 < T}, < T such that each component of w, i.e., each component
of a, 3, and @ = 3 belongs to C'(0,T},). O

We need a priori bounds on the Galerkin solution to conclude that 7T, =
T. We discuss this next in Section 6.3.

Remark 6.2. Note that if we consider the Stokes problem for the fluid part,
so if there is no nonlinearity, an existence and uniqueness result will be global
on [0,T].

6.8. A priori estimates for the Galerkin solution.
We begin by stating the main result of this section.

Theorem 6.3. Suppose that £; € H*(0,T;L*(Qy)), £ € HY(0,T;L?(Q,)),
£, € H(0,7;L*%,)) and P,, € H*(0,T; H&éQ(Fz}")). In addition, assume
that the small data condition (25) holds. Then, problem (GF) has a unique
solution (W, M,y Pm) @0 the interval [0,T]. Furthermore, it satisfies the fol-
lowing bounds:

Pf Ps | . As S0
?Hum“?zf + §||77m||?zp + 1D ()15, + EHV e, + §||pm||522p

1
+§ HK1/2VPWH%Q(O,T;LQ(QP)) + py|[D () H%Z’(O,T;L?(Qf))

T
< (1 + p—eT/pS) |’ClHi2(o,T) (32)

S
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for all t € [0,T],

Ky
ID(un)lle, < 7775 (33)
! SpfS]%K]?z
and
Pf - J : As . 50 .-
P2 il + 2l + DG, + 221V il + 2 i,

. 1 .
+ MfHD(um)H%Q(O,T;LQ(Qf)) + 5”KI/ZmeH%Q(O,T;L2(Qp))

T Tel/es
< (1 + p—eT/pS) CQH%2(07T) + 5

Here Cy,Cy and Cs are defined in (24) and (24c).

Remark 6.4. These bounds imply that {u,,} is bounded in H*(0,T; H'(2;)),
{n,,} is bounded in H*(0,T; H*(,)), 1,, is bounded in L>(0,T;L*(Q,)) and
{pm} is bounded in H'(0,T; H'(Q,)).

In the next few sections, we verify the bounds (32), (33) and (34) in the
interval [0,7,,] which will then imply the global existence of the maximal
solution (w,,n,,, pm) in the interval [0, 7] as stated in the theorem.

Cs. (34)

6.3.1. Proof of (32).

We let v = u,,, & = n,,, ¥ = pn in the Galerkin formulation (GF).
Then the Cauch-Schwarz inequality, inequalities (6), (9), (11), (12), (13) and
assumption (14) on K imply
Pf(ﬁm, um>Qf + 2/~Lf||D(um>”S22f + ps('f’m’ hm)Qp + 2MS(D(T’m)7 D(hm))ﬂp

+ )\s(v * Mo V- ”;’m)Qp + SO(pmapm)Qp + HKI/vamHSQ)p

< prSTEGID () [16, + To K p || P (8) lrin D (w2, (35)
: Py
+ PLKg[frllo D (wn)llo, + [1Elle, 7110, + —7 1 folle, K2 Vpullg,-

Here the only problematic terms on the right hand side are HD(um)H%f and
1M,mlle,- The rest can easily be hidden in the left hand side. Observe that
since u,,(0) = 0 and u,, is continuous, there exists a time T,,, 0 < T, < T,

such that
Ky

— vt e0,T,,. 36

ID(wn)lle, <

17



In fact, this condition holds true on [0,7,,]. For the sake of presentation,
we postpone this proof to Section 6.3.2. Using this condition together with
Young’s inequality with € > 0, we obtain

P (i, W )oy + 207D (W) &, + s (s 1), + 2425(D (1), D(3,,))er,
+ AV 1,0, V)0, + $0(Bms D), + KV [,

1 22 2
2 - 1/2 2 —f ' 2 IRAY
S“f"D<“m>"ﬂf+ K2 Vpulh, + =5 POl + =56 1R,
1 9 1. 9 ) Lo
2Kmm gie—Iolle, + SIEI, + SIals, = CHE) + S5, (37)

for all ¢ € [0,7,,,], where C; is defined in (24). Integrating with respect to t,
due to (31), we can deduce

: 2 IR
i (1, < G s + 5 | Wit (s)I, s
Ps Ps Jo
Therefore, since n,,, € C*(0,T; X)), [|0,,()|[3, € C'(0,T) and applying The-
1 2
orem 3.1 with ((¢t) = ||n,,(t)||3 , C = — and B = —||C1||%2(0T) yields
P p ps ’

S

, 2
177, (D115, < p_eT/pSHClH%Q(O,T)' (38)

S

Plugging this in (37), we have

5 dt\!uml\gf+uf\!D(um)\!Qf HanQ s HD(nm)H?zp
)\ d

Zdt’

2dt

V[, + HpmHQ §HK1/QVPmH?zp

2 dt
1
<Ci(t) + p—eT/”s ICUIZ20ry  (39)

for all t € [0,T,]. After integrating with respect to ¢ and using (31) implies
the bound (32).

6.3.2. Proof of (33) and (34).
Proof. Recalling (36), assume for a contradiction that there exists T* €
(0,T,,] such that

vt e |0, T D(u,,)(t — =, ||[D(u,)(T = ——573-
€ 0.7 D)l < 5t D) (Tl = 3
(40)
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Similar arguments leading to (39) and using Young’s inequality yield

Pis s X
<5l + Hnmllg + sl D(m,) 16, + —HV'nmll?z + 5 lmlls,
Pr S e . As . S0 .
+ Ll + B, + D@1, + SV - il + ol

Gt Z2 ) (41)

for all t € [0,7%]. To bound the first five terms we differentiate (GF') with
respect to time. The specifics of this technique can be found in detail in [24]

4 (paiipn €)a, + (200.D(1,),D(E))a, + AV -7,V - €)a, — (@b, V -

+ (80Pm + aV -1, 1), + (KVpn, Vr)g, + (pmir, v — &)1,

+ 3 (B = 71,) - b1, (V= €) - th)r, + (7, — W) - 1p, 7,
= —(Pyunr, V)rin + (£, V)a, + (£, €)a, + (/. 7)e,

We let v = u,,, r = p,,, and § = 1), in the above, use the Cauch-Schwarz

inequality, assumption (40), inequalities (6), (9), (11), (12), (13) and assump-
tion (14) on K to get

pf d . 2
¥ttt 2 DGl 2 i 2, + e DG, ) 7,
A d ,
s = £ - K1/2 -
+ 2 g, 0, + 1K,
,u ) 1 . €T22K2 . 1 )
< 24100, )8, + 1D (i) B, + 2L B + DG,
ePfK]%

1613, + 1o, Willo, + 51KVl + 23— 1 18,
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3
Picking ¢ = —, we obtain
Hr

HumHQf + gD ()G, + Hann s I\D("?m)H?z,,
/\ d 1
AV - - K1/2v-m 2
3T22K2 . 3P12Kf . . B P2 .
201 ! HPinH%?n + 27 HffH?)f + §||sz?zp + §||77m||s2'zp + Tfﬂﬁ}“fp”?zp

2dt 2dt

<

L.
= C3() + S 1, (42)

where Cy € L*(0,T) is defined in (24). Now we need a bound for 7),,. Since
by assumption 7),, is continuous, we can use Gronwall’s inequality again.
Integrating from 0 to ¢ for any ¢ € [0,7*] and recalling (31) we obtain

P ps s . S0 .
fH Wnlla, + 5 1 ll6, + 25D (), + —HV-nm||?z,,+5llme|?z,,

P
_gm%mmf-;mAm% SO,

IR
€l + 5 [ im(o)I . (43)

Now we need bounds for [[4,(0)[13,, [1,,(0)[[d, and [[p.(0)[|§,. For that
purpose we let v.=0,r =0 and & = 7,,(0) in (GF) at t = 0. Due to (31)
and the Cauchy-Schwarz inequality

. 1

1727,(0) |, < p—Hfs(O)HQp- (44)

Now let v =& =0 and r = p,,(0) and ¢t = 0 in (GF). Then by (31) we have
) 1

15m(0)lle, < =1/ (O)lle- (45)

Furthermore if we let n =0, r =0, v =1,,(0) and ¢t = 0 in (GF), we get

Pl (01, = —(Pin(0)npin, 0 (0)) i + (£(0), 1 (0) )y, -

We need a good bound for (P,nr, um(0)>r}n because otherwise [|1,,(0) rip

cannot be hidden in the left hand side. Assuming Py, € L*(0, T; Hy)*(I'")),
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its extension Py, by zero to dQ; is in L*(0,T; H/?(9;)). Then we can use
the continuous lifting operator j : L2(0,T; HY/?(0S0;)) — L*(0,T; H*(S}))
with continuity constant Cj. Since V - 1u,, = 0,

(Pin(0)0pin, 00 (0)) pin = (G (Pin(0) )0, 0 (0)) a2, = (V (5 (Pin(0))), 0 (0))
< 3 (Pin Ol 18 (Ol < C5llPin (0 a2 im0 (0) |,

Then o .
. J
P (Ol < 2P ey + 5 WOl (46)

Plugging these in (43),

Pr Ps . S0 -
5 la U, + H"7mHQ + ps|D (7,16, + —SHV-an?)er?HpmHép

§@+Wﬂmm+;AWM@@%

where Cj is defined in (24c). If we neglect all terms other than the second
one on the left hand side of the above equation we get

. 2 2 1 [
7 llg, < p—sC§ + EHC2H%2(O,T) + E/o 72, (5)1[$,, ds-
. . ) . 2 o 2 ) 1
Using Gronwall’s inequality with B = p—CS + —HCQHLQ(QT) , C = — and
C(t) = 1 (O3,

. 2 2
it ()1, <™ (= Cola0m) + -3

Therefore, putting this in (42) we have

p .
0 % i, + 1y DG ), + 2£mm%+m|mmm@
MNd oo e
el v - —IKY2Vp,,||?
P2 g, 2 8, LK,
<20+ (e c2 47
<Cy(t) + 1Calz20,m) +C5)- (47)

s
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Integrating from 0 to ¢ in [0, 7] and recalling the bounds (44), (45) and (46)
we obtain

Pf Ps s . S0 -
5 [l + S llhlle, + D () g, + —||V"'7m||?zp+5llpm||?u,,

t t
i 1 ]
+ [ D)+ [ UK,

T Telles

<1+ p—eT/ps)||C2||i2(o,T) +——0C, (48)
which implies (34). To find a bound for |[u,,[|q, in (41), we recall (35) and
use assumption (40) to get (39) for all ¢ € [0,7*]. Neglecting the terms other
than the ones with d/dt on the left hand side, we integrate (39) from 0 to ¢
where t € [0,77]. Since the initial conditions are zero, we have

Pr Ps 5 50
5 wmlle, + S 17le, + D), + —HV'an?szr;HPmH?zp

T
<1+ p—eT/ps)HClH%Q(o,T)- (49)

S

Therefore, using (48) and (49) in (41) we get

1 T
ID (I, < g (R0 + (L e e
T TeT/ps
+ (1 2Pl + c3)

for all t € [0, 77]. So if the data satisfy

1 1 T
o (P ) ||61||%2(0,T)

S S

T TeT. Ty
L+ —eT/) [y 2 CZ) L
+( +p )H 2||L 0T)+ Ds 9pf54K67

then we have "

D(u,)|a, < =—=5—=

D)l < 5 e
for all ¢ € [0, 7] which contradicts with the assumption. O
Remark 6.5. Note that if P;,(0) = 0, we immediately get |[01,,(0)[q, <

—|If£(0)llo, rather than (46). In that case, it is not necessary to assume
!

that Py, € L*(0,T; Hoy*(I'r)).
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6.4. Passing to the limit.

Since we established the boundedness of the Galerkin solution (w,,, 1,,, Pm)
that we stated in Remark 6.4, we can pass to the limit in (GF) to ob-
tain a solution to (WF2). Reflexivity of V¢, X, and @), and therefore of
HY0,T;Vy), H(0,7;X,) and H'(0,T;Q,) imply that there exists a subse-
quence of the Galerkin solution, still denoted by {(w,, n,,, Pm)}m such that

u,, —u; in HY(0,T; H(Qy)),
M — 0 in H'(0,TyH'(Q)),
M, — 1 in L0, T5L%(€,)),
Pm = pp 0 H'(0,T; HY(Qy))

where — stands for weak convergence. Note that due to the continuity of
the trace operator we also have

w, — u; in L*(0,T; HY/?(09y)),
N, — 7 in L*0,T; H/*(09,)),
Pm — pp, in L*(0,T; HY*(09,)).

We can pass to the limit in the linear terms with the convergence results
above. However, the nonlinear term needs a stronger convergence result. To
obtain such a result we recall that H(Q;) c L*(Q;) c L*Qy) and that
H'(Q) is compactly embedded in L*(Q2;) due to the Sobolev embedding
theorem. Furthermore, Remark 6.4 implies that the subsequence {u,,}, is
bounded in L*(0,7;H'(Qy)) and {222}, is bounded in L'(0,7;L?(y)).
Therefore, Theorem 3.2 implies that {u,,},, has a subsequence, still denoted
the same, such that

u,, — uy strongly in L*(0, T; L*(€2;)).
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Fix an integer k > 1. We multiply (GF) by () € L?(0,T) and integrate in
time to obtain
Jo (it ¥(£)V)a, dt + [ (2D (wy), Y (H)D(v))q, dt
+ o pr (W Vi D (V)0 dt + [ (st (1€, dt
+ Jy 21D(1,,), H(OD(E))o, dt + [ AV -1, (DY - €, dt
— Jy (@pm, V()Y - &), dt + [ (Sopm + @V - 1, % (£)7)0, dt
%1ﬁkKV%mmMﬂVﬂQﬂt+ﬁf@mmgwﬁﬂv—f»mdt
foT — 1) - th (v — €) ] >F1dt (50)

+ fo N np,w( Pyrydt = — [i (P (t)np, ¥(t)v V)rindt
+ fo (£f, (1) Qfdt + fo o Y(1)€)a,dt + fo (fp: 0 (t)r)q,dt,

for all (v,&,7) € Vfc X X’; X Q;ﬁ, m > k. Letting m — oo we obtain

T, . T
Jo (ppag0(t)v)a, dt + [i (2uD(ug),b(t)D(v))q,dt
+ foT pf(uf ’ Vufa ¢<t)v)ﬂfdt + fOT(pslﬁa w(t)g)ﬂpdt
+ Jo 2usD(n), (D), dt + [ AV - 0.0 (1)V - E)g,dt
= [y (app W8V - €)a,dt + [ (sobp + @V -1, 9 (8)r)e, dt
+ fOT (KVp,, w< >w>ﬂpdt + Jo (ppnr, (1) (v — ), dt
fO t%?@/}( )(V_€> 'tl >F1dt (51>
+ fo —uy) np,w( Py dt = — [ (P, n ()0, Y(8)V) pin it
+ i ff,¢ (O)0V)a,dt + [ (£, (t)€)q,dt + fo (fp, (t)7)0,dt,
for all (v,&,r) € V’} X X’; x QF. Since any element of V,X,,Q, can be
approximated by elements of V%, X’;, Q’; and ¢ € L?(0,T) is arbitrary, this
also holds for all (v,&,r) € VyxX,xQ, a.e. in (0,7). Therefore, we recover
the equation in (WF2).
Last, we check whether the initial conditions are satisfied. In (51) we
let ¢ € C*([0,T]) such that ¥(T) = 0 and (T) = 0 and integrate the first
and the eighth terms once and the fourth term twice with respect to time.

Then we do the same in (50) and also take the limit as m — oo using the
convergence properties established in the beginning of the proof and using
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(31). Comparing the resulting equations yield:

— (pru(0), ¥(0)v)q, — (ps1(0),¥(0)€)a, + (psn(0),1(0)€)q,
— (s0p(0),%(0)r)q, = 0,

for all v € V, € € X, r € Q,. Since 1(0) and 1(0) are arbitrary,

_(pfu(())?V)Qf - (ps'f’([)):&)ﬂp + (psn(0>7€)ﬂp - (30p<0)’ T)Qp =0,

for all v.e V,§ € X,,r € (. This yields the initial conditions stated in
(WF2). Finally passing to the limit in (32), (33) and (34), we obtain (26),
(27) and (28).

6.5. Uniqueness.

For the Stokes flow, there is no issue of uniqueness. For the Navier-Stokes
problem, we can only prove uniqueness for restricted solution.

Theorem 6.6 (Local uniqueness). Let (ug,m,p,) be a solution of (WF2).
Then if

ID(up)fla, < (52)

Hr
57K
then (uf,m, pp) is unique.

Proof. Let (uy,n,,p1) and (ug, m,, p2) be two solutions of (WF2) such that
(52) holds. Then w =u; —uy, @ = n; — 1, and ¢ = p; — p, satisfy:
(pyw,v)a, + 2usD(W), D(v))q, + pr(uy - Vuy —uy - Vug, v)o, — (¢, V- v)q,
+ (ps0,&)q, + (21sD(0), D(§))q, + (AV -0,V - £)g, — (a0, V - §)q,
+ (soé +aV - G,T)Qp + (KVo¢,Vr)q, + (¢np,v — &)r,

+ 35 (B(w —8) - th, (v — &) - th)r, + (0 —w) -np, r)p, =0

for all v.€ V; & € X, € Q). Letting v = w,§ = 0.r = ¢ where
w(0) =0,0(0) =0,0(0) = 0,¢(0) = 0 and using (12), (13) and (52),

. dt||w||gf+2uf||D< >||?zf 2013, + e IDO)],

A, d
52V - 02
Ty dt”v lo, + 2 dt

< STEFIDW) &, ID () llo, + STEFID(us)lle, [ID(W)I[E, < 21 lID(W)[3,-

||€b||Qp < —ps(w-Vuy +uy - Vw, w)q,
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Therefore,

pyd As d

2 s . 2
21wl + 2 161, + s IDO)IE, + 551V 613, +

22 1613, <

2dt

which implies using the initial conditions that

p Ps i As S0
22 |wli2, + 22101, + nID(@) 3, + 19 - 0], + 2], <0
Therefore w = 0,0 =0, ¢ = 0. O]

6.6. Existence of a Navier-Stokes pressure.

Next we prove that from any solution of (WF2) we can recover a solution
of (WF1). In fact, an inf-sup condition is sufficient to show the existence of
a py which was eliminated when we restricted the search space L*(0,T;Xy)
to L*(0,7T; V). The following inf-sup condition holds [20, 11]: There exists
a constant k > 0 such that

(v -V, Q>Qf
inf sup
9€Qy veX HVHHl(Qf)”qHLQ(Qf)

Note that we can replace the supremum above with the supremum over all
(v,€, 1) € Xy x X, xQ,. Infact, the supremum is attained when £ = 0 and
r=0.

Lemma 6.7. If (us,m,p,) is a solution of problem (WF2), then there exists
a unique py € L>(0,T;Qy) such that (us,pr,m,pp) is a solution of problem
(WF1).

Proof. Let’s define a mapping F such that for all (v,&,7) € X; x X, x Q,
F(v,& 1) = (pray, v)a, + 2uD(ay), D(v))a, + prus - Vuy, v)e,

(ps'i;’ E)Qp (QMSD(T’)? D(€)>Qp + ()‘SV "1, V- E)Qp - (app(t)v V- E)Qp
sopp +aV -1, 71)q, + (KVp,, Vr)q,

+ (
+ (ppr, v — E)r, + 2 (Bluy — @) - th, (v — &) - th)r, + (9 —uy) - np, 7,
+ (Bn(tng, Virin — (£, V)a, — (£, &), — (fp.7)a,, a.e. in (0,T).

It is straightforward to see that F is linear and continuous on X x X, x @, for
a.e. t € (0,T). Furthermore, F(v,&,r) =0 for any (v,&€,7) € Vy x Xy x Q,
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for a.e. t € (0,T). Therefore, the theory of Babuska-Brezzi imply for a.e.
t € (0,7) that there exists a unique function py € @ such that

(p, V-v)a, = F(v,&1),V(v,& 1) € X5 x Xj X Q), (53)

that is, there is a unique py € L>(0,7;Qy) such that (us,ps,m,p,) is a
solution of problem (WF1). Furthermore, letting » = 0, £ = 0 in (53) and
using the inf-sup condition again we have

1

Ipslley < E(prﬁfHQf +2u5D(up)lle, + Sillusllia, + T1T5]plle,

+8T2ulle, + BT Ts lillse, + Toll Py + 1l )

a.e. in (0,7") which implies the bound (29) on p; in Theorem 5.1. O

This concludes the proof of Theorem 5.1.

Appendix A. The interface conditions.

In this section we prove that the interface conditions are meaningful for a
solution of (1)-(5) and therefore justify the derivation of the weak formulation
in the proof of Proposition 4.1.

Let us consider a solution of (1)-(5) such that u; € L>(0,T;L*(Qy)) N
L*(0,T;X),n € Wh(0,T; L*(Q,))x H (0, T;X,) and p, € L>(0,T; L*(,))N
L2(0,T;Q,) with u; € L'(0,T; L2 (€)).

Interface conditions (5¢) and (5d).
Since uy € L2(0,7;X;) and H'(Q;) is embedded continuously in L5(£2;),
for d = 2,3, uy € L*(0,T;L%(Qy)). Then Holder’s inequality implies

uy - Vugl[poreee, < arllzomusllurllczorx;)-
Therefore, uy - Vu; € L'(0,T;L*?(Q)). Then from (1a)
V- o= ff — pfﬁf — Uy - Vuf c LI(O,T;L3/2(Qf)).

Also
o =2u;D(uy) —psI € L'0,T;L*(Qy)).
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Hence, each row of o belongs to L(0,T;L3?(div;Qy)). Since H'(Qy) is
dense in L*?2(div; 2;), the following Green’s formula hold:
Vv € L¥2(div; Qp), Vo € H' (), (v naq,, d)aa, = (V- v, ), + (v, Vo)q,.
This allows o /nr to be defined in a weak sense on I';. See also [11, p.541].
Next since u € L*(0,T;X;), n € L*(0,T;X,) and p, € L*(0,T;Q,) we
have (—p,np — Y0 (3 (uf—ﬁ)-tlr)tlr)‘ e L2(0, T; LY(I';)) where t1, t2 are
r
the unit tangential vectors on I';. WithI these the interface conditions (5c)
and (5d) make sense.
For the rest of the interface conditions we use a global space-time ar-
gument in R4 d = 2.3 as done in [21]. We define new variables in

H§d+1 by x = (t,x1,...,24), d = 2,3 and also define the cylindrical region
Q, =10,T) x Q.

Interface condition (5a).
Defining ® = (—(sopp, + V1), KVp,), the equation (2b) can be written
as
—Vs- 0 = fp

d T
where Vi (dt V)t

Since f, € L*(Q,) and ® € L*(,), we have ® € H(div;{,). So
© - ng |yq, is well-defined in H~'/2(99,). Therefore, the following Green’s
formula holds [19]:

¥h € H'(Q), (Vi ©,9)5, = —(0,Vzd)g, + (O 15, ¢)s0,

where ng is the outward unit normal to Qp.
This allows the well-definition of KVp, - n, in the weak sense on I';.

Interface condition (5b).

From the above discussion it is enough to check whether o,nr is mean-
ingful and we use a similar space-time argument. Defining 3 = (—p,n, 0,),
the equation (2a) can be written as

—Vi - X =1,.

Since f, € L?(Q) and ¥ € L2(€,) we have ¥ € H(div;Q,). Therefore, the
following Green’s formula holds [19]:

Vo e H'(Qy), (Vs %, 0)o, = —(5, Vadlg, + (- ng , @)so,.
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This allows the well-definition of opn, on I'; and 1 at ¢ = 0,7 in the weak
sense.
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