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Abstract. This paper considers a class of delayed reaction-diffusion systems under the Neu-
mann boundary condition which arise in epidemiology and can describe the temporal and spatial
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the help of the iterative properties of interval mapping and dynamical system approaches, some
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In addition, combining the global attractivity of interval mapping, we provide some sufficient
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infection”, and then obtain some sufficient conditions about ”force of infection” to describe the
survival and extinction of bacteria and infective populations.
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1 Introduction

As is known to us, epidemic diseases always bring great harm to human beings. In order to better
predict and control the spread of infectious diseases, mathematical modeling and the analysis of
dynamics of these models have been subsequently done. In [3], Capasso and Maddalena proposed
the following reaction-diffusion system

(1.1)

%<t7 SL’) = dlAU’(tv .T}) - a11u<t, Q7) + (112U(t, LU),
%(tv x) - d2AU(ta 95) - a22v(t,$) + g(u(t,x))

to model the spatial spread of epidemics due to the environmental pollution produced by the
infective human population. Here u(t, x) and v(t, x), respectively, represent the spatial densities
of bacteria and infective population at a point z in the habitat @ C R™ and time t > 0; A is
Laplacian operator; d; > 0 and dy > 0 are diffusion coefficients; aq; is the natural death rate
of bacteria and ai5v is the contribution of infectious population to the density of bacteria; aqo
is the natural diminishing rate of infected individuals; the nonlinearity g(u) gives the ”force of
infection” on human due to the concentration of bacteria. For (1.1), one may face an unbounded
or a bounded spatial domain depending on the practical situation. When an unbounded domain
is considered, travelling wavefront solutions are an important topic, see [14, 36, 40] and references
cited therein. When a bounded domain ) is considered, boundary conditions need to be posed
on the boundary 0f2 of the domain, depending on the practical scenarios. Taking population
dynamics as an example, the homogeneous Dirichlet boundary condition represents the situation
where the boundary is hostile, while the homogeneous Neumann boundary condition accounts
for the case when the domain is isolated from outside. Capasso and Maddalena [3] studied
system (1.1) under homogeneous Neumann boundary conditions by means of the contracting
rectangle technique. Later, Capasso and Maddalena [5] investigated the global dynamics of
(1.1) with mixed boundary conditions. In [6], a detailed analysis of the steady-state bifurcation
pattern was performed for the case of homogeneous Dirichlet boundary conditions applied at the
endpoints of a one-dimensional interval. In addition, based on monotone techniques, a partial
analysis of the dynamical behavior of (1.1) was carried out. For more related results, one can
see [3, 2] and their references therein.

When taking the latent period of pathogen into account, Thieme and Zhao [31] introduced
the following modified version of (1.1)

{ Bi(t) = du(t,a) —anu(t. ) + aw(t,2), (12)

(t,x) = dyAo(t,x) —apo(t,z) + f0+ oog(u(t — s,x))P(ds),

where P is a probability measure on R, that describes the distribution of the latent period.
For the case Q@ = RY and g is monotone increasing, Thieme and Zhao [31] proved that the
spreading speed for the solutions of (1.2) with ds = 0 having compact support coincides with
the minimal wave speed for traveling wave front of (1.2). When g is non-monotone, system
(1.2) with do = 0 does not satisfy the so-called quasi-monotone condition and the comparison
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theorems are not applicable. In order to overcome the difficulty, Wu and Liu [34] obtained the
existence of traveling waves and the minimal wave speed by the construction of two associated
auxiliary monotone integral equations and a profile set in a suitable Banach space. In [33], the
authors considered the following nonlocal reaction-diffusion model with distributed delay

{%:(t 1) = diAu(t,x) — ayu(t,x) + o Kz —y)u(t,y)dy,

2 (1.3)
Si(tx) = dyAv(t,w) — axnv(t, ‘I’fo oog(u (t—s,x))P(dS),

Compared with (1.2), the main feature of (1.3) is the presence of the nonlocal term, which is
important when dealing with indirect transmission diseases, typical of infectious diseases trans-
mitted via the pollution of the environment due to the infective population. When ¢ is monotone
increasing, the authors established the existence of the minimal wave speed of monotone traveling
waves of (1.3) with ds = 0 under proper assumptions on K. For the case that ¢ is non-increasing,
some nice results about global attractivity, spreading speeds and traveling waves of (1.3) with
dy # 0 are obtained in [35].
If the latent period is a fixed positive constant denoted by 7, (1.2) becomes

{ %;‘(t ) = diAu(t,z) —anu(t, ) + appv(t, ), (1.4)

%(t, r) = doAv(t,r) — axnv(t,z) + gu(t —7,2)).
Compared with (1.1), (1.4) was cooperated into time delay which is applicable to more realistic

models. In this paper, we are interested in the Neumann boundary condition and constant time
delay, that is, we consider the following boundary initial value problem (BIVP):

Qu(t,x) = diAu(t,z) — apu(t, z) + appv(t,z) for (t,z) € (0,+00) x 09,

Qo (t,x) = dyAv(t,x) — assv(t,z) + g(u(t — 7,2)) for (t,z) € (0 +00) x 09, (1.5)
(u(0, ), v(0,2)) = (n(0, 2),£(x))  for  (6,2) € [-7,0] x €,

Qu(f,x)=2v0,2) =0 for (0,z)€ [-7,0] x IQ,

which concerns the evolution of the bacteria population with fixed latent period and of the
human infective population in a region where the two populations are both completely isolated
from outside. Here, Q C R™ is a bounded domain with smooth boundary 02, a% represents
the differentiation in the direction of the outward normal to 0f), parameters d;,a;; > 0, and
g : Ry — R, is a continuous function with g(0) = 0 and ¢((0,4+00)) C (0,+00). We also
assume initial functions n € C([-7,0] x Q,R;) and ¢ € C(Q,R,). Equations (1.5) and their
broader forms have been indeed studied by references and reviewers, one will find that the
methods and the constraint conditions used in our paper are completely different from those
published papers. Just taking the Pao’s work as an example [42], they restrict the nonlinear
reaction functions to possess some quasimonotone property and adopt the classical method of
upper and lower solutions. Our paper consider the bistable, non-monotonic nonlinear reactions,
and we mainly use the iterative properties of interval mapping and dynamical system approaches.
It is obvious that Pao’s work can not cover our results.



In the following, we restrict our attention to the existence of positively invariant set and
attractive basins, and the sufficient conditions to guarantee local or global attractivity of a steady
state of system (1.5). We will address these questions by using dynamical system approaches
and the iterative properties of interval mapping. To explain our motivations and methods, let us
first recapitulate the achievements for the scalar equation related to system (1.5). We point out
that the idea of relating the dynamics of a map to the dynamics of some scalar delay differential
equation has been used by some other researchers, among which are Ivanov and Sharkovsky [16],
Hale and Verduyn Lunel [[13], Section 12.7] and Huang et al. [15], [22, 18, 4, 7]. Recently, this
idea has also been successfully employed to study some scalar delay reaction diffusion equations
in Yi and Zou [39, 37].

Motivated by the above discussion, in this paper, by employing the iterative feature of at-
tracting intervals and dynamical system approach, combining the special comparative properties
of non-monotone system (1.5), we can obtain some very simple conditions that can assure local
or global attractivity of a steady state of the systems.

The rest of this paper is organized as follows. Some preliminaries are given in Section 2 where
we present some basic definitions and notations. In particular, we give some basic properties of
the compactness and positivity on the semiflow of system (1.5), which can also be prepared for
the following argument. In Section 3, we identify some positively invariant set attractive basins,
and some sufficient conditions to ensure local or global attractivity of steady states of model
(1.5). Section 4, we apply the results obtained in Section 3 to three model systems arising from
population biology with different nonlinearity of ”force of infection”. The paper is concluded by
a discussion on some related topics, raising some interesting open problems in Section 5.

2 Preliminary results

We first introduce some notation and basic results. Let N, R and R be the sets of all nonnegative
integers, reals and nonnegative reals, respectively, and let 2 be a bounded domain in R™ with
smooth boundary 02, A be the Laplacian operator and a% be the derivative in the outward
normal direction of 0f).

Let Y = C(Q,R), Z = C([-7,0] x Q,R), Y2 =Y x Y, and X = Y x Z be equipped
with the corresponding usual supremum norms || - ||. Also, let Yy = {¢p € Y : ¢(Q) C R, },
Zy ={¢p€Z:¢([-1,0) x Q) C R}, Xy = Z, xY,, and Y2 =Y, x Y,. It follows that
Xy, Yy, Zy, Y2 are closed cones in X,Y, Z, Y2 respectively. Let Y; = {¢ € Y : ¢(Q) C I},
Zr ={¢p € Z: ¢([-7,0] x Q) C I}, and X; = Z; x Yoy, for any inteval I € R,. For any
a,b € R, we also use a, b, (‘;) to denote the constant funcltions in Y, Z X taking constant value
a,b, (Z), respectively, when no confusion arises.

For any & n € %, we write £ >, nif £ —np € %, & >, nif & >nand & #n, £ > 1
if ¢ —n € Int(x,), where * stands for X,Y,Z or Y2 For simplicity of notations, when there
is no confusion about the spaces, we just write >, >, > and || - || for >,, >., >, and || - ||+,



respectively.

For a real interval I, let [ +[—7,0] ={t+60:t€ I and 6 € [—7,0]}. Foru: (I +[-7,0]) x
Ry R, v:IxQ—=R tel, and w= ("), we define u(-,-), w(-,-) by w (0, 2) = u(t + 0, z),
wy(0,1) = (“g;;i;:)), respectively, for all § € [—7,0],2 € Q.

Let S(t) (t > 0) be an analytic, compact, positive and strongly continuous semigroup on Y’

generated by the Y-realization Ay of A =) 85:2. — Y? by
i=1 7

rol ()= (Cdtin) # (o)

where t € R and ¢, € Y. Then, T'(¢) is the semigroup generated by the following linear system

W(t,x) = diAu(t,z)—anu(t,z) for (t,z)€ (0,+00) x O,

%(t,x) = dyAv(t,xz) — axpu(t,x) for (t,x) € (0,400) x 09, 2.1)
u(0,7) = o(z), v(0,z)=1y(x) for z€Q, .
Qut,z) = 2(t,z)=0 for (t,x)€ Ry xQ,

where ¢,9 € Y.
We now give some properties of T'(t) directly due to Lemma 3.1 in [39].

Lemma 2.1. Let T(t) be defined as above. Then we have following:
(i) T(t)[Y2] C Y2 for allt € Ry;

(ii) TV \0}) x (YA{0})] € Int(V2),
T(0)[(Y: x (Y:\{0})] € Yy x Int(Y5),
TO[(Y\{0Y) x Y] C Int(Y,) x Y, for alit € R, ;

(iii) T()[(})] = (“8_:;21:) for all a,b € R, and t € R,.

Proof. By Lemma 3.1 in [39], we have S(¢)[Y}] C Y, S(¢)[Y:\{0}] C Int(Y;) and S(t)[a] = a
for all t € R, and a € R. These together with the definition of 7'(¢), imply (i), (ii) and (iii),
completing the proof.

We will consider the mild solution of system (1.5) with the initial value ¢ = (f;) € X, in the
sense of Martin and Smith [23, 24|, which solves the following integral equation with the given
initial function,

{ w(t,:) = T(t +f0 (t — s)[F(ws)]ds, t € RY, (2.2)

Wo = @EX+7

where F': X — Y? is defined by

F@ - (g@?ﬁ-))) - @EQD foral @ =



By the step argument and the definition of F', it is easy to see that, for any ¢ € X, (2.2) has
a unique solution which exists for all £ > 0. Denote this solution by (w¥#); = (EZ:
(w?), = (U(f,fé)t)) € X for all £ € R;. Since the semigroup 7'(¢) is analytic, by Corollary 2.2.5 [32]
(see also [23, 24, 8, 30]), we know that a mild solution of (1.5) is also a classical solution of (1.5)
for t > 7 if g is holder continuous.

Define the map ® : R, x X, — X, by ®(¢,¢) = (w?), for all (¢,p) € Ry x X .

The following result is a direct consequence of the abstract results in [32, 8, 30].

;t) . Moreover,
t

Lemma 2.2. The map ® is a semiflow defined on X, such that at any given t > 7, ®(t,-) :
X, — X, is completely continuous, more precisely, if B C X, is bounded, then ®(t, B) is
precompact fort > 1.

We first introduce some terminologies from dynamical systems theory.

Definition 2.1. An element ¢ € X is called an equilibrium of ® if ®(t, ) = ¢ for allt > 0.
A subset M of X is said to be positively invariant under ® if ®(t,p) € M for every ¢ € M and
t>0.

For given ¢ € X, and a bounded subset A of X, we define O(p) = {®(t,¢) : t > 0},

O(4) = U @(t, A), w(p) = ) O(D(t, ), and w(A) = ] O(L(t, A)).
>0 £>0 >0
Definition 2.2. Let w* be an equilibrium and M be a positively invariant set of the semiflow P.

(i) We say that w* is stable in M if for every neighborhood V of w* in M, there exists a
neighborhood W of w* in M such that ®(t,) € V for all (t,p) € Ry x W.

(11) We say that w* is globally attractive in M if w(yp) = w* for all p € M.

(111) We say w* is globally asymptotically stable in M if w* is stable as well globally attractive
wn M.

As usual, we will omit M in Definition 2.1 if M = X .

Remark 2.1. If w* is a globally asymptotically stable equilibrium in M and w* € M’ C M is
another positively invariant set of the semiflow ®, then w* is also globally asymptotically stable
in M'.

Remark 2.2. If ¢ belongs to X, and A is a bounded and positively invariant set, then by

Lemma 2.2, we know that O(p) and O(A) are compact and hence w(p) and w(A) are nonempty,
compact, and invariant. Moreover, w(A) is a global attractor of ®|r,«a according to Theorem

2.4.1in [12].



3 Main results

In this section, by employing the iterative feature of attracting intervals and dynamical system
approach, combining the special comparative properties of non-monotone systems (1.5), we
obtain some very simple conditions that can assure the existences of some positively invariant
subsets and global attractor, as well as the local or global attractivity of steady states of the
systems.

To state our results, let us define f : Ry — Ry by f(u) = ;#2-g(u) for all u € R;. Next
proposition gives the existences of some positively invariant ordered intervals in X, which is
very useful for our main conclusions.

Proposition 3.1. If I = [a,b] C Ry and f(I) C I, then ®(t, X;) C X7, that is, X is a positively
mvartant set.

Proof. Let ¢ = (i) € X; and w(t,r) = ®(t,¢)(0,2) £ (Zgi;) for all (t,7) € Ry x Q. It follows
from (2.2) that for any ¢ € [0, 7], we have

ot,) = TuO]+ / Ty(t — 8)lg(uls — r,-))ds

t
> B0+ [ Tl ) (s — )l
a12 0 ai2
t
a a;ia
> TQ(t)[ﬁaH/ Ty(t — s)[—2a]ds
a2 0 12
t
_ allae_a22t+a11a22a/ o 22(t=5) 4 g
a2 a12 0
a1
= —a
12

Similarly, v(t,-) < b, for any t € [0,7]. Again, from (2.2) , we may obtain that for any
te0,7],

u(t,-) = Tl(t)[¢(0w)]+/0 Ti(t = s)]argv(s, -)]ds
> Tl(t)[a]—l—/o Ty (t — s)[arralds

A similar argument gives u(t,-) < b for all ¢ € [0, 7]. Thus, ®(t, ) € X; for all t € [0, 7]. By the
inductive method and the semigroup property of ®, we may get ®(t,p) € X; for all ¢ > 0. The
proof is complete.

Lemma 3.1. Let I = [a,b] C Ry be a bounded and closed interval with f(I) C I. Then we have
following:



(i) If f(x) > a for all x € (a,b), then ®([37,+00) x (X7 \ {(ai,)}) € Xay:
(1) If f(x) < b for all x € (a,b), then ®([37,+00) x (X \ {(%b)}) C Xp)-

Proof. We only prove (ii), since (i) can be proved by a similar argument.

Note that X7 is a positive invariant set according to Proposition 3.1.

Let o = (f;) € X\ {(Zil’)} and w(t +0,z) = ®(t,¢)(0,2) = (“Sf;gi;”)) for all (0,t,z) €
[—7,0] x Ry x Q. N

If u(t, ) = a for all t € [~7, 7], then by (2.2), we know that for any ¢ € [0, 7],

u(t,) = TB)[B(0.)] + / Ty(t — 5)[arpu(s, ]ds
= ae_““t+/0 Ty (t — s)[aipv(s, -)]ds.

This implies f(f Ti(t — s)[ai2v(s, )]ds = a(l — e ") for all £ € [0, Z]. By combining with the

positive invariance of X;, we have v(s,:) = %La for all ¢ € [0,Z]. Thus, by the semi-group

arz '3
property ®, we may obtain w(t,-) = (a,) for all t > —7. In particular, statement (ii) holds.

a

Suppose that u(ty,-) > a for some t; € [—7,Z]. We first claim that a < u(fy, ) < b for
some (6y, zg) € [—7,7/3] x Q. Otherwise, u(f,z) = b for all (0,z) € [—7,7/3] x . Particularly,
¢ = b, and hence there exist ty € (0,7/3) such that v(¢,-) < aipforallt € [0,t0]. It follows from
the definition of 7'(t) and Lemma 2.1 that T3 (ty — s)[v(s, )] < b%e‘““(to_s) for all s € [0, ).
From (2.2), we can derive that

ulto,) = Tilto)[6(0,)] + / T (to — )[arw (s, )ds
= be "o 4 /Oto T (to — s)[aipv(s, -)]ds

to
< be—a11to+/ balle—au(to—s)ds
0

— be*allto + b[l o e*allto]
— b,

which yields a contradiction, and thus the claim holds.

Next, we prove that v(t,z) < £21b for all (¢, z) € (4, +00) x Q.

In fact, for any (s,t,7) € [—7,4+00) x (0,+00) x Q, we know that Ty(t)[g(u(s,-))](z) <
—‘“”;22 be=*22t and Ty (t)[g(u (B, -))](z) < —azlf;” be=*22" due to g((a,b)) C (—oo, —“1;;‘222 b), the defini-

ai



tion of 7'(t), and Lemma 2.1. These combined with (2.2), imply that for any (¢, z) € [, +00) x €1,

o(t,r) = T2<t>[w]<x>+/0 Ty(t = s)[g(u(s — 7,-))](x)ds

t
a
< Tz(t)[a—”b](x) +/ Tr(t — s)[g(u(s — 7,-))](z)ds
12 0
t
< lpeont +/ Ty(t — s)[ 21922 p)ds
12 0 @12
= al_lbe—amt + al_lb[l _ e—azzt]
a2 a2
_ b
a12

Again, by (2.2), for any (t,z) € [3F,+00), we have

uta) = TR0 + [ Tt = s)om(s, s
< BB + [ Tl = sa(s (s

—aqit ! apb
< be + [ Ti(t = s)[az—](z)ds
0

a2
= be ™ 4 (1 — e,

Therefore, w#(t,-) € X4, for any ¢ > %7’, and hence the proof is complete.
The following result gives the existence of the global attractor, whose element values belong
to the minimum order intervals determined by f.

Theorem 3.1. Let I = [a,b] be a bounded and closed interval in R, with f(I) C I. Then
w(Xr) € Xj,, where Iy = () f*(I), moreover, w(X;) is the global attractor in X;.

n>0
Proof. Note that X ia a positively invariant set and w(X7) is a global attractor in X; due to
Proposition 3.1 and Remark 2.2.

Let I* = |J #(0,9). It follows from the positive invariance of X; that I* C [ is a
(5)entxn
bounded and closed interval.

Let n* =sup{n € N: I* C (] f*(I)}. We now prove that n* = +oo; otherwise, n* < +o0.
k=0

Thus, there exist ¢* and b* € I such that f" (I) = [a*,b*] and f([a*,b*]) S [a*, b*].
Claim that w(X;) € Xjgp+. By the definition of I*,n* and [a*, b*], it is easy to see that
¢ € Za*,b*] for any (i) € w(Xy). So, it suffices to prove that ¢ € Y[ita”, 215" for any

aq



(f;) € w(Xy). In fact, from (2.2), for any ¢ = (Z) € w(Xy),t > 0, we obtain

() = (b)) + / Ty(t — 8)lg(u(s — 7,-))]ds

t
> Ty M) + / To(t — )12 (u2(s — 7, ))]ds
a12 0 ai2
t
> Ty(t)[La] + / To(t — 5)[ 22222 4] ds
a2 0 a2
— Eae_G’QQt + M[l _ €_a22t]
a12 a2

By the invariance of w(X7), we get that ¢ > e 4 9ifg — g¥le=a22t for any ¢ = (9) € w(X)

a1z a2 P

and t > 0. Therefore, letting ¢ — +00, we have ¢ > 2" for any ¢ = (i) € w(X7). Similarly,

we can prove that ¢ < #1b* for any ¢ = (i) € w(X7). Hence, the claim holds.

In view of f([a*,0*]) & [a*,b*], there exist a**, 0™ € [a,b] such that [a™,b**] = f([a*,b*]) &

[a*, b*]. Tt follows from (2.2) that for any ¢t > 0 and ¢ = (z) € w(xr), we deduce

() = Tt + / Ty(t — 8)[g(uf(s — 7,-))]ds

t
> Tt 2] + / To(t — 5)[ 22922 4414
0

12 @12

kk
. Cl11a*€_ag2f;_'_ apa

12 Q12
k% * k%
a;1a N ajr(a* — a™)

(1— e o)

g2t

12 12

By the invariance of w(X7), and letting t — +o0, we have ¢ > % for all ¢ = (Z) € w(Xy).
Similarly, ¢ < % for all ¢ = (i) € w(X7). On the other hand, we deduce from (2.2) that for
any t > 0 and ¢ = (z) € w(Xy), we have

(t) = TuB)6(0.)] + / Ty(t — 5){aryo? (s, )]ds

@12

t

S Tl(t)[b*] +/ Tl(t - 5)[@12 ]dS
0

— b*e—allt + b**(l o 6—@1175)

— + (b* o b**)e—ant'

By the invariance of w(X;), and letting ¢ — 400, for any (i) € w(Xy), we have, ¢ < b*™.
Similarly, ¢ > a** for any (i) € w(Xy). So, w(X[) C X{gwsprs] = X pur+1, which contradicts with
the choice of n*. This, together with the definition of I, gives that ¢ € Z;, for all (i) € w(Xy). It

10



suffices to prove ¢ € Yauu; for all (Z) € w(Xy). In fact, by (2.2), for any t > 0, = (f;) € w(Xy),
we have

(1) = Tt + / Ty(t — 5)lg(u(s — 7,-))]ds

t
> )M + / Tyt — )[“292 juf 1, ]ds
0

12 12

t
— —anae_a22t + dnd inf If/ e 222(t=9) g
a12 a2 0

a a
— Hinf Iy + - [a — infff] e 22t
a12 12

Thus, combining this with the invariance of w(X7), we have

a . a ) .
(U i111fIf—i-i[a—lnflf]e f22¢
12 @12

where (i) € w(Xy),t > 0. By letting t — 400, we have

ay .
770 Z a—lnflf7
12

for all (f;) € w(X7). Similarly, we have

a
¢ - sup ]f7
a2

IN

for all (z’)) € w(X7y). In other words,

¢

QﬁEY%If, for all (w

)GW(X[),
and
o€ Xy, for all ¢ew(X)).

That is, w(X;) € X;,. This completes the proof.
The following results directly follow from Theorem 3.1.

Theorem 3.2. Let I = [a,b] with f(I) C I and ]Jﬁc = 1, where Ifc represents the cardinality of
I;. Then there exists u* € I such that Iy = {u*} and (afﬁu) 18 globally asymptotically stable in

X7 and attracts X;. b

By Propositions 2.1 and 2.2 in [39] and Theorem 3.2, we easily obtain the following theorem.

Theorem 3.3. Let I = [a,b] with f(I) C I. Assume that there exists u* € I such that [ satisfies
one of the following assumptions:

11



(H1) {u € I : f*(u) = u} = {u*};
(H2) | f(u) — u*| < |u—u*| for allu e I\ {u*}.
Then (ﬁ) 15 globally asymptotically stable in X; and attracts X.

ai2

The above results are all for I = [a, ], a compact interval. In the case that I = Ry, to get
the desired results, we need some additional assumptions.

Assumption (I): f(z) < x for all x € (0, 400).

Theorem 3.4. If (I) holds, then 0 is a globally asymptotically stable in X, and attracts any
bounded set in X, .

Proof. Take I = [0,1]. Then f(I) C I and I; = {0}. It follows from Theorem 3.2 that 0 is a
global attractor in Xjo ;. Thus, it suffices to prove that 0 attracts any bounded set in X
Suppose that A C X, is bounded. It follows from (I) that there exists a > 0 such that
AC X0,]; f([0,a]) € [0,a], and [Ova]f = 0.
In view of Theorem 3.2, we know that w(Xp,) = {0}, and thus 0 attracts A. The proof is
complete.

Assumption (IT): {u > 0: f*(u) = u} = {u*} for some u* > 0.

Theorem 3.5. Assume that (II) holds. If f'(0) > 1 and f(u™) < u*™ for some u*™ > u*, then
(i) is globally asymptotically stable in X, \{0} and attracts any bounded and closed set in

ai2

IntX+

Proof. In view of (II), f/(0) > 1, and f(u™) < w** for some u** > u*, we obtain that f(u) > u
for all u € (0,u*) and f(u) < u for all u > u*.

Claim 1: For any bounded and closed inteval I C (0, +00), there exists a bounded and closed
interval J C (0, +o00) such that I C J, u* € IntJ, and f(J) C J.

Indeed, set ¢ = max f([0,u*]) and I = [a,b] with b > a > 0. Let M = max{c, 1 + u*,b},
e = min f([min{a, %}, M]), and J = [, M]. Then I C J, u* € IntJ, and f(J) C J, that is,
Claim 1 holds.

Claim 2: ( & ) is stable and attracts any bounded and closed subset in Int(X ).

a12

Suppose that A is a given bounded and closed subset in Int(X,). Then by Claim 1, there
exists a bounded and closed interval J C (0,4o00) such that A C X, u* € IntJ, and f(J) C J.
This combined with (II) and Theorem 3.3 shows that ( ol ) is stable and attracts X, and thus
Claim 2 holds.

By Claim 2, it suffices to prove that (u¥), € IntX, for all p € X, \ {0} and ¢ > 37.

In fact, suppose that ¢ = (i) € X; \ {0}. Let a =0, b =max{c, ||9||, |||¥|}, and I = [a, b].
Then f(I) C I, f((0,0]) € (0,+400), and ¢ € X;. It follows from Lemma 3.1-(i) that (u¥); €
Int(X,) for all t > 37. The proof is complete.

Assumption (IIT): There exists u* > 0 such that f(u*) = v* and f(z) < z for all z €

(0, +00) \ {u*}.

12



Theorem 3.6. Under the assumptions of (1II), the following statements hold:
(i) Xjoy is a positively invariant set, for any b > 0;
(ii) w(Xo,u+)) € Xjo,uv @5 the global attractor and attracts any bounded set in X ;

(iii) 0 is globally asymptotically stable in Xg» \{(aﬁu*)}, and attracts any closed set contained
imn X[O,u*); N

(iv) (a§u> is unstable and attracts Xy (g, , )1 (u")), where ( )" Hu*) = sup{u > u*:

f(zji >u* forall v e [u*,ul.

Proof. (i) For any b > 0, we know from (III) that f(]0,b]) € [0,b]. Thus by Proposition 3.1,
we easily see that Xoy is a positively invariant set.

(ii) Let A be a bounded set in X, then there exists b > 0 such that A C X and
f([0,8]) C [0,b] £ I. By (III), we know that I; = [0,u*]; = [0,u*]. This, together with
Theorem 3.1, implies w(Xjg ) = w(X7) € X[+, which is the global attractor and attracts X;
and A.

(iii) Clearly, f(u) < u, f([0,u]) € [0,u], and [0,u]; = {0} for all uw € (0,u*). By applying
Lemma 3.1-(ii), we know that (w?); € X[ for any ¢ € Xjgue \ {(areer )} and ¢ > 37. Thus, it
suffices to prove that 0 attracts any closed subset A C Xjg ). "

Let A be a closed subset in X and A C Xjg,+). Then, there exists uj € (0,u*) such that
A C X and {0} = [0, uj]y € f([0,u7]) € [0, uj]. These and Theorem 3.2 show that 0 attracts
X[O u’) and A.

(iv) Clearly, the unstability of (anu ) follows from (iii). Let I = [u*, (f|ju* +o0)) ' (u*)]. Then

by (III) and the choice of (f |f- +oo)) Y(u*), we have {u*} = I; C f(I) C I, which, combined
with Theorem 3.2 | yields that (anl ) attracts X[u*’(f“u*#oo))_l(u*)],

ai2

This completes the proof.

Assumption (IV): There exist u™* > u* > 0 satisfy the following statements:
() Fiaf 2 {u € R, : f(u) = u} = {0,u", 0"}
(ii) f(u) <wu for all uw e (0,u*)J(u™, +o0) and f(u) > u for all u € (u*, u*");
(iii) There exists ¢ > 0 such that f'(u) > 0 for all u € (0,¢) and f'(u) < 0 for all u € (¢, +00);

(iv) There exists a unique ¢; > 0 such that £ (c;) = 0.

Theorem 3.7. Let (IV) hold and let u; 2 (| i00)) " (u*) and (Sf)(u) = L — %(J;/,/((s)))Q for
all w € Ry. Then the following statements hold:

() 0 is globally asymptotically stable in Xjg - \ {(alulu*)}, and attracts any closed set contained
aj2

imn X[O,u*);

13



(i1) (af‘l_u) is unstable;

a2

(111) If ¢ > u**, then (am <) is globally asymptotically stable in Xy« .\ {(QW*)} and attracts

any closed set contazned in Xusut);
() If ¢ < u™ and f*(c) > u*, then w(A) C X(y2(0) 50 for any closed set A C X(y= ur);

(v) If f € C® with f2(c) > u*, f'(u*™*) > —1 and (Sf)(u) <0 for all u € (0,¢) J(c, +00), then
(afﬁ*u***) 1s globally asymptotzcally stable in X uz) \{(anu )} and attracts any closed set
12

contamed i X ()

Proof.
(i) follows from Theorem 3.6-(iii), while (ii) follows from (i).
(iii) Given ¢ € X7\ {(%)} and any closed set contained A in X ,x). If o = (aﬁi),

a2

then by f(u}) = u* < uj, we have ®(¢, ) € XT\{(&), (auul)} for some € € [0, Z). So, we

a12

may assume that ¢ € X7\ {(ate ), (allu )}. By applying Lemma 3.1, we know that (u?), € X;
a12 aio

for ¢ > 37. We may choose a € (u*,u*) and b = (f]j,4+00)) " (f(a)) such that (u?)s, € X, and
A C [a,b]. Using the proof of Theorem 3.3-(ii) in [15] with g = id, we obtain

fa) <,
{uel: f*(u)=u}={u"},
f(la,b]) € la, b],

where [ = (u*,u}). Hence, Theorem 3.3 implies that (auu**) is globally asymptotically stable in

ai2

Xap and attracts X, 5. Therefore, by the choices of a,b, we know that (aﬁu) attracts ¢ and

a2

A. This proves statement (iii).

(iv) It follows from the proof of Theorem 4.3-(iv) in [15] that we obtain f(I) C
I =[f*(c), f(c)]. For any closed subset A C X(y- ), there exists a € (u*, (fljo) " (f*(c))
such that A C Xy with b = (fljc.400)) ' (f(a)). By the proof of Theorem 4.3-(v) in [1
easily see that

I with
)é
5], w

{ ({a.b]) € [a.],
[av b]f
Therefore, w(A) € X;, € X; due to Theorem 3.1, and hence statement (v) holds.
(v) Suppose that ¢ € X7\ {(ﬁ)} and A is a closed set in X(,- ). By the discussions in
al2

statement (iii), we know that (u?)s;, € X;. Hence, there exist a € (u*, (fljo.q) " (f%(c))) =
and b = (fljc.400)) " (f(a)) such that {(u?)s,} UA C Xg . It follows from Proposition 1-(3d) in
[19] the proof of statement (iv) that we have

{ f(la,0]) € [a, b],
[a, bl = {u™"}.

14



Therefore, w(p) Uw(A) C w({p} UA) C w(Xey) € Xjap, = {u} due to Theorem 3.2, and
hence statement (v) holds.

4 Examples

In this section, we present several reaction-diffusion systems with different “nonlinear force of
infection” arising from population biology to illustrate the results obtained in Section 3.

Example 4.1. Consider systems (1.5) with the “nonlinear force of infection” g(-) having the
Ricker form as below
g(u) = Bue™®,  for wueR". (4.1)

The nonlinear function g is a widely used birth function (for fish population dynamics and for
blowfly population, see for example, the biological significance of g can be found in [9, 10, 18, 20,
25, 27, 28, 38].

Theorem 4.1. Let g(-) be defined by (4.1). Then the following statements hold:

(i) If Bays < ayiass, then 0 is globally asymptotically stable in X, ; furthermore, 0 is a global
attractor in X, i.e., 0 attracts any bounded set contained in X, .

1

= 1In Bajg.
(i) If ajra0e < Bars < €%ayiag, then <;i1;115aa2122 ) is globally asymptotically stable in X, \ {0},
aj2 ajjazz

and attracts any closed bounded set contained in Int(X,).

Proof. Clearly, f(u) = ff—;;ue_‘s“ for all u € R,

(i) Using a simple computation, one can see that assumption (I) holds. It is obvious that
statement (i) follows from corresponding conclusions of Theorem 3.4.

(ii) Applying the proof of Theorem 4.2 in [39], one can see that assumption (II) holds. The

statement (ii) can be proved by Theorem 3.5 immediately.

Example 4.2. Consider systems (1.5) with the “nonlinear force of infection” g(-) has the form
as below

bu
9 = T

The form of nonlinear function g was originally used by Mackey and Glass in [21] to model the

, for uweR". (4.2)

blood cell production in an ordinary differential equation model. Since then modified models have
been studied by many researchers. See, for example, [39, 17, 41]

Theorem 4.2. Let g(-) be defined by (4.2). Then the following statements hold:

(i) If bays < ajyase, then 0 is a global attractor in X .

[boiz }%

.. 1 .
(i) If b > 2122 qnd furthermore 0 < n < 2 or 242 < " for n > 2, then ( 11422 1) is
a2 a11a22 n—2 a1y bate _gyq
aj2 ~aij1azz

globally asymptotically stable in Xy \ {0}, and attracts any closed bounded set contained in
Int(X;).

15



Proof. Clearly, f(u) = 242 for all u € R,. Using the proof of Theorem 4.5 in [39], one

a11a22 1+un
can prove statements (i) and (ii) immediately by Theorems 3.4 and 3.5.

Example 4.3. Consider systems (1.5) with the “nonlinear force of infection” g(-) having the
Allee-type form as below
g(u) = pue™™, for u€R". (4.3)
The nonlinear function g is used to reflect the so called Allee effect in the population model
[15, 1, 19, 29].
Theorem 4.3. Let g(-) be defined by (4.3). Then we have the following results:
(i) If ae > %, then 0 is a global attractor in X .

(i) If ae = 225 then 0 is globally asymptotically stable in X[o,l] \ {(i)}, and attracts

a11a22
1
any closed subset contained in X 1y; ( oy ) is globally asymptotically stable in Xo g, and
@ arga

attracts any bounded subset contained in Xo g, where 6 = (f|[g,+oo))’1(;); and furthermore,
w(X,11) attracts any bounded subset contained in X .

(111) If ae < %, then there exist u*,u** > 0 such that the following statements hold:

(1) u* <u* and {u>0:g(u) =22y} = {u*,u™};

a12

(2) 0 is globally asymptotically stable in X - \ {(mu*)}, and attracts any closed subset
contained in Xig ) ; °
(3) (ﬁu) is unstable in X ;
a2

_3ai2f 163%a3, vy 1,12562 * w** : :
(4) If < ae and AeAgh g€ eRs > U, then (mu) 15 globally asymptotically
a1

e2aiiazs eta3 a3,

stable in X[u*,u;]\{<mu*)}7 and attracts any closed subset contained in X (,» x), where
a12
up £ (f\[2,+oo))_1(7«b*)~

Proof. In view of the discussions after Proposition 4.1 in [15], we easily see that (i) follows from

Theorem 3.4, while (ii) follows from Theorem 3.6.
(iii) Suppose ae < - Ef By Proposition 4.1 in [15], we easily see the assumption (IV) holds,

in particular, (iii)-(1) holds. Clearly, (iii)-(2) and (iii)-(3) follow from Theorem 3.7-(i) and -(ii),

respectively.
4
2a1203 . . 1683 ‘112 T aa afﬁez * : 2 * 2
= 3 as. W = £,
Note that < ae implies —— e oerieze? > q* that is, c) > u*, where ¢
eal11a22 a“e al 2 a

Now we shall prove (iii)-(4) by discussing the two possible cases.
Case 1: 2220 < ge,

eajiazy —

In this case, using the proof of Theorem 4.2-(ii) in [15], we have 2 > u*. Thus, (iii)-(4)

follows from Theorem 3.7-(iii) immediately.
4a12pB

Case 2: 2420 < e < 2028 51 %6_‘“11“2262 > u*.
eaiiazy — — eajiass ateta’ a3

In this case, using the discussions of Theorem 4.1-(3) in [19], we know that all the assumptions
in Theorem 3.7-(v) hold. Thus, (iii)-(4) follows from Theorem 3.7-(v) immediately.
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5 Discussion

With the help of iterative property of interval mapping and dynamical system methods, we have
obtained some interesting results on the global stability, positively invariant set, and attractive
basins of the Neumann problems. In this paper, we only consider the homogeneous Neumann
boundary condition, how to study the positively invariant set and attractive basins for homoge-
neous Dirichlet boundary problems is a challenging yet interesting problem. We point out that
as far as the basin of attraction is concerned, it is very crucial to analyze the influence of model
parameters on zero solution, positive solution and invariant set. Additionally, how to study the
existence of connection orbit between steady state and invariant set is another important and
challenging problem. We shall leave these problems as future research.
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