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Abstract. This paper considers a class of delayed reaction-diffusion systems under the Neu-

mann boundary condition which arise in epidemiology and can describe the temporal and spatial

evolutionary phenomena for the bacteria population and the human infective population. With

the help of the iterative properties of interval mapping and dynamical system approaches, some

positively invariant sets and attractive basins of the considered systems are analyzed detailedly.

In addition, combining the global attractivity of interval mapping, we provide some sufficient

conditions to ensure local or global attractivity of steady states of the systems. Finally, we ap-

ply these theoretical results to some models with different nonlinearity demonstrating ”force of

infection”, and then obtain some sufficient conditions about ”force of infection” to describe the

survival and extinction of bacteria and infective populations.
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1 Introduction

As is known to us, epidemic diseases always bring great harm to human beings. In order to better

predict and control the spread of infectious diseases, mathematical modeling and the analysis of

dynamics of these models have been subsequently done. In [3], Capasso and Maddalena proposed

the following reaction-diffusion system{
∂u
∂t
(t, x) = d1Δu(t, x)− a11u(t, x) + a12v(t, x),

∂v
∂t
(t, x) = d2Δv(t, x)− a22v(t, x) + g(u(t, x))

(1.1)

to model the spatial spread of epidemics due to the environmental pollution produced by the

infective human population. Here u(t, x) and v(t, x), respectively, represent the spatial densities

of bacteria and infective population at a point x in the habitat Ω ⊆ Rm and time t ≥ 0; Δ is

Laplacian operator; d1 > 0 and d2 > 0 are diffusion coefficients; a11 is the natural death rate

of bacteria and a12v is the contribution of infectious population to the density of bacteria; a22
is the natural diminishing rate of infected individuals; the nonlinearity g(u) gives the ”force of

infection” on human due to the concentration of bacteria. For (1.1), one may face an unbounded

or a bounded spatial domain depending on the practical situation. When an unbounded domain

is considered, travelling wavefront solutions are an important topic, see [14, 36, 40] and references

cited therein. When a bounded domain Ω is considered, boundary conditions need to be posed

on the boundary ∂Ω of the domain, depending on the practical scenarios. Taking population

dynamics as an example, the homogeneous Dirichlet boundary condition represents the situation

where the boundary is hostile, while the homogeneous Neumann boundary condition accounts

for the case when the domain is isolated from outside. Capasso and Maddalena [3] studied

system (1.1) under homogeneous Neumann boundary conditions by means of the contracting

rectangle technique. Later, Capasso and Maddalena [5] investigated the global dynamics of

(1.1) with mixed boundary conditions. In [6], a detailed analysis of the steady-state bifurcation

pattern was performed for the case of homogeneous Dirichlet boundary conditions applied at the

endpoints of a one-dimensional interval. In addition, based on monotone techniques, a partial

analysis of the dynamical behavior of (1.1) was carried out. For more related results, one can

see [3, 2] and their references therein.

When taking the latent period of pathogen into account, Thieme and Zhao [31] introduced

the following modified version of (1.1){
∂u
∂t
(t, x) = d1Δu(t, x)− a11u(t, x) + a12v(t, x),

∂v
∂t
(t, x) = d2Δv(t, x)− a22v(t, x) +

∫ +

0
∞g(u(t− s, x))P (ds),

(1.2)

where P is a probability measure on R+ that describes the distribution of the latent period.

For the case Ω = RN and g is monotone increasing, Thieme and Zhao [31] proved that the

spreading speed for the solutions of (1.2) with d2 = 0 having compact support coincides with

the minimal wave speed for traveling wave front of (1.2). When g is non-monotone, system

(1.2) with d2 = 0 does not satisfy the so-called quasi-monotone condition and the comparison
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theorems are not applicable. In order to overcome the difficulty, Wu and Liu [34] obtained the

existence of traveling waves and the minimal wave speed by the construction of two associated

auxiliary monotone integral equations and a profile set in a suitable Banach space. In [33], the

authors considered the following nonlocal reaction-diffusion model with distributed delay{
∂u
∂t
(t, x) = d1Δu(t, x)− a11u(t, x) +

∫
Ω
K(x− y)v(t, y)dy,

∂v
∂t
(t, x) = d2Δv(t, x)− a22v(t, x) +

∫ +

0
∞g(u(t− s, x))P (ds),

(1.3)

Compared with (1.2), the main feature of (1.3) is the presence of the nonlocal term, which is

important when dealing with indirect transmission diseases, typical of infectious diseases trans-

mitted via the pollution of the environment due to the infective population. When g is monotone

increasing, the authors established the existence of the minimal wave speed of monotone traveling

waves of (1.3) with d2 = 0 under proper assumptions on K. For the case that g is non-increasing,

some nice results about global attractivity, spreading speeds and traveling waves of (1.3) with

d2 �= 0 are obtained in [35].

If the latent period is a fixed positive constant denoted by τ , (1.2) becomes{
∂u
∂t
(t, x) = d1Δu(t, x)− a11u(t, x) + a12v(t, x),

∂v
∂t
(t, x) = d2Δv(t, x)− a22v(t, x) + g(u(t− τ, x)).

(1.4)

Compared with (1.1), (1.4) was cooperated into time delay which is applicable to more realistic

models. In this paper, we are interested in the Neumann boundary condition and constant time

delay, that is, we consider the following boundary initial value problem (BIVP):⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u
∂t
(t, x) = d1Δu(t, x)− a11u(t, x) + a12v(t, x) for (t, x) ∈ (0,+∞)× ∂Ω,

∂v
∂t
(t, x) = d2Δv(t, x)− a22v(t, x) + g(u(t− τ, x)) for (t, x) ∈ (0,+∞)× ∂Ω,

(u(θ, x), v(0, x)) = (η(θ, x), ξ(x)) for (θ, x) ∈ [−τ, 0]× Ω̄,
∂u
∂ν
(θ, x) = ∂v

∂ν
(θ, x) = 0 for (θ, x) ∈ [−τ, 0]× ∂Ω,

(1.5)

which concerns the evolution of the bacteria population with fixed latent period and of the

human infective population in a region where the two populations are both completely isolated

from outside. Here, Ω ⊆ Rm is a bounded domain with smooth boundary ∂Ω, ∂
∂ν

represents

the differentiation in the direction of the outward normal to ∂Ω, parameters di, aij > 0, and

g : R+ −→ R+ is a continuous function with g(0) = 0 and g((0,+∞)) ⊆ (0,+∞). We also

assume initial functions η ∈ C([−τ, 0] × Ω̄,R+) and ξ ∈ C(Ω̄,R+). Equations (1.5) and their

broader forms have been indeed studied by references and reviewers, one will find that the

methods and the constraint conditions used in our paper are completely different from those

published papers. Just taking the Pao’s work as an example [42], they restrict the nonlinear

reaction functions to possess some quasimonotone property and adopt the classical method of

upper and lower solutions. Our paper consider the bistable, non-monotonic nonlinear reactions,

and we mainly use the iterative properties of interval mapping and dynamical system approaches.

It is obvious that Pao’s work can not cover our results.
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In the following, we restrict our attention to the existence of positively invariant set and

attractive basins, and the sufficient conditions to guarantee local or global attractivity of a steady

state of system (1.5). We will address these questions by using dynamical system approaches

and the iterative properties of interval mapping. To explain our motivations and methods, let us

first recapitulate the achievements for the scalar equation related to system (1.5). We point out

that the idea of relating the dynamics of a map to the dynamics of some scalar delay differential

equation has been used by some other researchers, among which are Ivanov and Sharkovsky [16],

Hale and Verduyn Lunel [[13], Section 12.7] and Huang et al. [15], [22, 18, 4, 7]. Recently, this

idea has also been successfully employed to study some scalar delay reaction diffusion equations

in Yi and Zou [39, 37].

Motivated by the above discussion, in this paper, by employing the iterative feature of at-

tracting intervals and dynamical system approach, combining the special comparative properties

of non-monotone system (1.5), we can obtain some very simple conditions that can assure local

or global attractivity of a steady state of the systems.

The rest of this paper is organized as follows. Some preliminaries are given in Section 2 where

we present some basic definitions and notations. In particular, we give some basic properties of

the compactness and positivity on the semiflow of system (1.5), which can also be prepared for

the following argument. In Section 3, we identify some positively invariant set attractive basins,

and some sufficient conditions to ensure local or global attractivity of steady states of model

(1.5). Section 4, we apply the results obtained in Section 3 to three model systems arising from

population biology with different nonlinearity of ”force of infection”. The paper is concluded by

a discussion on some related topics, raising some interesting open problems in Section 5.

2 Preliminary results

We first introduce some notation and basic results. Let N, R and R+ be the sets of all nonnegative

integers, reals and nonnegative reals, respectively, and let Ω be a bounded domain in Rm with

smooth boundary ∂Ω, Δ be the Laplacian operator and ∂
∂ν

be the derivative in the outward

normal direction of ∂Ω.

Let Y = C(Ω̄,R), Z = C([−τ, 0] × Ω̄,R), Y 2 = Y × Y , and X = Y × Z be equipped

with the corresponding usual supremum norms ‖ · ‖. Also, let Y+ = {φ ∈ Y : φ(Ω) ⊆ R+},
Z+ = {φ ∈ Z : φ([−τ, 0] × Ω) ⊆ R+}, X+ = Z+ × Y+, and Y 2

+ = Y+ × Y+. It follows that

X+, Y+, Z+, Y
2
+ are closed cones in X, Y, Z, Y 2, respectively. Let YI = {φ ∈ Y : φ(Ω̄) ⊆ I},

ZI = {φ ∈ Z : φ([−τ, 0] × Ω̄) ⊆ I}, and XI = ZI × Ya11
a12

I , for any inteval I ⊆ R+. For any

a, b ∈ R, we also use a, b,
(
a
b

)
to denote the constant functions in Y, Z,X taking constant value

a, b,
(
a
b

)
, respectively, when no confusion arises.

For any ξ, η ∈ ∗, we write ξ ≥∗ η if ξ − η ∈ ∗+, ξ >∗ η if ξ ≥ η and ξ �= η, ξ 
∗ η

if ξ − η ∈ Int(∗+), where ∗ stands for X, Y, Z or Y 2. For simplicity of notations, when there

is no confusion about the spaces, we just write ≥, >, 
 and || · || for ≥∗, >∗, 
∗ and || · ||∗,
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respectively.

For a real interval I, let I + [−τ, 0] = {t+ θ : t ∈ I and θ ∈ [−τ, 0]}. For u : (I + [−τ, 0])×
R+ → R, v : I × Ω̄ → R, t ∈ I, and w =

(
u
v

)
, we define ut(·, ·), wt(·, ·) by ut(θ, x) = u(t + θ, x),

wt(θ, x) =
(
u(t+θ,x)
v(t,x)

)
, respectively, for all θ ∈ [−τ, 0], x ∈ Ω̄.

Let S(t) (t ≥ 0) be an analytic, compact, positive and strongly continuous semigroup on Y

generated by the Y -realization ΔY of Δ =
m∑
i=1

∂2

∂x2
i
. Define T : R+ × Y 2 → Y 2 by

T (t)
[(φ

ψ

)]
=

(
e−a11tS(d1t)[φ]

e−a22tS(d2t)[ψ]

)
�

(
T1(t)[φ]

T2(t)[ψ]

)
,

where t ∈ R and φ, ψ ∈ Y . Then, T (t) is the semigroup generated by the following linear system⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂u
∂t
(t, x) = d1Δu(t, x)− a11u(t, x) for (t, x) ∈ (0,+∞)× ∂Ω,

∂v
∂t
(t, x) = d2Δv(t, x)− a22v(t, x) for (t, x) ∈ (0,+∞)× ∂Ω,

u(0, x) = φ(x), v(0, x) = ψ(x) for x ∈ Ω̄,
∂u
∂ν
(t, x) = ∂v

∂ν
(t, x) = 0 for (t, x) ∈ R+ × ∂Ω,

(2.1)

where φ, ψ ∈ Y .

We now give some properties of T (t) directly due to Lemma 3.1 in [39].

Lemma 2.1. Let T (t) be defined as above. Then we have following:

(i) T (t)[Y 2
+] ⊆ Y 2

+ for all t ∈ R+;

(ii) T (t)[(Y+\{0})× (Y+\{0})] ⊆ Int(Y 2
+),

T (t)[(Y+ × (Y+\{0})] ⊆ Y+ × Int(Y+),

T (t)[(Y+\{0})× Y+] ⊆ Int(Y+)× Y+ for all t ∈ R+ ;

(iii) T (t)[
(
a
b

)
] =

(
ae−a11t

be−a22t

)
for all a, b ∈ R, and t ∈ R+.

Proof. By Lemma 3.1 in [39], we have S(t)[Y+] ⊆ Y+, S(t)[Y+\{0}] ⊆ Int(Y+) and S(t)[a] = a

for all t ∈ R+ and a ∈ R. These together with the definition of T (t), imply (i), (ii) and (iii),

completing the proof.

We will consider the mild solution of system (1.5) with the initial value ϕ ≡ (
φ
ψ

) ∈ X+ in the

sense of Martin and Smith [23, 24], which solves the following integral equation with the given

initial function, {
w(t, ·) = T (t)[ϕ(0, ·)] + ∫ t

0
T (t− s)[F (ws)]ds, t ∈ R+,

w0 = ϕ ∈ X+,
(2.2)

where F : X → Y 2 is defined by

F

(
ξ

η

)
=

(
a12η

g(ξ(−τ, ·))
)

�
(
F1(η)

F2(ξ)

)
for all

(
ξ

η

)
∈ X,
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By the step argument and the definition of F , it is easy to see that, for any ϕ ∈ X+, (2.2) has

a unique solution which exists for all t ≥ 0. Denote this solution by (wϕ)t �
(
(uϕ)t
(vϕ)t

)
. Moreover,

(wϕ)t =
(
(uϕ)t
vϕ(t,·)

) ∈ X+ for all t ∈ R+. Since the semigroup T (t) is analytic, by Corollary 2.2.5 [32]

(see also [23, 24, 8, 30]), we know that a mild solution of (1.5) is also a classical solution of (1.5)

for t > τ if g is hölder continuous.

Define the map Φ : R+ ×X+ → X+ by Φ(t, ϕ) = (wϕ)t for all (t, ϕ) ∈ R+ ×X+.

The following result is a direct consequence of the abstract results in [32, 8, 30].

Lemma 2.2. The map Φ is a semiflow defined on X+ such that at any given t > τ , Φ(t, ·) :

X+ → X+ is completely continuous, more precisely, if B ⊂ X+ is bounded, then Φ(t, B) is

precompact for t > τ .

We first introduce some terminologies from dynamical systems theory.

Definition 2.1. An element ϕ ∈ X+ is called an equilibrium of Φ if Φ(t, ϕ) = ϕ for all t ≥ 0.

A subset M of X is said to be positively invariant under Φ if Φ(t, ϕ) ∈ M for every ϕ ∈ M and

t ≥ 0.

For given ϕ ∈ X+ and a bounded subset A of X+, we define O(ϕ) = {Φ(t, ϕ) : t ≥ 0},
O(A) =

⋃
t≥0

Φ(t, A), ω(ϕ) =
⋂
t≥0

O(Φ(t, ϕ)), and ω(A) =
⋂
t≥0

O(Φ(t, A)).

Definition 2.2. Let w∗ be an equilibrium and M be a positively invariant set of the semiflow Φ.

(i) We say that w∗ is stable in M if for every neighborhood V of w∗ in M , there exists a

neighborhood W of w∗ in M such that Φ(t, ϕ) ∈ V for all (t, ϕ) ∈ R+ ×W .

(ii) We say that w∗ is globally attractive in M if ω(ϕ) = w∗ for all ϕ ∈ M .

(iii) We say w∗ is globally asymptotically stable in M if w∗ is stable as well globally attractive

in M .

As usual, we will omit M in Definition 2.1 if M = X+.

Remark 2.1. If w∗ is a globally asymptotically stable equilibrium in M and w∗ ∈ M ′ ⊆ M is

another positively invariant set of the semiflow Φ, then w∗ is also globally asymptotically stable

in M ′.

Remark 2.2. If ϕ belongs to X+ and A is a bounded and positively invariant set, then by

Lemma 2.2, we know that O(ϕ) and O(A) are compact and hence ω(ϕ) and ω(A) are nonempty,

compact, and invariant. Moreover, ω(A) is a global attractor of Φ|R+×A according to Theorem

2.4.1 in [12].
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3 Main results

In this section, by employing the iterative feature of attracting intervals and dynamical system

approach, combining the special comparative properties of non-monotone systems (1.5), we

obtain some very simple conditions that can assure the existences of some positively invariant

subsets and global attractor, as well as the local or global attractivity of steady states of the

systems.

To state our results, let us define f : R+ → R+ by f(u) = a12
a11a22

g(u) for all u ∈ R+. Next

proposition gives the existences of some positively invariant ordered intervals in X+, which is

very useful for our main conclusions.

Proposition 3.1. If I = [a, b] ⊆ R+ and f(I) ⊆ I, then Φ(t,XI) ⊆ XI , that is, XI is a positively

invariant set.

Proof. Let ϕ =
(
φ
ψ

) ∈ XI and w(t, x) = Φ(t, ϕ)(0, x) �
(
u(t,x)
v(t,x)

)
for all (t, x) ∈ R+ × Ω̄. It follows

from (2.2) that for any t ∈ [0, τ ], we have

v(t, ·) = T2(t)[ψ] +

∫ t

0

T2(t− s)[g(u(s− τ, ·))]ds

≥ T2(t)[
a11
a12

a] +

∫ t

0

T2(t− s)[
a11a22
a12

f(u(s− τ, ·))]ds

≥ T2(t)[
a11
a12

a] +

∫ t

0

T2(t− s)[
a11a22
a12

a]ds

=
a11a

a12
e−a22t +

a11a22a

a12

∫ t

0

e−a22(t−s)ds

=
a11
a12

a.

Similarly, v(t, ·) ≤ a11
a12

b, for any t ∈ [0, τ ]. Again, from (2.2) , we may obtain that for any

t ∈ [0, τ ],

u(t, ·) = T1(t)[φ(0, ·)] +
∫ t

0

T1(t− s)[a12v(s, ·)]ds

≥ T1(t)[a] +

∫ t

0

T1(t− s)[a11a]ds

= a.

A similar argument gives u(t, ·) ≤ b for all t ∈ [0, τ ]. Thus, Φ(t, ϕ) ∈ XI for all t ∈ [0, τ ]. By the

inductive method and the semigroup property of Φ, we may get Φ(t, ϕ) ∈ XI for all t ≥ 0. The

proof is complete.

Lemma 3.1. Let I = [a, b] ⊆ R+ be a bounded and closed interval with f(I) ⊆ I. Then we have

following:
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(i) If f(x) > a for all x ∈ (a, b), then Φ([3τ,+∞)× (XI \ {
(

a
a11
a12

a

)}) ⊆ X(a,b];

(ii) If f(x) < b for all x ∈ (a, b), then Φ([3τ,+∞)× (XI \ {
(

b
a11
a12

b

)}) ⊆ X[a,b).

Proof. We only prove (ii), since (i) can be proved by a similar argument.

Note that XI is a positive invariant set according to Proposition 3.1.

Let ϕ =
(
φ
ψ

) ∈ XI \ {( b
a11
a12

b

)} and w(t + θ, x) = Φ(t, ϕ)(θ, x) �
(
u(t+θ,x)
v(t,x)

)
for all (θ, t, x) ∈

[−τ, 0]× R+ × Ω̄.

If u(t, ·) = a for all t ∈ [−τ, τ
3
], then by (2.2), we know that for any t ∈ [0, τ

3
],

u(t, ·) = T1(t)[φ(0, ·)] +
∫ t

0

T1(t− s)[a12v(s, ·)]ds

= ae−a11t +

∫ t

0

T1(t− s)[a12v(s, ·)]ds.

This implies
∫ t

0
T1(t − s)[a12v(s, ·)]ds = a(1 − e−a11t) for all t ∈ [0, τ

3
]. By combining with the

positive invariance of XI , we have v(s, ·) = a11
a12

a for all t ∈ [0, τ
3
]. Thus, by the semi-group

property Φ, we may obtain w(t, ·) = (
a

a11
a12

a

)
for all t ≥ −τ . In particular, statement (ii) holds.

Suppose that u(t1, ·) > a for some t1 ∈ [−τ, τ
3
]. We first claim that a < u(θ0, x0) < b for

some (θ0, x0) ∈ [−τ, τ/3]× Ω. Otherwise, u(θ, x) = b for all (θ, x) ∈ [−τ, τ/3]× Ω. Particularly,

φ = b, and hence there exist t0 ∈ (0, τ/3) such that v(t, ·) < a11
a12

b for all t ∈ [0, t0]. It follows from

the definition of T (t) and Lemma 2.1 that T1(t0 − s)[v(s, ·)] < ba11
a12

e−a11(t0−s) for all s ∈ [0, t0).

From (2.2), we can derive that

u(t0, ·) = T1(t0)[φ(0, ·)] +
∫ t0

0

T1(t0 − s)[a12v(s, ·)]ds

= be−a11t0 +

∫ t0

0

T1(t0 − s)[a12v(s, ·)]ds

< be−a11t0 +

∫ t0

0

ba11e
−a11(t0−s)ds

= be−a11t0 + b[1− e−a11t0 ]

= b,

which yields a contradiction, and thus the claim holds.

Next, we prove that v(t, x) < a11
a12

b for all (t, x) ∈ [4τ
3
,+∞)× Ω̄.

In fact, for any (s, t, x) ∈ [−τ,+∞) × (0,+∞) × Ω̄, we know that T2(t)[g(u(s, ·))](x) ≤
a11a22
a12

be−a22t and T2(t)[g(u(θ0, ·))](x) < a11a22
a12

be−a22t due to g((a, b)) ⊆ (−∞, a11a22
a12

b), the defini-
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tion of T (t), and Lemma 2.1. These combined with (2.2), imply that for any (t, x) ∈ [4τ
3
,+∞)×Ω̄,

v(t, x) = T2(t)[ψ](x) +

∫ t

0

T2(t− s)[g(u(s− τ, ·))](x)ds

≤ T2(t)[
a11
a12

b](x) +

∫ t

0

T2(t− s)[g(u(s− τ, ·))](x)ds

<
a11
a12

be−a22t +

∫ t

0

T2(t− s)[
a11a22
a12

b]ds

=
a11b

a12
e−a22t +

a11b

a12
[1− e−a22t]

=
a11b

a12
.

Again, by (2.2), for any (t, x) ∈ [4τ
3
,+∞), we have

u(t, x) = T1(t)[φ(0, ·)](x) +
∫ t

0

T1(t− s)[a12v(s, ·)](x)ds

≤ T1(t)[b](x) +

∫ t

0

T1(t− s)[a12v(s, ·)](x)ds

< be−a11t +

∫ t

0

T1(t− s)[a12
a11b

a12
](x)ds

= be−a11t + b(1− e−a11t).

Therefore, wϕ(t, ·) ∈ X[a,b), for any t ≥ 7
3
τ , and hence the proof is complete.

The following result gives the existence of the global attractor, whose element values belong

to the minimum order intervals determined by f .

Theorem 3.1. Let I = [a, b] be a bounded and closed interval in R+ with f(I) ⊆ I. Then

ω(XI) ⊆ XIf , where If =
⋂
n≥0

fn(I), moreover, ω(XI) is the global attractor in XI .

Proof. Note that XI ia a positively invariant set and ω(XI) is a global attractor in XI due to

Proposition 3.1 and Remark 2.2.

Let I∗ =
⋃

(φψ)∈ω(XI)

φ(0, Ω̄). It follows from the positive invariance of XI that I∗ ⊆ I is a

bounded and closed interval.

Let n∗ = sup{n ∈ N : I∗ ⊆
n⋂

k=0

fk(I)}. We now prove that n∗ = +∞; otherwise, n∗ < +∞.

Thus, there exist a∗ and b∗ ∈ I such that fn∗
(I) = [a∗, b∗] and f([a∗, b∗]) � [a∗, b∗].

Claim that ω(XI) ⊆ X[a∗,b∗]. By the definition of I∗, n∗ and [a∗, b∗], it is easy to see that

φ ∈ Z[a
∗, b∗] for any

(
φ
ψ

) ∈ ω(XI). So, it suffices to prove that ψ ∈ Y[
a11
a12

a∗, a11
a12

b∗] for any

9



(
φ
ψ

) ∈ ω(XI). In fact, from (2.2), for any ϕ =
(
φ
ψ

) ∈ ω(XI), t ≥ 0, we obtain

vϕ(t, ·) = T2(t)[ψ] +

∫ t

0

T2(t− s)[g(uϕ(s− τ, ·))]ds

≥ T2(t)[
a11
a12

a] +

∫ t

0

T2(t− s)[
a11a22
a12

f(uϕ(s− τ, ·))]ds

≥ T2(t)[
a11
a12

a] +

∫ t

0

T2(t− s)[
a11a22
a12

a∗]ds

=
a11
a12

ae−a22t +
a11a

∗

a12
[1− e−a22t]

=
a11a

∗

a12
+

a11
a12

[a− a∗]e−a22t.

By the invariance of ω(XI), we get that ψ ≥ a11a∗
a12

+ a11
a12

[a − a∗]e−a22t for any ϕ =
(
φ
ψ

) ∈ ω(XI)

and t ≥ 0. Therefore, letting t → +∞, we have ψ ≥ a11
a12

a∗ for any ϕ =
(
φ
ψ

) ∈ ω(XI). Similarly,

we can prove that ψ ≤ a11
a12

b∗ for any ϕ =
(
φ
ψ

) ∈ ω(XI). Hence, the claim holds.

In view of f([a∗, b∗]) � [a∗, b∗], there exist a∗∗, b∗∗ ∈ [a, b] such that [a∗∗, b∗∗] = f([a∗, b∗]) �
[a∗, b∗]. It follows from (2.2) that for any t ≥ 0 and ϕ =

(
φ
ψ

) ∈ ω(xI), we deduce

vϕ(t, ·) = T2(t)[ψ] +

∫ t

0

T2(t− s)[g(uϕ(s− τ, ·))]ds

≥ T2(t)[
a11
a12

a∗] +
∫ t

0

T2(t− s)[
a11a22
a12

a∗∗]ds

=
a11
a12

a∗e−a22t +
a11a

∗∗

a12
(1− e−a22t)

=
a11a

∗∗

a12
+

a11(a
∗ − a∗∗)
a12

e−a22t.

By the invariance of ω(XI), and letting t → +∞, we have ψ ≥ a11a∗∗
a12

for all ϕ =
(
φ
ψ

) ∈ ω(XI).

Similarly, ψ ≤ a11b∗∗
a12

for all ϕ =
(
φ
ψ

) ∈ ω(XI). On the other hand, we deduce from (2.2) that for

any t ≥ 0 and ϕ =
(
φ
ψ

) ∈ ω(XI), we have

uϕ(t, ·) = T1(t)[φ(0, ·)] +
∫ t

0

T1(t− s)[a12v
ϕ(s, ·)]ds

≤ T1(t)[b
∗] +

∫ t

0

T1(t− s)[a12
a11b

∗∗

a12
]ds

= b∗e−a11t + b∗∗(1− e−a11t)

= b∗∗ + (b∗ − b∗∗)e−a11t.

By the invariance of ω(XI), and letting t → +∞, for any
(
φ
ψ

) ∈ ω(XI), we have, φ ≤ b∗∗.

Similarly, φ ≥ a∗∗ for any
(
φ
ψ

) ∈ ω(XI). So, ω(XI) ⊆ X[a∗∗,b∗∗] = Xfn∗+1 , which contradicts with

the choice of n∗. This, together with the definition of If , gives that φ ∈ ZIf for all
(
φ
ψ

) ∈ ω(XI). It

10



suffices to prove ψ ∈ Ya11
a12

If
for all

(
φ
ψ

) ∈ ω(XI). In fact, by (2.2), for any t ≥ 0, ϕ =
(
φ
ψ

) ∈ ω(XI),

we have

vϕ(t, ·) = T2(t)[ψ] +

∫ t

0

T2(t− s)[g(uϕ(s− τ, ·))]ds

≥ T2(t)[
a11
a12

a] +

∫ t

0

T2(t− s)[
a11a22
a12

inf If ]ds

=
a11
a12

ae−a22t +
a11a22
a12

inf If

∫ t

0

e−a22(t−s)ds

=
a11
a12

inf If +
a11
a12

[
a− inf If

]
e−a22t.

Thus, combining this with the invariance of ω(XI), we have

ψ ≥ a11
a12

inf If +
a11
a12

[
a− inf If

]
e−a22t,

where
(
φ
ψ

) ∈ ω(XI), t ≥ 0. By letting t → +∞, we have

ψ ≥ a11
a12

inf If ,

for all
(
φ
ψ

) ∈ ω(XI). Similarly, we have

ψ ≤ a11
a12

sup If ,

for all
(
φ
ψ

) ∈ ω(XI). In other words,

ψ ∈ Ya11
a12

If
, for all

(
φ

ψ

)
∈ ω(XI),

and

ϕ ∈ XIf , for all ϕ ∈ ω(XI).

That is, ω(XI) ⊆ XIf . This completes the proof.

The following results directly follow from Theorem 3.1.

Theorem 3.2. Let I = [a, b] with f(I) ⊆ I and I
f = 1, where I
f represents the cardinality of

If . Then there exists u∗ ∈ I such that If = {u∗} and
( u∗

a11u
∗

a12

)
is globally asymptotically stable in

XI and attracts XI .

By Propositions 2.1 and 2.2 in [39] and Theorem 3.2, we easily obtain the following theorem.

Theorem 3.3. Let I = [a, b] with f(I) ⊆ I. Assume that there exists u∗ ∈ I such that f satisfies

one of the following assumptions:

11



(H1) {u ∈ I : f 2(u) = u} = {u∗};
(H2) |f(u)− u∗| < |u− u∗| for all u ∈ I \ {u∗}.
Then

( u∗
a11u

∗
a12

)
is globally asymptotically stable in XI and attracts XI .

The above results are all for I = [a, b], a compact interval. In the case that I = R+, to get

the desired results, we need some additional assumptions.

Assumption (I): f(x) < x for all x ∈ (0,+∞).

Theorem 3.4. If (I) holds, then 0 is a globally asymptotically stable in X+ and attracts any

bounded set in X+.

Proof. Take I = [0, 1]. Then f(I) ⊆ I and If = {0}. It follows from Theorem 3.2 that 0 is a

global attractor in X[0,1]. Thus, it suffices to prove that 0 attracts any bounded set in X+.

Suppose that A ⊆ X+ is bounded. It follows from (I) that there exists a > 0 such that

A ⊆ X[0,a], f([0, a]) ⊆ [0, a], and [0, a]f = 0.

In view of Theorem 3.2, we know that ω(X[0,a]) = {0}, and thus 0 attracts A. The proof is

complete.

Assumption (II): {u > 0 : f 2(u) = u} = {u∗} for some u∗ > 0.

Theorem 3.5. Assume that (II) holds. If f ′(0) > 1 and f(u∗∗) < u∗∗ for some u∗∗ > u∗, then( u∗
a11u

∗
a12

)
is globally asymptotically stable in X+\{0} and attracts any bounded and closed set in

IntX+.

Proof. In view of (II), f ′(0) > 1, and f(u∗∗) < u∗∗ for some u∗∗ > u∗, we obtain that f(u) > u

for all u ∈ (0, u∗) and f(u) < u for all u > u∗.

Claim 1: For any bounded and closed inteval I ⊆ (0,+∞), there exists a bounded and closed

interval J ⊆ (0,+∞) such that I ⊆ J , u∗ ∈ IntJ , and f(J) ⊆ J .

Indeed, set c = max f([0, u∗]) and I = [a, b] with b > a > 0. Let M = max{c, 1 + u∗, b},
ε = min f([min{a, u∗

3
},M ]), and J = [ε,M ]. Then I ⊆ J , u∗ ∈ IntJ , and f(J) ⊆ J , that is,

Claim 1 holds.

Claim 2:
( u∗

a11u
∗

a12

)
is stable and attracts any bounded and closed subset in Int(X+).

Suppose that A is a given bounded and closed subset in Int(X+). Then by Claim 1, there

exists a bounded and closed interval J ⊆ (0,+∞) such that A ⊆ XJ , u
∗ ∈ IntJ , and f(J) ⊆ J .

This combined with (II) and Theorem 3.3 shows that
( u∗

a11u
∗

a12

)
is stable and attracts XJ , and thus

Claim 2 holds.

By Claim 2, it suffices to prove that (uϕ)t ∈ IntX+ for all ϕ ∈ X+ \ {0} and t > 3τ .

In fact, suppose that ϕ =
(
φ
ψ

) ∈ X+ \ {0}. Let a = 0, b = max{c, ||φ||, |||ψ|}, and I = [a, b].

Then f(I) ⊆ I, f((0, b]) ⊆ (0,+∞), and ϕ ∈ XI . It follows from Lemma 3.1-(i) that (uϕ)t ∈
Int(X+) for all t > 3τ . The proof is complete.

Assumption (III): There exists u∗ > 0 such that f(u∗) = u∗ and f(x) < x for all x ∈
(0,+∞) \ {u∗}.
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Theorem 3.6. Under the assumptions of (III), the following statements hold:

(i) X[0,b] is a positively invariant set, for any b > 0;

(ii) ω(X[0,u∗]) ⊆ X[0,u∗] is the global attractor and attracts any bounded set in X+;

(iii) 0 is globally asymptotically stable in X[0,u∗]\{
( u∗

a11u
∗

a12

)}, and attracts any closed set contained

in X[0,u∗);

(iv)
( u∗

a11u
∗

a12

)
is unstable and attracts X[u∗,(f |[u∗,+∞))

−1(u∗)], where (f |[u∗,+∞))
−1(u∗) � sup{u ≥ u∗ :

f(v) ≥ u∗ for all v ∈ [u∗, u].

Proof. (i) For any b > 0, we know from (III) that f([0, b]) ⊆ [0, b]. Thus by Proposition 3.1,

we easily see that X[0,b] is a positively invariant set.

(ii) Let A be a bounded set in X+, then there exists b > 0 such that A ⊆ X[0,b] and

f([0, b]) ⊆ [0, b] � I. By (III), we know that If = [0, u∗]f = [0, u∗]. This, together with

Theorem 3.1, implies ω(X[0,u∗]) = ω(XI) ⊆ X[0,u∗], which is the global attractor and attracts XI

and A.

(iii) Clearly, f(u) < u, f([0, u]) ⊆ [0, u], and [0, u]f = {0} for all u ∈ (0, u∗). By applying

Lemma 3.1-(ii), we know that (wϕ)t ∈ X[0,u∗) for any ϕ ∈ X[0,u∗] \ {
( u∗

a11u
∗

a12

)} and t > 3τ . Thus, it

suffices to prove that 0 attracts any closed subset A ⊆ X[0,u∗).

Let A be a closed subset in X and A ⊆ X[0,u∗). Then, there exists u∗
1 ∈ (0, u∗) such that

A ⊆ X[0,u∗
1]
and {0} = [0, u∗

1]f ⊆ f([0, u∗
1]) ⊆ [0, u∗

1]. These and Theorem 3.2 show that 0 attracts

X[0,u∗
1]
and A.

(iv) Clearly, the unstability of
( u∗

a11u
∗

a12

)
follows from (iii). Let I = [u∗, (f |[u∗,+∞))

−1(u∗)]. Then

by (III) and the choice of (f |[u∗,+∞))
−1(u∗), we have {u∗} = If ⊆ f(I) ⊆ I, which, combined

with Theorem 3.2 , yields that
( u∗

a11u
∗

a12

)
attracts X[u∗,(f |[u∗,+∞))

−1(u∗)],

This completes the proof.

Assumption (IV): There exist u∗∗ > u∗ > 0 satisfy the following statements:

(i) Fixf � {u ∈ R+ : f(u) = u} = {0, u∗, u∗∗};
(ii) f(u) < u for all u ∈ (0, u∗)

⋃
(u∗∗,+∞) and f(u) > u for all u ∈ (u∗, u∗∗);

(iii) There exists c > 0 such that f ′(u) > 0 for all u ∈ (0, c) and f ′(u) < 0 for all u ∈ (c,+∞);

(iv) There exists a unique c1 > 0 such that f
′′
(c1) = 0.

Theorem 3.7. Let (IV) hold and let u∗
1 � (f |[c,+∞))

−1(u∗) and (Sf)(u) = f ′′(u)
f ′(u) − 3

2
(f

′′(u)
f ′(u) )

2 for

all u ∈ R+. Then the following statements hold:

(i) 0 is globally asymptotically stable in X[0,u∗] \ {
( u∗

a11u
∗

a12

)}, and attracts any closed set contained

in X[0,u∗);

13



(ii)
( u∗

a11u
∗

a12

)
is unstable;

(iii) If c ≥ u∗∗, then
( u∗∗

a11u
∗∗

a12

)
is globally asymptotically stable in X[u∗,u∗

1]
\ {( u∗

a11u
∗

a12

)}, and attracts

any closed set contained in X(u∗,u∗
1)
;

(iv) If c < u∗∗ and f 2(c) > u∗, then ω(A) ⊆ X[f2(c),f(c)] for any closed set A ⊆ X(u∗,u∗
1)
;

(v) If f ∈ C3 with f 2(c) > u∗, f ′(u∗∗) ≥ −1 and (Sf)(u) < 0 for all u ∈ (0, c)
⋃
(c,+∞), then( u∗∗

a11u
∗∗

a12

)
is globally asymptotically stable in X[u∗,u∗

1]
\ {( u∗

a11u
∗

a12

)}, and attracts any closed set

contained in X(u∗,u∗
1)
.

Proof.

(i) follows from Theorem 3.6-(iii), while (ii) follows from (i).

(iii) Given ϕ ∈ XI \ {( u∗
a11u

∗
a12

)} and any closed set contained A in X(u∗,u∗
1)
. If ϕ =

( u∗
1

a11u
∗
1

a12

)
,

then by f(u∗
1) = u∗ < u∗

1, we have Φ(ε, ϕ) ∈ XI \ {( u∗
a11u

∗
a12

)
,
( u∗

1
a11u

∗
1

a12

)} for some ε ∈ [0, τ
7
). So, we

may assume that ϕ ∈ XI \ {
( u∗

a11u
∗

a12

)
,
( u∗

1
a11u

∗
1

a12

)}. By applying Lemma 3.1, we know that (uϕ)t ∈ XI

for t > 3τ . We may choose a ∈ (u∗, u∗∗) and b = (f |[c,+∞))
−1(f(a)) such that (uϕ)5τ ∈ X[a,b] and

A ⊆ [a, b]. Using the proof of Theorem 3.3-(ii) in [15] with g = id, we obtain⎧⎪⎪⎨
⎪⎪⎩

f(I) ⊆ I,

{u ∈ I : f 2(u) = u} = {u∗∗},
f([a, b]) ⊆ [a, b],

where I = (u∗, u∗
1). Hence, Theorem 3.3 implies that

( u∗∗
a11u

∗∗
a12

)
is globally asymptotically stable in

X[a,b] and attracts X[a,b]. Therefore, by the choices of a, b, we know that
( u∗∗

a11u
∗∗

a12

)
attracts ϕ and

A. This proves statement (iii).

(iv) It follows from the proof of Theorem 4.3-(iv) in [15] that we obtain f(I) ⊆ I with

I = [f2(c), f(c)]. For any closed subset A ⊆ X(u∗,u∗
1)
, there exists a ∈ (u∗, (f |[0,c])−1(f 2(c))) � J1

such that A ⊆ X[a,b] with b = (f |[c,+∞))
−1(f(a)). By the proof of Theorem 4.3-(v) in [15], we

easily see that {
f([a, b]) ⊆ [a, b],

[a, b]f = If ,

Therefore, ω(A) ⊆ XIf ⊆ XI due to Theorem 3.1, and hence statement (v) holds.

(v) Suppose that ϕ ∈ XI \ {
( u∗

a11u
∗

a12

)} and A is a closed set in X(u∗,u∗
1)
. By the discussions in

statement (iii), we know that (uϕ)5τ ∈ XI . Hence, there exist a ∈ (u∗, (f |[0,c])−1(f 2(c))) � J1
and b = (f |[c,+∞))

−1(f(a)) such that {(uϕ)5τ} ∪A ⊆ X[a,b]. It follows from Proposition 1-(3d) in

[19] the proof of statement (iv) that we have{
f([a, b]) ⊆ [a, b],

[a, b]f = {u∗∗}.
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Therefore, ω(ϕ) ∪ ω(A) ⊆ ω({ϕ} ∪ A) ⊆ ω(X[a,b]) ⊆ X[a,b]f
= {u∗∗} due to Theorem 3.2, and

hence statement (v) holds.

4 Examples

In this section, we present several reaction-diffusion systems with different “nonlinear force of

infection” arising from population biology to illustrate the results obtained in Section 3.

Example 4.1. Consider systems (1.5) with the “nonlinear force of infection” g(·) having the

Ricker form as below

g(u) = βue−δu, for u ∈ R+. (4.1)

The nonlinear function g is a widely used birth function (for fish population dynamics and for

blowfly population, see for example, the biological significance of g can be found in [9, 10, 18, 20,

25, 27, 28, 38].

Theorem 4.1. Let g(·) be defined by (4.1). Then the following statements hold:

(i) If βa12 ≤ a11a22, then 0 is globally asymptotically stable in X+; furthermore, 0 is a global

attractor in X+, i.e., 0 attracts any bounded set contained in X+.

(ii) If a11a22 < βa12 ≤ e2a11a22, then
( 1

δ
ln

βa12
a11a22

a11
δa12

ln
βa12

a11a22

)
is globally asymptotically stable in X+ \ {0},

and attracts any closed bounded set contained in Int(X+).

Proof. Clearly, f(u) = βa12
a11a22

ue−δu for all u ∈ R+.

(i) Using a simple computation, one can see that assumption (I) holds. It is obvious that

statement (i) follows from corresponding conclusions of Theorem 3.4.

(ii) Applying the proof of Theorem 4.2 in [39], one can see that assumption (II) holds. The

statement (ii) can be proved by Theorem 3.5 immediately.

Example 4.2. Consider systems (1.5) with the “nonlinear force of infection” g(·) has the form

as below

g(u) =
bu

1 + un
, for u ∈ R+. (4.2)

The form of nonlinear function g was originally used by Mackey and Glass in [21] to model the

blood cell production in an ordinary differential equation model. Since then modified models have

been studied by many researchers. See, for example, [39, 17, 41]

Theorem 4.2. Let g(·) be defined by (4.2). Then the following statements hold:

(i) If ba12 ≤ a11a22, then 0 is a global attractor in X+.

(ii) If b > a11a22
a12

, and furthermore 0 < n ≤ 2 or ba12
a11a22

≤ n
n−2

for n > 2, then
( [

ba12
a11a22

−1]
1
n

a11
a12

[
ba12

a11a22
−1]

1
n

)
is

globally asymptotically stable in X+ \ {0}, and attracts any closed bounded set contained in

Int(X+).
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Proof. Clearly, f(u) = ba12
a11a22

u
1+un for all u ∈ R+. Using the proof of Theorem 4.5 in [39], one

can prove statements (i) and (ii) immediately by Theorems 3.4 and 3.5.

Example 4.3. Consider systems (1.5) with the “nonlinear force of infection” g(·) having the

Allee-type form as below

g(u) = βu2e−au, for u ∈ R+. (4.3)

The nonlinear function g is used to reflect the so called Allee effect in the population model

[15, 1, 19, 29].

Theorem 4.3. Let g(·) be defined by (4.3). Then we have the following results:

(i) If ae > a12β
a11a22

, then 0 is a global attractor in X+.

(ii) If ae = a12β
a11a22

, then 0 is globally asymptotically stable in X[0, 1
a
] \ {( 1

a
a11
a12a

)}, and attracts

any closed subset contained in X[0, 1
a
);
( 1

a
a11
a12a

)
is globally asymptotically stable in X[0,θ], and

attracts any bounded subset contained in X[0,θ], where θ = (f |[ 2
a
,+∞))

−1( 1
a
); and furthermore,

ω(X[0, 1
a
]) attracts any bounded subset contained in X+.

(iii) If ae < a12β
a11a22

, then there exist u∗, u∗∗ > 0 such that the following statements hold:

(1) u∗ < u∗∗ and {u > 0 : g(u) = a11a22
a12

u} = {u∗, u∗∗};
(2) 0 is globally asymptotically stable in X[0,u∗] \ {

(
u∗

a11
a12

u∗
)}, and attracts any closed subset

contained in X[0,u∗);

(3)
(

u∗
a11
a12

u∗
)
is unstable in X+;

(4) If 3a12β
e2a11a22

≤ ae and
16β3a312

a4e4a311a
3
22
e
− 4a12β

aa11a22e
2 > u∗, then

(
u∗∗

a11
a12

u∗∗
)
is globally asymptotically

stable in X[u∗,u∗
1]
\{( u∗

a11
a12

u∗
)}, and attracts any closed subset contained in X(u∗,u∗

1)
, where

u∗
1 � (f |[ 2

a
,+∞))

−1(u∗).

Proof. In view of the discussions after Proposition 4.1 in [15], we easily see that (i) follows from

Theorem 3.4, while (ii) follows from Theorem 3.6.

(iii) Suppose ae < a12β
a11a22

. By Proposition 4.1 in [15], we easily see the assumption (IV) holds,

in particular, (iii)-(1) holds. Clearly, (iii)-(2) and (iii)-(3) follow from Theorem 3.7-(i) and -(ii),

respectively.

Note that 2a12β
ea11a22

≤ ae implies
16β3a312

a4e4a311a
3
22
e
− 4a12β

aa11a22e
2 > u∗, that is, f 2(c) > u∗, where c = 2

a
.

Now we shall prove (iii)-(4) by discussing the two possible cases.

Case 1: 2a12β
ea11a22

≤ ae.

In this case, using the proof of Theorem 4.2-(ii) in [15], we have 2
a
≥ u∗∗. Thus, (iii)-(4)

follows from Theorem 3.7-(iii) immediately.

Case 2: 3a12β
e2a11a22

≤ ae ≤ 2a12β
ea11a22

and
16β3a312

a4e4a311a
3
22
e
− 4a12β

aa11a22e
2 > u∗.

In this case, using the discussions of Theorem 4.1-(3) in [19], we know that all the assumptions

in Theorem 3.7-(v) hold. Thus, (iii)-(4) follows from Theorem 3.7-(v) immediately.
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5 Discussion

With the help of iterative property of interval mapping and dynamical system methods, we have

obtained some interesting results on the global stability, positively invariant set, and attractive

basins of the Neumann problems. In this paper, we only consider the homogeneous Neumann

boundary condition, how to study the positively invariant set and attractive basins for homoge-

neous Dirichlet boundary problems is a challenging yet interesting problem. We point out that

as far as the basin of attraction is concerned, it is very crucial to analyze the influence of model

parameters on zero solution, positive solution and invariant set. Additionally, how to study the

existence of connection orbit between steady state and invariant set is another important and

challenging problem. We shall leave these problems as future research.
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