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1. Introduction

Tt is well accepted that the incompressible Navier—Stokes (NS) equation governs the motions of single-
phase fluids such as air or water. On the other hand, we are faced with the difficult problem of understanding
the motion of binary fluid mixtures, that is fluids composed by either two phases of the same chemical species
or phases of different composition. Diffuse interface models are well-known tools to describe the dynamics of
complex (e.g., binary) fluids, [16]. For instance, this approach is used in [2] to describe cavitation phenomena
in a flowing liquid. The model consists of the NS equation coupled with the phase-field system, [3,15-17].
In the isothermal compressible case, the existence of a global weak solution is proved in [14]. In the incom-
pressible isothermal case, neglecting chemical reactions and other forces, the model reduces to an evolution
system which governs the fluid velocity v and the order parameter ¢. This system can be written as a NS
equation coupled with a convective Allen—-Cahn equation, [16]. The associated initial and boundary value
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problem was studied in [16] in which the authors proved that the system generated a strongly continuous
semigroup on a suitable phase space which possesses a global attractor. They also established the existence
of an exponential attractor. This entails that the global attractor has a finite fractal dimension, which is
estimated in [16] in terms of some model parameters. The dynamic of simple single-phase fluids has been
widely investigated although some important issues remain unresolved, [26]. In the case of binary fluids,
the analysis is even more complicate and the mathematical studied is still at it infancy as noted in [16].
As noted in [15], the mathematical analysis of binary fluid flows is far from being well understood. For
instance, the spinodal decomposition under shear consists of a two-stage evolution of a homogeneous initial
mixture: a phase separation stage in which some macroscopic patterns appear, then a shear stage in which
these patters organize themselves into parallel layers (see, e.g. [21] for experimental snapshots). This model
has to take into account the chemical interactions between the two phases at the interface, achieved using
a Cahn—Hilliard approach, as well as the hydrodynamic properties of the mixture (e.g., in the shear case),
for which a Navier—Stokes equations with surface tension terms acting at the interface are needed. When
the two fluids have the same constant density, the temperature differences are negligible and the diffuse
interface between the two phases has a small but non-zero thickness, a well-known model is the so-called
“Model H” (cf. [18]). This is a system of equations where an incompressible Navier—Stokes equation for the
(mean) velocity v is coupled with a convective Cahn—Hilliard equation for the order parameter ¢, which
represents the relative concentration of one of the fluids.

The long-time behavior of flows is a very interesting and important problem in the theory of fluid dynamic.
As the vast literature shows [1,4,5,12,13,19,22,23,26,28], the problem has been receiving very much attention
over the last three decades.

Another interesting question is to analyze the effects produced on a deterministic system by some stochas-
tic or random disturbances appearing in the problem. This problem has been studied for the NS model,
[6,7]. In [6], the authors studied the stability of the stationary solutions of the stochastic 2D NS equations.
In particular, they proved that the weak solutions converge exponentially in the mean square and almost
surely exponentially to the stationary solutions under some restrictions on the viscosity and the forcing
terms. In [7], the authors generalized to the results of [6] to a class of dissipative nonlinear systems that
include the 3D Lagrangian average NS equations.

Our work is motivated by the above references. We study the stability of weak solutions to the stochastic
3D globally modified CH-NS (GMCHNS) model with multiplicative noise. In particular, we proved that the
weak solutions converge exponentially in the mean square and almost surely exponentially to the stationary
solutions under some restrictions on the viscosity and the forcing terms. Let us note that the coupling
between the Navier—Stokes and the Cahn—Hilliard systems makes the analysis of the control problem more
involved.

The article is divided as follows. In the next section, we introduce the stochastic 3D GMCHNS model
and its mathematical setting. The third section studies the stability of weak solutions. As in [6], applying
the Itd formula, we study the stability of stationary solutions to the stochastic 3D GMCHNS model. We
also prove in the fourth section a result related to the stabilization of these equations.

2. The stochastic GMCHNS model and its mathematical setting

2.1. Governing equations

In this article, we consider a modified version of the coupled CH-NS model with multiplicative noise.
More precisely, we assume that the domain M of the fluid is a bounded domain in $#3. Then, we consider
the following coupled CH-NS system
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GY— vAv+ (v Vo + Vp — KV = gi(t) + g (v, 6) + gh (t, v, )W,
div v =0,

09 | 4.V~ A= gh(0) + G20, 8) + G310, )W,
p=—eAd + af(9),

in M x [0,T7.

In (2.1), the unknown functions are the velocity v = (v, --vq) of the fluid, its pressure p and the order
(phase) parameter ¢. The external volume force g (v, ) = (gi(t,v,9), g3 (t,v,9)), go(t) = (95,92)(t), are
given. The term gs(t,v, o)W, = (gi(t,v, §)W}, g3(t, v, $)W?) represents random external forces depending
eventually on (v, ¢) where W; = (W', W?) denotes the time derivative of a cylindrical Wiener process. The
quantity p is the variational derivative of the following free energy functional

Fi(0) = [ (5196P +aF (@) ds (22)

M

T
where, e.g., F(z) = /f(()d(. Here, the constants v > 0 and K > 0 correspond to the kinematic viscosity
0

of the fluid and the capillarity (stress) coefficient respectively. Here €, a > 0 are two physical parameters
describing the interaction between the two phases. In particular, € is related with the thickness of the
interface separating the two fluids. Hereafter, as in [16] we assume that € < .

A typical example of potential F' is that of logarithmic type. However, this potential is often replaced by
a polynomial approximation of the type F(x) = 1% — v222, 71,72 being positive constants. As noted in
[15], (2.1), can be replaced by

O v+ (0 V)t Vp = —Kdiv (Vo © Vo) +gb(0) +0i(0,6) + ablt v W, (23)
where p = p — K(§|Vo[]* + aF (), since KuVe = V(K(5|V9|* + aF(¢))) — Kdiv (V¢ ®@ V). The stress
tensor Vo ® V¢ is considered the main contribution modeling capillary forces due to surface tension at the
interface between the two phases of the fluid.

Regarding the boundary conditions for the model, as in [15] we assume that the boundary conditions for
¢ are the natural no-flux condition

Oy = Dy =0, on IM x [0, T, (2.4)

where O M is the boundary of M and 7 is the outward normal to M. These conditions ensure the mass
conservation in he deterministic case. In fact, for g2 = 0, g% = 0, g5 = 0, from Oppe =0 on OM x [0,T], we
have the conservation of the following quantity

1
00 = A[ o, t)d, (2.5)

where | M| stands for the Lebesgue measure of M. More precisely, we have

(8(t)) = (9(0)), vt € [0,T]. (2.6)

Hereafter, we assume that g2, g7 and g3 are chosen such that (2.6) is satisfied, which is the case if we assume
that
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<g(2)(t)> =0, <g%(u’¢)> =0, <g§(u7'¢))Wt2> =0, Vi >0, (Uﬂﬁ) €H, (2'7)

where H is defined by (2.25) below.
Concerning the boundary condition for v, we assume the Dirichlet (no-slip) boundary condition

v=0, ondM x (0,00). (2.8)

Therefore we assume that there is no relative motion at the fluid—solid interface.
The initial condition is given by

(v,9)(0) = (vo, o) in M. (2.9)
Now, we define the function Fy : R — R by
Fy(r) = min{1, N/r}, r € R, (2.10)
for some (fixed) N € RT. We recall from [8] the following properties of Fy.

Lemma 2.1. The function Fn satisfies:

|FN(p)_FN(T)|S |p;r|a ‘v’p,rE?R"', 7‘7&07

Ex(loal) = Fx([lvsll)] < W Vo, vs € Vi, vs # 0, (2.11)

Fu(p) — Fy(r)| < LN o =tl gy 0 v e wt, v 20,

Now we consider the following 3D GMCHNS

% — vAv + Fx(|o])[(v - V)o] + Vp — KuVe = g§(t) + 91 (v, ) + g5(t, v, )) W},
div v =0,

99 0 V6~ Au=g3(t) + 63 (v, 8) + g3 (v, §) W7,

p=—eA¢+af(9),

(2.12)

in M x (0,400), where ||v|| is a norm defined below.

The deterministic version of the GMCHNSE (2.12) was studied in [25], where the author proved the
existence and uniqueness of strong solutions as well as the existence of a global U-attractor. In [24], the
author proved the existence and final fractal dimension of a pullback attractor in the space U for a three
dimensional system of a non-autonomous GMCHNSE model. In [11], the authors studied the stochastic
GMACNSE model (2.12) in a 3D bounded domain and proved the existence and uniqueness of a strong
solutions in the sense of stochastic analysis and PDE sense.

Let us recall that the GMCHNSE model was inspired from the globally modified Navier—Stokes equations
(GMNSE) proposed in [8]. As noted in [8] in the case of the GMNSE, the GMCHNSE are indeed globally
modified. The factors Fy (||v||) and Fx(||(v, ¢)||/) depend respectively on the norms ||v]| and ||(v, @)||¢,- They
prevent large values of ||v|| and ||(v, ¢)|lys dominating the dynamics. Just like the GMNSE, the GMACNSE
violates the basic laws of mechanics, but mathematically the model is well defined. See also [10] for other
modifications of the nonlinear term in the NSE.
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2.2. Mathematical setting

We first recall from [15] a weak formulation of (2.1), (2.4), (2.8)—(2.9). Hereafter, we assume that the
domain M is bounded with a smooth boundary OM (e.g., of class C?). We also assume that f € C?(R)
satisfies

lim f/(x) > Oa
FO@] < g1+ [oP), Vo e R, i=0,1,2,

where cy is some positive constant.

We now recall from [15] the functional set up of the model (2.1), (2.4), (2.8), (2.9).

If X is a real Hilbert space with inner product (-,-)x, we will denote the induced norm by | - |x, while
X* will indicate its dual. We set

Vi ={ueC(M): divu=0in M}.

We denote by H; and V; the closure of V; in (L?(M))? and (H}(M))? respectively. The scalar product in
H; is denoted by (-, )2 and the associated norm by | - |r2. Moreover, the space V; is endowed with the
scalar product

3

(1w, 0)) =D (0,0, 05,0) 12, lull = ((w,u)"/?.

i=1

We now define the operator Ag by
Agv = —PAv, Yv € D(Ag) = H* (M) NV,

where P is the Leray—Helmotz projector in L?(M) onto H;. Then, Ay is a self-adjoint positive unbounded
operator in H; which is associated with the scalar product defined above. Furthermore, Ay !is a compact
linear operator on H; and |4y - |72 is a norm on D(Ag) that is equivalent to the H2-norm.

Hereafter, we set

Hy = L*(M), Vo = H' (M), H=Hy x Hy, V =V} x V3. (2.14)
Then we introduce the linear nonnegative unbounded operator on L?(M)
A1¢p = —A¢, Yo € D(Ay) ={¢ € H*(M), 0,9 =0, on M}, (2.15)

and we endow D(A;) with the norm |A; - |12 + |{ - }| 12, which is equivalent to the H?-norm. Also we define
the linear positive unbounded operator on the Hilbert space L2(M) of the L2-functions with null mean

Bng = —A¢, ¥ € D(B,) = D(A1) N L§(M). (2.16)

Note that B, ! is a compact linear operator on L3(M). More generally, we can define BZ, for any s € R,
noting that |Bf/2 ‘|2, s > 0, is an equivalent norm to the canonical H°-norm on D(BZ/Q) C HS(M)NLE(M).
Also note that A; = B,, on D(B,,). If ¢ is such that ¢—(¢) € D(B5/?), we have that | B 2 (¢—(¢))| 2 +|(6)| 12
is equivalent to the H*-norm. Moreover, we set H (M) = (H*(M))*, whenever s < 0.

We introduce the bilinear operators By, By (and their associated trilinear forms bg, b1) as well as the
coupling mapping Rp, which are defined from D(Ag) x D(Ap) into H, D(Ag) x D(A;) into L?(M), and
L?(M) x (D(A;) N H3(M)) into Hy, respectively. More precisely, we set
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(Bo(u,v) / ~wdz = by(u,v,w), Yu,v,w € D(Ap),
M
(Bi(u, ), p / ¢lpdx = by (u, ¢, p), Yu € D(Ag), &,p € D(Ay), (2.17)
M
(Ro /,u V¢ - wldr = by(w, d, 1), Yw € D(Ag), ¢ € D(A)) N H*(M), uc L*(M).
M

Note that
Ro(p, ¢) = PuVe.
We recall that By, B; and Ry satisfy the following estimates

Ibo (u, v, w)| < clulio||ul| /2| Agv| g2 |w| L2, Yu € Vi, v € D(Ag)),w € Hy,

| Bo(u, 0)|vy < elul )5 |ull¥41o] 15" 0|34, Yu, v € Vi, (2.18)

| Bo(u, v)| 2 < ellull[0]] /2| Agu|}’, Yu € Vi,v € D(A),

b1 (u, &, 9)| < clul 5[l /2| Avgl 2] 2, Yu € Vi, ¢ € D(A1)), % € Ha,
\Bl(u’éf’)
|B1(v,0)|z2 < clloll[¢]/2|Arol", Vv € Vi, ¢ € D(Ay),

o < clul S ulPA6 B IR, Yu € Vi, é € Va, (2.19)

[Ro(A1¢, p)|vy < ellpl /2 Aipl )| A1 12, Vo, p € D(Ay),

[Bo(416. p)] 12 < el A16]c2| 41l 2| AT 6], V6 € D(41). p € D(AT). >
Hereafter we set
b (u,v,w) = Fx(||v]))bo(u,v,w), (BY (u,v),w) = b (u,v,w), Yu,v,w € V;. (2.21)
It follows from (2.18)—(2.20) and (2.27) that (see [8] for more details)
by (u,v,v) =0, Yu,v € Vi,
163 (u, v, w)| < eNlul|||lwl], Yu,v, € Vi, (2.22)
| BY (u, v)||v+ < eNllul|, Yu,v € V.
We recall that (due to the mass conservation) we have
(o(t)) = (¢(0)) = Mo, V¢ > 0. (2.23)

Thus, up to a shift of the order parameter field, we can always assume that the mean of ¢ is zero at the
initial time and, therefore it will remain zero for all positive times. Hereafter, we assume that

(¢(t)) = (¢(0)) =0, Vt > 0. (2.24)
We set

H = H, x D(A\/?). (2.25)
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The space H is a complete metric space with respect to the norm
(v, 9)[3, = [v]72 + €[V (2.26)
We define the Hilbert space U by
U=V, x D(AY?), (2.27)
endowed with the scalar product whose associated norm is
1, I = [[v] + €[4T 263 (2.28)
We will denote by A1 > 0 a positive constant such that

Ml(w, ), < ll(w, )7, Y(w, ) €U. (2.29)

We will also denote by ¢ a generic positive constant that depends on the domain M.

Let (©2,P,J) be a probability space on which an increasing and right continuous family {J;}+c(0,00)
of complete sub o-algebra of J is defined. Let ,(t) (n = 1,2,3,---) be a sequence of real valued one-
dimensional standard Brownian motions mutually independent on (2, P, 7). We set

0= 3V But)ens t 20 (2:30)
n=1

where A/, (n =1,2,3,---) are nonnegative real numbers such that Z A\, < oo, and {e,} (n =1,2,3,--+)

n=1
is a complete orthogonal basis in the real and separable Hilbert space K. Let @ € L(K, K) be the operator
defined by Qe,, = A, e,. The above K-valued stochastic process W (t) is called a Q-Wiener process.
Thus, we consider the stochastic GMCHNS model written in the following abstract mathematical setting:
Qv 1y Agw + BYY (v,v) — Ro(eA16,6) = gb(t) + g (v, 6) + gb(t, v, )W} in V7,
d : R
9O 4 Avp+ Bi(v,6) = () + g2(v,8) + G3(t,v, )WR, pi = cAi+af(6) in V3, (2.31)
(U7 d))(o) = (U0> ¢0> € Ha

or equivalently

t t

o(t) + / (vAou(s) + B (), o())ds = vo + [ Rofedio(s), o(s))ds

0

+0/ s) + g1 (( ¢)(s)))ds+0/g 2(s,0(s), ¢(s))dWy, (2.32)

o(t) + / (Auja(s) + Ba (u(s), 6(s)) = do + / (63(5) + g2((v, ) (5)))ds + / G2 (s, v(s), 6(s))dW?,
0 0 0

p=eAi¢+af(e),

P-a.s, and for all ¢t € [0,T], where

90 = (99,95) € L*(0,00,H), g1 = (91, 63) U = M, g2 = (93,93) : [0,00) x U — L(K,H). (2.33)
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Remark 2.1. In the formulation (2.31) or (2.32), the term uV¢ is replaced by A1V ¢. This is justified since
1'(¢)Vé is the gradient F'(¢) and can be incorporated into the pressure gradient, see [15] for details.

Definition 2.1. A stochastic process (v, ¢)(t), t > 0 is said to be a weak solution to (2.31) or (2.32) if

i) (v,9)(t) is Ji-adapted,
i) (v,¢)(t) € L>®(0,T;H) N L?(0,T;U) almost surely for all T > 0,
iii) (v, ¢) satisfies (2.32) as an identity in U*, almost surely, for ¢ € [0, c0).

Note that (2.32) implies that almost surely, (v, ¢) € C(0,T;U*) and since (v, ¢)(-) is also bounded in H,
as in [26,27] we can check that (v,¢) is almost surely in C(0,T; Hyeak), the space of H-valued weakly
continuous functions on [0, 7.

Hereafter, we assume that f satisfies the additional condition

(AL (1), A1) = (@AY F(1), €AY ) > —roe| AY29)2,, Wi € D(AY?),

(2.34)
(QALF(61) = A1 f(92), €A1(d1 — 62)) = —roel AT (91 — @2) 32, Vo1, d2 € D(A]?),
where kg > 0 is a fixed constant.
We also set
a1 = min(v, € — Kg) > 0. (2.35)

3. The exponential stability of solutions

In this section we discuss the moment exponential stability and almost sure exponential stability of weak
solutions to (2.31) assuming that they exist. We discuss the long-time behavior of the weak solutions (v, ¢)(t)
under some conditions. As in [6], applying the It6 formula, we study the stability of stationary solutions to
the stochastic 3D GMCHNS model.

We will use the notation

||92(t7 v, ¢) ||%2(’H) = t'f’(gg(t, v, ¢)Q92(t7 v, ¢>*)7

(3.1)
((x1,22), (Y1,92)) = (x1,91) 2 + (T2, 92), V(21,22), (y1,92) € H.
In this section, we assume that
90 = (99:95) € H and g1 = (91,97) : U = H (3:2)
satisfies
91(0,0) =0, [|g1(v1, $1) — g1(v2, 2)llee= < Lal|(v1, d1) — (v, d2)|luss V(v1, 01), (v2, ¢2) €U, (3.3)
for some fixed constant L > 0.
A stationary solution to (2.31) is a (v*, ¢*) such that
{ vAgu* + By (v*,v*) — Ro(eA16*,¢%) = gb + g1 (v, ¢*), (3.4
€ATQ* + a A1 f(¢7) + Bi(v*, ¢*) = g§ + g7 (v*, 6).

To be more precise, by stationary solution, we mean an element u* = (v*,¢*) € U that satisfies (3.4);
and (3.4), in V}* and V5" respectively.
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3.1. Ezistence and uniqueness of stationary solution
Theorem 3.1. Under the above assumptions and notations, if
ap — Ll > 07 (35)

then (3.4) has at least one solution u*, which is in fact in D(Ag) x D(A?). Moreover, any such stationary
solution u* = (v*, ¢*) satisfies

[(v*, ¢l < (01 — L1) " Hlgollu» = K. (3.6)
Furthermore, if
ag — (L1 + 3cKy) > 0, (3.7
then stationary solution is unique.

Proof. To prove (3.6), by multiplying (3.4); by v* and (3.4), by €A1¢™ to derive that

vl ||2 + AV 6% 22 + (AP F(07), €AY 26%) = (gb + gl (0%, 0%), %) + (g + g3 (v*, &%), €A1 6%)

(3.8)
< lgollee-1(v*, ¢*)llee + Lall (v*, %) 12
which gives (assuming (2.34),)
(a1 = Ly)ll(v*, )1z < llgollee- (", ) s, (3.9)
where
a1 = min(v, € — Kg) > 0.
We derive that
1(w*, e < (a1 = L1) ™ llgollu- = K, (3.10)

and (3.6) is proved

For the existence, let {(w;,¢;),i =1,2,3,---} C U be an orthonormal basis of H, where {w;,i =1,2--},
{ti,i=1,2---} are eigenvectors of Ay and A; respectively. We set U,,, = span{ (w1, ¥1), - (W, ¥m)}. We
define the operator Z,, : U,, — Uy, by:

(Zmur, ug) = (VAgu1, va) + €(A3¢1, eA1¢a) + (BY (v1,v1),v2) + (Bi(v1, ¢1), €A1 ¢2)

(3.11)
—(Ro(eA1¢1,61),v2) + (A1 f(h1), €Arga) — (g5 + g1 (v1, P1),v2) — (95 + 97 (v1, f1), €A1 ¢a),

for uq = (’Ul,(bl),UQ = (1}2,¢52) € U,,.

Since the right hand side is a continuous linear map from U,,, to R, by the Riesz theorem, each Z,,u; € U,,
is well defined. We will check that Z,, is continuous.

Let u1 = (v1, 1), us = (va, p2) € Up,. We set u = (w,¥) = (v1, ¢1) — (v2, P2). For ug = (vs, ¢3) € Uy, we
have
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(Zmur — Zmug, ug) = (VAqw,v3) + (AT, eA1¢3) + (B (v1,v1) — BY (va, v2), v3)
+(B1(v1,¢1) — B1(va, ¢2), €A1¢3) — (Ro(€A1¢1, d1) — Ro(€A1d2, P2),v3) (3.12)
+(adif(91) — adif(¢2), eA10s) — (g1 (v1, 1) — g1 (v2, $2),v3) — (g7 (v1,P1) — g7 (va, P2), €A1 3).

Note that
By (v1,v1) = By (v2,v2) = Fn([lv1])Bo(w, v1) + En([[v2]) Bo(vz, w) (3.13)
+(FEn([vll) = Fn ([[v2]])) Bo(vz, v1),
and
(B (v1,v1) = BYY (v2,v2), v3) = Fn([|v1]])bo(w, v, v3) (3.14)
+Fn ([lv2l])bo(v2, w, v3) + (Fn([lor]]) — En([[v2]])bo(ve, v1,v3) = It + Iz + Is.
We have
1| = F([[v1]D]bo(w, v1,v3)] < eNwl[||vs],
2| = Fn ([lv21)1bo(v2, w, vs)| < eNwll[|vs]l, (3.15)
s = [(Fn([[v1l]) = En([[v2]]))bo(va, v1,v3)] < eN[w][||vs|[[[va],
(vAgw, v3) + €(AT, eArdz) < cllur — uallulluzu, (3.16)
[(B1(v1, ¢1) — Bi(vz2, ¢2), €A1¢3)| = [b1(w, ¢1, €A1¢3) + b1(v2, 1), €Ar¢3)| (3.17)
< ce||w|[|A1¢1|r2[A1¢3]L2 + cellva||[A19[L2[A1da| L2,
[(Ro(€A161,61) — Ro(€A12, ¢2),vs)| = [b1(vs, g1, €A1¢) + b1 (v3, 1, €A162)] (3.18)
< cellvsll| A1 12| A1l Lz + cellvsl[ A1 L2 A1¢2| L2,
(@ALf(61) = @ A1 f(d2), eArds)] = allAy* (F(81) = F(02)), A} *6)] 519)

< eMs(|A1d1| 12, | A1 ol 12)| A 2 s 12| AY 2| 12,

where hereafter My denotes some monotone non-decreasing function depending only on the function f.
It follows from (3.12)—(3.19) that

[(Zmur — Zmug, uz)| < c[1+ [|vo]l + [A1¢1]r2 + [Arda|pe + Ma(JArd1|r2, [Arda]r2))] lur — uallullusllu,
(3.20)

which gives

||Zmu1 - Zmu2 |

us < c[l+ ||lva]| + [A101|p2 + |Arda|r2 + Ma(|A1dr |2, |[A1dn|r2))] [lur — ually, (3.21)

which proves that Z,, : U,,, — U* is continuous.
For u = (v, ¢) € Uy, we have

(Znu,u) = vl|o]|2 + €2|A3 0|2, + (@ drf(6), eArd) — (go + g1(v, b), (v, €A1 )

(3.22)
> (o1 — L), D)1 = llgollee- (v, &) ler-

Uu*

Thus, if we take K1 = (a1 — L1) ™Y go]

u~, we obtain (Z,,u,u) >0, Yu = (v, ¢) € Uy, with |luljy = K;.
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Consequently by a Corollary of the Brouwer’s fixed point theorem (see page 53 of [20]), for each m > 1,
there exists twm, = (Vm, ®m) € Up, such that Z,,uy, = 0 with ||uny, |y < K.
From (3.4), we have

V[ Agvm|22 + €2|A3m |22 = — (B (Vm, vm), Aovm) + (Ro(€A1¢m, dm), Aovm)

3.23
_<Bl(vmv (bm)v 6Al(bm> - 04<A1f(¢m)» 6A%¢m> + <90 + gl(vmv ¢m)a (AOUm» 6A%¢m)>' ( )

Note that (see [8,15,16,25])
v
| = (B (0m; vm), Agvm)| < §|A0vm|i2 + cflvml|*. (3.24)

Using (2.18)—(2.20) and interpolation, we can check that (see [24,25])

(Ro(€A10m, D), Aovm)| = [b1(Agvim, Dy €A10m)| < cel Agum| L2 [|dm ||/ 2| A1 |15 | AY 2 fpn | 2
< ce| Agvm| 12 [ Dm P41 AY > b |36t < cel Aovim| 12 |6m |34 Ardm 25 | AT Dum 7a
< ce| Aovim |2 |G |34 | dml|P/ 16| A% 31 7676 | A2 50 35

\on|L2+7g|A A7z + cllom|*.

(3.25)
Similarly, we have (see [24,25])
|b1(Uma¢ma€A ¢)| < Ce|Um|1/2||UmH1/2|A1¢’m|L2|A ¢m|L2
< celv] o fom 12 [ 6m |22 | AT b 52| AS Gl 71 (3.26)
2
< BlAqvml2s + S 1A30m 22 + clom[ 52 > dm 142/,
As in [24,25], we also have
AL (D), €A20m) = Al (" Gm) (A1 2 6m)? + ' (D) Ardim, €A3Gm)| < J1 + Ja. (3.27)
We note that from (2.13) with ¢ = 2, we have
= ol (" (dm) (A 6m)? w<“/MW%MA@Mx
< C€|Ai/2¢m| ‘A ¢m‘L2
< cel|ml| V2| A1 2| A2 12 (3.28)

< cellpmllP/41AY 2 b 351 A2 | 12

< %IA?%IQH +cllgml ™.

Similarly, we have
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Jo = al(F/(6m) Arbmy eA26m)] < / (11 |6 ) | A1 §1| A2
M
< el Arbuml2a A2l + celldm || Arbm| o A26] 1

(3.29)
< cell g V2 A3 635" + cell bl dm /2| AT b 7"
< T(;IA Dml72 + clldml® + clldml*2.
It follows that
6
(AL f(fm), €ATdm)| < glqubmle + | dmI' + cllpml? + cl|m || (3.30)
We also have
< L Agvm2z + S|A3Gml3 + clgr]2a,
(g0, (Aovm, €ATdm))| = (g5, Aovm) + (95, €ATdm )] (3.52)
< §|A0Um|%2 |A ¢m|[,2 C|90|%,2'
It follows from (3.23)—(3.32) that
| Agvim|32 + €| ATbm|32 < C, (3.33)

where C' > 0 is independent of m > 1.

From (3.33), we deduce that the sequence 1, = (v, ¢ ) is bounded in D(Ag) x D(A2) and consequently,
we can extract a subsequence (still) denoted w,, = (U, @) that converges weakly in D(Ag) x D(A?%) and
strongly in U to an element u* = (v*, ¢*) € D(Ag) x D(A?). As in [8], by passing to the limit in (3.11) we
can check that u* = (v*, ¢*) is a stationary solution to (3.4).

For the uniqueness, let (v, ¢7), (v3, ¢5) be two solutions and (w,¥) = (vf, ¢7) — (v, @5). Then (w,))
satisfies

{ vAow + By (vi,vi) — By (v3,v3) — Ro(eA193,v) — Ro(eA1, ¢7) = g1 (vi, 67) — 91 (v5, 63), (3.34)
ATV + aAy f(¢7) — adi f(¢3) + Bi(vs, ) + Bi(w, ¢7) = g1 (vi, 87) — g1 (v3, 63)-
Note that
(B (vi,v1) — BYY (v3,v5),w) = Fi([[of [)bo(w, v, w) (3.35)
+EN([[v31)bo(v3, w,w) + (En([[v7]]) = Fn([[vz]]))bo(v3, vF, w).
As in (3.13)—(3.19), we can check that
|En (o3 1)bo(w, vy, w)] < elfvy|[]|wl]]?, (3.36)
[(Ex(lvill) = Fn(lozID)]1bo(v3, vi, w)] < ellv [[[lw]]?,
(Ro(eA1t), ¢7), w) = (Bi(w, ¢7), eA1¢)),
[(BE' (v, v1) — BE (v3,v5), w)| < o [[|w]|?,
(3.37)

[(Ro(€A195, %), w)| < cel A1 2| Ards L2 [|w],
|(B1(v3,%), eAr19h)| < cel Ar7a||v3]l,
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[(QALf(87) — QA1 F(65), eArt)| > —roel AT )2, (3.38)
(g1 (v1, 61) — g1 (v5, 83), w) + (g7 (v5, ¢7) — g7 (v3, 03), eArv)| = [(g1(vT, 1) — 91 (v, 83), (w, eA19)))
< Lif(w, )|
(3.39)

Multiplying (3.34), and (3.34), by w and e€A;1 respectively and using (3.38)—(3.39) yields
vl|wl|? + 2| A2 P[22 — koel A2 < e(||vi]| + €/ A2 + 03]l + Lo (w, )12, (3.40)
which gives
(a1 — (L1 + 3¢K1)|[(w, )| < 0, (3.41)

and |[(w, )|l = 0 assuming (3.7). and the theorem is proved. O

Remark 3.1. We note that condition (3.5) is satisfied if Ly > 0, k¢ are small enough and «; > 0 is large
enough. Condition (3.7) is satisfied if a; > 0 is large enough, L; and |go|y are small enough.

3.2. Stability of the steady state solutions

We study in this section the stability of the steady state solutions. We assume that conditions (3.5) and
(3.7) are satisfied so that (3.4) has a unique solution (v*,¢*). We first recall from [9] some preliminary
definitions.

Definition 3.1. We say that a weak solution (v, ®)(t) to (2.31) converges to (v*,¢*) € H exponentially in
the mean square if there exists 7 > 0 and My = My((v, ¢)(0)) > 0 such that

E|(v, 6)(t) — (0", "3 < Moe™, > 0. (3.42)

If (v*,¢*) is a solution to (3.4), we say that (v*,¢*) is exponentially stable in the mean square provided
that every weak solution to (2.31) converges to (v*, ¢*) exponentially in the mean square with the same
exponential order n > 0.

Definition 3.2. We say that a weak solution (v, )(t) to (2.31) converges to (v*,¢*) € H almost surely
exponentially if there exists 7 > 0 such that

Jim ~log| (v, 6)(1) — (0,6 ) < . (3.43)

If (v*, ¢*) is a solution to (3.4), we say that (v*, ¢*) is almost surely exponentially stable provided that every
weak solution to (2.31) converges to (v*, ¢*) almost surely exponentially with the same constant 1 > 0.

Theorem 3.2. We assume that g1 satisfies (3.2)-(3.3) and go satisfies

lg2(t, v, 9)l[72(3y < 9(t) + (C+0())(v,0)(t) — (v*, 03, (3.44)

where ¢ > 0 is a constant and ¢(t),d(t) are nonnegative integrable functions such that there exist real
numbers p > 0, Ms > 1, M, > 1 with

p(t) < Mpe™", §(t) < Mse™", t > 0. (3.45)
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Let (v*,¢*) € U be the unique solution to (3.4) and let

A+l @) |lu + 201 — 204 <0, (3.46)
where ¢ is defined by (3.53) below.

Then any weak solution (v, $)(t) to (2.31) converges to (v*,¢*) exponentially in the mean square. More
precisely, there exist real numbers n € (0, p), Mo = Mo((v, ¢)(0)) > 0 such that

E|(v, ¢)(t) — (v*, ¢*)|3, < Moe™™, ¥Vt > 0. (3.47)
Proof. First we choose i € (0, p) such that
AN CH ) +all(w, )l + 2Ly — 201 < 0. (3.48)
Let us set
(w,¥) = (v, %) = (v, ).
Applying Itd’s formula to e™|(w, 1)(t)[3, gives
¢

&) (w, 9) (OB, = |(w, ) (0) 2 + / 7 | (w, ) (5) 3,ds — 20 / € (Agu(s), w(s))ds
0

0

~26 [ (430(), Arv(s))ds — 2 [ (B (0(5),05)) ~ Roleros), o(s)), w(s)) ds
0 0

; : (3.49)
=2 [ e (Ba(0(): 6(5)) + @t f(B(s)), () + 2 [ g0+ 91(0(5),6()). (w, e (s))ds
J J
2 / &7 (g (0(s), 6(5), (w, €Ar)(5)) AW, + / &7 lga(5, 0(s), 6(5)) |22y
J J
We also know that (v*, ¢*) satisfies
f e (Agw* + BY (07, 0") — Ro(eAyis*, 6°), w(s))ds
/
t [ (ea2e + Buw",67) + adi f(8), eArib(s)ds
(3.50)

t
e (g5 + g1 (v*, ¢*), w(s))ds +/e"s<g§ + g7 (v*, 9%), €A1y (s))ds
0

Il
:::\NO\WC’\@F

" (g0 + g1(v", 6%), (w, eAr)(s))ds.

Using (3.49)—(3.50), we derive that
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t t
e, ) O = Bl ) O + [ Bl 0) 0)ds — 20 [ Bt P
. . 0 0
_262/enSE|A§/2w(s)|2Lst - 2/e"SEFN(Hv*H)bO(w,v*,w)ds
0 0
-2

t
eE(Fn(lv*]]) = Fx(||v]]))bo(v, v, w)ds + Z/ensEbl(w,w, eA19")ds (3.51)
0

=2 [ ePEby (v*, 9, eA1))ds — 2 / ePE(A1 f(¢%)(s) — A1 (), eA19(s))ds

0

o O~

t

+ / ¢ Elgals, v(s), 6(5)) [z ds + 2 / e Egy (v" (5), 6" (5)) — g1(v, @), (w, A1) (s))ds.

0 0

Note that

2Fn ([[v* [ [bo(w, v, w)| < erNl|(w, ¢)[12,

2| Fn ([[o* ) = Ew ([lol])][Bo(v, v*, w)] < ex[lo* || [|(w, )|

20by (v*, ¥, eAry)| < crellv* || A1 [2a < eill(v*, %) ull(w, ¥)[Z,

2y (w, ), A16%)| < cellw][|Argp] 2| 16722 < el (v*, ) uall(w, ) -
—a( A1 f(¢7) — ALf(6), A1 (s)) < erol AT 2 [2,,

g1 (0" (5), ¢*(5)) — 91(v, 0), (w, €A1))| < Ly | (w, )3

(3.52)

It follows that

2FN ([[v*])[bo(w, v*, w)| + |b1 (vs, ¥, €A19) | + 2| En ([[v*[]) — En([lo])][bo (v, v*, w)| + 2[b1 (w, 1, eA1¢7))|
—20(A1 f(¢*) — A1f(9),€A19(s)) + 2[{g1(v"(5), 9" (5)) — 91(v, @), (w, €A19)))]
< [eall(v*, 6"l + 2La) | (w, )13, + 2er0l AT *0[2.,

(3.53)
for some c¢; > 0.
We derive from (3.49)—(3.52) that
t
ME|(w, ¥)()[3, < El(w, )(0)|2 + / e E| (w, v)(s) |2, ds
0
t t
20, / ePE | (w, ) (5)|Zds + | (0", 67) g + 2La] / P (1w, 4)(s) |2ds (3.54)
0 0
t
4 / e (p(s) + (C + 8(5))El(w, ) (3)]3,)ds.
0
Note that in (3.54), we use the fact that
vl|wl|? + 2| A3 )22 — enol AT 9[22 > an|(w, p)||3 (3.55)
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We recall that
=21 + [e1 ]| (v, @) ler + 2La] + A7 (n +¢) < 0. (3.56)

It follows from (3.54)—(3.56) that
¢

" E(|(w, ) (1)) < E(|(w,4)(0)) +/€"S(<P(S) +0(3)|(w, ¥)(s) 3, ds. (3.57)

0

Using the Gronwall lemma, we derive that there exists My > 0 such that
E(|(w,¥)(t)[5,) < Moe™™, Vt >0, (3.58)
which proves (3.47). O

Theorem 3.3. The hypothesis are the same as in Theorem 3.2. Then any weak solution (v, )(t) to (2.51)
converges to the stationary solution (v*,¢*) of (3.4) almost surely exponentially.

Proof. Let Ny be a positive integer and (w,¥) = (vi, ¢7) — (v3, ¢3). By the 1t6 formula, for any ¢ > Ny we
have

(w0, $) ()12, = [(w, ) (N3, — 20 / e (s)]2ds — 262 / A32(5) 2 ds
Ny

Ny
t

—2/(FN(||v*||)b0(w,v*,w) — by (v, ¢, eA10))ds

N1
=) / (FEn (0" 1) = F ([o]))bo(v, v, w)ds + 2 / by (10, 4, €A1 6*))ds (3.59)
N1 Ny

20 / (ALf(67) — Ay f(6), eArib)ds +2 / (910 (), 6 (5)) — g1 (0, @), (w, eAyp) (s))ds

Ny
+/||92(8,U(S),¢(5))||%2(H)d5+2/<(w,€A1¢)(8)792(8»U(S)»éb(s))dWs)
Ny

Ny

By the Burkholder-Davis—Gundy lemma, we have

t

o | sup / (w, €A1 )(), ga(s, v(s), B(5))dWS)

N;<t<N;+1
Ni+1 ! 1/2
<m |E / (0, 0) ()29 (5, 0(5), H(5) 22 30 5
L Ny
: . s (3.60)
<m [E{ s )0 / 19205, 0(5), $(5))|[2 (0
N1 <t<Ni+1
L N1
Ni+1
1
< [ Ellgas,o(s). 06D agods + 5B sw [(wu)(s)f
N N;<t<N;+1
1

where 171 > 0,72 > 0 are some constants.
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Therefore as in (3.49)—(3.54), we obtain that

Ni+1
E [ sup |<w,w><t>|%] < Bl ) (Nl — 201 [ Bl )(5) s
N1<t<Ni1+1
Ny
Ni+1
IO + |07, %) + 2La] / E| (w, ) (s)|Zds (3.61)
N;
Ni+1 1
[ Eloals 0906 agrods + 3B swp w0
N1 <t<Nj+1
Ny
for some ny > 0.
It follows (3.44), (3.48) and (3.61) that
1 Ni+1
SE swp [ g)(O, < El(w, ¢) (N + o / (0(3) + (C + 6()El(w, ¥)(s) Z)ds.  (3.62)
N1 <t<Nj+1 g
Since
o(t) < Moo, 6(t) < Mye=™, me (0,p), M, > 1, My > 1, (3.63)

it follows from Theorem 3.2 that there exist My = M;((v, $)(0)) > 1 such that

B sw w0 < M, (3.64)
N1 <t<N;+1

and the proof of the theorem follows from the Borel-Cantelli lemma as in [6] (see also [7]). O

Theorem 3.4. Let (v*,¢*) € U be the unique solution to (3.4). Furthermore, we assume that

QQ(U*,QS*) = 07 vt Z Oa

(3.65)
lg2(t, v1, 1) — g2(va, P2)|lL2(m) < cgl(vi, @1) — (v2, B2)|2, Y(v1, d1), (v2, P2) € H.

If
—2a; + AT+ e ||(vF, ¢%)|lu + 211 < 0, (3.66)

then any weak solution to (2.31) converges to (v*,¢*) exponentially in the mean square. That is, there exists
n > 0 such that

E|(v, ¢)(t) — (v*, ¢")[3, < E|(vo, o) — (v*, ") [3,e7 ", ¥t > 0. (3.67)

Moreover, the path-wise exponential stability with probability one of (v*,$*) also holds true.
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Proof. Let (w,v) = (v], ¢7) — (v, @3). We start with the equality

t

v* —o(t) =v* —v(0) — / [vAy(v* —v) — B (v,v) + Bév(v*,v*)] ds

0

+ / [Ro(eA16",6%) — RoleAr6,6)) + 91 (v, ") — g1 (v, 6))] ds

Ot
+ / (g3(s,0",67) — gh(s,0, ) AW, (3.68)

0
0 — olt) = 6" — 3(0) — ¢ [ A2¢" — d)d 6) = Bu(v, 6)] ds

t [ o fuoe
—a / [ALF(6") — ALf(6)] ds + / (R, 6%) — (v, 8))dW?.
0 0

Let n > 0 small enough and fixed later. By the It6 formula, we have

t

Eem|(w, ) (1)[5, = Bl (w, ¥)(0)I7, + /ne”SEl(w,w)(S)izdS - 2V/6”31"3||w(8)HZGZS
0

0
t t

g2 / TR A3 2 (s) [2ads — 2 / EF (" [ )bo(w, v*, w)ds

0 0
t t t
—2/6"5E(FN(||U*H) — Fn(||v]]))bo (v, v*,w)ds +2e/e"sEb1(w,w,6A1¢*)ds - 26/6"5Eb1(v*,¢,6A1¢)d8
0 0 . 0
42 [ Bl 061,87 (5) — 01(0:0): (w o)) + [ P Blga(o” (5),67(5)) — 92(0.0) [ ds
0 0
t
2 [ B (@) - adif(0). eAri(s))ds
0
(3.69)
It follows from (3.69) and (2.18)—(2.20) that
t
B, ), < Bl 6O+ [ "Bl w, 0)(5) eds
0 t
20+ 2607+ eal 0,67+ 28] [ €I (s (3.70)
0
t
< Bl ) O+ (- mahe) [ €71, 0)(6) s < Bltw, ) O
0
where
Ko = —2a7 + cg>\1_1 + e ||(v*, )|l + 2L1 <0, (3.71)
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and 7 is chosen such that
N+ Ko A1 < 0.
It follows from (3.70) that

Ee™|(w, ) (1) 3 < El(w, )03, (3.72)

and the proof of the first part of the theorem follows as that of Theorem 3.2. The rest of the theorem is
proved using a similar method to the one in the proof of Theorem 3.3. O

Theorem 3.5. We assume that go = 0 and there exists a constant ¢ > 0 such that
lg2(t, v, &) 2230y < @) + (¢ + 8(0)) (v, )3, (3.73)
where @(t), §(t) satisfy (3.45). We also suppose that g1 : [0,00) X U — U* satisfies

<gl (tv v, d))a (Uv 6A1¢)> < a(t) + (63 + B(t))l(’lh d))l%-[,? (374)

where c3 > 0, a(t), 5(t) are integrable functions such that there exist real numbers p >0, My > 1, Mg > 1,
with

a(t) < Mae "', B(t) < Mge "', t > 0. (3.75)
Furthermore, let
201 > CATH 4 2e307 (3.76)
Then any weak solution (v, @)(t) to (2.31) converges to zero almost surely exponentially.
Proof. Let n € (0, p) be such that
201 > A\ HCH ) 4 2e3A7 (3.77)

Then we have

t

Ee|(v, 6)(6)[% = El (v, $)(0)[3, + / N E| (v, 6)(s) yds

0

t ¢ ¢
2V/6"SEHU )||2ds — 2€2 /e”s]E|A?/2¢(s)|%gds - 26/6"SE<A1f(¢),6A1¢>d8
0 0

0
2 / e E (g1 (0(s), 6(5)), (v, A1) (5))ds + / e ga(5,0(5), 6(5)) 22305
0 o (3.78)

< E|(v,0)(0)F; + (=200 + AT (¢ +1) + 2e3A7) /ensEH(v, )(s)llzds
0

¢E(20(s) + ¢(s) + (B(s) + 8(5))| (v, §)(5)[7,)ds

+
o\ﬂ

t

< El(v,9)(0)I% + /e"SE(QOé(S) +(s) + (B(s) + 8(5))| (v, 9)(5)[3,)ds

0
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which gives

t

Ee™|(v,¢)(t)3, < El(v, ¢)(0)[3, + / e (p(s) + 2a(s) + (28(s) + 8(s))El(v, ¢) () [3,ds. (3.79)

0

By the Gronwall lemma, we obtain that any weak solution to (2.31) converges to zero exponentially in the
mean square. We can then finish the proof using the same method as in the proof of Theorem 3.3. O

4. Stabilization of the 3D GMCHNS model (2.31)

Hereafter, we briefly discuss the stabilization of the 3D GMCHNS model (2.31). As noted in [6,7], in
order to produce a stabilization effect, it is enough to consider a one dimensional Wiener process for that
purpose.

Hereafter, we suppose that gy € H and g5 is given by

gQ(ta v, ¢) = O’(’U* -, ¢* - ¢)7 V(’U, ¢) EH
for some o € R. We also assume that
l91(v1, 1) — 91(v2, P2) 3 < Lal(vi, 1) — (v2, $2)|n, V(vi, ¢1), (va, d2) € H, ¢1(0,0) # 0. (4.1)

Lemma 4.1. Let (v*, ¢*) € U be the unique solution to (3.4). If g1 satisfies (4.1) and
201 — [e1[[(v", ¢"[ler +2L4] > 0, (4.2)

where Ly is the Lipschitz constant of g1 given in (/.1), then the stationary solution (v*,¢*) to (5.4) is
exponentially stable.

Proof. We will only sketch the proof as it is similar to the proof of Theorem 10.2 of [26]. Let (v, ¢) be a
solution to the deterministic system:

dv + vAgv + BY (v,v) — Ro(eA16, 9) = g + g1 (v, ),
% +Aip+ Bi(v, ¢) = g5 + 91 (v, 0), p=cAid+af(d), (4.3)
(v,0)(0) = (vo, $0)-

Let

(w?'(/}) = (U*7¢*) - (U’(b)'

Then (w, ) satisfies

v 4y Agw -+ F (o)) Bo(v, w) + Fxe(|[o* ) Bo(w, v*) (Fx (" [}) — Fy ([[o]})) Bo(v, v*)
_RO(EAqu*vfl/}) - RO(GANJ% ¢) = gl (’U*, ¢*) (’U ¢)
B 1 eAZg 4 Bi(w,0) + Bi(v' ) + adi f(67) — adi () = g2(v", 6%) — g3 (v, 0),

(w7'¢))( ) = (U*7¢*) - (U0a¢0)-

(
g1

Let
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y = |(w, 9[-

Then, multiplying (4.4), by w, (4.4), by €A1y and adding the resulting equalities, we derive as in (3.49)-
(3.51) that

dy

7+ 20 [[(w, )l < e W7, 6" lu + 2L [l (w, $) - (4.5)

Assuming that

oo = 2a1 — [e1]|(v*, ™|l + 2L41] > 0, (4.6)
we derive that
% + koy <0, (4.7)
where
K2 = Aog > 0. (4.8)
It follows that
y(t) < y(0)e™"", vt >0, (4.9)

and the lemma is proved. O
If the Lipschitz constant L; of g; is sufficiently large such that ko < 0, then we do not know if (v*, ¢*) is
exponentially stable or not. However, the following result related to the stabilization of the 3D GMCHNS

systems holds true.

Theorem 4.2. We assume that g1 satisfies (4.1). Let (v*,¢*) € U be the unique solution to (3.4). Let ko < 0,
where ko is given by (4.8). Assume that o is any real number such that

kg + 02 > 0. (4.10)
Then there exists Qo C Q, P(Qo) = 0, such that for w ¢ Qq, there exists T'(w) > 0 such that
|(U7 d))(t) - (U*7 d)*)'g{ < |(U7 ¢)(O) - (’U*, ¢*)|’2He_nt7 vt > T(w)a (4'11>
where n > 0 is given below and (v, ) (t) is any weak solution to (2.31) with the function go given by

g2(t,x,y) =o(v" —z,¢" —y), Y(z,y) € H. (4.12)

Proof. Let

(w, ) (t) = (v*, ¢%) = (v, 9)(F).
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Applying the It6 formula to |(w,))(t)|3,, we derive as in (3.49)~(3.51) that

(w00 = (w0 w) O, — 20 [ w(s) Pds — 26 [ 147 *(o)ads
0 0

—2/(FN(HU*II) — En(([v]]))bo(v, v", w)ds

0
=2 [ Fx(||[v*]])bo(w,v*,w)ds — 2 1(v*, ¢, eA1)ds + 2 | by(w, v, eA1¢™)ds (4.13)
[ [ne /
~2a [ (A0f(07) ~ @), eArv)ds+ [ gals0(5): 6(6)) o ds
0
2 / (w,cAyp), ga(5, v, §)dWa(s)) + 2 / (01(0",6°) — 1 (0, ), (w, eAr))ds
0 0

Using (3.52), we also have

—2v|fw(s)||* = 2¢*| Arip(s) |72 + 2l Fn ([[o]]) = Fwv ([[olDI[bo (v, v*, w))|
F2EN ([[o*[D]bo(w, v, w)| + 2[b1 (07, 9, eArp)| + 2|b1 (w, ¢, €A197)|

t

20 / (Arf(6") — ALf(0),eArd) (4.14)
0
< (=201 + 2| (" ¥l + 2L4] [0 (3)

< [2a1 + e [|(v*, ¢* || + 2L1] A1 |(w, 1/’)(5)@{

Let
21 = Akg + 0% >0, (4.15)
where k9 is given by (4.8).
It follows from (4.13)—(4.15) that
t
g 10, ) (O, = [ s (2wl = 2 AY () + o2 . 0)(5)3 )
0 . ,
+log [(w,¥)(0)[3, - / X0 (b1(v", ¥, eA19)) — bi(w, 1, eA19")) ds
0
t
- / o N Do v )+ (El 1) = F (o)) o(o, v w) ds )
t
[ oo (0 8) = 01(0,6), (0. cAw) — alf(6°) — A ), Art)) ds
0
t i
0\(w7¢)( )‘HdW _1 4o 2‘ w w s "Hd
2 [ SR 0= [ i,

0 0
< log |(w, ¥)(0)[3, — 2nt + 20 Wi (t).
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Since almost surely we have

we can find Qp C Q with P(Qy) = 0 such that for each w ¢ Q, there exists T'(w) > 0 such that for all
t > T(w), we have

w <. (4.17)

Therefore, we obtain that for ¢ > T'(w) we derive from (4.16) that

log |(w, ¥)(t)[3, < log|(w,)(0)[3, — nt, (4.18)

which proves (4.11). DO
Acknowledgments

The authors would like to thank the anonymous referees whose comments help to improve the contain
of this article.

References

[1] C. Bernier, Existence of attractor for the quasi-geostrophic approximation of the Navier—Stokes equations and estimate of
its dimension, Adv. Math. Sci. Appl. 4 (2) (1994) 465-4809.
[2] T. Blesgen, A generalization of the Navier—Stokes equation to two-phase flow, Phys. D 32 (1999) 1119-1123.
[3] G. Caginalp, An analysis of a phase field model of a free boundary, Arch. Ration. Mech. Anal. 92 (3) (1986) 205-245.
[4] C. Cao, E.S. Titi, Global well-posedness and finite-dimensional global attractor for a 3-D planetary geostrophic viscous
model, Comm. Pure Appl. Math. 56 (2) (2003) 198-233.
[5] C. Cao, E.S. Titi, Global well-posedness of the three-dimensional viscous primitive equations of large scale ocean and
atmosphere dynamics, Ann. of Math. (2) 166 (1) (2007) 245-267.
[6] T. Caraballo, J. Langa, T. Taniguchi, The exponential behavior and stabilizability of stochastic 2D-Navier—Stokes equa-
tions, J. Differential Equations 179 (2) (2002) 714-737.
[7] T. Caraballo, A.M. Marquez-Durédn, J. Real, The asymptotic behavior of a stochastic 3D LANS-a model, Appl. Math.
Optim. 53 (2) (2006) 141-161.
[8] T. Caraballo, J. Real, P.E. Kloeden, Unique strong solutions and V-attractors of a three dimensional system of globally
modified Navier-Stokes equations, Adv. Nonlinear Stud. 6 (3) (2006) 411-436.
[9] T. Caraballo, J. Real, T. Taniguchi, On the existence and uniqueness of solutions to stochastic three-dimensional La-
grangian averaged Navier—Stokes equations, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 462 (2066) (2006) 459-479.
[10] P. Constantin, C. Foias, Navier-Stokes Equations, Chicago Lectures in Mathematics, University of Chicago Press, Chicago,
1L, 1988.
[11] G. Deugoué, T. Tachim Medjo, On the convergence for the 3D globally modified Cahn-Hilliard-Navier—Stokes equations,
J. Differential Equations (2017), submitted for publication.
[12] B. Di Martino, P. Orenga, Resolution to a three-dimensional physical oceanographic problem using the non-linear Galerkin
method, Internat. J. Numer. Methods Fluids 30 (1999) 577-606.
[13] T. Dubois, F. Jauberteau, R. Temam, Dynamic Multilevel Methods and the Numerical Simulation of Turbulence, Cam-
bridge University Press, Cambridge, 1999.
[14] E. Feireisl, H. Petzeltovd, E. Rocca, G. Schimperna, Analysis of a phase-field model for two-phase compressible fluids,
Math. Models Methods Appl. Sci. 20 (7) (2010) 1129-1160.
[15] C. Gal, M. Grasselli, Asymptotic behavior of a Cahn-Hilliard—Navier—Stokes system in 2D, Ann. Inst. H. Poincaré Anal.
Non Linéaire 27 (1) (2010) 401-436.
[16] C.G. Gal, M. Grasselli, Longtime behavior for a model of homogeneous incompressible two-phase flows, Discrete Contin.
Dyn. Syst. 28 (1) (2010) 1-39.
[17] C.G. Gal, M. Grasselli, Trajectory attractors for binary fluid mixtures in 3D, Chin. Ann. Math. Ser. B 31 (5) (2010)
655—678.
[18] P.C. Hohenberg, B.I. Halperin, Theory of dynamical critical phenomena, Rev. Modern Phys. 49 (1977) 435-479.
[19] N. Ju, The global attractor for the solutions to the 3D viscous primitive equations, Discrete Contin. Dyn. Syst. 17 (1)
(2007) 159-179.

Please cite this article in press as: G. Deugoué, T. Tachim Medjo, The exponential behavior of a stochastic globally modified
Cahn-Hilliard-Navier—Stokes model with multiplicative noise, J. Math. Anal. Appl. (2018),
https://doi.org/10.1016/j.jmaa.2017.11.050



http://refhub.elsevier.com/S0022-247X(17)31051-X/bib426572s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib426572s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib626C6573s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63616769s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63616F32s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63616F32s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63616F31s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63616F31s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib637232s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib637232s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib637234s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib637234s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63726B31s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib63726B31s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib637231s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib637231s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib636F6E737431s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib636F6E737431s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74746D2D476D6F642D43482D4E5333s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74746D2D476D6F642D43482D4E5333s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib4F72656E31s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib4F72656E31s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib447562s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib447562s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib66656931s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib66656931s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib67726132s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib67726132s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib67726131s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib67726131s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib67726133s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib67726133s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib686F7368s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib6A7531s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib6A7531s1

ARTICLE IN PRESS

24 G. Deugoué, T. Tachim Medjo / J. Math. Anal. Appl. sss (ssss) ese—see

[20] J.L. Lions, Quelques méthodes de résolutions des problémes aux limites non linéaires, Dunod, Gauthier-Villars, Paris,
1969.

[21] A. Onuki, Phase transition of fluids in shear flow, J. Phys. Condens. Matter 9 (1997) 6119-6157.

[22] G. Raugel, G. Sell, Navier—Stokes equations on thin 3D domains I: global attractors and global regularity of solutions,
J. Amer. Math. Soc. 6 (1993) 503-568.

[23] T. Tachim Medjo, A small eddy correction method for a 3D Navier—Stokes type equations related to the primitive equations
of the ocean, STAM J. Numer. Anal. 45 (5) (2007) 1843-1870.

[24] T. Tachim Medjo, Pullback v-attractor of a three dimensional globally modified Cahn-Hilliard—Navier—Stokes model, Appl.
Anal. (2016).

[25] T. Tachim Medjo, Unique strong and V-attractor of a three dimensional globally modified Cahn-Hilliard-Navier—Stokes
model, Appl. Anal. (2016).

[26] R. Temam, Infinite Dynamical Systems in Mechanics and Physics, second edition, Appl. Math. Sci., vol. 68, Springer-Verlag,
New York, 1997.

[27] R. Temam, Navier—Stokes Equations, Theory and Numerical Analysis, AMS-Chelsea Series, AMS, Providence, 2001.

[28] R. Temam, M. Ziane, Navier—Stokes equations in three dimensional thin domains with various boundary conditions, Adv.
Differential Equations 1 (1996) 499-546.



http://refhub.elsevier.com/S0022-247X(17)31051-X/bib4C696F6E7332s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib4C696F6E7332s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib6F6E7531s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib72617531s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib72617531s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib617274303237s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib617274303237s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74746D2D476D6F642D43482D4E5332s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74746D2D476D6F642D43482D4E5332s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74746D2D476D6F642D43482D4E53s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74746D2D476D6F642D43482D4E53s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74656D616D3838s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74656D616D3838s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib74656D616D3834s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib7A696131s1
http://refhub.elsevier.com/S0022-247X(17)31051-X/bib7A696131s1

	The exponential behavior of a stochastic globally modiﬁed Cahn-Hilliard-Navier-Stokes model with multiplicative noise
	1 Introduction
	2 The stochastic GMCHNS model and its mathematical setting
	2.1 Governing equations
	2.2 Mathematical setting

	3 The exponential stability of solutions
	3.1 Existence and uniqueness of stationary solution
	3.2 Stability of the steady state solutions

	4 Stabilization of the 3D GMCHNS model (2.31)
	Acknowledgments
	References


