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Abstract

In this paper, we study the blow-up of solutions for semilinear wave equations with scale-invariant
dissipation and mass in the case in which the model is somehow “wave-like”. A Strauss type critical exponent
is determined as the upper bound for the exponent in the nonlinearity in the main theorems. Two blow-up
results are obtained for the subcritical case and for the critical case, respectively. In both cases, an upper
bound lifespan estimate is given.
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1. Introduction and main results

In present paper, we consider the following strictly hyperbolic model

2
uy — Au + 1%: tut + i :Lft)zu = |ul? (z,t) € R™ x[0,00),
U(O,$) = €f($) r € R", (1)

ut(0,2) = e g(x) z € R"

where 1, p2 > 0 and £ > 0 is a parameter that describes the smallness of initial data. The time-dependent
coefficients for the damping and for the mass term are chosen in order to have for the corresponding linear
equation

H1 H% (2)

—0
i T

a scaling property. More precisely, (2) is invariant with respect to the so-called hyperbolic transformation

Ut — Au—l—

u(t,z) =uAN1+t) —1,Az) with A > 0.

In the last years, (1) has been studied in [16, 18, 21, 22, 4, 19, 20].
It turns out that the quantity
8= (1 —1)* — 43
describes the interplay between the damping and the mass term in (1). For further considerations on this
interplay cf. [16, 22, 4].
Combining the results from [16, 18], it follows that the shift of the Fujita exponent pp (n + %_‘/5) is

”

the critical exponent for (1) in the case § > (n+1)?, where pp(n) := 14 2. Therefore, (1) is “parabolic-like
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from the point of view of the critical exponent for “large” §. On the other hand, in [22] it has been proved
a blow-up result for § € (0, 1] provided that

1 <p < max {ps(ﬂJrﬂl)aPF(”Jr %_ﬁ)}

with the exception of the critical case p = pg(n + p1) in dimension n = 1. In the preceding condition pg(r)
denotes the so-called Strauss exponent, that is, the positive root of the quadratic equation

Y(p,7) =2+ (r+1p—(r—1)p*> =0 for r > 1. (3)

Briefly, in [22] a suitable change of variables allows transforming (1) in a semilinear wave equation with
time-dependent speed of propagation. Hence, a suitable test function, involving the modified Bessel function
of the second kind, and Kato’s lemma are used. Consequently, we see that for small and positive §, using
the same jargon as before, (1) seems to be “wave-like”, at least concerning blow-up results.

The goal of this paper is to enlarge the range of ¢ for which a blow-up result can be proved for 1 < p <
ps(n + p1). Furthermore, upper bound estimates for the lifespan of the local (in time) solution of (1) are
derived.

In the subcritical case we combine the approach from [29], in order to determine a lower bound for the
integral with respect to spatial variables of the nonlinearity, and an iteration method introduced in [10] for
the semilinear free wave equation in dimension n = 3 and very recently applied to several different models
(see [11, 12, 13, 25], for example).

In the critical case, we adapt the approach of [9], which is based in turn on that one of [32], in order to
include the scale-invariant mass term.

We briefly recall some related background concerning model (1). When p; = ps = 0, this model reduces
to the classic semilinear wave equation. In this case, the Strauss exponent pg(n) is known to be the critical
exponent. We refer to the classical works [10, 7, 30, 15, 6] for small data global existence results when
p > ps(n), and [10, 8, 24, 23, 29, 31] for the blow-up results when 1 < p < pg(n).

When o = 0, model (1) is reduced to the scale invariant damping wave equation which has drawn more
and more attention recently. As mentioned in [28], such type damping is a threshold betweeen “effective”
and “non-effective” dampings. Moreover, the size of u; plays an important role in determining the solution
behavior type. In [1, 27] it is proved that pp(n) is critical for sufficiently large pq, while for uy < p* :=
"2:—";2 in [3, 14, 9, 25, 26] several blow-up results are given for p < ps(n + p1). We note that p* satisfies
the identity pp(n) = pg(n+ p*). In particular, in [26] a different test function from that of [9] is used in the
critical case. Finally, some global (in time) existence results of small data solutions are proved for pu; = 2
in [3, 2].

We state now the main results of this paper. According to [14], we introduce a notion of energy solution
in the following way.

Definition 1.1. Let f € HY(R") and g € L*(R™). We say that u is an energy solution of (1) on [0,T) if

u € C([0,T), H'(R™) nC*([0,T), L*(R™)) N LY

loc

(R™ x [0,7))
satisfies
/n ue(t,x)p(t, z) de — /n ut (0, 2)p(0, x) doe — /Ot /n ue (s, )i (s, x) drds

2

L t
+/0 - Vu(s,x) - Vo(s,z)dx ds+/0 / (%ut(s,l‘) + (1i725)2u(87$)) é(s, ) dx ds

- /O t / Juls,2)lPo(s, ) do ds (4)

for any ¢ € C§°([0,T) x R™) and any t € [0,T).



After a further integration by parts in (4), letting ¢ — T, we find that u fulfills the definition of weak
solution of (1).

Our main results are the following two theorems, where we study the subcritical case and the critical
case, respectively.

Theorem 1.2. Let n > 1 and let ,ul,u% be nonnegative constants such that 6 > 0. Let us consider p
satisfying 1 < p < ps(n + p1).
Assume that f € HY(R"™) and g € L2(R™) are compactly supported in Br := {x € R": |x| < R} and

f(@) >0 and g(z) + =Y f(z) > 0. (5)

Let u be an energy solution of (1) with lifespan T = T(e). Then, there exists a positive constant €9 =
eo(fyg,m, p, 1, i3, R) such that T(e) fulfills

T(e) < Ce—2p(p=1)/7(p,ntp)

for any 0 < e < gy, where C is a positive constant independent of €.

2

Theorem 1.3. Let n > 1 and let py, u3 be nonnegative constants such that 0 < & < n?. Let us consider

p =ps(n+ p1). Furthermore, we assume p > n—L\/S'

Let f € HY(R") and g € L*(R"™) be nonnegative, not identically zero and compactly supported in Br
for some R < 1.

Let us consider an energy solution u of (1) with lifespan T = T(g). Then, there exists a positive constant
co = co(f, g,m, p, 1, 13, R) such that for any 0 < € < ¢ the solution u blows up in finite time. Furthermore,
it holds the following upper bound estimate for the lifespan T = T'(e) of u:

T(e) < exp(CePP~Y) (6)
for some constant C' which is independent of .

The remaining part of the paper is arranged as follows. In Section 2, we construct the test function that
will be employed in the proof of Theorem 1.2. Furthermore, a lower bound for the p norm of the solution of
(1) is derived. This lower bound will play in turn a fundamental role in the derivation of the lower bound
for the time-dependent functional that we will consider in the proof of Theorem 1.2. Similarly, in Section 4
we deal with the construction of a different test function, involving Gauss hypergeometric function, and we
prove some preliminary results to the proof of Theorem 1.3. In Sections 3 and 5, we provide the proofs of
Theorems 1.2 and 1.3, respectively.

2. Test function and preliminaries: subcritical case

Before starting with the construction of the test functions, we recall the definition of the modified Bessel
function of the second kind of order v

K,(t) = / exp(—tcosh z) cosh(vz)dz, v eR
0
which is a solution of the equation

2d2 d 2 2

We collect some important properties concerning K, (¢) in the case in which v is a real parameter. Interested
reader may refer to [5].



e The limiting behavior of K, (t):

K, (t) = ,/%e-t[uoa—l)} as t— oo. (7)
e The derivative identity:
d v
(1) = Ky (8) + S K (1), (8)

Firstly, we set the auxiliary function with respect to the time variable

p1+1

At =1+ K s(1+t), t>0.

It is clear by direct computation that A(t) satisfies

d? d
14+8)2%— — (1 +t)— 214+ )Nt =0, t>0.
(4025 0% + G-+ = (1407 )20 o
A0) = Kg(l), A(oc) = 0.
Following [29], let us introduce the function
o(z) = Jsn-r€"¥dw  for n>2,
et +e " for n=1.
The function ¢ satisfies
Ap(r) = p(z)
and the asymptotic estimate
n—1
o(z) ~ Cplz|~ 7 ell as  |z| = . (10)

We define the test function for the subcritical case
Y(t, ) = A(t)e().
In the following lemma, we derive a lower bound for [, [u(z,t)|Pdz.

Lemma 2.1. Let us assume f, g such that supp f, suppg C Bg for some R > 0 and (5) is fulfilled. Then,
a local energy solution u satisfies

supp u C {(t,z) € [0,T) x R" : |z| <t + R}
and there exists a large Ty, which is independent of f, g and e, such that for any t > Ty and p > 1, it holds

ndpug—1
2

/ lu(t, )Pz > CreP(1 + )15 r, (11)

where C1 = C1(f,9,¢,p, R) > 0.

Proof. Define the functional
F(t) = / w(t, )0t ) dz
R”’

with ¢ (¢, z) = A(t)e(x) defined as above. Then, by Holder inequality, we have

lu(t, z)|[Pdz > |F(t)|? WP (¢, 2)dx _(p_l). (12)
/n </x§t+R )
4



The next step is to determine a lower bound for | F'(¢)| and an upper bound for the integral f\z\<t+R WP (t, x)da,
respectively. From the definition of energy solution, we have

t t
/ / up) deds — / / uAY dxds
0 n 0 n

+/ot/n (88(1Ts¢u) _35(1Tsw)“+ (1 i%s)zwu)dxds = /Ot/ |u[Pep dads.

Applying integration by parts and Ay = ¢, we obtain:
t t 2
1+ M1 ’
u dxds—i—// up( = A+ A= LN dads
/0/ w o Jan ¥ (T+s)2" T+s

t t
+/n llj_lszbud:vo:/o /n|u|pd)dmds.

Simplifying the above equation by plugging (9) gives

t ¢
/ / uyt drds — / / upN'drds + / al Yudx
0 n 0 n n 1 + S

Hence, a further integration by parts leads to

/n (u,ﬂ/} —uthy + llj_lsmp)dx

As the righthand side integral is positive, we obtain

t t
:// |u|Pep dxds.
0 0 "
t t
:// |u|Pep dzds.
0 0 JR™

P+ ({8 - 230 )70 2 ¢ [ (@30 + 00 - XO)F@) Jolo)d

Using (8), we have

p1—1 p1tl

2 Kg(l—i-t)—i-(l—l—t) 2 K%(l—l—t)

py—1 p1tl

T K ys(14+t)+(1+1t) 2
2

N(t) = 1t (1 4 ¢)

= (1 +t)

_ V3 i
(~K (140 + 53 K a1 +1)

u141

py—1
— w4 T K (1) — (14 4)5 K s, (1+1),
2 2

Also,
N(0) %MKg (1)~ K gz, (1),
HA(0) = X(0) = =B K 5 (1) + K s, (1)
Consequently,
9@A0) + (1A 0) = N (0)f (@) = K s (1) (9(2) + 252 f (@) + K o, (Df (@)
Denote

Cryi= [ (s(aINO)+ (X0) = X )1 (0) ) o)

then, since we assume compactly supported and satisfying (5) f and g , Cy,q4 is finite and positive. We thus
conclude that F' satisfies the differential inequality

F(t) + (1’175 _ 2))\:(%)>F(t) >e0;,

5




Multiplying (1;22;1 on two sides and then integrating over [0, ], we derive

F(t) > eCyy

N2(t) ' (14 s)m
uwwﬁ )

1+l

Inserting A(t) = (1+t) 2 K

5 (1 +t), we obtain the lower bound for F

£

t
F(t)><C, / = ds > 0. (13)
0

The second factor in the right-hand side of (12) can be estimated in standard way (cf. [29, estimate

(2:5)])

/ w@mmsm%m/ o (¢) de
o <t+R lo|<t+R

H1+l  n-—1

D P
< Cp (14 £y (B =25 ) gy R 7o (1 g, (14)
2

where C, r is a suitable positive constant.
Combing the estimate (13), (14) and (12), we now have

|u(t, z)|Pdx
RTL
t p
s n— ds
> P Ol pcp 1+tpf(’l*1)(P*1)*(“lT+1*Tl)P —p(+R)EP (1 4t </
$oCon = (111) \ NSl o (I+5)K2, (1+s)
2
p 1= p(1-R) 2 )B+(n—1) —p(1+1) P ' ds !
> C8 C PPl eP (1 4 ¢)lem )T omP K 1+t / .
R AN e’( ) ¢ Q( )( 0 (1+5)K2ﬁ(1+5)>
2

Since (7), then for sufficient large Ty (which is independent of f, g, €) and ¢t > Ty, we have

%
KP (141~ (=) eP(tD)
a1+t (2(1+t)) ¢

and
t t
1 2 1 1
ds > / 220148 g 1 (2040 _ 24t) 5 © 20141)

/0 (1+5)K24(1+s) Lo Tr( ) 27

Consequently,
/ lu(t, z)[Pdx > C1eP (1 + ) 2A—n=r)+0=1) for ¢ > T

where Cy := 2*31’/20;’&0;;567’(1*R)w*p/z. This concludes the proof. O

3. Proof of Theorem 1.2

Let u be an energy solution of (1) on [0,7") and define

G(t) := /R u(t, z) dx.
6



Choosing a ¢ = ¢(s,x) in (4) that satisfies ¢ =1 in {(z,s) € [0,¢] x R" : |x| < s + R}, we obtain

t 2
luflut(sax) MQU(Sam)
t,x)dr — d d d
/Rnut(’gg) ! /Rnut(o’x) I+/0 S/n( i+s  (+sp ¥

¢
:/ ds/ |u(s, z)|Pdx
0 n
which means that

t i t 2
G’(t)—G’(0)+/ Mds+/ H2G(s) / ds/ u(s, ) Pda.
o 1l+s o (1+s)2 n

Since all functions in this equation aside from G’(t) are differentiable in ¢, G’(t) is differentiable in ¢ as well.
Hence, we have

2
G0+ 560 + (1‘1215)2(;@) :/n lu(t, 2) P da. (15)

Consider the quadratic equation
r? — (1 = 1)+ p3 = 0.
As § > 0, there exit two real roots,

TR RV TR U,

r = 2 ) T2 9

Clearly, if uq > 1 then both 1 and ro are positive. Else, if 0 < p; < 1, both 71 and 79 are negative. When
p1 =1 then uo =0 as 6 > 0, and hence r; = ro = 0. Moreover, in whatever situation

r1,2+1>0.
We may rewrite (15) as
(G0 + Taw) + 2T ! (¢t + aw) = / lu(t, 2)[Pda
1+t 1+t 1+t Re '

Multiplying by (1 +¢)™2"! and integrating over [0,t], we obtain

(1+07 (60 + 160 - (6/0) +1G(0)) :/0 (1+s)"2+1ds/n lufPdz.
Using (5), we have
G'(t) + {2 Glt) > (1+t)*7"2*1/0'(1+s)7'2+1ds/n lufPda. (16)

Multiplying the above inequality by (1 + ¢)™ and integrating over [0, ¢] gives

(1+t)“G(t)—G(0)>/O (1+T)T1*T2*1dT/T(1+s)w+1d5/ (s, z)|Pdz.

0 Rn

By the positivity assumption on f, we have

t 147 1 T /145 ro+1
> - Py
Gy > /0<1+t> dr/o <1+T) ds/n|u(s,x)| do (17)




Furthermore, using Holder inequality and the compactness of the support of solution with respect to x, we

get from (17)
t 1 T ro+1
Glt) > co/ (i”) dT/ <1+5) (14 $)"0=P)|G(s)[Pds (18)
0 0

+1 1+

where
Cp := (meas(By))! PR~ > 0.

At this moment, we are ready to prove Theorem 1.2. We shall apply an iteration method based on lower
bound estimates (11), (17) and (18).

Proof of Theorem 1.2. Plugging (11) into (17), we have for ¢ > T,

t T1 T ro+1
1 1 ntug -
Gt) > / ( +T) dT/ ( i S) CreP(1 4 s)n 1= 525
7o \1+1 o \1+7
t T
> Gl / (1+ T)Tl-rz—ldT/ (14 syrbra—(mbm =15 g
TU T()
t T
> Cie?(l+)™" / 1+ T)“*”*l*("”l*l)%dT/ (1+s)""ds
To To
» t T
> CheP(14t) 27 immhm—g / dT/ (s — To)"*"2ds. (19)
Ty Ty
That is, ,
G(t) = CyeP(1+t) 2= (nbm=D3 (g _ yntmet2 for ¢ > Ty, (20)
where Cy = MW Notice that, in (19) we may simply use the property
Tl—rz—l—(n—i—ul—l)géo.
Now we begin our iteration argument. Assume that
G(t) = D;(1+t)"%(t —Tp)% for t>Ty, j=1,2,3... (21)

with positive constants Dj, a; and b; to be determined later. From (20) it follows that (21) is true for j =1
with

Dy = (Cqe?, a1=r2+1+(n+,u1—1)§, by =n+ry+2. (22)

Plugging (21) into (18), we have for ¢ > Ty

t T

G(t) =2 Co(1+t)™" / (1+ T)Tl_rz_ldT/ (1+ 8)T2+1+"(1_p)Df(1 + 5) 7P (s — Ty)Pbids

T() TO
t T
> Co DE(1 + 1)~ 1=n(r=1=pe /T /T (5 — Tp) 147 dsdr (23)
0 0
CoD?

(1 + t)*m*l*"(lo*l)ﬂ?aj (t _ TO)T‘2+pr+3_

>
(ro + pbj + 2)(r2 + pbj + 3)

where in (23), we utilize
r—ry—1—n(p—1)—pa; <O0.
So (21) is true if the sequences {D;};>1, {a;}j>1, {b;};>1 fulfill

Co

Dipy>— 0 pr 24
A (7’2 +pb]’ + 3)2 J ( )
aj1=r2+1+n(p—1)+paj, bjy1 =rs+3+pb;. (25)

8



It follows from (22) and (25) that for j =1,2,3...

1\ 1 . 1

a; = (al+n+ﬂ>p]’lf<n+ﬂ>:a *1—(n+—r2+ )
3\ . 3 ] 3
b, = b1+rz+ pj,l_T2+ _ gyt Ty + 7
p—1 -1 1

where we denote the positive constants

, ﬁ:n,+r2+2+r2+3.

ro + 1
a:r2+1+(n+u1—1)g+n+ 2 P

2 p—1

Using (25) and (27), we get ‘
bj+1 =Ty —|—3+pbj <p’B.

Therefore, we obtain from the previous inequality and (24)

D
J
Dji1 2 Csﬁ ;

where
Co Co

= 52 2
B <n+r2+2+7’;f_+13)

Cs

Hence,

log D, plogDj_1 —2(j —1)logp+log Cs

=
> p*logDj o —2(p(j —2) + (j — 1)) logp+ (p+ 1) log Cs

j—1 Jj—1

> pllogDy — 210gpz kp?—1k 4 log C5 Zpk.
k=1 k=1

Using an inductive argument, the following formulas can be shown:

i—1
I <p]_1—j>
Pt p—1\p—1

and

Jj—1 j
Z k_P—P
p - 1 _ I
k=1 p
which yield

210gp<pj—1 P

logD; > p'‘logD; — —7 | +logCs P
p—1\p-—1 1

21 log Dy — 2plogp  plogCs 2logp .  2logp  plogCs
-2 p-l

Consequently, for j > |:p21'130ggcps a ;)%1} + 1 it holds

D; > exp{p’ ! (log D1 — S,(00))}

p—17 T =12 1—p



with
_ 2plogp  plogCs

Sp(00): (p-12 p-1-~

Inserting (26), (27) and (28) into (21) gives

. 31y r2tl j—1_r2+3
G(t) = exp (P '(log Dy — Sp(00)) (L + )P TMHEET (t — Tp)PP
> exp (FLI0)) (14 " ET (8 - Ty)” BT, (29)

where
J(t) :==1log D1 — Sp(00) — alog(1 +t) + Slog(t — Tp).

For t > 274y + 1, we have
J(t) = logDy— Sp(c0) — alog(2t — 2T5) + Blog(t — Tp)
> log Dy — Sp(c0) + (B — a)log(t — Tp) — alog?2
= log(Dy - (t — Tp)?~) — S,(c0) — alog 2.

Note that 5 ) ( )
p+ p Y, n+
—a=b —a — S S = e AT

frasbh-am-nt g =y - b= D5 = S0

Thus, if
e(Sp(o0)+alog2)+1\ 2(p=1)/v(p.n+p1)
t>max{To+<—) ,2T0+1},
CQEp

then, we get J(¢) > 1, and this in turn gives G(t) — oo by taking j — oo in (29). Therefore, there exists a
sufficiently small £y > 0 such that for any € < g we obtain the desired upper bound,

2p(p—1)

T < Cye ¥ontrD)

with

Cs
This completes our proof of Theorem 1.2. O

<e(5p(oo)+a10g 241 )2(P1)/’Y(pm+m)
hi=—F

4. Test function and preliminaries: critical case

In this section and in the next one, we adapt the approach from [9], with the purpose to include the
scale-invariant mass term.

Firstly, let us construct a suitable solution of the adjoint equation of (2) in Q1 := {(t,z) € [0,00) x R™ :
|z| < 1+ ¢}. In other terms, we look for a function ® = ®(¢,2) which solves

2
25 . M1 H2 _ .
920 — AD at(1+tq>)+(1+t)2q>_o for any (t,2) € Q. (30)

Proposition 4.1. Let 8 be a real parameter. Let us make the following ansatz:

Batta) = (10 ({2, @)

where Y € C2([0,1)). Then, ®g solves (30) if and only if 15 solves

21— 2(2) + (2 — (B+ 5+ 4)2) () — (BB Y () = . (32)
10



2
Proof. For the sake of brevity we introduce the notation z := % By straightforward computations, it

follows
0y ®s(t,x) = (=B +1)(1+ ) Pog(z) — 2(1+ 1) P2 (2),
st ) = (B—1)B(L+t) P g(z) +4(8 - 1)(L+t) 2 yp(2)
AL+ ) P2 PG (2) + 6(1+1) Pz (2),
and

AQg(t,x) =2n(1+1) P 1h(2) + 41+ 1)1z yjh(2).
Plugging the previous relations, we obtain the following identity:

113
<I>) 2 g
1+ %) Tz ®e

= (146777 (422 = DY) + (403 = 1) + 6+ 21)2 — 20)(2)
+(BB=1) = p(=B+1) + s + i (2) ).

0py— Ay — 0y (-

Also, @3 solves (30) if and only if 95 is a solution to (32). O
If we find a, b such that
a+b+1=F+1 48 qp= L0t (33)
then, (32) coincides with the hypergeometric equation with parameters (a,b; %), namely,
(1= 2)0(2) + (5 = (ast b+ D2)u(2) — abib(z) =

Hence, whether a, b fulfill (33), we can choose the Gauss hypergeometric function with parameters
(a,b; %) as solution to the above equation, i.e.,

bp(2) = Fla,b; 5 :2) Z (34)

AN
Pt 2k k:

provided that |z| < 1 or, equivalently, (t,2) € Q1. In (34) the so-called Pochhammer’s symbol (m) is

defined by
(m) 1 if k=0,
m)g = .
P mt 1) itk >0
It is actually possible to choose a, b satisfying (33). Indeed, the quadratic equations

2
r2,(5+%fé)r+w:0

has an independent of 3 and nonnegative discriminant due to the assumption § > 0. Let us introduce

ai= g4 (35)
bi=8 mzl _ V5 (36)

Then, a and b fulfill (33).

11



Definition 4.2. Let a,b be defined by (35) and (36), respectively. We introduce the following function

"EZ
O = @p(t, x50, p2) = (1 +t)_ﬂ+1¢ﬂ((1‘+lt)2)
2
=0+ (abi i) for (1) € Qu (37)

According to Proposition 4.1 ®4 solves (30) in @;. The next step is to provide the asymptotic behavior
of Y5 and .

Lemma 4.3. The following estimates are satisfied:

(i) of \/372“#1 <pB< "ﬂgﬁl, then, there exists C' = C'(B,n, p1, p2) > 1 such that for any z € [0,1) it
holds

1< 9Yp(2) < C; (38)

(i) of B> %, then, there exists C"" = C"(B,n, p1, p2) > 1 such that for any z € [0,1) it holds

n—pp—1

g (1= VO T < u(a)| < (1= vE) TR (39)

Proof. (i) The assumption on 3 implies that a,b > 0 and a +b < 5. Since ¢ = F(a,b, ; 5 ;-), (38) follows
immediately by [17, Section 15.4 (ii), formula 15.4.20].
(ii) Because of ¢j; = 290 F(a+1,b41;2 + 1;-), the assumption on 8 and [17, Section 15.4 (ii), formula

15.4.23] imply (39). O

Before proving Theorem 1.3, we derive some preliminary lemmas. First of all, we introduce the following
functionals

03(t) = [ Ju(t. )" @(t.: 1, a) o (40)
Hp(t) = /0 (t— 5)(1+ 5) Ga(s) ds, (41)
() ;:/0 2+ )" Hp(s) ds (42)

where (3 € &21@, ”—_"21—+1) and t > 0. We remark that ¢ should be smaller than n? in order to get a

nonempty range for 3.

Remark 4.4. From (38) it follows that Gs(t) ~ (1 +t)'=#||u(t, -)HIZP(R,L). Hence, if we prove that J3z blows
up in finite time, then, in turn, Hg blows up in finite time and Gz(t) as well. Due to the previous relation,
we get hence that the lifespan of Jg is an upper bound for the lifespan T of the energy solution solution u

of (1).

Lemma 4.5. For any 8 € (%7 %) and t > 0 it holds

(1402750 < 5 [ (= 92G(5) ds.

Proof. Differentiating twice (41), we have
t
()= [+ 9)Gals)ds. My = (1+0)Ga) (13)
0

12



Then, by using integration by parts, since Hz(0) = Hj(0) = 0, we get

[ = 92Gs0ds = [ 0= 920+5) g1 ds = [ Bt =921 +5) (o) ds
0 0 0

= z/t(1 +8) (1 + ) Hp(s)ds = 2(1+1)2T5(1),
0

which is exactly the desired inequality. O

Lemma 4.6. Let us assume (f,g) € H(R")x L?(R™) nonnegative, not identically zero, compactly supported
such that

supp(f), supp(g) C Br and R < 1.

Let u be a solution of (1). Then, for every 8 € (w, L ”1+1) such that 8 > 1 — puy and t >0 the
following identity holds

cBos(f) + <Bup(f.g)t + / (t - $)Ga(s) ds

= /n u(t, x)Ps(t, z) dz +/0 (1+s)7" /n u(s, ) Jﬁ(%) dx ds, (44)
where
Buslh.0)i= [ (s@vslleP) + F@((5 =1+ m)o(la?) + 2aPui(aP)) de, ()
Eoplf) = [ f@)bs(laP) ds (46)
are positive quantities and ~
Yp(z) = (26 + 1 — 2)9Ys(2) + 4z 1/)23(2) (47)

Proof. Due to the property of finite speed of propagation for solutions of strictly hyperbolic equations, for
the solution u of the semilinear Cauchy problem (1) we have supp u(t, ) C Br+ for any ¢ > 0, which implies
suppu C @1, as R < 1.

For the sake of brevity, we will denote simply ®g(t, x; pi1, p12) = P(t, ). Then, using (30), we have

Gs(t) = / (utt(t,x) Ault,z) + Bt z) + fault, x))q)g(t z) dz
’/n ult, ) (875 (1, ) — ARt 2) — 0, (4, 85(0,2)) + (e s(t,2)) da
- / (wnlts2) + f(t,2) ) By (1,2)
—/nu(t,x)(afq)ﬁ(t,x) at(w ﬂ(t,x)))dx
d

= a(/};n (ue(t, 2)®a(t, ) — u(t, ©)9,Pp(t,x)) do + e /n u(t, z)Pp(t, z) dm)7 (48)

where in the second equality we used Green’s second identity (the boundary integrals with respect to x
disappear due to the support property of u).
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Since 9, ®p5(t, ) = (1 +¢) (=B + 1)yp(z) — 221%(2)), then,

n

/n (u(0,2)®5(0, z) — u(0, )0, @ (0, ) dx + py / u(0,z)®5(0, z) dz

e [ (s@rnle) = @5 + (o) =205 (2) + i f(a)(laf)) do

e / (g2 + @) (8= 1+ m)va(lef?) + 20a*V)(1al?) ) do = eBpa (. g).
Since ¢g(|z|*) = F(a,b; % ;|z|*) > 1 and
w'ﬁ(\$|2):F’(a,b;%;|x|) 20 F(a4+1,b+1;2 + 1;]z*) >

for |z| < 1 and we required § > 1 — p1; in the assumptions, then, it results Eg1(f,g) > 0, as f and g are

nonnegative.
Integrating (48) over [0, t], we obtain

EEg 1 f, / gg

= /n (ut(t, z)Pgs(t, z) — u(t,x)8t¢>ﬁ(t,a:)) dr + {jrlt/R u(t, z)®s(t, z) dz

= %(/ u(t,z)®s(t, z) dw) — 2/ u(t, z)0yPpa(t, x) de + 1+t/ (t,z)Ps(t, x)dx
Rn "

_ %(/n u(t, 2)®s(t, ) dx) +(14+1)P /IR u(t ) s (il ) de,

where 5 is given by (47).
A further integration over [0,¢] and Fubini’s theorem provide

t T t
sEgﬁl(f,g)tJr/O | gg(s)dSZEEg,l(f,g)t+/0 (t —s)Ga(s)dsdr

= [ utt)stayde—c [ f@pvaol) o

t ~ 2
+/0 (14s)77° /nu(s,x) zﬁg(%) dx ds,

that is, (44). O

Lemma 4.7. Let us assume (f, g) € H(R")x L?(R™) nonnegative, not identically zero, compactly supported

such that
supp(f), supp(g) C Br and R < 1.

Let 1, po be nonnegative constants such that 0 < & < n? and let p = ps(n+ u1) be such that p > n%\/g.

(i) Let ¢ > p and let us consider
By =" = L (49)

Then,
t
€Eo.p, (f) +eBvp (fg)t + / (t— 5)Gp, (5) ds
0

t
<O <(1 + t)?-ﬁq+1”u(t, M rr@ny + / (14 s)F—ﬁpHu(s, M e ®n ds).
0
14



(ii) Let p=q. If By is defined by (49), then,

/ (t — 5)Gg, (5) ds
0

n 1
-7 7

t
<Oy ((1 + t)?‘ﬁp—HHu(t, .)||L,,(Rn) + / (1+s)7 _ﬁp(log(z + S)) o (s, .)HL,,(R”) ds).
0

Here the constant C1 > 0 does not depend on (t,x) and u.

2
n—+3s

Remark 4.8. Let us point out that the condition p > implies

Vi—pi+1
Bq >ﬁp> +ﬁ

for ¢ = p. Moreover, the condition 8, > 1 — py is always true for p = ps(n + w1). Indeed, B, > 1 — py is

equivalent to require
1 < n+p—1
—5—.

P ~
Besides, p solves the quadratic equation y(p,n + 1) = 0. Therefore,

if and only if p < 2ntpm)

1 _ n4p—1
2 n4pr—1°

ntpi+1 < ntp—1
p 2 ~ 2

p—

Asp = ps(ntuy), a straightforward calculation shows that the last inequality is always fulfilled by nonnegative
parameters i1 .

Proof. By (44), using again the finite speed of propagation property, we may write

t

eEo,(f) +eE1p,(f,9)t +/0 (t —5)Gp,(s)ds = Lp, 1(t) +/0 Ts,.2(s) ds, (50)

where

Iﬁqvl(t) ::/ u(t,x)@ﬁq (t,x)dx,
BRr+t

Zs,2(t) == (1 + t)*ﬂq/

Bpr+t

wlt, ) 0, () e

Let us point out explicitly that, according to Remark 4.8 we have that the assumptions on p imply 3, €

(%7 %) and fg > 1 — p1. For this reason, we may use Lemma 4.6 in order to derive (50). For

Bq c \/gfzuﬁ»l, nfﬁéﬁl
g, (t,x) = (1 +t)~Pat1 according to (38). Therefore, if we denote by p’ the conjugate exponent of p, Hélder
inequality implies

), as the hypergeometric function in (37) is uniformly bounded, we can estimate

1
7

s, 1(t) < ( /B N |u(t,x)|pdx)%< /B el )7 dx)‘

<O+ 1) 7 P fu(t, )| o rny,s (51)

where throughout this proof C; = Cy(n, p, p1, pe, 5, R) > 0 is a suitable constant that may change from line
to line.

Let us estimate now the term Zg, o(s). We remark that for 3, as in (49), then, 8, > “=£=1 since it is
q > 1. Therefore, in order to estimate 1/)23(1 we may use (39). As we underlined in the previous case, due to
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the assumption on 3,, the function v, is uniformly bounded. Thus, in (47) the dominant term as z — 1~
is the derivative. Hence,

(05, (2)] < Ci(1— v2)"7~ P for 2 € [0,1).

Consequently, by using Holder inequality, for Zg 2(s) we get

Ip, 2(s) < (HS)_ﬁq(/BM |u(5,x)|pdx>%</BR+s 05, (s, )" dx)

AN g\

catra ([ (1) i) s e
Br+s

L)p’ >

=C 1+57ﬁ‘1(/ 1— el dac) u(s, ) e (rn

s f (1) JuCs, e ey

=C 1+s’ﬁ‘1(/ 1— el
1( ) BR+S( 1+s

where ¢’ denotes the conjugate exponent of g.
Using polar coordinates, we get

L
I

_P_ ?
“ dm) s, YL zogan,

’
p_
7

el \ ™ R+s -2

T q _ . a n—1

/ (1— 1+s) dx—wn_l/ ( —1+S) r dr
Bris 0

where w,_1 is the measure of the unitary sphere 0B;. Also,

1
7

—Be+ 1+3 _ —p—; n—1
Zp,2(s) < Ci(1+s) 7075 (L=p) 7p""dp) |uls,)llLe@n
0

— B+ ?j: ,i »’
< F (7 w077 ap) Mt e
0

1 1
B4 (1 — Btsy=ar Ty if ¢ > p,
< Cl(l + S) Bat s ||u(87 ’)HL”(]R”) { 1+s ) miand
(7103(17 1+5))p if ¢ = p,
_ moy 1 1 .
¢ {cm t+8) T T u(s, ) Loy ifg>p,
X _ n L, .
Cr(1+5)" 7" (log(2+5)) 7 s, )| eeey  if ¢ =p.

Since —B, + &+ L — L = o +1- %ﬁl — 1% = v — By, integrating Zs,2(s) over [0,t], we find

t
/ (14 )7 7% [[u(s, | 1o an) ds ifq>p,
0

A 2)
/0(1—5—8)775"(10g(2+s))

t
/ Iﬁq}g(s) ds S Cl
0

L
7

P lu(s, )| Lomny ds  if ¢ = p.

Due to the assumptions on (f, g), we have Ey g, (f) > 0 and Ey g, (f,g) > 0. Then, combining (51) and
(52), from (50) we get the desired estimates in the cases ¢ > p and ¢ = p. O
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5. Proof of Theorem 1.3

n+u171

Proof. Let us consider Sy, = 5 Jm for p ps(n+ 1), where o is a positive constant. Since f, is

\/5*N1+1
2

P
increasing with respect to ¢, if we assume p >~ \/5, then, Bpt0 > Bp >

4.7. Also, from Lemma 4.7 (i) it follows

elop,. ., (f)+ebip,.  (f.g)t

t
e ((1 + t) ﬁp+o+1||u(t, ~)HLP(RTL) + / (l + 3)77510 Hu(s7 »)HLP(RW) dS)
0

and we can apply Lemma

n+1—38p n+1—p8p

<01(<1+t) v e Gy ()7 + /0(1+s) *1<g5p(s))%ds>.

1

Let us underline that p = p(n + ;) implies + =1 + . Indeed,

+1-8p _ n— o n
IO AR

%(”ﬂ;“p? S 1) _ %(p N w(p,n;rm)) — ptl
~——

P p
=0

Then, integrating the preceding inequality over [0,¢] and applying Fubini’s theorem and Holder inequality,
we arrive at

eEog,.,(f)t+5E13,.,(f9)t

t s) FrtPr—Prie s))? ds t -5 »
/O<1+ ) (Gs, () d +/O<t )1+ )% (G, (5) d )

(
< cl</0t(1 1 8)Gs, (5) dsf [(/Otu )P +Bo=Bpro) ds) T (/Ot(t _ sy ds) }
(

t 3 .
< Cy / (14 )Gg, (s) ds> (1+8)" .
0
From (43), we get

eBo,p,,, ()t + 5E15,,, (f,9) 8 < CoHly ()7 (L +8)' 7,
which implies for ¢t > 1
— p —
Hy, (1) > O57e (Bop, o (Nt + 2B, (£,9) ) (1+1)17%
> Cng(l + t).

As the functional Hpg, is nonnegative, from the previous inequality we get for ¢ > 2

t
Hp, (t) / HBP 5> Cgep/l (1+5)ds > CueP(1 +1)2. (53)

By using Lemma 4.7 (ii), due to Eo g, (f), E1,8,(f,g) = 0 we have
t
/ (t—-s) gﬁp (s)ds
0

<G (( + )7 P u(t, )| ey + / (1+5)7 % (log(2+ 5)) "

1
_/

(s, M o emy ds)

n+1-6p nt+1-48

§C1((1+t) v (ggp())% /0(1+S)Tp71(10g(2—|—5))

-

(G, () ds ).
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Integrating over [0,¢] and using again the equality %fﬁp =1+ %, Holder inequality and (43), we find

3 | =975 (ds

scl(/oms) @0 st [ (0= 5)14 93 (g2 +.9) 7 (G5, (9)} d )

<c§</0t(1+s )G, (s )l[</0t(1+s)p ds>_/+ </0t(t—s)p'1og(2+s)ds>§]

< O (/0 (14 5)Gg, (s ds>1(1+t) "’(log(2+ ))%

1
_/

L
7

Sl

< Cy (M, (¢ ) 2487 (log(2+1) 7.

From Lemma 4.5, we get

1
-/

10

(1+1)° T, (1) < C5(Hj, (1))

and, hence, for t > 2 we have

(2+ t) (log(2 +1))7,

Ci(log(2+1)) 7 (T, (1)) < Hpy (2 +1)7L. (54)
By the definition of Jg,, it follows immediately (2 + t)3j[§p (t) = Hp, (t) which implies
2+ 6)°TE (6) +3(2+ )2 T3, (t) = Hj, (1)

Combining the previous identity with (54), we have

2+ 6274 (1) + 32 + 075 (1) = Ci(log(2 + 1)) 7 (Ts, ()" (55)
Moreover, from (53), we get for ¢ > 2 and for a suitable constant ¢y > 0
t
Ts, (1) > cgep/ (24 5)3(1+ )2 ds > coe"log(2 + 1), (56)
0
T, () = CheP2+ 1) (1 +1)* = coe?(2+ 1) (57)

Let us set 2 +¢ = exp(7). Let Jo(7) denote the functional Jg,(¢) with respect to the new variable, that
is, Jo(7) = Jp, (exp(7) — 2) = T, (t). Then,
To(r) = (24 ) T3, (1),
To (1) = 2+ 1)°T5 (t) + 2+ 1) T} (1)
So, by using (55), (56) and (57), we find that Jo(7) satisfies for 7 > log4

Jo' (1) +2J4(7) > Cor' =P T (1),
Jo(T) = coePr, (58)
( ) > Coé‘p.

Employing [9, Lemma 3.1 (ii)] (see also [32], where this comparison principle for ordinary differential
inequalities is originally stated and proved), we get that the function Jy(7) blows up in finite time before
7 = CeP®=1 for some constant C' > 0. Also, Js, (t) blows up before t = exp(CeP(P=1)) —2. According to
what we have said in Remark 4.4, we have found for the lifespan T" of u the upper bound (6). This concludes
the proof of Theorem 1.3. O
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Remark 5.1. Let us explain the restriction p > n_z\/g in Theorem 1.3. Although it turns out as a technical

\/g—!tl-‘rl
2

condition coming from the inequality 8, > , in the massless case (u3 = 0) it is equivalent to require

n < %, which is exactly the restriction on u1 in [9]. Furthermore, for n > 3 and § < (n — 2)? this
condition is always fulfilled. In particular, for high dimensions, namely for n > 4, we have an improvement

in the range for & for which we can prove a blow-up result in the critical case with respect to [22], where the
restriction § € (0,1] is required. Finally, we remind that (1) is “parabolic-like” for § > (n 4 1)2. Therefore,
the restriction § < (n—2)2 when n > 3 is compatible with the conjecture for (1) to be “wave-like” for “small”
and nonnegative §. Similarly, in the subcritical case, even though in Theorem 1.2 we assume § > 0, it is
clear that the result can be sharp only for suitably “small” and nonnegative §.

Remark 5.2. Regarding the necessity part, in the special case 6 = 1 the exponent pg(n + p1) is proved to
be really critical for n > 3 in the radially symmetric case in [19, 20]. This shows the optimality of the range
for p which is obtained in this paper for suitably “small” and nonnegative .
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