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1. Introduction and main results

Magnetohydrodynamics (MHD) concerns the motion of conducting fluids in an electromagnetic field and
has a very broad range of applications. The dynamic motion of the fluid and the magnetic field interact
strongly on each other. In this paper, the fluid we consider is isentropic and compressible, namely, it is
governed by the isentropic compressible Navier-Stokes equations. The equations of the magnetic field are
called the induction equation. Hence the compressible MHD system for isentropic flows can be written as
below [4,16,17].

pt +div(pu) =0,
(pu): +div(pu®@u) + VP = (V x H) x H+ pAu + (A + p)V(divu), (1.1)
H, -V x (ux H) = -V x (vV x H), divil =0,

where p = p(x,t),u(z,t) = (uy,us,us)(z,t),H = (Hy, Ho, H3)(x,t) denote the density of the fluid, the
velocity field and the magnetic field, respectively; P(p) = ap” is the pressure with constants a > 0, and
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v > 1; the constants u and A are the shear and bulk viscosity coefficients satisfying the physical restriction
3A+2u > 0 and g > 0; and the constant v > 0 is the magnetic diffusivity. The positive constant a does not
play essential role in the following analysis. Thus for simplicity we take a = 1.

For the sake of simplicity we will consider the case of a bounded domain with periodic boundary conditions
in R3, namely Q = T3, and the following initial conditions:

(p, pu, H)(z,0) = (po, mo, Ho)(x), =€ Q, (1.2)

where we define my = 0, if py = 0.

The global existence of weak solutions to (1.1) in a bounded domain of R? was obtained by Hu and Wang
[14] for v > % Moreover, the global weak solutions exist in the renormalized sense with arbitrarily large
initial data as well, satisfying the energy inequality

t
1 2 1
/ (ipu2 + % + 5H2> dz +// (u|Vu2 + (A + p)(diva)? + v|V x H|2) dz dt
Q 0 Q

< [ (Lo + L 4 Lpg?) do (1.3)
< gPoto T 27 5 Ho :
Q

for t € (0,00). In fact, when the solutions are smooth enough such as strong solutions or classical solutions,
the energy inequality (1.3) can be written as an equality, namely,

t
1 2 1
/ <§pu2 + % + 5H?) dz +// (mvﬁ + (0 + p)(diva)? 4+ |V x H|2) dz dt
Q 0 Q

1 o0
Q

for t € (0,00). For example, see [6,7,15,23,18] for global smooth solutions in one dimension with arbitrarily

1
—|H,|? 1.4
[+ Sl ) o (1.4

large initial data and in multi-dimensions with small perturbations of a given constant state, and [11,23]
for local strong solutions with arbitrarily large initial data.

The question is how much regularity of the weak solutions is needed to ensure the energy equality (1.4)?
In the context of incompressible Euler equations, this question is linked to a famous conjecture of Onsager
[20]. Tt has been made great progress recently [1-3,8-10]. In the context of incompressible Navier-Stokes
equations, Serrin [21] proved the energy conservation under the condition u € L?(0,T; L1(2)), % + % <1,
where N is the dimension. Later, Shinbrot [22] removed the dimensional dependence, i.e., % + % <1, where
q > 4. When the magnetic field is ignored, i.e. H = 0, system (1.1) becomes the compressible Navier-Stokes
equations. Yu [24] proved the energy conservation (1.4) (H = 0) of the Lions-Feireisl weak solutions (see
[12,13,19]) for Q = T3 provided that

0<p<p<oo, and Vy/pe L>(0,T; L*(RQ)),
uw € LP(0,T; L1(Q)), for any % + % < %7 and ¢ > 6, (1.5)
ug € LF(Q), ¢+ < 3,
where § is a positive constant. In [24], the case of density-dependence viscosity is also considered. Recently,
Chen, Liang, Wang, Xu [5] nicely extended Yu’s results to the Dirichlet problem.

The purpose of this paper is to provide a sufficient condition for the energy conservation of the weak
solution of (1.1)-(1.2), which is motivated by Yu’s work [24] (see also [5]).
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Definition 1.1. (weak solution) (p,u, H) is called a weak solution to (1.1)-(1.2) over Q x (0,T), if (p,u, H)
satisfies that

e (1.1) holds in D’ (2 x (0,T)) satisfying

peL>(0,T;L7(Q), p=>0,
Jpu € L>(0,T;L*(Q)), Vue L*0,T;L*(9Q)), (1.6)
He L>(0,T;L*Q)), VHe L?(0,T;L*(%)),

and

pu € C([0,T; L2001 (), (L.7)
and

He C([O’ T]a L?yeak (Q))7 (18)

e the energy inequality (1.3) holds;
e (1.2) holds in D'(Q).

Our main result reads as follows.

Theorem 1.1. Assume that

) =po(x) € LX) NL(Q), po(x) >0 ae. inQ, )
Ju(z,0) = mo(z) € LX(Q), mg=0ifpo=0, b er}(), (1.9)

Po

)

(z,0
p(z,0
H(x,0) = Ho(x) € L3(Q2), divHp =0 in D'(Q).

In addition, we assume uyg € L*, where k > 2. Let (p,u, H) be a weak solution to (1.1)-(1.2) in the sense of
Definition 1.1. Moreover, if

0<p<p<oo, VypeL>0,T;L*Q), (1.10)
and
2 3 ,
ue LP0,T;L(Q) forany —+ — <1, with q > 6, (1.11)
p q
then the weak solution (p,u,H) satisfies the energy equality (1.4) fort € [0,T].
2. Preliminaries

Define

fmﬂ:m*ﬂ%w://m@f%#ﬂHW$®m
0 Q

- //l‘ln(x_y’t_s)f(y,s)dyds
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where n¢(z,t) = 4n(%, %), and n(t,z) > 0 is a smooth even function compactly supported in the space-time
ball of radius 1, and with an integral equal to 1.
The following lemma will be useful in the proof of Theorem 1.1.

Lemma 2.1 ([19]). Let ® be a partial derivative in space or time. Let f,0f € LP(Q x RT),g € LI1(Q x RT)
with 1 < p,q < oo, and % + % < 1. Then, we have

10(fg) — a(fg)HLr(QxR*) < 0H3f||LP(QxR+)||gHLq(QxR+)

for some constant C' > 0 independent of €, f and g, and with % = 1% + %. In addition,
(fg) — 9(fg) — 0 in L™ (2 x RT)

as € > 0, if r < oco.

3. Proof of main result

For a given test function ¢ (t) € D(0,400), denote ® = ¢ (t)@. Since D(0, +00) is a class of all smooth
compactly supported functions in (0, 4+00), ® is well defined on (0, +00) for € small enough. Finally, we will
extend the result for ¢ (t) € D(—1, 4+00).

Step 1. Choosing ® as the test function.
Using @ as the test function of (1.1),, one obtains

T
//(I’((pu)t +div(pu®u) + VP — (V x H) x H— phu— (A + ) V(divw) dedt =0, (3.1)
0 Q

which in turn yields

//¢ ( pu); +divipu@u)+ VP — (VxH) xH—pAu— (A + u)V(divu)) dzdt=0, (3.2)
0

where we used the fact n(—t, —x) = n(¢t, ).
The first two terms in (3.2) yield that

O
e

T
(t)(pu); udxdt—i—//i/) t)div(pu @ u) - Wdz dt
0 Q

T

Q/J(t)<(pu)t - (pﬁ)t) -ﬁdxdt+//1/)(t) (m—div(pu(}@ﬁ)) adzdt

0 Q

(3.3)

/
f T

+ /¢(t)(pﬁ)t.ﬁdxdt+//w(t)((pu.V)ﬁ+div(pu)ﬁ).adxdt
Q

0 Q
=A+B+//w(t)<%plﬁl2>tdx,
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where

A

Il
St —n T

o~

/ 0(0) (Tow)s — (o), - wdz at,
Q

Sy
I

b(t) (div(pu o w) — div(pu ® ﬁ)) ~wdzdt.
¢

Next, we estimate the third term in (3.2) as follows

T
O/Q/w(t)VP cwdzdt

T
— 2 [ [ewp¥ET dear
K 0 Q
T T
:Ll//w V(1) — pV(p"™ 1)) wdrdt + 71//¢ )PV (p7~Y) - da dt
K 0 Q 7 0 Q
T T
o Y y—1 Y y—1
D1+—1//w d1v dlv(pu)> dodi+ T /w oip e dt
K 0 Q 0 Q
T T
Dy+ Dyt 5 [ o —poe e 25 [ [opr dnar
0 Q 0 Q
—D1+D2+D3+7—//¢ dl‘dt
0

where

T
Y — 1 _
= 10/Q/1/J PV (p7=1) = pV (p? ))-udwdt,
T
Dy= L / Q/ (1) (A Gou) — divi(pm) ) 7T dedr,
T
D= 0/ Q/ ()77 — p)pT d dt.

For the fifth item and the sixth item in (3.2), we have

//1/1 JpAu - adx dt — /
0
T T
://w t) | Vu |? dxdt+///\+u Yoo(t) | diva > dzdt.
0 Q 0 Q

T
>\ + ,LL)V(dlvu)) -udzdt

(3.4)

(3.5)

(3.6)
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Finally, we handle the fourth item in (3.2).

//w WT)XH) wdzdt

T

//1/) YH-V)H-udzdt + = //’(/J W H2-adzdt

Q

. T
/w(t)div(H®H)-ﬁdxdt—§//w t)divaH - H dz dt.

Q 0

|
O\’ﬂ o

The first term in the last equality of (3.8) shows that

~

—//w(t)m-ﬁdxdt

(=)

T

T
//1/} div(H® H) — diV(H®H -udzdt — //1/} t)div(H® H) - udz dt
0 0 Q

=1 —!!zﬁ(t)((H-V)ﬁ) - wdz dt.

And the second term in the last equality of (3.8) shows that

T

- %//w(t)divﬁﬁdx dt

0
T

//1/1 tydiva(H-H - H-H)dzdt —
0 Q

l\?l)—l
l\’)l)—‘

T
//w t)diva(H - H) dz dt
0 Q

T
su- (VH-H) — V(H-H))dzdt — %//w #)divia(H - H) da dt
0

St~
SR

DN | =

:IQ —

N | =

T
//¢ t)diva(H - H) dx dt.
0 Q

Substituting (3.9) and (3.10) into (3.8), we obtain

T
f//w(t)(m)ﬁdxdt
0 Q

T T

:Il+12—//w(t)((H~V)ﬁ)-ﬁdxdt—%//w(t)divﬁ(H-ﬁ)dxdt,

0 Q 0 Q

(3.9)

(3.10)

(3.11)
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where

=~
I
O\'ﬂ

/¢ le HoH) - dvHo H)) wdedt,
Q

/T
0
Combining (3.3), (3.5), (3.7) with (3.11), we can get the equality of (3.2) as follows

//w <p|u|2+—1> dx dt + / u|Vu\2 ()\+u)|m‘2)dxdt

0
/T/w(t)((H-V)H)~ﬁdxdt%/T/w (t)diva(H - H) dzdt + Re + I1 + I = 0,
0 Q 0 Q

N =

I /w V(H H) - V(H-ﬁ)) da dt.

where

Rc.=A+B+ D)+ Dy + Ds.

(3.12)

(3.13)

(3.14)

Now we are in a position to handle (1.1),. Here we introduce a new function © = ¢(¢)H as a test function

of (1.1);. Then we get

T
//zb(t)(Ht—i-V XV xH) —V x (ux H)) “Hdzdt = 0.
0 Q

The first term in (3.15) shows that

O/Tg/w(t)ﬁt-ﬁdxdtzéo/TQ/w (| H ), dar dt.

Similarly, the second term in (3.15) yields

T T
O/Q/W)VX (VVXH)'dedt:—uo/Q/w(t)AHdedt

Finally, the last term in (3.15) shows that

T

//zp -V x (u x H)dz dt

/¢ t)H - u(divH) — H(divu) + (H- V)u — (u- V)Hdz dt
Q

o’\ﬂ o

(3.15)

(3.16)

(3.17)
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/ ($)H - (- V)u — H(diva) — (u-V)H de dt (3.18)

/1/1( JH- (H-V)udzdt + P(t) V)H + (divu)H dz dt
Q

St~

Q/
T
/1/1( YH - div(H ® u) dxdt+//1/) t)H - div(u @ H) dz dt.
Q 0 Q

The first term in the last equality of (3.18) shows that

T

_//w(t)ﬁ.mdxdt

0

T T
//’(/J d1v div(H @ u) — div H®u de dt — //1/} t)H - div(H @ u) dz dt (3.19)
0 Q 0 Q

=1 — O/T Q/ z/;(t)ﬁ-((H-V)ﬁ) da dt.

And the second term in the last equality of (3.18) shows that

/T/q/)(t)H-mdxdt
0 Q
T

T

://w(t)ﬁ- (m—div(ﬁQ@H)) dxdt+//zp(t)ﬁ-div(ﬁ®H) da dt

0 Q 0 Q

T (3.20)
=14+ Y(H)H - div(a ® H) dx dt
[
T T
—L+ | [v®H- ((a. VH)dzdt+ [ [ (t)diva(H - H)dz dt.
[ pee] ]
Substituting the above two equalities into (3.18), we have
T
f//w(t)ﬁ~v x (u x H)dz dt
0 Q
T T
“L+L— | [voH (| -V)a)dedt+ [ [ p@)H- ((ﬁ : V)H) da dt (3.21)
[ [ eemyus ]|

+ /T / S(t)diva(H - H) dz dt,

0 Q
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Recalling (3.15), we have

T

T T
1 - o )
//@ (| H 1) m&+y15wﬂuhdﬂmu&+zlwm{«uvﬁgd&

0

’ (3.22)
//¢ t)diva(H - H) dz dt — //¢(t)ﬁ~((H-V)ﬁ)dmdt+lg+l4=O,
0
where
T
://¢ ﬁ(mﬂww)dwﬂ®m%ma
0 Q
. (3.23)
- / b(t) d1v diviue H) - div(@® H)) da dt.
0 Q
Combining (3.13) with (3.22), we have
T T
]. — 2 p’Y ]- IT 12 “ o IT |2
Mﬂgﬂul+ij+§uﬂ (h&+u P() | VxH|* dedt
0 Q v 0 Q
T T
+//;u/1 ) | Vu |? dxdtJr//)\Jru ) | diva |* dadt
0 0 Q
; (3.24)
//w umw—//¢ H.- V)u) dzdt
0 Q
T
1 —
%Ti//w )ivii(H - Hﬁhdﬁh//w Ii(@.V))dxa+Bz+1_o
0 Q
where
I.=15L+ 1+ I3+ 14 (325)
In equation (3.24), we continue to estimate the last four terms as follows.
On the one hand, we have
T T
—//W)((H : V)ﬁ) wdrdt — //W)ﬁ- ((H : V)ﬁ) dadt = 0. (3.26)
0 Q 0 Q

On the other hand, we deduce

T T
. 1 —
vOH- ((@-VH)dzedt + = Y(t)diva(H - H) dz dt
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/w(t)H : ((ﬁ- V)ﬁ) d dt (3.27)
Q

G(4)H - ((ﬁ~ V)H) d dt

where
(3.28)

By the above equalities and integration by parts, it yields

T
Lo, 71 =
— - S -
[ [o(Gotmr - 51 HE s
0 Q

T
+//w(t)(u|—V><H|2+M|W|2+(/\+u)|—divu|2)dxdt+R6+Ie+J6:O,
0 Q

(3.29)

where J, = J; + Js.

Step 2. Passing to the limit in (3.29) as € tends to zero.
Using Definition 1.1, (1.10) and (1.11), one obtains

T
/%p|ﬁ\2wtdxdt—>//%p|u|21/Jtdxdt,
Q 0 Q

T
/%|ﬁ|2wtdxdt%//%|H|21/)tda:dt,
Q 0 Q

T
/¢(t)y |V xH|? dedt — //W)u |V x H|? dedt, (3.30)
Q 0 Q

Oty Tty Oty Tt

T
Y(t)u | Vu |2 dxdt—>//¢(t)u | Vu |? dzdt,
Q 0
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T T
//w(t)()\—i-u)\mIQ dxdt—>//1p(t)(>\+u)|divu|2 dz dt,
0 Q 0 Q

as € — 0.
The next goal is to make use of Lemma 2.1 to prove

Re+I.+J.—0, ase—0.

11

(3.31)

Firstly, we prove R, — 0, as ¢ — 0. We assume that u is bounded in LP(0,T; L?(2)). On the one hand,

due to (1.6), (1.10), we have

pe = —(pdivu + 2/pu - V/p) € L? (0,T; L*(Q)) + LP (o,T;Lq%(Q)) :

Thus, in view of Lemma 2.1, we have

T
avpz|al+Bl=] [ [oo (G- ) wdea
0 Q
T
P(t)(div(pu @ u) — div(pu ®u) ) - wdad
| [ oo @ oo ) v

T
< 9@ llz=(o,1) / (R ( I (pw)e = (p): ||L#(Q)
0

+ || div(pu ® u) — div(pu ® T) ”Lq%l(ﬂ) )dt

T
<10 w1 lanl ol g Il
0

T
<C u |4 + 2 ., dt
<0 [y + 1o Iz
0

<C | w7010y +C Il ot H;(O,T;L%(Q))’

for any p > 4 and ¢ > 6.
Thanks to Lemma 2.1, as € — 0, we have

A+ B —0.

For D5, we get

T

D2 < Da =| = [ [ 0t0) (o) = div(o) ) 7T o

0 Q

T
<C | () ll>=(0.m / |7~ L@l div(pu) — div(pa) |11 () dt
0

(3.32)

(3.33)

(3.34)
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T
<C 1 (0) oy [ I VAVVE o gl 0 vy (335)
0

T
<C | 9(t) =01 / 1 V7 ezl w oo di
0

<C || VV/p Iz o,z ll 0 lleo,7;00(0))5

for any ¢ > 6. Similarly, by Lemma 2.1, we have that Dy converges to zero, as € — 0.
For D, by (1.10), and (1.11), we have

(3.36)
dt

<C 60 lmony [ 1 laoll 7795 - 2790 oy
0

<c / 1 lzoll 790 — 07V 12y dt

<C |4 |l Lrorizapll P Vo=p" Vo || p, —0, as e—0.

LPoT(0,T502(Q))

Using p; € LQ(O,T;L%(Q)) and p < p, we have D3 goes to zero as € tends to zero. Thus R, — 0, as
e — 0.

Secondly, we prove I, + J. — 0, as ¢ — 0. By the Gagliardo-Nirenberg inequality and (1.6), for any
ag € (0,1), we obtain

He L™(0,T; L™ (%)), (3.37)

1—
G = —52. In fact, for any 0 < az < 1, we have

VB %2 0700 )= / I H 2, o dt
T
@ 11— T
s/ (IVE 153 | B (13202, )t
0

T ro(l—a
<O [ H 2% o) /|| VH (73002 ar
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gc/ | VH [|72(q) dt + C
§C7
where 92 + (3 — $)(1 — a2) = 17and ro(l — ag) = 2.
Flrstly, we prove I =11 + I +Is+ 14 — 0, as ¢ — 0.
By virtue of the assumption that u € LP(0,7; L%(Q2)) where p,q will be determined later, and Holder

inequality, Lemma 2.1 and (3.37), we get

I=h+L+L+L<|L|+|L|+]|L]+]|1]

‘//¢ div(H @ H) ~ dv(H o H) ) - udxdt‘+’2//w

+\//w (anv(Eow - m)dmdt\+\//w (A @ H) — div(u o H)) dedy

CI

(H H) - V(H-H)) dxdt’

<O 16(1) =01y / I o] VE o)l B 2,

<C [l ullzr,r;za@pll VB [z20m;22c0) | B[ 2, .17 ()

<C | u|lzro,riLe) | VH ||L2(0,7:02(0)) | H ||L’“2(O,T;LT1 @)

where q— <ry, and 5 < T2
Thanks to Lemma 1 as € tend to zero, we have

Next we prove J. = J; + Jo — 0, as e = 0.
For J;, we obtain

T
1 —
| Ji[=| 5//¢(t)(H—H)~((ﬁ~V)H)dxdt\
0
< - \ o ,
<C [ () llz=(0,m) / | allpall VH [[z2(q)|| H-H HLQ%(Q) dt
=Clhulleersza@pll VR 2.z | H - H HLp 2 (0,T;L71(Q))
<C |l ullzersra@pll VH 20,1220 H-H lzr2 0,007 (2))— 0, as € =0,
where q— <, and 5 < Ta.

For Js, we have

| J2 |= |

N =

T
//¢(t)H (V) H)) dede |
0
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T
<C 1 (0) ooy [ 1 o B 2, o | VO = ) o0 e
0

<C || u|lLro,r;La)ll H ||Lp2f102(0’T;U1 (Q))H V(H —H) ||22(0,7:22(02))
<C |l ullro.rsza@ | H llzr2 07527 (o) | VA = H) || 220,7:02(0))— 0, as € =0,
where ;qu <7y, and 1% < 7ry.
Thus, we have

Je =0, as e — 0. (3.39)

[e%0 _ l-oy 3 i 2 = §
3,75 = —5 - is equivalent to = 4 = = 5,71 <6, and

53,2 5 (32
2 rp org 2 q p)

Thus we need u € LP(0, T; L9(2)), where 2 4 2 <1 for any p > 4, ¢ > 6.
We are ready to pass to the limits in (3.29). Let € go to zero, and using (3.38)-(3.39), what we have
proved is that in the limit

In fact, because + = % +
1 6
we obtain

T

| R AN g
- - P L |H
//wt(2p|u +771+2| |>dxdt
o)

0 (3.40)

T
+//w(t)(u\V><H|2 +u | Vu 2 +(A + p) | diva \Q)dxdtzo
0 Q

for any test function ¥ € D(0, +00).
Step 3. Extending the result (3.40) for ¢ € D(—1, +00).

The final goal is to extend our result (3.40) for the test function ¢» € D(—1,+00). To this end, it is
necessary for us to have the continuity of p(t), (/pu)(t) and H in the strong topology at ¢t = 0. Adopting a
similar argument to that of [24], what we expected can be done.

Using \/pu € L>(0,T; L*(2)), and (1.10), we have

pe € L*(0,T; HY(Q)), and Vp € L*(0,T; L*()).
Hence

p € C([0,T; L*(9)). (3.41)

By energy inequality (1.3), we have \/pu € L*(0,T; L*(Q2)),divu € L?(0,T; L*()), and p < j. Recall
(1.1);, we obtain

(v/p)e = —div(y/pu) + %\/ﬁdivu.

Hence, we deduce
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(Vp)e € L*(0,T; H™H(Q)).

Meanwhile, due to V,/p € L>(0,T;L*(2)), we get /p € C([0,T];L*(Q)). More generally, in view of
p € L*>(0,T; L>=(£)), we deduce

p € C([0,T]; L(2)), (3.42)

where 1 < s < o0.
On the other hand,

1
—esslimsup/ | pu — /poug |2 dx—|—esslimsup/ |H - H, |? dz
2 t—0 : t—0

_ . Ly P’ 2 1 2 o 2
=esslim sup —pu”+ ——+ |H|" |dz— zpouy + ——+ | Ho |* |dx
t—0 2 2 v—1 A 2 v—1

11,

+ esslim sup/uo(pouo — /popu)dx + 2esslim sup/HO H, -
t—0
Q

11,

Y Y
+esslimsup/( Po__ P )dx.
=0 ) y—1 ~v-1

II;

Using energy inequality (1.3), we get I3 < 0.
By (3.42), we obtain Il3 = 0.
Hence, we have

1
§esshmsup/|\/ﬁu—\/_uo| dw+essllmsup/|H H, |? dz

<ess limsup/uo(pouo — popu)dx + 2esslim sup/Ho (Ho —

t—0 t—0
=11 +1I3.

For 113, taking ug € L*, x > 2, it follows

113 =esslim sup/uo(pouo — pu) + ess limsup/uo\/ﬁu(\/ﬁ —/po)
t—0 o t—0 o
:0’
where we used the fact pu € C([0,T]; L2, (Q)),/pu € L>=(0,T; L*(2)), and (3.42).

For 113, using H € C([0,T); L2 (), we get 113 = 0.
So we get

1
—esslimsup/ | Vpu — /poug |2 d:c—|—esslimsup/ |H—H, |>dr <0,
2 t—0 t—0
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which gives us
Vpu € C([0,T); L*(Q)), and H € C([0,T); L*(Q)). (3.43)

As in [5], for any given to > 0, we choose the text function ¢, (t) as below.

0, 0<t<r
t_;, T<t<T+e
¥ (t) = 1, T+e<t<ty (3.44)
ottty <t<to+e
0, to+e<t,

where positive 7 and € satisfying 7 + € < tg.
Substituting (3.44) into (3.40), we have

to+e

to+e

1 1 Y

- / / (§;J|11|2 + %Jr | H | ) dx dt + / /wT(t) (u|Vu|2 + (A + p)|divul® + v|V x H|2> dz dt
to Q T Q

1 //( \u|2+_+ H |2>dxdt. (3.45)

We deal with the second item on the left hand side

to+e
/%(t) (M|Vu|2 (A + p)|dival? + v|V x H|2) da dt

T Q

tote
_ / / (IVuf? + (O + wldiva® + 1]V x H?) dadt
T Q
e
/ / u\vuP + (A + p)ldival? + v|V x H|2) de dt
to+e
+ % / /(to (VP + (A4 ldival® + |V x H?) dedr.
to Q

Passing to the limit as € — 0 in (3.45), and using (3.41), (3.43) and Lebesgue theorem, one deduces

to
1 Y
/<§p|u2+%+|ﬂ2)(t0)dx—|—//(u|Vu|2+()\+M)|divu|2+u|V><H|2) dz dt
Q T Q
1 24
:/ <§p|u2+%+ 'H 2)(7’)d$, (3.46)
Q

where
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T4€

1

: //(t—T)(,u|Vu|2+(A+u)|divu|2+l/|V < HP?) de i
T Q

T+e€

< / / (M|Vu|2 + (X + p)|divul® + v|V x H|2) dzdt — 0,
T Q
and similarly
to+e
1
: / /(to ) (T + A+ pldival® +¥|V x HP) dedi
to Q
t0+€
> / / <u|v11|2 + O+ p)|dival® + o]V x H|2) dadt — 0,
to Q

as € — 0. Finally setting 7 — 0 in (3.46), from (3.43) we get (1.4).
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