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1. Introduction
This paper deals with the existence of normalized solutions to the following Schrédinger-Poisson equation:
—Au+ (2| * ul?)u— fu) = u, xR’ (1.1)

where f € C(R,R). This class of Schrodinger-type equations with a repulsive nonlocal Coulomb potential is
obtained by approximation of the Hartree-Fock equation describing a quantum mechanical system of many
particles; see [10-12,19,24,25].

In (1.1), when A € R is a fixed and assigned a parameter or even with an additional external and fixed
potential V' (z), the existence of solutions of (1.1) has been intensively studied during the last decade; see,
for example, [2-4,27] for radial or coercive potentials; [1,13,17,30] for periodic or asymptotically periodic
potentials; we also refer to [26,31,33-35,39] for more similar variational problems. In this case, solutions can
be obtained as critical points of the corresponding energy functional, however, nothing can be given a priori
on the L?-norm of the solutions.
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Nowadays, since physicists are interested in normalized solutions, mathematical researchers began to
focus on solutions having a prescribed L?-norm, that is, solutions which satisfy |[u[|3 = ¢ > 0 for a priori
given c. Such solutions of (1.1) can be obtained by looking for critical points of the following functional

/|Vu| dz + — // [u(z ac|—|uy| dz dy—/F(u)dx (1.2)

R3

on the constraint
Se={ue H'(R®): ||ull3 = c}, (1.3)

where F'(u fo t)dt. In this case, the parameter A € R cannot longer be fixed but instead appears as a

Lagrange multlpher, and each critical point u, S., corresponds a Lagrange multiplier A, € R such

that (ue, Ac) solves (weakly) (1.1). In particular, if u. € S, is a minimizer of problem

o(c):= ulél‘g I(u), (1.4)
then there exists A. € R such that I’ (u.) = Acu., namely, (ue, Ac) is a solution of (1.1).
For the following Schrédinger equation

—Au — f(u) = M in RY, (1.5)

Stuart [29] and Jeanjean [20] obtained the existence of normalized solutions by solving the minimization
problem

1
inf Z|Vul? — F(u)| dzx
ueHl(]RN),HuHQ:c/ {2' | ()]
]RN

and by using a mountain pass argument on the constraint {u € H*(RY) : ||ul|3 = ¢}, respectively. Later,
these results on normalized solutions of (1.5) were extended in [7-9,21,40] to the following special form of

(1.1):
—Au+ (o] ul) u = o) e = da, @€ R, (1.6)

where ¢ € (2,6). We also refer to [22] for quasi-linear Schrodinger equations; [23] for Choquard equations;
[37,38] for Kirchhoff-type equations; [5,6] for Schrodinger systems. In particular, owing to the presence of
three terms in the corresponding energy functional which scale differently, it is more complicated to deal
with the existence of normalized solutions for the Schrédinger-Poisson equation. Let us introduce and review
the known results in this respect.

For the case 2 < g < %, normalized solutions can be found by considering the minimization problem:

o(c) = mf I( ), (1.7)

since the functional I is bounded from below and coercive on S.. Bellazzini and Siciliano in [8] and [9]
proved that o(c) is achieved when ¢ > 0 is small and 2 < g < 3 and when ¢ > 0 is large and 3 < g < 10
respectively. Subsequently, for the range 2 < ¢ < 12, Jeanjean and Luo in [21] explicated a threshold Value
of ¢ > 0 separating existence and nonexistence of minimizers of o(c). Using techniques introduced by Catto
and Lions in [12], Sdnchez and Soler in [28] showed that minimizers of o(c) exist for ¢ = & provided that
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¢ € (0,¢) for a suitable ¢ > 0 small enough. If an additional potential V(z) with inf,cgrs V(z) = 0 and
lim|g| o0 V(2) = o0 is added to the left side of (1.6), with the compactness of the Sobolev embeddings in the
working space, Zeng and Zhang in [40] obtained the existence of normalized solutions of (1.6) for the case
2<qg< %. However, for the case % < q < 6, the functional I is no more bounded from below on S.. As
far as we know, there seems to be only one paper [7] dealt with this case. Precisely, Bellazzini, Jeanjean and
Luo in [7] found critical points of I on S, by looking at the mountain-pass level for ¢ > 0 sufficiently small.
To prove this result, they first established the mountain-pass geometry of I on S, and then constructed
the special bounded Palais-Smale sequence {u,} at the level y(c) which concentrates around the set:

= o}, (1.8)

that is J(u,) = o(1), where u'(z) = t3/?u(tzx). In addition, they proved that M, acts as a natural constrain

M. = {u €S.:J(u) = %I(ut)

and v(c) equals to

m(c) = inf I(u). 1.9
(¢) = inf I(w) (19)
In spite of this fact, it does not seem possible to rule out the dichotomy of any minimizing sequence of m(c),
that is to rule out

U, — uin H'(R?) and 0 < |jul3 < ¢, (1.10)

which is the main difficulty. For this, information on the derivative of I along the sequence seems neces-
sary and that is why the authors introduced Palais-Smale sequences to solve the minimization problem. To
overcome this difficulty, with the Implicit Function Theorem, the authors in [7] proved that 7(c) is nonin-
creasing on (0, 00), and the associated Lagrange multiplier A. € R is a nonzero, here to do the latter, it is
necessary that ¢ > 0 is sufficiently small. However, the approach relies heavily on the g-homogeneity and
differentiability of the nonlinearity f (see [7, Lemmas 5.2 and 5.3]), it does not work for (1.1) with more
general f.

A natural question is whether the above result obtained in [7] on the existence of normalized solutions
to (1.6) with % < ¢ < 6 can be generalized to (1.1) with more general f. One purpose of the present paper
is to address this question. To this end, we introduce the following assumptions:

(F1) f € C(R,R) and there exist C > 0 and ¢ € (2,6) such that |f(t)| < C(1 + [t|971) for all t € R;

(F2) limjy 0 %‘? =0 and limy| o %ég— = +o0;
(F3) there exists a constant p € (12 6) such that [f(t)t — 2F(t)]/|t|P~'t is nondecreasing on (—oc,0) and

3
(0, +00).
Our first result is as follows.

Theorem 1.1. Assume that (F1)-(F3) hold. Then there exists co > 0 such that for any c € (0,¢o], (1.1) has

a couple of solutions (Ve, \e) € S¢ X R™ such that

I(v.) = inf I(v)= inf I(v! 0.
(ve) =, 100) = Jof mage I(05) >

Another purpose of this paper is to improve and generalize the previous results on the existence of a
global minimizer of I on S, in the case f(u) = |u[?"?u with 3 < ¢ < 12 to a general nonlinearity satisfying
the following conditions:
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(F4) f € C(R,R), limy_ |t(‘3) = 0 and there exist constants Cy > 0 and ¢y € (3, 2 ) such that
|f(t)] < Co(1 + [t|7o~1) for all t € R;

(F5) there exists a constant pg € (3, %) such that lim_ o Itlpg > 0;
(F6) f(t)t > 3F(t) >0 for all t € R.
Let
¢" :=inf {c € (0,400),0(c) < 0}. (1.11)

In this direction, we have the following theorem.

Theorem 1.2. Assume that (F4)-(F6) hold. Then ¢* > 0, and I admits a critical point u. on S, which is a
global minimum of I when ¢ € [cx, +00). In particular, o(c*) = 0. Moreover, for the above critical point u..,
there exists Lagrange multiplier A\, € R such that (u, A.) s a solution of (1.1).

Remark 1.3. Unlike previous work on other elliptic PDEs, it does not seem possible to reduce the problem
to the classical vanishing-dichotomy-compactness scenario and to the check of the associated strict subad-
ditivity inequalities due to the different scaling rates of each term in I(u). Theorem 1.1 and Theorem 1.2
improve and extend to the main existence results in [7] and [8,9,21], respectively.

Now, we give our main idea for the proof of Theorem 1.1. Since (F1)-(F3) imply that I is no more
bounded from below on S, we shall look for a critical point satisfying a minimax characterization, i.e., we
try to prove that I possesses a mountain pass geometry on S,.

Definition 1.4. For given ¢ > 0, we say that I(u) possesses a mountain pass geometry on S, if there exists
pc > 0 such that

v(c) = ggllfc max, I(g()) > max max{I(g(0)),1(g(1))}, (1.12)

where I'. = {g € C([0,1],S.) : [|[Vg(0)]|3 < pe, I(g(1)) < 0}.

Let us mention that, to do that, the authors in [7] constructed the nice ‘shape’ of some sequence of paths
{gn} C T, and obtained a localization lemma for a specific (PS) sequence, in which Taylor’s formula was
used that relies on I € C2(H'(R?),R). In the present paper, different from [7], we consider the following
auxiliary functional:

Fo,1) = I(B(0.1)) = S IVoll3 + & / / PO oy - 2 [ Pl oya

R3

and prove that I possesses the same mountain pass geometry on S, x R as the functional I ’ s on this
basis, obtain the (PS),(,) sequence {u,} satisfying the extra information .J(u,) — 0, and then prove the
convergence of {u,}, this idea comes back to [20] in which the classical Schrodinger equation (1.5) was
studied. Let us point out that the adaptation of the idea to our problem is not trivial at all because of the
presence of three terms in I which scale differently. In fact, to derive the convergence of the above {u,}, a
key step is to show that «y(c) is nonincreasing. But now, the scaling technique introduced in [20] does not
work for I. Instead, we first show that y(c) = m(c) and then prove that the add in a suitable way L?-norm
does not increase the mountain-pass level. This information permits to reduce the problem of convergence to
that of showing that the associated Lagrange multiplier A € R is a nonzero. This approach is reminiscent of
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the one developed in [7] and but here the fact I may be not C? prevents us from using the Implicit Function
Theorem, thus new techniques and more subtle analyses are required for more general f ¢ C!. Theorem 1.1
will be proved in Section 2.

Theorem 1.2 is a generalization of the result from [8,9,21], in which the case f(u) = |u|?"2u with

I3 <qg< % was considered. To obtain the achievability of o(c) = infs, I, it is necessary to rule out the

dichotomy of the minimizing sequence, that is the case (1.10) does not occur. For this purpose, as in [8,9,21],
a key step is to prove

o(te) <t?o(c), Vit>1. (1.13)

But, the fact that f has no homogeneity property makes the proof more delicate. In addition, the case
¢ = ¢* requires a special treatment since o(c¢*) = 0. Theorem 1.2 will be proved in Section 3.
Throughout the paper we make use of the following notations:

o H'(R3) denotes the usual Sobolev space equipped with the inner product and norm

(u,v) = /(Vu Vo +w)de, ul = (u,u)Y?, YV u,v e H(R?);
R3

o L(R?)(1 < s < 00) denotes the Lebesgue space with the norm [Jul|s = ([gs |u|8dx)1/s;

o For any u € H'(R?), u(z) := t3/%u(tz) and u(z) := t2u(tz);
e Foranyz e R®and r > 0, B.(z) :={y e R3: |y — x| <r};
o §=infuepramapqoy | Vull3/[ullg;

e (1,05, -+ denote positive constants possibly different in different places.

2. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1.
First, we prove that I has a mountain pass geometry on the constraint S..

Lemma 2.1. Assume that (F1)-(F3) hold. Then for any ¢ > 0, there exist 0 < k1 < ko and uy,us € S. such
that uy € Ay, and uy € A2, where

A, = {u €S, 1| Vu|3 < ki, 1(u) >0} (2.1)
and
AP =lue S, : | Vul2 > ko, I(u) < 0}. (2.2)
Moreover, I has a mountain pass geometry on the constraint S,.
Proof. For any k£ > 0, set
Br={uecS.:||Vul3 <k}. (2.3)
We first claim that there exist 0 < k1 < ko such that

I(u) >0, Vuée B, and sup I(u) < inf I(u). (2.4)
u€By, u€OB,
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On the one hand, by the Gagliardo-Nirenberg inequality and the Sobolev embedding inequality, we have

1
I(u) > §IIVUII§ —ellull3 = Cellulld
X (2.5)
> §IIVUII§—SIIUI|§ =C(q )IIWHQ Hullz

Since ¢ is arbitrary and 3( 2 > 2. it follows from (2.5) that there exist k2 > 0 small and p > 0 such that

inf I(u)>p>0and I(u) >0 for u € By,. (2.6)
uEaBkz

On the other hand, the Hardy-Littlewood-Sobolev inequality and the Gagliardo-Nirenberg inequality give

1
Iw) < 5[ Vul + / / O gy < SIVull + Culluly
2.7)

IN

1
5 IVullz + Cal| Vaullz ull3,
which implies

sup [I(u)] - 0as k — 0. (2.8)
u€By,

Combining (2.6) with (2.8), there exists k1 € (0, k2) small such that

sup I(u) < p< inf I(u
ueglzl (u) ps ot (u)

Hence, we have proved the above claim, that is (2.4) holds. Let
ut(x) =t 2u(tz), Vt>0,uec H(R?). (2.9)

Then [[u?||2 = |Jull2, and so u* € S, for any u € S, and ¢ > 0. Note that

ungwwg // dd——/Fﬁ/2 (2.10)

Using (F3) and (2.10), it is easy to see that I(u!) — +oo as t — —oo. For any u € S, there exist t; > 0
small and ¢ > 1 large such that

V'3 = IVul3 < k1, V2[5 = 3] Vul3 > k2 and I(u?) < 0. (2.11)
Set u; = u' and up = u'2. Then (2.11) yields
IVuil3 < ki, ([Vuzll3 > ko

This shows that u; € Ay, and uy € A*2.
We next prove that I has a mountain pass geometry on S, (see [26,36]). For

e = {g€C([0,1],5.) : [IVg(0)[I3 < k1, (9(1)) < O},
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if I # 0, then for any g € T, (2.4) implies ||[Vg(0)||3 < k1 < ko < ||[Vg(1)||3. Thus, by the intermediate

value theorem, there exists 7o € (0, 1) such that ||Vg(70)||3 = ke, i.e., g(10) € OBy,. We conclude from (2.4)
that

max I(g(t)) > I(g(r9)) > inf I(u)> sup I(u), VgeT,
t€[0,1] u€0By, u€By,

which, together with the arbitrariness of g € T';, implies

v(e) = fnf max I(g(t)) > maxmax{I(g(0)), I(g(1))}- (2.12)

Thus, to obtain the desired conclusion, it suffices to show that T'. # ). For any u € S., set
go(r) = ut=D0HT -y e (0,1].
It follows from (2.11) that go € y(c). Hence, I'. # () and the proof is completed. O

Second, inspired by [14,16,20], we will find a (PS) sequence for the functional I on S. with the extra
information J(uy) — 0, where

J(w) = [Vl + / / ddy—g [lrwu-2r@lds, Vue HUE). oy
RS

To this end, we define a continuous map 3 : H := H*(R?) x R — H(R?) by
Blv,t)(z) = e%v(etx) for v € H'(R?), t € R, and = € R?, (2.14)

where H is a Banach space equipped with the product norm ||(v,t)|/x = (||v[|* + |t|2)1/2. We consider the
following auxiliary functional:

3t

Fo.1) = 1(8(0.1) = I3 + / / ) gy - Jretoe e
It is easy to check that I € C'(H,R), and for any (w,s) € H,

(I'(v,t), (w,s)) = /Vv de.r+€2t5HVU||2+—// |m— d dy

// )d dy +3— F(e? v)da (2.16)

R3 R3 R3

/f e2ve2wdx
T st

For the sets A, and A*? defined in Lemma 2.1, set

Y(e) == lélpf Jmax 19 (g(r)), (2.17)

where
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Ie={geC([0,1],8. x R) : (0) € Ay, x {0},5(1) € A™ x {0}}.

For any g € T, let go(7) = (g(),0) for 7 € [0,1]. Then §o € I'c, and so T # 0. Since I'. = {B0§: g€ [},
the minimax values of I and I coincide, i.e., y(c) = 5(c), moreover, (2.12) leads to

7(e) = ~(c) > max max{1(g(0)),(g(1))} = fgfgxmax{f(ﬁ(o))a I(3(1))}. (2.18)

Following [36], we recall that for any ¢ > 0, S, is a submanifold of H!(R?) with codimension 1 and the
tangent space at S, is defined as

T, = UEHl(RS):/uvdxz() . (2.19)

R3

The norm of the derivative of the C! restriction functional I|s, is defined by

1

swl=sup (I'(u),v). (2.20)
VET,||v]|=1

Similarly, the tangent space at (u,t) € S x R is given as

Tut=14 (v,s) € H: /uvdx =0,. (2.21)
R3

The norm of the derivative of the C! restriction functional I |s.xr is defined by

115, r (u )] = _sup (15, xr (u,1), (v,9)) - (2.22)
(0:5) €Tt l1(0,8)]| =1

As in [20, Proposition 2.2], we have the following proposition.

Proposition 2.2. Assume that I has a mountain pass geometry on the constraint So x R. Let §,, € T'c be such
that

max 7(ga(r) <3(0) + . (2:23)

Then there exists a sequence {(un,tn)} C Se X R such that

(i) f(umtn) S [:Y(C) — %;:Y(C) - %]7
(i) min,eo) [|(wns tn) = Gu(M)|lir < ==
(i) (1715, g (tns )| < 2, dce.,

(I (uns tn), (v, 9))] < %II(%S)IIH, Y (v,8) € Ty,

Applying Proposition 2.2 to I, we have the following key lemma.
Lemma 2.3. Assume that (F1)-(F3) hold. Then for any ¢ > 0, there exists a sequence {v,} C S, such that

I(vp) = ~(c) >0, I|s (v,) =0 and J(v,) — 0. (2.24)
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Proof. Let {g,} C I, satisfy

max 1(9(r) <9(0) + - (2.25)

To obtain the desired sequence, we first apply Proposition 2.2 to I. For this purpose, we define
gn(7) = (gn(1),0), ¥V 7€][0,1].

It is easy to see that g, € I'. and I(jn (7)) = I(gn(7)). Since 5(c) = v(c), it follows from (2.25) that

max 7(5,(r) < 3(0) + - (2.26)

From Proposition 2.2, there exists a sequence {(un,t,)} C S x R such that

(i) i(unatn) — 3(c);
(i) minzepo [|(un, tn) = (gn(7),0)| = 0;
(iii) (1115, xg (uns ta) |l < -

Set vy, := B(un,t,), where the definition of § is given in (2.14). Since v, € S. and F(c) = y(c), it follows
from (i) that

I(v,) — (c). (2.27)

From (2.16) and (ii), we derive

<I/(Un)7 w> = <I~/(Umtn)» (ﬁ(u% _tn)a 0)> (ﬁ(wa _tn)7 0>||H7 VweT,,. <2~28>

<2
<2

To prove I| (vn) — 0, by (2.28), it suffices to show that {(8(w, —t,),0)} C Ty, .+, and {(B(w,—t,),0)} is
uniformly bounded in H. We next prove the conclusion holds. For any w € T, , i.e.,

/vnwdx = /63;" up (e z)w(z)dz = 0,
R3 R3
we have

—3tn

/un(x)ﬁ(w,—tn)dxz /un(x)e 2 w(e nr)dr = /e%un(et"a@)w(m)dx =0,

R3 R3 R3

which implies
(B(w, —tn),0) € T, 1, (2.29)
Moreover, by (ii), we have

[tn| < min ||(un,tn) — §n(T)|lg < 1 for large n € N,

T€[0,1] ”

which leads to
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108w, —tn), 0)I[7 = 18w, —tn)|* = e[Vl + w]3 < €*[lw]® for large n € N. (2.30)

This shows that {(8(w, —t,),0)} C Ty, ;, is uniformly bounded in H, and so I|s (vn) — 0. Finally, by (iii),
we have

(T (s ), (0, 1)) | = J(B(tins 1)) = J (v5) = o(1). (2.31)
Hence, {v,} satisfies (2.24). O

Next, we will give an additional minimax characterization of y(c). Before this, we establish some new
inequalities.

Lemma 2.4. Assume that (F1)-(F3) hold. Then

3(p—2)
1—-t =
h(t, T =t BF#3 ) — F(r) + —————[f(r)7 — 2F (1
(t:7) = 3 F(27) — F(r) + 2= (7 ()7 — 2P (7)] .
>0, Vt>0,7eR
and
F(t) . ,
= is nondecreasing on both (—o00,0) and (0,+00). (2.33)

Proof. For any 7 € R, by (F1) and (F3), we have

3

d 3
a;h@’T)::§t’4{f(fVQT)EVQT-—ZPKfWQT) 3y

[f(T)T = 2F(7)]
_ 375%—% v [ FER2) 3120 —2F(327)  f(r)T — 2F(71)
= r

t3r|p B I7|P
>0, t>1,
<0, 0O0<t<1,

which implies that h(t,7) > h(1,7) = 0 for all £ > 0 and 7 € R. This shows that (2.32) holds. Moreover,
(F2) and (2.32) give

h(0,7) := \Hgoh(t’ T) = Zﬁ [f(r)T —pF(1)] >0, V7TEeR, (2.34)

which leads to

This shows that (2.33) holds. O

By the scaling (2.9), one has

2 " 2( )02
I(u') = %/|Vu\2dm + 1 // dedy —t_3/F(t3/2u)dx. (2.35)
R3 R3 R3 R3

z —y|
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d where the definition of J is given in (2.13). Let

It is checked easily that J(u) = $1(u') K
i

M g(p—2)t+3p—8, V>0,  (2.36)

hi(t) == 4t —3(p—2)2 +3p— 10,  ha(t) := 2t

By simple calculations, one has

hi(l) = ho(1) =0, hi(t) >0, ho(t)>0, Ytel[0,1)U(1,+oo). (2.37)
Inspired by [15,18,32], we prove the following lemma.
Lemma 2.5. Assume that (F1)-(F3) hold. Then
3(p 2)
’ [1 ! } 0
I(w) > I (uh) + J(u) + ! Vul|2
() > 1 () (w) 6(%2)” 13
H'(R? 2.
12p 2// Yasdy, ¥ue H(R®), t>0 (2.38)
and
2 3p — 3p 8 //
I(u) > J(u) + Vu d:lcdy7
(02 g5 50+ Gy IVl + P 239
YV uec H' (R®).
Proof. By (1.2), (2.13), (2.32), (2.33), (2.35) and (2.36), we have
1—t2 1—t u?(z)u?(y)
I(u) — I (u') = —— 5 // dzd
) =1 () = 5l + [ [ ey
R3 R3
-l-/ {t_?’F (t3/2u) —F(u)] dx
R3
2[1- 7] o 21—t )
=——<=J(u) + — Vu
3(p 2)
2 [1 —t } 1 UZ(x)u2<
y)
R R —//7dxd
3p-2) [4 o=yl
R3 R3
1 7t3(z> 2)
+/ {t—3F(t3/2u) — F(u) + T[f(u)u - 2F(u)}} dz
R3 P
3(p—=2)
211—-1t
h1
> HJ(UH D jvul3
3(p 6(p — )
ha(t ) 13
12 72 — dacdy7 Vue H (R%), t>0. (2.40)

This shows that (2.38) holds. Letting ¢ — 0 in (2.38), we derive that (2.39) holds. O
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From Lemma 2.5, we have the following corollary.

Corollary 2.6. Assume that (F1)-(F3) hold. Then

I(u) = I?;%g([ (W), VueM.. (2.41)

Lemma 2.7. Assume that (F1)-(F3) hold. Then for any u € H'(R3)\ {0}, there exists a unique t,, > 0 such
that ul* € M..

Proof. Let u € H*(R3)\ {0} be fixed and define a function ((t) := I (u?) on (0, 0). Clearly, by (2.35) and
(2.13), we have

fn 2 1 u? (z)u? (y)
) =0 o tHVu||2+Z//dedy

RS R3
3 - .
~o [f(tS/Qu)td/Qu — 2F(t3’/2u)} dz =0
R3
1 t t
& ;J(u)zO & u e M. (2.42)
Note that (2.33) leads to
F(#32r) <tTF(r), Vte(0,1), reR. (2.43)
From (2.35) and (2.43), we derive that
t2 t 2 2
I(ut) > Euwng + 1//%@@—5@—2)/1?@)(1% vte(0,1), (2.44)
R3 R3 Ty R3

which, together with 2 < 2(p — 2) < 6 implies that ((£) > 0 for ¢ > 0 small. Moreover, by (F1), (F2) and
(2.35), it is easy to verify that lim; o ((¢) = 0 and ((t) < 0 for ¢ large. Therefore max;¢ (0,00 ¢(t) is achieved
at t, > 0 so that ¢’(t,) = 0 and u'» € M..

Next we claim that ¢, is unique for any v € H'(R?) \ {0}. Otherwise, for any given v € H(R?) \ {0},
there exist positive constants t; # to such that u'' u'2 € M., ie. J(u't) = J(u'2) = 0, then (2.37) and
(2.38) lead to

[ 3(»—2) 3(p=2) ]

20t 2 —t, ?

I(u')>1(u?)+— s/ (W) =1 (u"”)

3(P—2)t1 :
[ 3(p—2) 3(p—2) |

20ty 2 —t; 2

> 1T (uh) + —= o (u?) =1 (u"). (2.45)

3(p—2)t2 ?

This contradiction shows that ¢, > 0 is unique for any v € H'(R3) \ {0}. O

Combining Corollary 2.6 with Lemma 2.7, we have the following lemma.
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Lemma 2.8. Assume that (F1)-(F3) hold. Then

. _ s t
2, 100 =m0 = o s )

Lemma 2.9. Assume that (F1)-(F3) hold. The function ¢ — m(c) is nonincreasing on (0,00).
Proof. To prove this lemma, it is enough to verify that for any ¢; < ¢y and € > 0 arbitrary,
m(ca) <m(cy) + ¢ (2.46)

By the definition of m(c;), there exists u € M., such that I(u) < m(c1) +¢/4. Let n € C§°(R3) be such
that

1, lz| <1,
n(x)=q €01, 1<|z[<2,
0, |x| > 2.
For any small 6 € (0, 1], let
ug(x) =n(dx) - u(x). (2.47)

It is easy to check that us — u in H(R3) as 6 — 0. Then we have

I(us) = I(u) <m(ec1) + -, J(us) = J(u) =0. (2.48)

L)

From Lemma 2.7, for any § > 0, there exists t5 > 0 such that us" € M,.. We claim that {¢s} is bounded.
In fact, if ts — oo as § — 0, since us — u # 0 in HY(R?) as § — 0, by (F2), we have

< ) _ 3 F(t us)
._4wm5+q% oy //1|z7 dady —/——E—dx
R3

= —00,

which is impossible. Then we may assume that up to a subsequence, t5 — t as § — 0, and so J (us®) — J(uf).
This, jointly with J(u) = 0, shows that ¢ = 1. By (2.37) and (2.38), we have

3(p=2)

214, L ity
3( ) -2

|us ()] \Ua )2
————="dxd
12p 3 // =~y .

which, together with (2.48), implies that there exists g € (0,1) small enough such that

IVus 3

1(%)<uwg+§gmm+igm@g+ (2.49)

Let v € C5°(R®) be such that suppv C Bar,, \ Br;, with Rs, = 2/dy. Define

e Jlug i
ol

)
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for which we have |[vg||3 = ca — |Jus, [|3- For A € (0,1), we define wy = us, + v} with |03 |l2 = ||vol|2- Noting
that

2 (2
dist {suppugwsuppvo} > — Rs, = 5 (X — 1) >0, (2.50)
0
we have
| (@)|? = Jus, (x) + v ()] = |us, (2)|* + vg (2) 2, (2.51)
lwall3 = llus, +vgll3 = [luso I3 + I0g1l3 = llus, I3 + lwoll3, (2.52)
IVwal3 = Vs, + Vg3 = [ Vus,llz + Vg 113 = [Vus, 3 + A% Vol[3, (2.53)
/F(wA)dx = /F(U5O + v))dx = /F(ugo)d:r—i—/F(v()\)dx
R3 R3 R3 R3 (2.54)
= /F(ugo)dx+x3/F(/\%vo)dx
R3 R3
and
[wa (@) Pluoa@)* — [us, () |us, () [* = [v5 () *|vg ()]
dzdy
|z =yl
R3 R
€= y
Suppus, suppv0 (255)
< [ ] @Rk
Suppus suppvé‘
< Allus, 31105113 = Alus, [13]1oll3
Then (2.53), (2.54) and (2.55) imply that as A — 0,
IVwAll2 = | Vs, 1%, /F(w,\)dx R /F(ugo)dx (2.56)
R3 3

and

//'wAHwA d@%//MO|MO”M@, (2.57)
|z — y lz —y

which lead to
I(wy) = I(us,) and J(wy) — J(ug,)- (2.58)
By (2.52), we have wy € S.,. From Lemma 2.7, there exists ¢ty > 0 such that w)® € M,,. Similarly to the

previous proof, we deduce that {t)} is bounded. Then we may assume that up to a subsequence, t — { as
A — 0. Note that

L// ddy<CﬁMmﬁ, Y ue H' (R?). (2.59)
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Using (2.56) and (2.59), a standard argument shows that as A — 0,

2
Iw - y\ Il‘ -

and

/F (wy") dz — /F (us,") dz. (2.61)
#s

R3

From (2.60) and (2.61), there exists Ao € (0, 1) small enough such I (wy*) < T (U,50 ) +¢/2. Thus, it follows
from (2.41) and (2.49) that

m(ca) < T (wy\™) <1 (u&,f) +%

< max I(us,") + (2.62)

€
t>0 2

<mflc1) +e.

= I(u5ot60) +

DO ™

The proof is completed. O
Lemma 2.10. Assume that (F1)-(F3) hold. Then v(c) = m(c) for any ¢ > 0.

Proof. From (2.11), for any u € M., there exist ¢t; < 0 small and ¢, > 1 large such that u’* € Ay, and
u'z € A*2. Letting

g(r) =7y e 0,1],
we have g € T'.. By (2.41), we have

~v(c) < max I(g(7)) = I(u),

T€[0,1]

and so y(c) < inf,em, I(u) = m(c) for any ¢ > 0.
On the other hand, by (2.39), one has

_ _ 2 2
gy < 0B gy - 2 Wygyyz 2 e |<j)_uy(|y)dxdy, Vues.,

R3 R3

which implies

J(9(1)) < I(g(1)) <0, Vgele.

Moreover, it is checked easily that there exists ug € By, such that J(ug) > 0. Hence, any path in I'. has to
cross M. This shows that

Trél[%)i]l(g(ﬂ) > ug}\f/’lc I(u) =m(c), VgeTl,,

and so y(c) > m(c) for any ¢ > 0. Therefore, v(c) = m(c) for any ¢ > 0. O
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Proposition 2.11 (/7, Proposition 4.1]). Let {v,} C S, be a bounded (PS) sequence for I restricted to S,
such that I(v,) — 7y(c) > 0. Then there is a sequence {A,} C R such that, up to a subsequence,

(1) v, — e in HY(R3) and \, = Ae in R;

(2) —Avy, — Agvn + (|27 |un[?) v — f(v) — 0 in HH(R3);
(3) —Av, — Aevy, + (||~ * Jvn|?) v — fvn) = 0 in H-1(R3);
(4) —AB — At + (|2 71 % [0c]?) B — f(e) = 0 in H-H(R3).

Lemma 2.12. Assume that (F1)-(F3) hold and v is a weak solution of (1.1). Then J(v) = 0. Furthermore,
there exists a constant co > 0 independent on X\ € R such that if ||v||3 < co, then A < 0.

Proof. Let v be a weak solution of (1.1), the following Pohozaev-type identity holds
1 3\
SVl + / / S gy~ 3E ) = 23, (263)

By multiplying (1.1) by v and integrating, we derive the following identity

Vvl|3 + // dxdy /f Yodz = \||v||3. (2.64)

By multiplying (2.64) by 3 and minus (2.63), we obtain J(v) = 0. Using J(v) = 0 and the Gagliardo-
Nirenberg inequality, we have

190]3 — COIVell, = lloll,® < [0l - §/[f(v)v—2F(v)]dfﬂ

2

=——// dxdy<0

which implies

IVolly = < Cp)lvll,* - (2.65)

By multiplying (2.63) by £ and minus (2.64), we obtain

5p 12
PRIl + / / Ditaady+ [1(0)0 - pF(0)las
R3 (2.66)
(P—2)A
= L2 ol
The Hardy-Littlewood-Sobolev inequality and the Gagliardo-Nirenberg inequality give
/ / @) 44y < | Tolla ol (2.67)

From (2.34), (2.66) and (2.67), we deduce
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p

—6
Aol < WIIWI@ + Cal[Vol2vll3,

which, together with Young’s inequality, leads to

3(p — 6)
)

Al < 5=

V013 + Csv]l. (2.68)

Noting that (2.65) implies that for any solution v of (1.1) with small L?-norm, ||[Vv||z must be large, it
follows that the left-hand side of (2.68) is negative when ||Vvl|2 is sufficiently small. Hence, there exists a
constant ¢y > 0 independent on A € R such that if a solution v of (1.1) satisfies ||v]|3 < cg, then A < 0. This
completes the proof. O

Proof of Theorem 1.1. In view of Lemmas 2.3 and 2.10, for each ¢ € (0, ¢g], there exists a sequence {v,} C S
such that

I(vy) = m(c) >0, I|s (vy) =0 and J(v,) — 0. (2.69)
By (2.39) and (2.69), we have

2 3p— 10 )
L (o) > V|2, 2.70
35— 190l (2.70)

m(c) + o(1) = I(v,) — ~6(p—2)

which, together with |[v,||3 = ¢, implies {v,} is bounded in H*(R?3). Then there exists v € H!(R?) such
(R3) for 2 < s < 6 and v, — v a.e.
in R3. Since m(c) = y(¢) > 0, by Lions’ concentration compactness principle [36, Lemma 1.21] and a

that, passing to a subsequence, v, — v in H'(R3), v, — v in L{

standard argument, we deduce that {v,} is non-vanishing, and so there exist § > 0 and {y,} C R?® such
that [5 ) [vn|?dz > 8. Let Uy (2) = va(2 + yn). Then we have |0, = [|v, | and

1(v,) = m(c), J(vn)=o0(1), / |@n\2dm > 4. (2.71)
B1(0)

Therefore, there exists v € H(R?) \ {0} such that, passing to a subsequence,

U, — v, in HY(R3);
U, — 0, in L (R3), Vsell,6); (2.72)
Up — U, a.e.on R3.
Let w, = v, — 0. Then (2.72) and the Brezis-Lieb type Lemma yield
lo|2:=¢<e¢, |wnl?2:= ¢ <cforlargen € N (2.73)
and
I(v,) = I(0) + I(wy,) + 0o(1) and J(0,) = J(0) + J(wy,) + o(1). (2.74)

Let
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U(u) = I(u) — ﬁJ(u)

_3p—-10 o o 3p—8 w(z)u?(y) |

“or—2 VR g g R/ R/ oyl Y (2.75)

+ %2 [f(u)u — pF(u)]dz, Vuec HY(R?).
p
R3
Then ¥(u) > 0 for all uw € H'(R3) \ {0}. Moreover, it follows from (2.71), (2.74) and (2.75) that

U(wy) =m(c) — (@) +o(l), J(wy,)=—-J@®)+o0(1). (2.76)

If there exists a subsequence {wy,,} of {w,} such that w,, = 0, from (2.34), (2.75), (2.76), the weak
semicontinuity of norm and Fatou’s lemma, we then deduce that ||Vv, — Vo||s — 0. Next, we prove that
this still holds for w,, # 0. Let us assume that w,, # 0. We claim that J(v) < 0. Otherwise, if J(v) > 0, then
(2.76) implies J(w,) < 0 for large n. In view of Lemma 2.7, there exists ¢, > 0 such that (w,) € Mg, .
Then it follows from (1.2), (2.13), (2.38), (2.75), (2.76), Lemmas 2.9 and 2.10 that

m(e) = W) + o{1) > W) = (1) = 3 (w)
3(p—2)
>7 ((wn)t) - ;&_ %) J(wy)
3(p—2)
_ tn °

which is impossible due to ¥ (o) > 0. This shows that J(2) < 0. In view of Lemma 2.7, there exists ¢ > 0
such that o' € Mg. Then it follows from (2.38), (2.75), the weak semicontinuity of norm, Fatou’s lemma
and Lemma 2.9 that

m(e) = lim [I(52) = =——J ()| = lim ¥(5,)
n— 00 3(p 2) n—r00
> () = 1(5) - ﬁm)

—3(p—2
7 (p2 )

> T (af) 55—y @ 2 mE) 2 m(e),

which implies ||V0,, — V|2 — 0 for w,, # 0. Finally, we prove that ||v,, —||2 — 0. Applying Proposition 2.11,
there exists A. € R such that

(I'(0n), 0n) = AcllTnll3 + 0(1) and (I'(9),9) = Ac[|o]l3- (2.77)
Since ||V, — V||2 — 0, a standard argument shows that
(I'(0y,), 0y = (I'(0), 0) + o(1). (2.78)

Moreover, Lemma 2.12 leads to A. < 0 for ||7]|3 < co. Jointly with (2.77) and (2.78), we have ||, — || — 0.

Hence, for any ¢ € (0, col, (1.1) has a couple of solutions (¥, Ac) € Sc x R~ such that
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I(v.) = inf I(v) = inf I(v*) > 0.
(e = nf, () = jf maxI()>
This completes the proof. O
3. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2.

Lemma 3.1. Assume that (F4) holds. Then

(i) for any ¢ > 0, o(c) = infyes, I(u) is well defined and o(c) < 0;
(ii) o(c) is continuous on (0,00);
(iii) there exists C1 > 0 such that o(c) < 0 for any ¢ > Cy if (F5) holds.
Proof. (i) By (F4), for any ¢ > 0, there exists C. > 0 such that
|F(t)] < elt)® + C-Jt|*, VteR. (3.1)
By the Gagliardo-Nirenberg inequality, one has
lull < CIVully, = ull,® ¥ s € (2,6). (3.2)

In view of [21, (2.11)], we have
/\u|3dx < // wE@UW) 4y + —||vu|\2, Vue HY(RY). (3.3)

Letting ¢ =  in (3.1), it follows from (1.2), (3.1), (3.2) and (3.3) that

1 1
vl + / / R oy — (1l + )

1 1 6
> (5 g1z ) IVl - Cac

which, together with 0 < w < 2, shows that I is bounded from below on S. for any ¢ > 0, that is o(c)
is well defined. Since u' € S, for all u € S, from (2.35) and (3.1), we deduce that I(u') — 0 as t — 0, and
so o(c) <0 for any ¢ > 0.

1(u)

Y

(3.4)

—ag 3(ap—=2)
4 ||V’U,||2 : ) VUGSC, C>07

(ii) For any ¢ > 0, let ¢,, > 0 and ¢, — c. For every n € N, let u,, € S,,, such that I(u,) < o(c,)+ = < L.
Then (3.4) implies that {u,} is bounded in H'(R?), moreover, we have
o(0) <1 (, / —u) = T(un) +0(1) < o(en) + of1). (3.5)

On the other hand, given a minimizing sequence {v,} C S, for I, we have

o(en) < 1 (\/gvn) < I(vn) + o(1) = o(c) + o(1),

which, jointly with (3.5), gives lim,,_,o, o(c,) = o(c).
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(iii) By (F4) and (F5), there exist do > 0 and gy > 0 such that
F()] = olti™, ¥ [t] 2 oo. (3.6)
Set
ug(w) := tPu(te), Vuec H (R?), t>0. (3.7)

For any ¢ > 0, we choose a function w € C{°(R3, [0y, +00)) satisfying ||w|3 = c. Then it follows from (3.6)
and (3.7) that

t3 1 9
I(wy) = f||v 12+ G L — 5 | F(Pw)da

R3

p (3.8)
< Ivulf + //‘ LN gy e Sy, Ve,

which, together with 2py — 3 > 3, implies that I(w;) — —oo as t — +oo. Noting that |jwy||3 = t|jw||3 for
t > 0, there exists C; > 0 such that o(c) < 0 for any ¢ > C;. O

Noting that Lemma 3.1 implies
{c € (0,+),0(c) < 0} # 0, (3.9)
we have
=inf {c € (0, +00),0(c) < 0}
is well-defined.
Lemma 3.2. Assume that (F4)-(F6) hold. Then for any ¢ > 0,
o(te) <t3o(c), Vit>1. (3.10)

Proof. Letting {u,} C S. be such that I(u,) — o(c) for ¢ > ¢*, it follows from (3.4) and Lemma 3.1 that
o(c) <0, and {u,} is bounded in H'(R3). By (F6), one has

()

3 is nondecreasing on (—o0,0) and (0, 00). (3.11)
By (1.2) and (3.11), one has
3
Iw) = SIvulf+’ // WE@UY) gy — B/F(tQu)dx
R3
t3 (3.12)
< —||Vull3 + // ddy t?’/Fd
Va3 + et (w)

= *I(u), Yu€S, c>0 t>1,
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where the definition of u; is given in (3.7). Since ||(un)¢]|3 = t||un||3 = te for all t > 0, it follows from (3.12)
and Lemma 3.1 (i) that

o(te) < I((un)e) < 31(uy) = t3o(c) +o(1), Yt>1,¢>0
which implies that (3.10) holds for ¢ > 0. O
Lemma 3.3. Assume that (F4)-(F6) hold. Then o(c) has a minimizer for any ¢ > ¢* and o(c*) = 0.

Proof. We first prove that o(c) < 0 has a minimizer for any ¢ > ¢* by the definition of ¢*. Let {u,} C S,
be such that I(u,) — o(c) for any ¢ > ¢*. Then (3.4) implies that {u,} is bounded in H!(R?). We claim
that

d :=lim sup sup / [u,|*dz > 0. (3.13)
n—oo yecR3
B (y)

In fact, if § = 0, then by Lions’ concentration compactness principle [36, Lemma 1.21], one has u,, — 0 in

L#(R3) for 2 < s < 6, and so (3.1) implies that [ps F'(u,)dz — 0. Then by (1.2) and (2.59), we have

1
0>o0(c)= lim I(u,) = 3 1i_>rn [Vun|3 > 0.

n—oo

This contradiction shows that § > 0, and there exists {y,} C R? such that

|un|2dx >

N

. (3.14)

Bi(yn)
Letting iy, () = un(x + yn), we have
Up €Sey,  I(un) — o(c). (3.15)
In view of (3.14), we may assume that there exists u € H*(R?) \ {0} such that, passing to a subsequence,

Up — U, in HY(R3);
Up =, in L{ _(R3), V s € [1,6); (3.16)
Uy — 4, a.e.on R3.

By Lemma 3.2, we have

o(c) = lim I(@,)=1(a)+ lim I(a, - )

n—oo

Y

o(lal3) + lim o(]a, — al3) (3.17)
= o(flall3) + o(c — [lull3).

If |@]|3 < ¢, then (3.17) and Lemma 3.2 imply

0_( c ”,L—L”Q) (”IL_LH%)S-FO’( c (C— |’1]||2)> (C_ ||ﬂ||§)3
lall3™ ™ c c—|lul3 ? ¢

_ _ 3
_ o Mallg £ (e =)
- J(C) 03

a(c)

(3.18)

> o(c),
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which is impossible. This shows a3 = ¢ = |lu, |3, i-e., @ € S., and so u,, — @ in L¥(R3) for 2 < s < 6.
Thus, it follows from (2.59) and the weak semicontinuity of norm that

o(c) = lim I(uy,) > I(u) > o(c),
n—oo
which leads to w € S, and I(u) = o(c) for any ¢ > ¢*. Hence, o(c) has a minimizer for any ¢ > c¢*.
We next prove that o(c*) is also attained. Let ¢, = ¢* + 1. By Lemma 3.1 (iii), one has o(c,) < 0 for
every n € N. In view of the previous proof, there exists {u,} C S, such that

I(u,) = 0(cn) <0 for every n € N. (3.19)

By the definition of ¢* and Lemma 3.1 (ii), we have I(u,) = o(¢,) — o(c*) = 0. Then (3.4) implies that
{u,} is bounded in H'(R3). We claim that (3.13) holds. Otherwise, if §=0, then by Lions’ concentration
compactness principle [36, Lemma 1.21], one has u,, — 0 in L¥(R?) for 2 < s < 6. Then we derive easily
IV |l2 — 0 due to I(u,) — 0. Similarly to (3.4), we have

1 1 « 6—q
Tuy) > (— - —) 1Vunll? — Ca(e") S5 |Vt

3(a0—2)
2
2 )

2 64r

which, together with 0 < w < 2, implies that I(u,) > 0 for n € N sufficiently large. This contradicts
(3.19), and so (3.13) holds. Then there exists {y,} C R3 such that (3.14) holds. Letting @, (%) = un (2 +yn),
we have

U € Ser, (i) — 0(c*) =0, (3.20)

and there exists u € H'(R?) \ {0} such that, passing to a subsequence, (3.16) holds. Since 0 < ||u||3 < ¥,
we deduce from Lemma 3.1 (ii) that

0 = o(c") = lim I(u,)=I(u)+ lim I(u, —u)

n—oo n—oo

o(lal) + lim_o(|lin — l3) (3:21)

Y

o(|lal3) + (e —fal3) =0,

which leads to I(u) = o(||u||3) = 0. Let t = <
Jointly with (3.4), we have

. Then ¢t > 1 and |ug]|3 = t||u|3 = ¢* by the scaling (3.7).

which implies 4z € S+ and I(uz) = o(c*) = 0. Hence, o(c¢*) has a minimizer. The proof is now complete. O

Proof of Theorem 1.2. Note that if u. is a critical point of I|s,, then there exists A. € R such that I’ (u.) —
Actte = 0. Hence, Theorem 1.2 follows directly from Lemma 3.3. O
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