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1. Introduction

In this paper we are continuing our study of quantum analogs of Dirac type operators on manifolds
with boundary and global boundary conditions of Atiyah, Patodi, and Singer type [2]. Despite similarities
with our previous papers on the subject, the problem studied here is much more complex. We consider a
higher dimensional space, namely three dimensional solid torus, and its quantization. The resulting space is
noncommutative and its boundary is also noncommutative. Dirac type operators are matrix valued operators
and the Atiyah-Patodi-Singer condition cannot be generalized straightforwardly.

One of the main objectives of our previous work was to find appropriate non-commutative analogs of Dirac
type operators on planar domains with boundary and to investigate their functional analytic properties.
Some examples of Dirac type operators in simple domains, such as the disk, annulus, and punctured disk
were described in [5] and [6]. These papers exhibited strong similarities in the setup and the results between
the commutative and quantum cases. Also in those papers the global boundary condition imposed on Dirac-
like operators was essentially the classical APS boundary condition. In reference [8] we discussed Dirac type
operators on the solid torus, in the commutative sense, with a different nonlocal boundary condition, that
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was inspired by [9]. This is because the natural metric on the disk does not have the product structure near
boundary, required for APS theory. This was not a problem for two dimensional domains but becomes an
issue in dimension three. In this paper we follow up the analysis [8] of the operators on the commutative
solid torus, with same type of investigation for their quantum analogs.

Instead of constructing a quantum analog of the non-local boundary condition that was used in [8], we
consider a large class of boundary conditions that yield desired analytical properties of the parametrices of
the quantum Dirac operators. The boundary condition of [8] required extending functions in the domain
beyond the boundary of the solid torus, which makes sense geometrically in the classical case. However in
the quantum analog, there are obvious obstructions, for example what do we mean by the “outside” of the
boundary of the quantum solid torus. This will be addressed in our future work.

The solid torus is the product of a disk and a circle. In quantum case we take a noncommutative disk
and then a twisted product of it with the unit circle to produce the quantum solid torus. The operators
we consider respect this decomposition. Unlike our previous work on d-bar operators on the quantum disk
[5], we consider here a bigger variety of related Dirac like operators on the disk. They yield a wide class of
operators on the solid torus. The crux of the analysis presented here is the proof that the parametrices of
our Dirac type operators are compact operators, like it was shown in [8] that the parametrix of the classical
Dirac type operator was also compact.

The paper is organized as follows. In section 2 the quantum solid torus is introduced and discussed. This
is followed by section 3 on partial Fourier series on the quantum solid torus. The relevant Hilbert spaces are
also defined there. Section 4 introduces our Dirac type operators, while section 5 contains a discussion of
some properties of their coefficients. The boundary conditions are defined in section 6, based on properties
of special solutions introduced there. The computation of the parametrix of the Dirac type operator is
described in section 7. Finally, section 8 contains analysis of a parametrix culminating in the proof of the
main theorem on compactness.

2. Non-commutative solid torus

In this section we define our version of the quantum solid torus. From the topological point of view
such a quantum torus is a noncommutative C*—algebra which has a structure similar in some ways to the
ordinary solid torus. The idea here is simple: the solid torus can be thought of as the product of the disk
and the circle. To obtain a quantum solid torus we take the quantum disk of [4] and take its twisted product
with the circle. The result can be described either as a suitable crossed product algebra or as a universal
C*—algebra with generators and relations. We proceed to describe them now.

Definition. Let Ay be the universal C*—algebra with generators U and V such that U is an isometry i.e.
U*U =1,V is a unitary i.e. V*V = VV* = [ and such that they satisfy the commutation relation

VU =e™UV.

Let {ex} be the canonical basis for £2(Zx¢) and let W be the unilateral shift, i.e. Wej = eg41. Let T be
the C*—algebra generated by W. The algebra T is called the Toeplitz algebra and by Coburn’s theorem it
is the universal C*—algebra with generator W satisfying the relation W*W = I i.e. an isometry. Reference
[4] shows that this algebra can be thought of as a quantum unit disk. Its structure is described by a short
exact sequence, namely:

0—K— T — C(S") — 0, (2.1)

where K is the ideal of compact operators in £2(Z>g). In fact K is the commutator ideal of the algebra T.
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Proposition 2.1. For any 0 we have the following isomorphism of algebras: Ag =T Xg Z where the crossed
product on the right hand side is defined, for n € Z, by the automorphisms 0, (U) = e*™™0U for some
0 € [0,2m).

Note that because of the universality of the Toeplitz algebra, we only need to define an automorphism
on its generator and check that it satisfies the defining relation.

Proof. By definition, a representation 7 of the universal C*—algebra Ay, consists of a Hilbert space, H and
bounded operators 7w(U) and w(V) on H, that satisfy the defining relations of Ag. Then Ay is the completion
of the algebra of polynomials a in U and V' and their adjoints with respect to the maximal norm, i.e.

lallmax = sup [|7(a)].
T

On the other hand, the covariant representation of the dynamical system (Z, 0,7 ) consists of a Hilbert
space X, a bounded representation p of T on X, and a unitary operator p(V) on X, such that the following
commutation relation holds:

p(©1(b)) = p(V)p(b)p(V)",

for any b € 7. By the universality of the Toeplitz algebra, its representation p is completely determined by
an isometry p(U) i.e. p(U)p(U)* = I. Moreover, the above commutation relation with p(V') becomes the
following:

Consequently the crossed product 7 Xy Z is obtained by completion of the algebra of polynomials a in U
and V and their adjoints with respect to the maximal norm, i.e.

lallmax = sup [|p(a)ll.
p

So we see that the two concepts are identical, establishing an isomorphism between the algebras, and
completing the proof. O

By the amenability of Z, the crossed product of the Toeplitz algebra with Z is equal to the reduced crossed
product of the Toeplitz algebra with Z. Consequently, the norm of an element of the crossed product can be
computed from a single representation by combining a faithful representation of the Toeplitz algebra with
the left regular representation of Z. Explicitly, choosing the defining representation of the Toeplitz algebra,
we can view the reduced crossed product as the C*—algebra generated by the operators described below
acting in the Hilbert space (2(Z, (*(Z>¢)) = (*(Z) @ (*(Z>¢) = {*(Z>0 x Z), where the equality of Hilbert
spaces follows from [10].

Corollary 2.2. Let {ey;} be the canonical basis in €*(Z>o x 7). Defining two operators: Uey,; = e~ 270
and Veg, = ex,1+1, we have Ag = C*(U,V).

Ck+41,1

For § € [0,27) let T be the two dimensional quantum torus. In other words, T is the universal

2760

C*—algebra with two unitary generators v and v such that vu = e*™“uv, see for example [3]. The following

proposition describes the structure of Ay.



4 S. Klimek, M. McBride / J. Math. Anal. Appl. 484 (2020) 123690

Proposition 2.3. We have the following short exact sequence:
0—K®C(S) — Ag — T7 — 0.

Proof. Consider the crossed product of the short exact sequence (2.1) for the Toeplitz algebra with Z. We
get:

0—=KxpZ —T xpgZ — C(S*) x9g Z — 0.

It is well known that 77 = C(S') xg Z, see [3]. Moreover, it is easy to see that K xy Z = K @ C(S1), see
[12] for the details. Explicitly, the cross product K Xy Z can be “untwisted” by noticing that, in the tensor
product of Hilbert spaces (?(Z) ® £(Z>o), if a is compact in ¢*(Z>) then:

I@a) (V' =Ixe K. (Vo).

—27ik6

The operators above are Key; = ke and V'ey; =€ ek 1+1- In addition define the operator U'ey; =

—2miK6

€k+1,1, then we have Ag = C*(U’,V’) by universality, while e a is still compact. Combination of all

those facts above yields the above short exact sequence. O

In view of the results about Ay contained in this section it natural to call this algebra the quantum solid
torus.

3. Fourier series

The purpose of this section is to introduce a partial Fourier transform on the quantum torus. As stated
in Corollary 2.2, the algebra Ag is generated by the following two operators: Uey; = e‘z’riwekHJ and
Ver1 = ek,+1, satisfying the relations: VU = 20UV, U*U = I and V*V = VV* = I. We also reuse
the following diagonal label operator Key; = keg,;, so, for a bounded function f : Z>¢o — C, we have

f(K)er; = f(k)eg,. We have the following two useful commutation relations for a diagonal operator f(K):
FEK)YU=Uf(K+1)and f(K)V =V f(K). (3.1)

Let Pol(U, V) be the set of all polynomials in U, U*, V and V*. We call a function f : Z>¢ — C eventually
constant, if there exists a natural number ko such that f(k) is constant for k > kg. The set of all such
functions will be denoted by EC'. Using the above notation we consider the following operators in £2(Z>ox Z)
expressed as finite sums:

N N
a= Y VPUMELE) DY [l VU
n=0,m|<M n=1,|m|<M

for some M, N > 0 and fnﬂ;n(k:) € EC. Let A be the set of all such operators. We have the following
proposition:

Proposition 3.1. A = Pol(U,V).

Proof. Using the commutation relations (3.1) it is easy to see that a product of two elements of A and the
adjoint of an element of A are still in A. It follows that A is a x—subalgebra of Ay. Since U and V are in
A, it follows that Pol(U, V) C A. To prove the other way inclusion it suffices to show that for any f € EC
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the operator f(K) is in Pol(U, V), as the remaining parts of the sum are already polynomials in U, V, U*
and V*. To show that f(K) € Pol(U,V), we decompose any f(K) € EC in the following way:

ko—1

f(K) = Z F(K)Pr 4 fooP>kys

k=0

where foo = limg_00 f(k), Py is the orthogonal projection onto span{ey;}cz and P>y, is the orthogonal
projection onto span{ey;}r>k,1cz- A straightforward calculation shows that U¥(U*)¥ = Psj and Py =
P>} — P>p41. This completes the proof. O

The above considerations tell us that a € A are completely determined by the coefficients f; ,, (K) € EC
and so it motivates the following definition of a partial Fourier series. For f € Ay, define the formal series:

fseries = Z vrogn nt,n(K) + Z fm n Vm(U )n7

n>0,meZ n>1,meZ

where

Fohn(k) = (€0, (U)"V " fero) and  fo (k) = (ex0, UV e o).

Similarly to the usual theory of Fourier series, fseries determines f even though in general the series is not
norm convergent. Other types of convergence results can be obtained along the lines of the usual Fourier
analysis.

We now proceed to describing the Hilbert spaces hosting our Dirac type operators. They are analogs of
the L? spaces on the classical solid torus. Let {a,(k)} be a sequence of positive numbers, which we call
weights, such that the sum

=1
‘,;)a (k)

exists and such that s(n) goes to zero as n — co. For any formal series define a norm by

Ifseriesl® =2 > %(k)lfﬁ;,n(k)\%rz Y. g fan®r

a
k=0n>0,meZ k=0n>1,meZ n( )

Let Ho be the Hilbert space whose elements are the above formal series fseries Such that || fseries|| is finite.
Let Qo be the orthogonal projection in £%(Z>o x Z) onto span{e,o}rez.,- Define the linear functional
7 on Bi((?(Z>o x 7)), the space of trace class operators, by 7(a) = tr(aQo).

Lemma 3.2. For a bounded operator a, and b € By(¢*(Z>¢ x Z)) we have the following inequality:
[m(ab)| < [la]|(r(*))"/? == [lallb]] -

Proof. We estimate as follows:

[m(ab)| = |tr(abQo)| < llall (tx((6Q0)*bQ0))** = [lall(tr(Q5b*bQ0)) "2
= [lall(tr(b"0Q0))** = [lal|(7(b"0))"/2,

where the inequality follows from the usual estimate for the trace. O
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We use this lemma to show that Ay is dense in H.

Proposition 3.3. If f € Ay, then fseries converges in Hy. Moreover the map Ag O f > fseries € Ho s
continuous, one-to-one, and the image is dense in Hy.

Proof. We follow here the similar argument from [7]. For f € Ay we need to estimate the norm of fieries-
Notice first that if f € A, then fseries = f. Since such f’s are dense in Ay, it suffices to estimate the norm
of the finite sums. Without loss of generality, we assume that f has only the U* and V terms as the same
proof works for the remaining terms. For such f we have:

oo N 1 N 1
||fseries||%-£0 = Z Z m'f';z,n(k‘)lQ =T Z mlf;un(K)F
k=0n=1,/m|<M n n=1,lm|<M On
N 1 -
= X VT U VU (K)

n:l,\mlgMa”() ’

N

- S v |

n=1,lm|<M On (K)

Consequently, using the inequality from Lemma 3.2, we get

N

Hfseries”%-[o S Z

n=1,[m|<M

— 2 VU™ -

Next we estimate:

T

N
o 1
— m *\M —Jrrt -
n=1,lm|<M I=1,|j|<M

I

\]
M) =
£
=

LYY L 0P < B ( ! )
= (R () T I = W serieslTio SO 3y )

k=0n=1,|m|<M ™

Using the summability conditions on the weights we obtain:

S;l]}: (%(k)) < sup (; ﬁ) = SITle(S(TL)) < const,

=0

and hence we get ||J"Series||§_[0 < const|| fseries || #, || f1]- This shows the continuity of the map Ag 3 f — fseries €
Ho, and consequently fieries converges in Hg for every f € Ay.

Next we show that the map Ap > f — feeries € Ho is one-to-one. Let f and g belong to Ay and
suppose that fseries = Jseries- Lhis means that the Fourier coefficients are equal, that is: f,‘,‘;n(k) = g;‘;n(k)
for all n > 0 and all m and k, and f, (k) = g,, ,(k) for all n > 1 and all m and k. From f,} (k) =
(ex,0, (UF)"V ™™ fer o) and f,, (k) = (ex,0, fU"V "™eg o) it follows that all matrix coefficients of f and g
are the same so we must have f = g. Thus the map f — fseries € Ho is one-to-one.
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To prove density we define the following indicator function

o =k
(k) = ol £k

It is clear that VU™ (K) and §;(K)V™(U*)™ are in Ay, and moreover they form an orthogonal basis
for Hp. Finally finite linear combinations of V™"U"™¢;(K) and §;(K)V™(U*)™ form a dense subspace of Ay
as they are polynomials in U and V and hence are in A, making it a dense subspace of Hg. Thus the proof
is complete. O

4. Dirac type operators

The purpose of this section is to introduce the main object of study of this paper: Dirac type operators
on the quantum solid torus. We start with reviewing the definition of such operators, contained in [8], on
the classical solid torus. In that paper we considered the following formally self-adjoint Dirac operator D
defined in L?(ST? C?%) = L2(ST?) @ C? by

2 99

D, = i 00 0z
cl _90 _108 [

0z 1 00

where ST? = D x S! is the solid torus, and D = {z€ C : |z| <1} is the unit disk, while S' =
{em eC :0<6<L 27r} is the unit circle. Using Fourier decomposition:

F= Z (fm,n(r)>eingo+im07

monel Im,n (T)

N

the operator D becomes:

— m e’ (% - %) fm”ﬂ(’r) ine+imo
D, F = Z (e—z’ga (_(’)Q + %) Em > (gmn(’r)> e s .

m,neZ T

The boundary condition we studied in [8], geometrically very much the same as the APS condition,
considered the solid torus as a subset of the bigger noncompact space of the plane cross the unit circle. We
defined the domain of the Dirac operator D,; as consisting of those sufficiently regular (first Sobolev class)
vectors F' which extend to square integrable solutions of D F = 0 on the complement of the solid torus.

Denote by I,,, K,, the modified Bessel functions of the first and second kind respectively. Without bound-
ary conditions, the operator D, on the solid torus has an infinite dimensional kernel consisting of linear
combinations of special solutions I,, for which, in Fourier decomposition, the only nonzero components for
m # 0 are:

Fnmar (r) = —%Inﬂﬂm\r% G (r) = Lu(Imlr).

Outside of the solid torus in the plane cross the unit circle the square integrable functions in kernel of D
are linear combinations of solutions K, for which the only non vanishing components when m # 0 are:

m
fm,n-i-l(r) = WKH+1(|m|7‘), gm,n(r) = Ky (|m|r).
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Consequently, see [8] for details, using the Fourier decomposition of F, the boundary condition can be
rephrased as

(M| K1 ([ml)gm,n (1) = mEn(Im]) fmnt1(1) = 0,

if m # 0 and fo,»,(1) = 0 for n < 0. Additionally, for m = 0, we have g (1) = 0 for n > 0.

We now proceed to define our Dirac type operators for the noncommutative solid torus, in a way that is
analogous to the commutative case. Let ¢1,,(k) < 1 and ¢z, (k) < 1 be sequences of positive numbers such
that [], c1,.n(k), [], co.n(k) exist and are not zero, and such that there exists a constant, , such that for
all k or n we have 1/k < 1/¢; n(k) <1,i=1,2.

Let (2 (Z>0) be the following Hilbert space of sequences:

0z (Z0) = {{h<k)}k>0 3 QLU{)Ih(k)\2 < oo}.
k n

We introduce the Jacobi type difference operators by formulas:

An+1

Bph(k) = anp1(k)(h(k) — c1n(k)h(k+ 1)) : €2 (Z>0) = L2, (Z>0)

QAn 41

Byh(k) = an(k)(h(k) — con(k — Dh(k — 1)) : €2 (Z>0) = 2 (Z>0) 1)

defined on maximal domains, i.e. dom(B) = {h € £2  (Z>o) : |Bhllz (z.,) < oo} and the domain of B
is defined in the same way.
Using the above general one-step difference operators we define operators §p and o which are noncom-

mutative analogs of -2 and -Z as:
0z 0z

So(fy==">_ V"U"'Bufh (K + Y Buafm KV U
n>0,meZ n>1,meZ

a(fy== Y VU By afi K+ Y Bafm KV U
n>1,meZ n>0,meZ

Those operators are more general versions of the d-bar like operators considered in [5].
Next define another diagonal label operator L on ¢%(Z>o x Z) by Leg,; = le;. We use it for the definition
of 61 = [L, - ], the analog of 1.2 It is easy to see that

s(f)= >, mVrUrELLK) + Y mf, (K)VT(U)",

n>0,meZ n>1meZ

again considered on its maximal domain.
Let H = Ho ® C2. Any F € H has the following Fourier decomposition:

o (znzl,mez VU™ () + 5 me S KOV
ZnZO,mGZ anUng;z,n(K) + ZnZl,mEZ gT_n,n(K)Vm(U*>n

We define the quantum Dirac type operator D to be

& 6
D= (52 g1> . (4.3)

Initially we set the domain of D to be the maximal domain:
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dom(D)={FeH : |DF|| < x}. (4.4)

Using Fourier series (4.2) we relate D to finite difference operators with matrix coefficients. For brevity
throughout the rest of the paper we only study the “positive” part of the Fourier transform of the elements
of the Hilbert space, as the “negative” part can be analyzed in an analogical fashion, but writing down all
the repetitive details would have significantly increase the length of the paper (and decrease its readability).
Because of this, the “4+” superscript is dropped for simplicity.

Define the following Jacobi type difference operator with matrix valued coefficients

s+ 1)) e
<g<k+ 1)) Crnnl) <g<k> ﬂ | -

ani1(k)ern (k) 0 )
m an(k+1) )’

Amn<£>@0Aka+U

where

Apn(k+1)= (

and

1 —m
Conn (k) = < . ®) +""+1(’“)Clv",§? ) . (4.7)
an(ktern(k)  ©2n @kt Dant1(k)ern(F)

Notice that A, : (2 (Z>o) @ 2

ani1(Zz0) = 02 (Z>0) ® €2 (Z>). Initially we define the domain for
Apn to be

An+1

dom Am,n = {h € fin (ZZO) Y finﬂ(ZZO) : ||Am,nh||an+1®an < OO} . (4~8)
The domain will be modified later to include a boundary condition.

Proposition 4.1. For F,G € H where F = (f,9)t, G = (p,q)!, and f,g,p,q € Ho, the “positive” part of the
equation DF = G is equivalent to the following equations:

gm,n _ pm,n 1(k)
Am’n (fm,,n+1> (k) N <Qm,n—(i_k + 1)) ’ (49)

form>0, meZ, k>0, and

anw)fm,nJrl(O) + mgm,n(o) = qm,n(o)- (4.10)

The last equation (4.10) will be referred to below as the initial regularity condition as it is both a starting
point of recurrence proofs and it is analogous to the regularity condition at origin for solutions of Dirac
operator for the classical solid torus.

Proof. In the Fourier series for F' and G there is an ambiguity whether n = 0 term should go with positive
or with negative terms. Because we change summation indices in the calculation below, the ambiguity is
resolved differently for different components of F' and G.

Using the definition of D and shifting n in the first sum we get, ignoring the “negative” part,

_ m Un+1(mfm,n+1(k) - Engm,n(k)) _
or= 3 v (o Sl ) o
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Shifting k in the second equation for k > 1 we get the following equivalent system of equations

{ M fmnt1(k) = ang1(K)(gmn (k) = c1,n (k) gman(k + 1)) = prmns1(k)
(k + 1)(fm,n+1(k +1) — C2,n(k)fm,n+1(k)) + mgm,n(k +1) = _Qm,n(k +1),

while the case k = 0 in the second equation leads to equation (4.10).
The system above can be rewritten in matrix form:

an+1(k)c1n (k) 0 Imn(k + 1
m an(k+1) font1(k+1

_ anJrl(k) —m Im.n k) pm,n+1<k)
0 an(k + 1)ca (k) Jmon+1(k) —Gm.n(k+1)
The first matrix above is A, ,(k + 1), therefore factoring it out of the left side of the equation gives the
desired result and completes the proof. O

5. Properties of the coefficients

It follows from Proposition 4.1 that to analyze D we need to study the properties of the operators
A n subject to the initial regularity condition. This section discusses important properties of the matrix
coeflicients of those operators.

Unless specified differently, in all formulas in the section, n > 0, m € Z, k > 0. First notice that
det Ay n(k+1) = ant1(k)an(k+1)c1n (k) # 0 for any k and n which means that the inverse of the matrices
Apn(k 4+ 1) exists for any k and n. Notice also that det C,, (k) = c2,n(k)/c1,n (k). Additionally we have:

Proposition 5.1. The infinite product

k=0

exists and 1is invertible.

Here and everywhere below a product of matrices is understood from right to left, that is:

Proof. We consider Cy, (k) —1, since by [11], if the series ), ||Cy,.n (k) —I|| converges and det C,, ,, (k) # 0,
then the infinite product of C,, (k) converges. We already have det C,, ,,(k) # 0 for all k, m,n, so consider

1 . m
Con(k)—1= c1,n(k)—1 any1(k)crn(k) '
’ ( ) <a (k—i—in)lc (k) €2 n(k) -1+ (k+1) -
n(k 1,n > an ant1(k)er,n(k)

Estimating the matrix norm by the sum of absolute values of the coefficients, we have

| m
Cm n k)—1 S +
1Cmn(B) =T < 20 —1‘ i (B)ean(R)
2
b e ) 11 "

an(k+1)c1 (k) an(k + api1(k)er n(k)
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By assumption, the infinite products of ¢1 ,,(k) and ¢z, (k) exist. Using this and the summability criteria
on 1/a,(k), we see that ), ||Cy,.n(k) — I]| converges. Therefore we can deduce that the infinite product
[I; Cimn(k) exists, thus completing proof. O

Below we use simplified notation for the products:

Ji(n) =[] ern(k) and Jo(n) =[] cam (k).
k=0 k=0

We have

k k

. . . can(i)  TliZgcon(i)  Ja(n)
detC,,., = lim det C,, (1) = lim = e O = .
s k—o0 g ’ ( ) k—oo };!; Cln (Z) Hi:[) Cl,n(@) Jl (n)

The next proposition describes the structure of the infinite product of the Cy, (k) matrices.

Proposition 5.2. The infinite product C,, ,, has the following structure:

o _ (Zo o + Folm?) —mF1(m?)
m,n —mFy(m?) 1520 con(i) + F3(m?) )’

where the Fj(mQ) are power series in m> with positive coefficients for 7 = 0,1,2,3, and additionally

Fy(m?) = (H %(Z) 4 Fo(m2)> <m2F1(m2)F2(m2) — Rm)] cz,n(i)> .
i=0 " i=0

Proof. It is easy to verify by induction that for each k the product Hi'c:o Cm.n (i) is of the form

k (i i + i uo(n, k) (m?)! —m 3w (n, k) (m?)! )
Cm,n 1) = / L ) / .-
11 g < —m Y5 uz(n, k) (m?)! T1o c2n () + Sig us(n, k) (m?)?

where the above sums are polynomials in m? with positive coefficients. Moreover as k — oo, the polynomials
converge to a power series, by the Weierstrass Analytic Convergence Theorem, see [1]. Thus the result
follows. O

6. The class of boundary conditions

As defined above, the operator D is not a Fredholm operator on its maximal domain: it has an infinite
dimensional kernel, as is typical for differential operators on manifolds with boundary. In this section we
single out two types of solutions in the kernel of A, , that play the role of similar solutions in [8] made
of modified Bessel functions of first and second kind. Like in the commutative case, they are then used to
define a class boundary conditions for D that turns D into an invertible operator. First we describe the
kernel of D through the kernel of A, ..

Proposition 6.1. Let A,, ,, be the operator given by equation (4.5), then

k—1
Ker Apm.n = { (H Cm,n(z')) v}
1=0
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for some vector v.

Proof. By formula (4.5) we need to solve the equation:

Amon(k+1)

Solving recursively we see that

for some arbitrary vector v. O

If (k) € Ker Ay, p, then by Proposition 5.1 limy_s oo Fi n (k) = Finn(00) exists and is finite.
We define I,,, ,(k) to be a special element of Ker A,, ,, so:

= (Lewo) o= (Hewo) (1)

which additionally satisfies the initial regularity equation (4.10) with zero right-hand side. We normalize
Iy, n (k) in the following way: we set

I(l) (0)

2) . (0) (6.1)

a(0)’

We also want to define a class of complementary solutions, denoted K, ,,(k), for which

oo ) ()

and such that for every k,n > 0 and m € Z, the set {I,, »(k), K n(k)} is linearly independent. This can
be achieved by requesting the following first three sign conditions at infinity:

K9,(0)

K$2,(0) (6.2)

L)ym>0: K3 (00) >0and K2, (00) >0
2)m<0: K,(é)n(oo) < 0 and Kﬁ)n(oo) >0
3)m=0: Kélr)t(oo) =0 and K(()ii(oo) #0 (6.3)
(1)
Km n . .
4)m#0: T(O@ — 0 as |m|— oo uniformly in n.
Ky/n(00)

Additionally, the sign conditions, and the normalization of I,, ,,, lead to monotonicity properties of I, ,, and
K., » that are crucially used in estimates in the last section. The key asymptotic fourth condition above is
also required to prove compactness of the resolvent. Any collection K,, (k) satisfying (6.2) and (6.3) will
be referred to, abusing the terminology, as a quantum K function.

We have:

Proposition 6.2. Let K, (k) be any quantum K function. For every k,n > 0 and m € Z the vectors I, ,,(k)
and Ky, (k) are linearly independent in C%. Moreover for alln > 0 and m € Z, Iy n(00) and Ky, pn(00)
are also linearly independent.
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Proof. Consider the case m > 0. Recall that we have

- k-1 . 1 - k—1 . Kg)n(o)
= (E) C’m,n(z)> <a:r(LO)> and K, (k) = <11:£ Cmm(z)) (Kr(r%)n(o)> .

Using the formulas for the product of Cy, (k) in the proof of Proposition 5.2 we write out the components

to get

k k k i
10,06) = - (H R o P o1 Qe L UL LU ) ,
=0

o o0 @ (0)

mZuz n, k)( ' a:ZO (H can (i Zu?,(n,k)(mz)i> .

=0

Since all coefficients are positive and m > 0, we see that L(ﬁ,)n(k) is negative and Ir(,%,)n(k) is positive.
To analyze K, (k) we use an alternative, equivalent, way to write it as:

k) = (H om,nu)) Ko n(00).
i=k

Since the components of K, ,(00) are both positive, and the matrix C,, ,,(i)~* has all positive entries for
m > 0, it follows that K,Si)n (k) and K,(n)n(k) are positive. Therefore since one of the components of I, ,, (k)
is negative and both components of K,, (k) are positive, it is impossible for them to be linearly dependent.

In the case m < 0 both components of I,, ,(k) are negative and one of the components of K, »(k) is
positive again showing they can not be linearly dependent. When m = 0 then all matrices C,, (k) are
diagonal and so Kfﬁ)n(k) =0 and I,(,?)n(k) = 0, which implies independence. Finally the same arguments

are valid when k = oo, thus the proof is complete. 0O

Now we can define the class of boundary conditions we consider for D. Given an F' € H such that
DF € H, the Fourier coefficients fp, n4+1(k) and g, »(k) given by equation (4.2), have limits as k — oo for
all n > 0 and m € Z. This follows from the calculation of the resolvent in the next section, see equation
(7.3) for details. These limits will be denoted by fy, n+1(00) and g, (00).

Any quantum K function defines a boundary condition in the following way.

Definition. Given K,, (k) satisfying (6.2) and (6.3) we set the domain dom(D) of D to be the space of all
F € H such that DF € H and such that for all m € Z, n > 0 there exist 3, ,, € C such that

gm,n(oo) = ﬁm nK(l) (OO)

6.4
fmnt1(00) = Bm,nKT(r%)n(OO)- (6.4)

The above conditions at infinity can be restated to mimic the boundary condition in the classical case:
(2) 1) —
gmm(oo)Km,n(oo) - fm,n-l—l (OO)Kmm(OO) =0.
The following theorem is the main result of this paper and is proved at the end of this paper.

Theorem 6.3. The quantum Dirac operator D, defined by (4.3) subject to the boundary condition defined in
equation (6.4), is an invertible operator whose inverse Q, is a compact operator.
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We end this section with listing of useful recurrence relations for I, ,(k) and K,, (k) that are
easy consequences of their definitions. Let H,, (k) be L, (k) or K, (k) with components H,, (k) =
(H (k), HZ, (k))t, then we have

Hypn(k+1) = Cpyn(k)Hppon(K). (6.5)

s

This gives the following recurrence relation:

HWY (k+1)— HD (Y= —— ™  g®
m,n( ) cl,n(k) m,n( ) an—i—l(k C27n(k) m,n( )
H®), (k+1) — con(k)HZ), (k) = — m HY, (k) (66)

m2

+ H? (k).
ant1(k)an(k+ 1)er n (k) (k)

Similarly, using the relation
Hm,n(k) = (Cm,n(k))_le,n(k + 1)7

we can produce the following two (equivalent) equations:

1 m
H? By ——H? k+1)= —— gD (k41
m,n() CZ,n(k) m,n( ) an(k—&—l)cz,n(k) m,n( )
HY (k) — eom(B)HD, (k+1) = ———_HO (k+1)+
m,n( ) 1, ( ) m,n( ) Cln+1(]<3)627n(k) m,n( ) (67)
m2

HD (k+1).

T (R an(k + Dean (k)

The recurrence relations above are extensively used in the next two sections in the analysis of the parametrix
of D.

7. Parametrix of the quantum Dirac type operator

In the previous section we introduced a new domain of D. To account for this, we redefine the do-

main of A, in the following way: dom(A,, ) is the space of all h € €2 (Z>) ® {2 (Zxq) such that

Ani1
| Am.nhllanr@a, < 00, and such that there exists 8 € C such that
(7.1)

where h = (z,y). The existence of such limits z(oo) and y(co) follows from the calculation of the resolvent
in this section, see equation (7.3).

Proposition 7.1. Given h € dom Ay, ., if h € Ker A, ,, and h = (z,y)" satisfies
an(0)y(0) + mx(0) = 0,

then h(k) = 0 for every k > 0. In other words, the kernel of Ay, ., subject to initial regularity condition
(4.10) is trivial.
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Proof. First notice that we can write any element h(k) € Ker A,, , as
h(k) = c1Lnn(k) + oKy n(k),

since by Proposition 6.2, the nonzero two-vectors I, » (k) and K,, (k) are linearly independent. However if
k = 0 then both h(0) and I, ,,(0) satisfy the equation a,(0)y(0) +mz(0) = 0 so there exists some constant
c3 such that:

CgImm(O) = h(O) = Cllmm(O) + CgKmm(O).

This would imply that K,, ,,(0) is a scalar multiple of I, ,(0), which is impossible by the linear independence
of the solutions, hence ¢ = 0. If k = oo then, since h € dom A, ,,, there is some constant c4, such that:

C4Km,n(00) = h(o0) = c1lyn n(00),

which implies that K, ,(c0) is a scalar multiple of I, ,(c0), but again this is impossible by Proposition 6.2,
hence ¢; = 0. Therefore h(k) = 0 for every k. This completes the proof. O

Next we discuss the non-homogeneuous equation DF = G, the solution of which leads to the parametrix

(in our case the inverse) of the quantum Dirac type operator D, subject to boundary conditions (6.4).

1 t

We use the following notation: for a vector v = (v1,vs)" we write v+ := (vg, —v1)".

Proposition 7.2. Let A, ,, be the one-step matriz difference operator defined by equation (4.5), then Ay, n,
subject to the boundary conditions given by the equation (7.1), and subject to the initial reqularity condition
(4.10) is an invertible operator with inverse Q™™ given by (7.7) below.

Proof. The goal is to solve the equation

x p(k)
Am n k) = )
| <y>< ’ (—q<k+1>>
which becomes the following difference equation with matrix coefficients
x(k+1) x(k) p(k)
— Cmn(k =
<y<k+1>> ol ><y<k> ~alk+1)

with A, (k4 1) and Cy, (k) defined in formulas (4.6) and (4.7) respectively, while the initial regularity
condition is

Amn(k+1)

an(0)y(0) + mx(0) = ¢(0).
Relabeling h(k) = (z(k),y(k))! and 7(k + 1) = (p(k), —q(k + 1)), the system becomes
Apn(kE+1)(h(k+1) = Cpyn(k)h(k)) = r(k + 1).
Before applying the boundary condition, the solution A(k) is not unique, with non-uniqueness due to one-

dimensional kernel I,,, (k). With this in mind we choose h(0) to be the following particular solution of the
initial regularity condition:
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0= (0 q%)

Solving the difference equation by using variation of constants method we get

-1

k—1 k i—1
QU r(k) = h(k) = [T Corn@) D | L Cin ) | (Amn@) " 1)+ @mn(k) - (7:2)
i=0 i=0 \j=0

. k—1 .
for some parameter «. Here, for convenience, we set the [ izt Cmon (j) = 1 for any m and n, and also we

¢
define (Amm(O))f1 r(0) := h(0) = (0, fj?&)) from above. To apply the boundary conditions in equation
(6.4), we need to know that Q"™ r(c0) is well defined; this follows from Proposition 5.1 and the summability

of Ay, n(k)~!. Therefore the boundary condition, equation (6.4), is well defined, and gives:

-1

oo i—1
Q(m,n)r(oo) _ Cm,n Z H Cm,n(]) (Am’n(i))71 r(Z) + OZIm,n(OO) =
2|1l (7.3)
= BKp n(00)

for some constant 8. The goal is to solve for a. Below we use the following notation:

Tm,n +— <Km,n(0); Im,n(O)J_> (74)

s

Multiplying by (Cy,.n)~! and taking the inner product of both sides of equation (7.3) with K, ,(0)*,
we get

-1

<Z TLCunt) | (i)™ (i), Km,n<o>l> T T =0,

i=0 \j=0

which can now be solved for a:

a= <Z [1 o) <Am,n<z'>>‘1r<i>,Km7n<o>L>.
T\ i=0 \ j=0

There is a partial cancellation between the two terms in equation (7.2). To see this, we notice that, since
I, (0) and Ky, ,(0) are linearly independent, we can decompose any two-vector v as

v = Uljm,n(o) + U2K7n,n(0)7

where

K@Y (0 a0
v =——" an Vg = —————.

Tm,n Tm,n

Applying this decomposition to vector
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and using the formula for o, and the formulas for I, ,, (k) and K,, ,,(k), equations (6.1) and (6.2) respectively,
we get

k—1
QU™ (k) = H Conm (i)
i=0

-1

o i—1
o —_— <Z I1Cmnth) (Am,n(i))1r(i),Km,n(0)L>Im7n(0)

-
N \ij=k+1 \j=0

-1

o <Z H Crnn( (A ()~ (0), Jm,n(O)L> Ko (0)

=0 \j=0

The coefficients in the formula above will be denoted by:

—1

(k) = <Z [1Connl) (Am,n@'))‘lr(i>,Km,n<0>L> (75)
T \j=k4+1 \j=0

and

E [i-1 -1
(2) <Z H m, n (Am,n(i))_l T(i), Im,n (O)J_> . (76)

m,n

Tm N

With this notation we get the formula for Q™™

(0 0 (7.7)
(mn) () = r(¢)m = 0.
Qe =2, (o >H”czn<>> wm =0

The proof is complete. O

As computed above, the operator Q™™ is not easy to analyze, mostly because it contains products of
non-commuting matrices Cy, (k). Our strategy is to re-write the formulas for Q™™ in terms of quantum
I and K functions, similarly to the commutative case, and then estimate the Hilbert-Schmidt norm of the
parametrics using the recurrence relations (6.6) and (6.7).

We need the following observations. For vectors v = (v1,v2)! and u = (ug,u2)! we have (v, u) = — (v, ut)
where (-, -) is the standard Euclidean inner product on R?. If R is a 2 x 2 matrix and v = (v1,v2)", then we
have (Rv): = (det R) (Rt) ™" vt

As a consequence of the above and using the formula for the determinant of the C,, (k) matrix, we get:

G [ (= B
2l cm,n(z')> L (0)*
25| (ewwo)

~ (7.8)
1_ c2,n (i) = ; 1
K (k)™ = H - H Crn,n(9) Kimn(0)™.
i= i=0
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Consequently, inserting equations (7.8) into formulas for the coefficients e%?n, eg)n (7.5) and (7.6), gives:

Ehtn (k) =

) (B (D) = K0 (D) (A, (8)) ™ (i)

Similarly we also have:

These are to be understood as a row of a matrix times a column vector
It is convenient to rewrite Q™) in the matrix notation

QU r, (k) = e (k) L (k) + €2, (k) K o (K)

s (k IS (k) K. k) \ [ ek
- <Im,n<k>,Km,n<k>>< Mg) - ( B Kmk;) (gﬁk;)

Inserting the above formulas for the coefficients e%?n, e(ﬁ?n we get:

(1) (1)
1 (1) KDk

(m,n) . k) = , s
) <L§$?n(k) KD (k)

Tm,n

i—1 c1.n 2 . i—1 ¢c1.n 1 .
YZen Lo 25000 — X o 823 Kmn@
i—1 ¢, "(J)I(Q) . i—1 ¢y, "(j)f(l) ( m,n(l)) 7”(2).
Zi:o H] 0 ¢2.n(J) mn( ) _Zi:OH ( )

Next we focus on multiplying the second matrix with (Amyn(z'))fl. We use the recurrence relations, (6.6)
and (6.7), to get:

() (1) = (k) K (k)
@ = (ﬂ? ) Ko )

Tm,n

) j 7.9)
0o i—2 c1,n,(4) (2) i—1 c1n( a ;. (
2izi =0 C;ng) an+11(1 ny Ko, n(i—1) XZpn ITi=o C;ﬂ ;% anl(z)Km"() 7(7)
i—2 cin 2 i1 ey 1 )
S0 T2 2B oy T (i = 1) S TTAg 2t 110 (i)

3=0 c2,7(J) an(z) m,n

This formula finally expresses Q™™ through the quantum I and K functions. Its primary benefit is

that it shows that the entries the matrix of Q™™ are integral operators in weighted ¢? spaces. Below we
explicitly write down those operators.

For a, 8 =1,2, m # 0 and n > 0, we define the following integral operators X%ﬁn, Yﬁ;ﬁn 02 (Z>0) —
Gy (Z30) by:

An—148

= (T j B) (; _
xelork)y =100 > 1] cun(i) | _Kini=p+1)
| | i1 \joo 2nl) | an-1pp(i = 5 +1)

(7.10)
c1n(J) I(ﬁ n(i—pB+1)

. (7).
izo \j=o CQ,n(]) a'n—l-i-B(Z - B+ 1)
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Also, for n > 0, define integral operator Zo,, : (2 (Z>o) — €2 (Z>0) by

An+41

ko [k-1 r(i)
Zowr(k) =3 _ | [T e2nh) | - o8 (7.11)
i=0 \ j=i n

Lemma 7.3. The parametriz, QU™ for the operator Apn from above for m # 0 and n > 0 is given by the

Q(m,n) T(l)(k) — 1 pg’?n(k)
r@F) ) T \ (k) )

following equivalent formula:

where
PO (k) = X2 e (k) + Y2, r W (k) + X3 r® (k) + YL, r®) (k)
P (k) = X2 e (k) + Y2 r W (k) + X2 r® (k) + V2L, r®) (k).

Moreover when m =0 and n > 0 the parametriz is given by the following formula:

0,n r(l)(k) _ 0
Qe (r@)(k)> = (Zo’nr(g)(i)> '

Proof. Multiplying out the two matrices in (7.9) and applying it to the vector r(i) = (r(l)(i), r(2)(i)), and
using the definitions of the integral operators, equation (7.10), gives the desired result. The case m = 0
immediately follows from equations (7.7) and (7.11). Thus the proof is complete. O

8. Analysis of the parametrix
This section contains analysis of the parametrix Q™™ culminating in the proof of the main Theorem 6.3.
The case m = 0 is the easiest: all matrices are diagonal and the analysis is not any different than the
analysis for the quantum disk [5] and [7]. Below we only consider the case m > 0 since for m < 0 the
computations are virtually identical. We start by gathering the basic information about the quantum 7 and

K functions.

Lemma 8.1. For m > 0 the components ffﬁ)n(k), I,(,%)n(k), Kﬁ,})n(k), and Kr(,%)n(k) are all positive for all
n,k > 0.

Proof. This immediately follows from the definitions and the proof of Proposition 6.2. O

Lemma 8.2. We have the following inequalities for all n,k >0 and m > 0:

— IO (k) < IV, (k+1), I, (k) <

I8, (k + 1),

m,n CQ’n(k/’)
KW, (k+1) < KD (k),KD, (k+1) < K2, (k).

Cl,n(k) m,n

Proof. Using recurrence relation (6.6), (6.7), the assumption that m > 0 and the previous lemma we have

m
— K 1) = K® (k) - K® 1).
0< (ln(k I 1) m,n(k + ) CQ,N(k;) m,n(k) m,n(k + )
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Consequently, using ¢z, (k) < 1, we have

K@ (k+1) < con()ED, (k) < K2, (F),

proving one of the inequalities. Similarly, we have

1
C1 n(k‘)

0< ——_K® (k)=

(1) (1)
ant1(k)e(k) iy Ko (B) = Ky (R 4+ 1),

implying the other inequality involving K, ,,. The proofs for the I, (k) are identical. O

The next lemma is the crux of the compactness argument. It establishes estimates on the components
of quantum I and K functions in a similar fashion to the estimates of the modified Bessel functions in [8].
Consider the quantity:

oo

e(m,n) = Z @nt1(K)

= m? + an(k)ansa (k)

The series above is convergent by summability assumptions on a, (k).

Lemma 8.3. For m # 0 and n,k > 0 the following inequalities hold:
K (00)
I (k) < —|mle(m,n) I, (k+1) and KO (k+1) < |m| | e(m,n) + —=2=—= | K2, (k).
' K

Moreover e(m,n) — 0 as |m|,n — oo.

Proof. Assuming m > 0 and using the recurrence relations (6.6), (6.7), we have

Lih(k) c1n(k)
~Iah(k+1)  ahm Tt

1

182, (k1)
antmy Tezn(k—1)

— I ()
(k) I (k -1
< crn(k) (1—“2 +eanlh—plmnE L)
+ an(k)ant+1(k) - m,n(k)
< a;?k) g?n(k - 1)
1+ _m2 (1) L ’
an (k)ani1(k) _Imv’ﬂ( )

since ¢1 (k) <1 and ¢z, (k) <1 for all k > 0, assuming Ir(,i)n(—l) = 0. It follows, by rearranging the terms,
that

1 mk)  monk=1D\ __ awm
Ik + 1) =TI (k) 14 s

Summing both sides and telescoping the left side we get

1< 12, (k) ) il an(k) — c(myn).

I(l) (k+1 k=0 ,L(k:) ,L+1(k)
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This establishes the first inequality. To obtain the second inequality we proceed similarly, using the recur-
rence relations (6.6), (6.7), but this time telescoping sum goes to infinity.

The next step is to show £(m, n) goes to zero as m and n go to infinity. It follows immediately from the
definition that:

=1
<
_;a

and the sum on the right goes to zero as n — oo from the condition on a,(k), and hence €(m,n) — 0 as
n — 0o. Now for any 1 > 0 pick N > 0 such that we have

and pick M > 0 such that

P i (o ey ]

for m > M. It now follows that £(m,n) — 0 as n,m — oo. The case m < 0 is analogous, and thus the
desired result follows. O

The next technical lemma deals with sums appearing in the definitions of the integral operators which
comprise the parametrix.

Lemma 8.4. The following summation estimates are true for m # 0 and n, k > 0:

o [iz2 (2) (; k-1 o (1)
S (T[eint) | Zmnli=D o 1 Kiun(i) _ 1
n ’7 < (k) and < — K@ (k.
Rt ,,_OCL (]) an+1(i - m ]:[ m,n an Xk: an(l) — |m| m,n( )
N J= - i “+1

Proof. As usual we consider only m > 0. Using equation (6.6), multiplying both sides of the equation by a
product of ¢1 ,(j)’s, and summing we get:

) i—2 K@ (i—1) | & (1 i—1 0
. . n : _ = n K i1 . e .
.7;1 ];ECL (.7) Uni1 (’L — 1) m Z H C1 Z ) U C1, (]) m,n(l)
i= Jj= i=k+1 \j=0 7=0
1 k=
- K(l (k
< ot )

where the last inequality is true because the difference above is a telescoping sum. The second inequality
follows from the recurrence relation (6.7) and the same telescoping sum trick. This completes the proof. O

The next and final lemma in preparation for the proof of the main result deals with pointwise es-
timates of the products of different components of quantum I and K functions through the quantity
Tm,n = <Km,n(0)7Im,n(O)L>-



22 S. Klimek, M. McBride / J. Math. Anal. Appl. 484 (2020) 123690

Lemma 8.5. If m # 0 then, for alln >0,

con(l Ccon(

KD ()P, (k) < 1 || C2, (.) and  — K@ (), (k) < 1 [ 2 (.)

i=0 lan(l) i—0 CLn(Z)
I (k+ 1)K (k) < Iﬁ 2D g @) (F)EWD (k1) < —mn kﬁ c2.n(i)
m,n m,n — e n(k) J 1 n(l) m,n m,n = 1 n(k) . c n(Z) .

’ i=0 ’ ’ 1=0 ’

Proof. Assume as usual that m > 0. Using the matrix valued recurrence relation (6.5) and properties of

the inner product we get

(Kmn(k+1), I n(k + 1

) k
Zj:z <Hcmn mn )’H(Cmvn(i)l)tlm,n(O)L>

) =0 i=0
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O
=
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Writing out the above inner product gives
(K (k+ 1), Inn(k + 1)5) = K (k+ DIS (k+ 1) + K3, (k+ D=L, (k +1)].

Consequently, the above equality (8.1) implies that

k—1 : k—1 :
KD 1D (5) < 1o TT 22D and = K@ (6)1D (k) < 7 TT 2200
012,08 < TT 2240 0 < T 2240

To get the second set of inequalities we use the above equation (8.1) and recurrence relations (6.6), (6.7)

to get
T7 20
i=0 ~bm

m
= (CLn(k)Ir(r%,)n(k +1) - C’mjg?n(k)) K, (k)

1O, (k) (cl,m)Ks;?n(k 4"k ,<k>)

antr (k) ™"

= c1n (k) (I3, O+ VKR, (k) + 1), (KD, (k +1))

From the last equality it follows that:

k—1 k—1

ID (k4 1K@ (k) < enll) 4 1@ (KW k1) < ()
m,n( ) m,n( )— CLn(k) P Cl,n(z) m,n( ) m,n ( Cln ’H)

and the lemma is proved. O

We have gathered now enough information to analyze compactness of the inverse of D. The Fourier
transform decomposes that inverse into a direct sum of parametrices @, », which in turn consist of the
integral operators X8 = yof

m,n’ m,n’

Zo,n- Those integral operators are compact operators, in fact even Hilbert-
Schmidt operators as stated in the following theorem.
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Theorem 8.6. Let n > 0. If m # 0, then the integral operators Xﬁ‘fn and Yn%/zl defined in equation (7.10)
are Hilbert-Schmidt operators for o, B = 1,2, and, if m = 0, the integral operator Zy , defined in equation
(7.11) is a Hilbert-Schmidt operator. Moreover the Hilbert-Schmidt norms of X"‘B and Yﬁ go to zero as
|m|,n — oo, and the Hilbert-Schmidt norm of Z(®™) goes to zero as n — occ.

Proof. We start with the case m # 0. Using the definition of X/ aﬁ and Y,gffl, it is easy to see that for
a, B =1,2 we have

S M 2 (T canl) 2,(Km(“ﬁ“))2
k

=2

=0 an—14af imht1 \ =0 c2,n(J) an—145(i — B +1)
) )2 2 (15 2 52
||Y°Yf3 ||2 _ i (Km,n(ki) i ﬁ ) - (Im,n(z - B+ 1))
monl| HS ~ an—1+a(k) =\ c2.n(7) an_11p(i — B+ 1)

There are eight norms to estimate; however that number can be reduced to four, since by Fubini’s Theorem

we have:
I X nllirs = 1Yolallirs,  1X52 0 ll5rs = 1Vl s
1 X allirs = 1Yatallirs: 1 Xo s = 1Von2all7rs-

As usual consider the case m > 0. Using Lemmas 8.2, 8.4, 8.5 in the formula for the Hilbert-Schmidt norm
of X1

m,n’

we obtain:

o (7D L N2 W 2
=5 UP0) & (e (1900)

=0 an (k) imkt1 \ j=0 CZ,n(j) an(l)

00 ((” (k)) Kfh(k+1) = g0 ;)

" 2 o)
— 5k
(n)? (k)

i=k+1 an (1)

Tk J1 (n) — {*I(l) (k)} K(l) (k+1)
= () kzzo an(F)

We estimate the last term in the following way:

mis(n) 2= an () KD (k)
Jo(n) T2 i (n) & Kin(o0) | _1
O RAO D (g(m’ v Kﬁf?n@o)) an(F)

M) (o0
=75 K (a(m, n)+ ?é;lgoo;) s(n),
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Similarly, using Lemmas 8.2, 8.4, and 8.5, we can estimate the Hilbert-Schmidt norm of X?n%n by:

= (009) & () (6 n)

s =20 2 (I

ekl \j=0 CQ,n(j) any1(i —1)
2) ) .
< i W) Kl & (N Ko
— L) an1(k) i=k+1 \j=0 ' ant1(i—1)
< D T () § Lion (k) K fon ()
T Ln)? mo N(n) = ansa(k)
The above is then equal to
T J1(n) i": Lin (W Kiin (k) Din(k+1) Z C 2 e(min)s(n4 1)
m BT am) gy A T nfSET ’

again by using Lemmas 8.3 and 8.5 and the fact that 1/c;,, (k) is less than x. Thus we have

= ake(m,n)s(n+1).
Very similar arguments, using the same steps as above, show that

K (00)

1Xnenllirs < Tt | €(m,n) +
A= K209

> s(n) and ||X7) I5g < 7o pke(m,n)s(n+ 1).

Therefore for m # 0 the Hilbert-Schmidt norms are finite for all of the operators.
When m = 0 we have:

2

o0

Y mm : z Hm L sm)stn 4+ 1),

a
k= +1

since again cg (k) < 1.
By assumption s(n) goes to zero as n — oo, Lemma 8.3 implies that e(m,n) — 0 as |m|,n — oo, and
the boundary condition given in equation (6.4) requires that

K’Er%,)n(oo)

K2 (c0)

)

uniformly in n. Consequently, the Hilbert-Schmidt norms of X2 0‘5 and YO‘B go to zero as |m|,n — oo, and
the Hilbert-Schmidt norm of Z(%™ goes to zero as n — oo, and the proof is finished. 0O

The following statement is an immediate consequence of the previous theorem, since the parametrix
Q™M) is comprised of the integral operators estimated in it.

Corollary 8.7. The parametriz Q™™ for m # 0 and n > 0 is a Hilbert-Schmidt operator and the Hilbert-
Schmidt norm of Q™™ goes to zero as |m|,n — oo. Moreover for m = 0 the parametriz QO™ s q
Hilbert-Schmidt operator and its Hilbert-Schmidt norm goes to zero as n — oo.
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We can now close out this section by proving the main theorem of this paper, that the Dirac operator
defined by equation (4.3) subject to the boundary condition (6.4) has a compact inverse.

Proof. (Proof of Theorem 6.3) It follows from Proposition 4.1 that inverse @ of the Dirac operator D is
(essentially) a direct sum of QU™ and its analogs for “negative” terms in the Fourier decomposition.
Corollary 8.7 shows that Q™™ is a Hilbert-Schmidt operator for all m € Z and n > 0. Moreover the same
corollary stipulates that the Hilbert-Schmidt norms of Q™™ go to zero as |m|,n — oc. This means that
since @ is a direct sum of compact operators with norms going to zero, which implies that @ is a compact
operator. Thus the proof is complete. 0O
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