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1. Introduction

Let 1 < p < c0. Define
) 1
arcsing(z) = | ———=dt, 0<az <1,
0

and

1
T ) w/p 1
5 arcsmp / =) /p sin(ﬂ/p) P (1/p, /)
0

where B is the beta function. We define the function sin, on [0, 7, /2] as the inverse of arcsin, and extend
it on (—o0,00) as the classical sine function. The function sin, is called the generalized sine function (see
[12,13]).

The complete p-elliptic integrals of the first and second kind are respectively defined as follows: for
p € (1,00) and 7 € [0, 1),
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Tp/2 1
dt
Kp(r) = (1—r» bmzo 6)1-1/p / 1 —t2)/p(1 — rptr)i=1/p (1.1)
0 0
and
/2
/ . 1/ ; 1— Tptp 1/[)
Ep(r) = / (1 —rPsinb 0)"/Pdf = / <W) dt. (1.2)
0 0
For real numbers a,b, and ¢ with ¢ # 0, —1,—2- -, the Gaussian hypergeometric function is defined by
n)(b,n) "

o0
F(a,b;c;x) = o Fi(a,b;c;2) = Z (a,

“en) al |z < 1.

n=0
Here (a,0) =1 for a # 0, and (a,n) is the shifted factorial function
(a,n)=ala+1)(a+2)---(a+n-1)
for n € N = {k : k is a positive integer}.

The complete p-elliptic integrals can be represented by the Gaussian hypergeometric function [17, Propo-
sition 2.8]: for r € [0, 1),

Kp(r) = %F(l/n 1—1/p;1;7F) (1.3)

and
E(r) = %F(l/p, —1/p; L;0P). (1.4)
As is traditional, we always use the notation r' = (1 — r?)'/? for r € [0, 1]. The complementary integrals

K,/ (r) and &, (r) are defined by K,/ (r) = K,(r') and &,/ (r) = €,(r"). Then we have the following beautiful
Legendre relation [17, Theorem 1.1]:

m
Kp(nE,' () + Ky ()&, (r) = Kp(r)iy' (r) = -
We define two related functions m, and p, as follows: for 0 < r < 1,
2
my(r) = =1 () (1), (15)
P

P
/’Lp(r) - 7 ]Cp(’f') : (16)
For p = 2, these functions reduce to well-known special cases. The function p(r) = ua(r) is the modulus of
the Grotzsch ring domain in the plane, which has numerous applications in the conformal invariants and the
theory of quasiconformal mappings [3,14]. The function p(r) also appears in the classical modular equations
[6,7]. Many noteworthy monotonicity and convexity properties of functions defined in terms of the modulus
of the Grotzsch ring are presented in the monograph [3]. Applications of these results lead to various sharp
functional inequalities for the function u. These sharp inequalities of the functions mso(r) and ps(r) can be
used to deduce very good estimates of quasiconformal distortion functions.
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Note that there are several different forms of the generalized complete elliptic integrals and generalized
Grotzsch function. Many well-known properties and functional inequalities have been extended to these
generalized functions, see [2,5,7,10,11,16-18,24-26].

Recently, several authors investigated the properties of convexity and concavity of special functions from
which many interesting and elegant functional inequalities have been derived, see [4,8,9,19-22].

In this paper, we show the monotonicity and convexity properties of a function involving the ratio of
complete p-elliptic integrals. As applications we obtain several sharp functional inequalities which extend
the results proved by Alzer and Richards [1].

2. Monotonicity and convexity

The functions K, and &, satisfy a system of differential equations [17, Proposition 2.1]:

A, & -1'PK,  d&, &K,

=x = P _ZF P 2.1
dr rr!'P ’ dr r ( )
From (2.1), it is easy to get the following derivative formula:
d _ d rP1E
o &~ r'PIy) = (p = PTG, o Kp = &) = ﬁ~ (2.2)
We also have the derivative formula [26, Lemma 3.12]
d:u’p(T) — 7T12) (2 3)
dr 4rr' P, ()2 '

Lemma 2.4. [26, Theorem 3.16(1)(2)] Let p > 1. Then the function

(1) fi(r) = my(r) +logr is decreasing and concave from (0,1) onto (0, R(1/p)/p).
(2) fa(r) = my(r)/log(1/r) is strictly increasing from (0,1) onto (1, 00).

Theorem 2.5. For given r € (0,1), the function G,(a) = pu,(r®)/a is strictly decreasing and log-convex from
(0,00) onto (—logr,+00).

Proof. Let ¢t = r®. By differentiation, we get

d dyuy () dt
2_ — P Bt _
" g CGrle) = — =g~ ()
2
7r 0 Ko (%)
= —_— P  4logt— “RZP
i, 02 T 2 K,
- " (ogt + my(®)
Tk, (pz st

which is negative by Lemma 2.4(1). It follows that the function G,(«) is strictly decreasing on (0, c0).
Using 'Hopital rule and (2.1), we have

Kot) o &K, 1ot 1

s T log(1—1t) 1 t L—tr p

and
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im Kt lim Kp(t) lim plog(1—1t) _
t—1—log(1/t")  t—=1— —log(l —t) t—1- log(1 — tP)

We write the function G, («) in two representations as follows:

m,  Ky(t)  —log(l—1t)
20 —log(1—t)  K,(t)

Gr(a) =

and

K,t) 1
—logt IC,(t)

Gy () = (- logr)

Then we get the limiting values

. _ o Tp oo Kp(t) . —log(1—1t)
Jm Gr(a) = T o —oea =y A O
and
: _ T, . o o1
all)r}kloo Gr (O[) - 2 ( log T) tl—l>rln— — log 4 t1—1>%1+ ]Cp(t) - 10g "
For the log-convexity,

d 1 dG,.(a)
—logG =
da 08 (@) Gr(a) da

2
-
_ P
= aarry ke e )
_logr -1

= i Uy~ e

which is strictly decreasing in ¢ by Lemma 2.4(2) and the monotonicity of m,(t), and hence strictly increasing
in a. Therefore, we get the log-convexity of the function G,.. O

Theorem 2.6. Given r € (0,1), the function f(a) = G;@z) is strictly concave on (0,400).

Proof. Let t = r®. By differentiation,




X. Gu, X. Zhang / J. Math. Anal. Appl. 488 (2020) 124065 5

ip () mpKp(t)/ (2K, (1))
1 B log(1/%)
fp(t) (1 mp(t) )

which is positive and strictly increasing in ¢, and hence decreasing in «. Therefore, the function f(«) is
strictly concave on (0,+00). O

1 (1  —m(tlogt)/ (4tt’PICp(t)2)>

3. Inequalities

The following lemmas provide functional inequalities for convex functions, which are from [15, p. 22] and
[23], respectively.

Lemma 3.1.
(1) If f : R = R is strictly convex, then for xy > 0,
f@)+ fly) < fO)+ flz +y).
(2) Let f be a positive function, monotone or convez, in some interval I C R. Then, for x,y,z € I,
(@ -y —2)f(@)+ (y—2)(y —2)f(y) + (z —2)(z =) f(2) 2 0,
with equality if and only if x =y = z.
Theorem 3.2. For 0 < a < f and r € (0,1),

pp(r®)

¢ <1
B H’P(Tﬂ) .

Proof. Since p1,(r) is strictly decreasing in 7, we have p,(r®) < p,(r®) for 0 < a < B and hence
pp(r®) /pp(r?) < 1. By Theorem 2.5, it follows from the monotonicity of the function G, (a) that
pp(r®) /o > pp(r?) /B and then

pp(r) _
> J—
pp(r?) = B
For the sharpness of the inequalities,
ey B _ pop)3
lim Mp(rﬁ) — lim Kp(r?) Kp((1 —r )i’)
r0t pup(rf) 0t Kp (1) 0, (1 — rBP) )
_ rop)3
= i (=)
r—0+t ]Cp( P
(
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Similarly, we have

a B _ pap)3
i 25007 gy Bl (1 =5
r=1- pp(rB)  ro1- ky(re) ky((1 — 7BP) %)
I (s
=)
) ky(r?)  —log(1 —r%) log(1 —rP)
= lim
r—1- —log(l —rP)  ky(r®)  log(l—r®)
1 log(l1—r7)

= lim - O

r—1- pplog(l —re)
Theorem 3.3. Let r € (O7 %] For a,8 € (0,1) or a, 5 > 1,
)\ (™)) (%)) 77
re)\ ve r re o
a fe < pp(r) (F2 :
o g af
Proof. Let w,(a) =logG,(a) and ¢,(t) = ezw,(e~"). Then

1

Gr(t) = etwn(e™) — e (e
and

1 1 —t —3t g —t

G1(t) = getuple™t) + e Ful(e™?).

By Theorem 2.5, G,(e™") > log 2 and w,(e™") > log(log ). Since r € (0,1] and L € (e,400), wp(e™") >

log(log 1) > logloge = 0. The log-convexity of G, () implies that w}/(e™") > 0 and ¢/(t) > 0. Hence
¢r(t) = ezw,(e?) is strictly convex in t € R. By Lemma 3.1(1), for s,t > 0 or s,t < 0, ¢,(s) + ¢,(t) <

_logo _

¢r(0) + ¢p(s+1t). Let s= —logaand t = —log . Thene * =a, e 2 =a 2,

N

br(s) = log (%)w and  6,(0) = log (1),

and hence

and

Let 8 = . Then

(20) 7 < (M) é

Let a — 1, it is easy to see that p,(r) can not be replaced by a constant. O
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Theorem 3.4. Let r € (O7 ﬂ For a,B,v > 0,

a—B)(a— (B—a)(B— —a)(r—
< (Mp(ra>>( B) (=) <Mp(7"6)> a)(B—) (MP(T'Y))(’Y )(v=8)

« 153 v

with equality if and only if a = B = 7.

Proof. Let r € (0,1]. The function o — log G,(a) is positive and strictly decreasing on (0,+00). By
Lemma 3.1(2),

Hp (TB)

0 < (a—p)(a—7)log 5

El) 4 (8- )8~ 7)o

+ (W—a)(v—ﬁ)log@

e ((Mp(ra)>(a5)(a7) (up(rﬂ))(ﬁ_a)(ﬁ—’ﬁ (Mp(,,,»y)>(70¢)(75)>
- a g v '

Hence

o a— oa— B—a)(B— —« —
) ’ (Up(r ))( B)(a—) (ﬂp(rﬁ)>( )(B—7) (Mp(,r,»y)>(’7 (v 5).

O
e B gl
Theorem 3.5. For z,y € (0,1),
— log Ty

with equality if and only if x =y
Proof. By the log-convexity of G, («), for a, 5 > 0,

+ 1

log G, (“ ot ) £ 108G, (@) + 08 G (8)) (3.6)

with equality if and only if o = 3. Let a = }g% and f(= }ggy Then z =r®, y=r% and Jzy =r"2 .

log r

Gola) = BT (@), Go(8) = 1By, a(“*ﬁ): 2logr (V).

log x logy 2 log(zy)

Hence (3.6) yields that

log (ﬁglo(i;)up(\/@)> < % (log (E:;;up(xo + log (Eiup(y)» :

Therefore,

x —log\/_ z
tp(VTy) < oz ilozs o (@) pp(y). O
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Theorem 3.7. For x,y € (0,1),

log(zy) logz  logy
pp(VTY) T pp(x) - pp(y)

with the equality if and only if x = y.

Proof. By Theorem r € (0,1),a — %(a) is strictly concave on (0, +o00) which implies that

1 1 1 1
+ S 3.8
2 (Gr(oo Gr<ﬁ>> G (*52) (35
with equality if and only if o = 3. Setting o = }if, = }ggf, we have x = r®, y = P, aT+B = Ioi‘g/?, and
Ty = r*3*. Then
1 logx 1 logy 1 ~ log(y/7y)
(e}

Gr(a)  pp(x)logr’  G(B)  mp(y)logr’  G.(222)  py(yay)logr’

Hence (3.8) yields

1 < log x N logy > < log(y/7y)
2 \pp(@)logr = py(y)logr) = pp(\/zy)logr

Since logr < 0, we have

log z logy _ 2log./Ty _ log(zy)
ip(@)  mp(y) — mp(Vay)  pp(yay)

O
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