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embedding. An important special case of circle embeddings are homeomorphisms
of the circle onto itself. Under a one-sided bound on the Fourier support, such

gierycqliogﬁfﬁeddings homeomorphisms are rational functions related to Blaschke products. We study the
Circle homeomorphisms structure of rational circle homeomorphisms and show that they form a connected
Blaschke products set in the uniform topology.

Rational functions © 2020 Elsevier Inc. All rights reserved.

1. Introduction

Every continuous map f of the unit circle T = {2z € C: |z| = 1} to the complex plane extends to a
harmonic map F of the unit disk D = {z € C: |z| < 1}, and the Taylor coefficients of F' are given by
the Fourier coefficients of f, namely f(n) = = OQW f(e®)e=™Pqdh. This simple but important relation has
consequences both for geometric function theory and for the theory of minimal surfaces [3,7,9], especially
when f is an embedding, i.e., an injective continuous map. For example, when f is a sense-preserving
embedding with a convex image, the Radé-Kneser-Choquet theorem [3, p. 29] states that F' is a sense-
preserving diffeomorphism and in particular f (1) # 1. On the other hand, for every integer N there exists
a sense-preserving embedding f: T — C such that f(n) = 0 whenever |n| < N [10, Theorem 5.1]. Thus,
some restrictions on the shape of f(T) are necessary to obtain a non-vanishing result for f .

By a circle embedding we mean an injective continuous map f: T — C. In the special case f(T) =T the
map f is called a circle homeomorphism. The curve f(T) is called shar-shaped about wq € C if the argument
of f(e"?) — wyp is a monotone function of #. In this case f is called a starlike embedding. In this paper we
answer Question 5.1 in [10] by proving that for a starlike embedding f, at least one of the coefficients f (1)

and f(—1) is nonzero.
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If the Fourier series of a sense-preserving circle homeomorphism f: T — T terminates in either direction,
then f is the restriction of the quotient of two Blaschke products [10, Proposition 3.2]. It is difficult to
describe exactly which ratios of Blaschke products restrict to circle homeomorphisms. We give some sufficient
conditions in Section 5. In Section 4, specifically Theorems 4.1 and 4.3 we show that the set of rational
circle homeomorphisms is connected in the uniform topology.

2. Main results and preliminaries

Hall [7, Theorem 2] proved that |f(1)| + |f(0)| > 0 when f is a sense-preserving embedding and f(T) is
star-shaped about 0. The first of our main results, Theorem 2.1, allows f(T) to be star-shaped about any
point; it also applies to sense-reversing embeddings.

Theorem 2.1. Let f: T — C be a starlike embedding. Then

S+ I (=1)] > 0.

Under the assumptions of this theorem, each of the individual coefficients f(1) and f(—1) may vanish [10
Proposition 5.1].

A complex-valued function is called harmonic if its real and imaginary parts are harmonic. For any
continuous function on T, convolution with the Poisson kernel

2
P(2,() = Ilc _|z||2, 2eD, CeT (2.1)

provides a harmonic extension in D [1, Theorem 4.22]. This fact is restated as a proposition for future
references.

Proposition 2.2. [2, Section 19.1] If f : T — C is continuous, then the series

o0 o0
=Y fm)r+ ) f(=
n=0 n=1
defines a harmonic function in D, for which f provides a continuous boundary extension.
Theorem 2.1 has an implication for the harmonic extension of starlike embeddings.
Corollary 2.3. Suppose f: T — C is a starlike embedding. Let F be the harmonic extension of f, that is
the harmonic map F: D — C that agrees with f on the boundary of D. Then F has nonvanishing total
derivative, meaning that |F,| + |Fz| > 0 in D.
In contrast to the Radé-Kneser-Choquet theorem, the harmonic map in Corollary 2.3 need not be a
diffeomorphism, see Example 3.1.

The circle homeomorphisms whose Fourier series terminates in one direction can be completely described
in terms of finite Blaschke products. A Blaschke product of degree n is a rational function of the form

Z— Zk
—OH
1—zkz

where z1,...,2, € D and 0 € T. The book [4] is a convenient reference on the properties of these products.
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Lemma 2.4. [10, Proposition 3.2] Suppose that f : T — T is a sense-preserving circle homeomorphism. The
set {n € Z: f(n) # 0} is:

(a) bounded below if and only if f(¢) = B({)/¢"~t for some integer n > 0, where B is a Blaschke product
of degree n;

(b) bounded above if and only if f(¢) = ¢"1/B(C) for some integer n > 0, where B is a Blaschke product
of degree n.

Not every Blaschke product B induces a circle homeomorphism in the way described in Lemma 2.4. To
treat the two cases of Lemma 2.4 in a unified way, Kovalev and Yang gave the necessary and sufficient
condition for the quotient of two finite Blaschke products to be a circle homeomorphism, which is recorded
in the following.

Lemma 2.5. [10, Lemma 3.1] Suppose that By, By are finite Blaschke products:

n
Z— 2k Z — Wk
B = =
1(2) alkli[ll_ﬁz7 U2H1—wkz
Where 21,22y ., 2n, W1, W2, ..., Wy € D and 01,09 € T. Then the quotient B1(()/B2(¢) is a sense-

preserving circle homeomorphism if and only if n —m =1 and
ZP(zk, Z (wg,C) for all (€T, (2.2)
k=1 k=1

where P is the Poisson kernel for the unit disk D, see (2.1).

Because condition (2.2) is difficult to check in practice, in Section 5 we continue to consider the problem
of describing the Blaschke products that induce circle homeomorphisms, and obtain some explicit sufficient
conditions in terms of the Blaschke zeros. Moreover, in Section 4 we prove that both sets of homeomorphisms
described in Lemma 2.4 are connected, as is the larger set in Lemma 2.5. The connectedness is understood
in the topology of C(T) induced by the uniform norm.

Since replacing the function f(e?®) with f(e=%), which reverses the orientation of f, only changes the
indexing of its Fourier coefficients, throughout the rest of this paper we will assume that f is sense-preserving.

3. Fourier coefficients of starlike embeddings

Proof of Theorem 2.1. Suppose that the curve f(T) is star-shaped about some point wg. Without loss of
generality, we may assume that wo = 0. Write f(e??) = R(6)e’*(®)| where ¢ is non-decreasing and

¢(2m—) — ¢(0) = 2.

Since f is an embedding, the function ¢ is continuous on [0, 27). Therefore the function ¥ (0) := ¢(6 +
) — ¢(0) — 7 is continuous on [0, 7). Since ¥ (0) + 1p(7—) = 0, the intermediate value theorem implies that
there exists 0y € [0, 7) such that 1(0y) = 0, that is

@00 + ) = (o) +
Let 2o = % and g(e??) = €', Then we have f(e?) = R()g(e?) and

g(—2) = g(ei(90+7f)) — i900+m) _ i(#(00)+m) — _ id(00) — _g(ewo) = —g(20).
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Let n = g(z0) and 7 be the open half-circle traced counterclockwise from the point zyp to —zg. Note that
T \ 7 is a complementary open half-circle traced counterclockwise from —zg to z5. Then 7g(e®®) maps v
onto the upper half-circle and T \ 7 onto the lower half-circle, for g is sense-preserving.
Let
=10
N zpe"
h(e”) = Pp—yere
Then A maps vy onto the half-line starting from the point %z to infinity along the upper imaginary axis,
and T \ 7 onto the half-line starting from the point —%i to infinity along the lower imaginary axis. Then
L= (1—%g2e20)e—
R(e®®) — 0
1/h(:|:2’0) =0.
The above statements yield that for all € € T, we have

zp maps v onto the segment (0, —2i] and T \ vy onto the segment (0, 2i]. In addition,

e (ﬁg(ew)h(;e)) = Re (2079(e”)(1 — %e*)e ™) >0,

where the equality holds if and only if € € {29, —z0}.
We now consider

720 (f(l) —Z_o2f(—1)) = %/R(@)ﬁg(ew)h(;g)d&

which implies that

27
FOL+ D] > Re (20 (1) - 27(-1))) = 5 [ RO Re (ma(e) 5 L ) a0 >0,
0

Therefore, the proof is completed. 0O

Proof of Corollary 2.3. Since F' is the harmonic extension of f, by Proposition 2.2 we have F,(0) = f(1)

and F;(0) = f(—1). By Theorem 2.1, |F,(0)| 4+ |Fs(0)| > 0. Given any point a € D, consider the Mobius

transformation g(z) = fj(_fz. The composition F o g is a harmonic map with boundary values f o g. By

the above, the total derivative of F' o g at 0 does not vanish. Since g(0) = a, the chain rule shows that
|F=(a)| + [F3(a)] > 0. O

Example 3.1. The embedding f: T — C, defined by

F(e) = e 4 20 4 %e—%a
is starlike with respect to the point w = 1. Its harmonic extension F(z) = z + z? + z2/2 has Jacobian
of variable sign in D: in particular, F, vanishes at —1/2 while F; vanishes at 0. Therefore, F is not a
diffeomorphism.
For the sake of completeness we show that f is indeed starlike with respect to 1. Its values on T agree
with the rational function h(z) = 22 4+ z 4+ 272 /2. Nevanlinna’s criterion for starlikeness [6, Theorem 8.3.1]
requires zh'(z)/(h(z) — 1) to have nonnegative real part on T. We have

zh'(2) o 222+ 22— 272
h(z) =1 224 2+272/2-1

Re
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Multiplying the numerator of this fraction by the conjugate of its denominator and writing z = ¥, we

arrive at
2 —2y(,—2 -1 2 5 1
Re{(22° +z—27%)(z 2+ 27" +2%/2-1)} = 3 +2cosf — cos20 — 500539.
The latter expression factors as (5 — 2 cos 20) cos?(0/2) and is therefore nonnegative.
4. The set of rational circle homeomorphisms is connected

The space C(T) of continuous mappings from T into C is equipped with the topology induced by the
norm || f|| = supy |f|. Let Hy(T) C C(T) denote the group of all sense-preserving circle homeomorphisms
f: T — T. The group H;(T) contains the rotation group SO(2,R) which counsists of the maps z — oz,
o € T. Proposition 4.2 in [5] shows that SO(2,R) is a deformation retract of H, (T), meaning there exists
a continuous map F': Hi(T) x [0,1] — H4(T) such that F(-,1) is the identity and F(-,0) is a retraction
from H,(T) onto SO(2,R). In particular, H; (T) is a connected set. We will show that similar results hold
for certain subsets of H, (T) that consist of rational functions.

Theorem 4.1. For each n > 1, the sets

H,i(T)=Hy(T)N{B()/¢" ' B is a Blaschke product of degree n}
and

H,o(T) = H(T)N{¢"*'/B(¢): B is a Blaschke product of degree n}

contain SO(2,R) as a deformation retract. In particular, both sets are connected. The unions |J;—; Hn1(T)
and |~y Hn2(T) are connected as well.

The proof is based on the semigroup property of the Poisson kernel P, namely P,, = P,*P, forr,p € [0,1).

Lemma 4.2. Let
L —tzk
B(t
< kI;[l 1-— tZkC

where z1,z2,...,2np €D, 0<t<1and o € T.

(a) If B(1,¢)/¢" 1 is a circle homeomorphism, then for any t € [0,1), B(t,¢)/¢" ! is still a circle
homeomorphism.

(b) If ¢"*1/B(1,¢) is a circle homeomorphism, then for any t € [0,1), ¢"*1/B(t,¢) is still a circle
homeomorphism.

Proof. In part (a), by Lemma 2.5 we have
Y P(z,()=n—1, (€T (4.1)
k=1

and the goal is to show that for any ¢ € [0, 1),

iP(tZk,C)anl, ¢eT. (4.2)
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By the semigroup property of P,

> Pla0) = [ Y Pl P(c/9)
k=1 T k=1
e (4.3)
> [- 0P =n-1.
T

The proof of part (b) follows the same process except the inequalities (4.1) and (4.2) are changed from
>n—1to--<n+1. O

Proof of Theorem 4.1. We introduce a homotopy F': H,1(T) x [0,1] — Hp1(T) using the notation of
Lemma 4.2: if 1(¢) = B(1,¢)/¢" 1, then F(¢,t) is the map ¢ + B(t,()/¢" 1. In view of Lemma 4.2
and the fact that B(0,¢)/¢""! is a rotation, the map F is indeed a deformation retraction onto SO(2,R).
In particular, each set H,;(T) is connected. Since all these sets contain the identity map, their union is
connected as well. The same reasoning applies to H,2(T). O

We have a similar result for the larger set of all circle homeomorphisms that are restrictions of rational
functions. Recall that if a rational function maps T into T, it must be a quotient of Blaschke products [4,
Corollary 3.5.4].

Theorem 4.3. The set of all circle homeomorphisms of the form By/Bs, where By, Bo are finite Blaschke
products, is connected.

Proof. We will prove that each circle homeomorphism of the form B;/Bs, where By, By are finite Blaschke
products, can be connected to a linear map z — cz. By Lemma 2.5, we may assume that

n—1
o zZ— Zk _ zZ — Wk
UlHl—zkz (Z)_@k[[ll—w_kz’
where 21, 29,..., 2, W1, Wa, ..., wy—1 €D and 01,02 € T, and we have
n—1
ZP 2:C) = Y P(wy,¢) for all ¢€T. (4.4)
k=1
It suffices to prove that for all ¢t € [0, 1),
n n—1
> P(tz, ) = Y P(twy, () for all ¢€T.
k=1 k=1

By similar reasoning as in the proof of Lemma 4.2, we have

S Pltz Q) — 3 Pltu. O /ZP PO — |5 PP ¢/
k=1

k:l T k=1
. S il
:/ ZP(zk,g)—ZP(wk, )| P(t, (/f)
k=1 k=1

T

for all ( € T. Therefore, the proof is completed. O
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5. Sufficient conditions for rational circle homeomorphisms

In this section we give some sufficient conditions for the ratio of Blaschke products to be a circle home-
omorphism. In certain cases these conditions are also necessary.

Theorem 5.1. Suppose that

B n C_Zk
BO—“}L—z—m

where z1,22,...,2, €D and o € T. If

}: il (5.1)

k= k|_

then B(()/¢"™ 1 is a circle homeomorphism. In particular, this holds if |zi,| < -2 for all k.
If all numbers zj, have the same argument, the condition (5.1) is also necessary for B(¢)/¢"~! to be a
circle homeomorphism.

Proof. For k =1,...,n, we have

1—Jzf> _ 1— |z

Plew ) = e P 2 T )

(5.2)

If (5.1) holds, then (5.2) implies Y ;_, P(2x,¢) > n — 1. It follows from Lemma 2.5 that B({)/¢" ' is a
circle homeomorphism.

In the case when all numbers z;, have the same argument, we can choose ¢ € T such that (z; < 0 for
every k. Then equality holds in (5.2), which shows that (5.1) is necessary in order to have Y ;_, P(z, () >
n—1. 0O

In general it seems difficult to describe precisely when B(¢)/¢"! is a circle homeomorphism, but for
Blaschke products of degree 2 the picture is more complete.

Theorem 5.2. Suppose that

C—a C—b

BO) =07 150

where a,b € DNR and o € T. Then B(()/C is a circle homeomorphism if and only if one of the following
conditions holds.

(a) ab>0 and 1 — |a|] — |b] — 3ab > 0;
(b) ab<0 and 1+ ab— a? —b*> > 0.

Proof. Part (a) follows from Theorem 5.1 after observing that

1—fa| 116l  _ 1—la|—[b]—3|abl
1+ al * 1+ o) (1+ [al)(1 +10])
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In part (b), our goal is to determine when P(a, () + P(b,¢) > 1 for all ¢ € T. The quantity

P(a,C)+P(b,C)1Re<<+a 2b )R %+ (a+b)¢ — 3ab

C—a ' C=b) (@t tab

is nonnegative if and only if the product
(€% + (a+b)¢ — 3ab) (C* — (a+b)¢ + ab) (5.3)

has nonnegative real part. Expand (5.3) and rewrite it in terms of x = Re(, using the identity Re((?) =
222 — 1. The result is the quadratic function

g(x) = —2ab(22* — 1) + 4ab(a + b)z + 1 — (a + b)* — 3a%V?
= —4abx? + 4ab(a + b)x + 1 — a® — b? — 3ab?

Since ab < 0, the minimum of g is attained at x = (a 4+ b)/2 € (—1,1). Thus, the inequality min;_; ;79 >0
is equivalent to g((a + b)/2) > 0. Since

g(a;rb> — (1 — ab)(1 + ab— a® — 1)

and 1 — ab > 0, part (b) is proved. O

The second natural way to form a circle homeomorphism from a Blaschke product of degree n is ¢ —
¢"*1/B(¢). For this construction we have a statement that parallels Theorem 5.1.

Theorem 5.3. Suppose that

BQ) =0 [ S22
k=

F 1 - ZCC

where z1,22,...,2np €D and o € T. If

1+|Zk|
<n+1, 5.4
T o) (54)

k=1

then ¢"*1/B(() is a circle homeomorphism. In particular, this holds if |z| < #—i—l for all k.
If all numbers zj, have the same argument, the condition (5.4) is also necessary for ("1/B(¢) to be a
circle homeomorphism.

Proof. For k =1,...,n, we have

- 1-— |Zk|2 < 1+|Zk‘
I —2kl> = 1—|z]

P(zk,C) (5.5)

If (5.4) holds, then (5.5) implies Y ,_, P(2x,¢) < n+ 1, and the conclusion follows from Lemma 2.5.
When all numbers z;, have the same argument, we can choose ¢ € T such that (z; > 0 for every k. Then
equality holds in (5.5), which shows that (5.4) is necessary in order to have Y ;| P(z;,() <n+1. O
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Condition (5.4) turns out to be more restrictive than (5.1). Indeed, the inequality between arithmetic
and harmonic means [8, Ch. 2] implies

IR R Py
1—|—|zk| ni~1- |2k |

If (5.4) holds, then

1- |zk| n n—1
% S
1+ |zk| n+1 n
which implies (5.1).
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