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This work focuses on functional differential equations subject to wideband noise
perturbations. Modeling using a white noise is often an idealization of the actual
physical process, whereas a wideband noise can be easily realized in applications
and well approximates a white noise. Using functional derivatives together with
the combined perturbed test function methods and martingale techniques, this
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differential equation. To illustrate, an integro-differential system with wideband
noise perturbation is examined as an example. Not only are the results interesting
from a mathematical point of view, but also they are of utility to a wide range of
applications.
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1. Introduction and motivation

Time delay and uncertainty due to random fluctuations are unavoidable in a wide range of real-world

applications such as process control, automotive systems, biomedical sciences, epidemics models, transport,

communication networks, and population dynamics. When the random disturbances are modeled by white

noises, the systems are often described by stochastic delay or functional differential equations, for example,

[11,16,17]. Nevertheless, a white noise model is often only an idealization of the actual physical process. It is

more appropriate to use a process that can be realized in applications. A wideband noise is such a process,
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whose bandwidth is “wide” and whose limit becomes the white noise. Using diffusion approximation to
treat physical random processes has received a great deal of attentions; see [7,14,15,20] and also the more
analytic approaches in [9,10]. When a delay system is perturbed by a wideband noise, one deals with a class
of random delay or functional differential equations. Although it is more realistic, systems with wideband
noise are often difficult to deal with. However, through appropriate limit procedures, we may obtain a
much simpler limit dynamic system; see earlier work in [3,7,14] and the references therein. When time delay
and wideband noise are considered simultaneously, one aims to show that under appropriate scaling, the
underlying system converges to a delay differential equation or stochastic delay differential equations. Using
these simpler limit systems as a bridge, we can proceed to design feasible procedures to treat the original
systems.

In this paper, we confirm that the limit systems are stochastic functional differential equations. For a long
time, there were no bona fide operators associated with stochastic delay equations driven by a Brownian
motion. In addition, there were no bona fide Ité formulas either, except some convenient way of the use of
formulas in a symbolic form [16], or a Banach space form of calculus [17]. However, the form of operator
and the formulas in [17] are very difficult to use in any real applications. Thanks to the recent advances in
stochastic calculus, a new form of functional It formula was obtained recently by Dupire [5], which enables
us to examine stochastic delay equations from a new angle. In our recent work [22], based on Dupire’s
functional Ito formula, we examined functional diffusions with two-time scales in which the slow-varying
process includes path-dependent functionals and the fast-varying process is a rapidly-changing diffusion; one
of the motivations is gene expression of biochemical reactions occurring in living cells (see a motivational
example in [23]).

The recent development on stochastic functional differential equations alleviates much of the difficulties
and provides technical tools. It helps us for our study of the wideband noise systems. In this paper, we
consider the following functional differential equation with the wideband noise perturbation

°(t) = (a(t), 05, €°(1) + e~ (a(t), 27, 6°(1), (1.1)

with a deterministic initial value 2(0) € R™, where ¢ is a small positive parameter, and £°(t) is the wideband
noise given by

(1) = £(t/<%), (1.2)

where £(-) is an m-dimensional stationary ¢-mixing process. Assume throughout the paper that £(-) is a
bounded, right continuous, and stationary ¢-mixing process with mean E£(¢) = 0. More precise conditions
will be given in the subsequent sections. In this paper, we denote z§ := {z°(uAt) : 0 < u < T}, p =
(01,02, yon) : R" x D([0,T]; R™) x R™ — R™, ¢ = (¢1,%s,...,9¥,) : R" x D([0, T]; R") x R™ — R™,
where 2’ denotes the transpose of z and D([0,T];R™) denotes the space of cadlag (right continuous with
left limits) functions on [0, 7] with values in R™ endowed with the Skorohod topology.

In the above functional differential equation, x; is known as a path-dependent process reflecting the
past dependence. It is well-known that the path-dependent functional differential equations include many
important classes of delay systems such as the integro-differential equations motivated by, for example, the
following Lotka-Volterra integro-differential equation

(1) = ding(21(1)..... 24 (1)) [A(1) ~ D(1)(1) — / K(t — 8)u(s)ds (1.3)
0

in population dynamics (see [8,21,24]), where diag(x1,...,z,) denotes the diagonal matrix with the given
diagonal entries, A(t) and D(t) are continuous nxn matrix-valued functions, and (-) is an appropriate kernel
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function with compatible dimensions. As another class of path-dependent functional differential equations,
we consider the so-called running maximum equation given by

z(t) = ax(t) + b sup z(s),
0<s<t

which is used in the biological models and the financial market formulations widely.

Our main goal in this paper is to examine the asymptotic properties of system (1.1) as ¢ — 0 and
establish an approximation theorem for 2°(-) € D([0,T]; R™), the space of functions that are right continuous
with left limits endowed with the Skorohod topology (see [13,14] and references therein). We show that
under suitable conditions, z°(-) converges weakly to a functional diffusion process. To deal with the terms
involving functional dependence, this paper uses the idea of functional derivative in [1,4,5]. To the best of our
knowledge, this is the first attempt to study the asymptotic averaging property of the delay or functional
equations with the wideband noise by using the functional derivative. For previous works on martingale
methods, weak convergence, and treatment of delay equations, we refer to [14,19,25].

The rest of the paper is arranged as follows. We begin with some notation and preliminary lemmas in the
next section. In Section 3, we examine functional derivatives and establish a martingale theorem for random
functional processes. Based on the functional derivatives and the martingale theorem of random functional
processes, Section 4 establishes a weak convergence result for solution to (1.1) as ¢ — 0. Section 5 applies
the established theorem to the integro-differential equation with wideband noise perturbation as a specific
class. This section also establishes the approximation for the integro-differential Lotka-Volterra system with
wideband noise perturbation as an example.

2. Preliminaries, notation, and assumptions

Throughout the paper, unless otherwise specified, we use the following notation. Let R™ denote the n-
dimensional Euclidean space with the Euclidean norm |-|, and B(R™) is the Borel sets of R™. For each N > 0,
let Sy = {x : |z| < N} be the ball with radius N centered at the origin. For a vector or matrix A, denote its
transpose by A’; for a matrix A, denote its trace norm by |A| = \/Tr(A’A). Denote by C!(R™;R) the family
of real-valued functions defined on R™ whose partial derivatives up to the (th order are continuous, and by
CH(R™;R) the family of C'(R™;R) functions with compact support. Throughout the paper, K denotes a
generic positive constant, whose value may change for different usage. Thus, K + K = K and KK = K are
understood in an appropriate sense. We use € > 0 to represent a small parameter.

Remark 2.1. In this paper, since the stochastic process 2°(-) has deterministic initial data and is driven by
£°(+), we are dealing with the so-called exogenous noise. Thus, we denote by Fi the o-algebra generated
by &(s) for 0 < s < t. That is, Ff = .7-'55 = o{&(s) : 0 < s < t}, which is the same as o{£(s) : 0 <
s < t/e?} = ff/EQ. In other words, F; = ffa = .7:5/62. We denote by E§ or ]Efé, and Ef/EQ the conditional
expectations conditioned on }'fs and .7-'5/62, respectively.

Let .# denote the set of real-valued progressively measurable functions that are nonzero only on a
bounded t-interval and

M= {f € M :supE|f(t)| < oo and f(t) is }'f—measurable}. (2.1)
t

Similar to [12,14], let us give the definitions of the p-lim and the infinitesimal operator £ as follows.
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Definition 2.1. Let f, f® € .#° for each § > 0. We say f =p— lims f® if and only if

sup E[f(t)] < o0,
£,

lim E[f°(t) — f(t)] =0 for each t.
6—0

Similarly, we say p-lim. f¢ = 0 if f(-) = 0 almost surely, where f€ € M* for each € > 0, and ¢ replaces J.

Definition 2.2. We say that f(-) € 2(LF), the domain of £, and L5f = g if f,g € .#° and

(ng(t +;) —ft) g(t)) —0.

p-lim

It follows that £ is a type of infinitesimal operator. Although the process might be non-Markovian, the
following lemma was proved by Kurtz in [12] (see also [14, p.39]).

Lemma 2.2. If f € 9(L°), then

is a martingale, and

t+s

ESf(t+s) — f(t) = /Ef[lsf(u)du w.p.1.

t

In our setup, the noise process in (1.1) is wideband. It is known that a wideband noise is one such that
it approximates the “white noise”. In fact, ¢-mixing process is a large class of such process. We recall the
definition next.

Definition 2.3. Let F¢ denote the smallest o-algebra that measures {&(u) : t < u < s}. If there is a function
@(t) = 0 as t — oo such that

sup IP(A|B) = P(A)] < ¢(s),
AcFYs BeFsh

then £(+) is said to be ¢-mixing with mixing rate ¢(-).

In this paper, we assume that £(-) is a ¢-mixing process with mixing rate ¢(-) satisfying (e.g., [2,14])

/¢1/2(t)dt < 0.
0

Now let us recall certain properties for ¢-mixing processes, which constitute a large class of processes
having decreasing dependence property. The following lemma is a modified version of [14, Chapter 4, Lemma
4].
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Lemma 2.3. Let £(+) be a ¢-mizing process with mizing rate ¢(-), and h(-), h1(-), and ha(-) be functions of
&, which are bounded and measurable on F& = o{&(7),t < T < o0o}. Then there exist k; fori=1,2,3 such
that

[E(R(E(t + )| %) ~EA(E(E +5))| < m(s), (2:2)
[B(ha (€ () h2(§ ()| F) — Bhn (€(u) ha(6W))] < { Zjﬁﬁfb _ 1‘)) for t<u<uv, (2:3)

where F& = o{¢(s);0 < s < t}. Hence, the right-hand side of (2.3) is bounded above by

(kg V K3)dY 2 (v — u) o' % (u —t).

Proof. The proof of inequality (2.2) is as in [14, Chepter 4, Lemma 4], and (2.3) improves the corresponding
result of the aforementioned lemma. Noting that h;(-) are bounded,

| (hy (& (1)) ha(€(0))| F) — Ehy (€(u))ha(&(v))
< [E [ (€(u) (E (ha(£(0))|FE) — Eha(&(v)))| FE]]
+[Eha (§(u)) (E(h2(£(0)|FS) — Eha(¢(v)))]
<2Ki1K16(v — u),

where K is the bound of hy(-). On the other hand, define g((w)) = hy (£(u))E(ha(£(v))|FE). Then g(-) is
also a function with the h(-)’s properties. Applying the inequality (2.2) yields that there exists a k3 such
that

[E (a1 (€ () ha(€w)IFS) — Eh (€(u))ha(&(v))]

= [ [ (€ (u)) (E (o (€ (0)|FE )| F] — B[ (€ () (E (ha(§(0)) | F5))]]

= [E(g(¢(u)|F%) — Eg(€(u)]
)-

< k3p(u—t

(
(E

The proof is completed by choosing ke = 2Kk;. O
3. Functional derivative

To examine the weak convergence using the martingale averaging method, we need to consider Le f for
f(-) with appropriate properties. Since functionals are considered, it is necessary to consider the derivative
of the functionals in the form of V" () = V (¢, z°(t), z5). To proceed, we need to examine the derivative for
the functional V (¢, z,y) on [0,T] x R™ x D([0,T]; R™). Now let us define continuity for functionals first; see
[1]. We use [[2¢]|oo := sup,epom{lz(t Au)| : 0 < u < T} see for example, [18, Chapter V.

Definition 3.1 (Joint continuity in (t,x,y)). A continuous functional is a continuous map V : [0, 7] x R™ x
D([0,T];R™) — R if, for any (¢,z,y) € [0,T] x R™ x D([0,T];R™) and any A > 0, there exists an n > 0
such that for any (£, ,7) € [0,T] x R™ x D([0,T]; R") satisfying

doo((t,2,9), (1,7,)) = [t =] + 2 = Z[ + |y = Tl <,

we have
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The set of continuous functionals is denoted by C%99([0, 7] x R™ x D([0,T]; R"™); R).

Next, we introduce the “local boundedness” for functionals. We call a functional V' “boundedness pre-
serving” if it is bounded on each bounded set of paths [1,4]. The precise definition is given below.

Definition 3.2. A functional V' : [0,T] x R™ x D([0,T];R™) — R is said to be boundedness preserving if
for any compact G € R™ and ty < 7T, there exists a Kg4, > 0, such that for all ¢ < t5, x € G and
y € D([0,T7; G), we have |V (t,z,y)| < K¢ 1,-

Following [1,4], let us give the definitions of horizontal and vertical derivatives. Denote (e;,i = 1,--- ,n)
the canonical basis in R™.

Definition 3.3. A non-anticipative functional V' : [0,T] x R™ x D([0,T];R"™) — R is said to be horizontally
differentiable at (t,z,y) € [0,T] x R™ x D([0,T]; R") if the limit

DV(t,ZE, y) — lim V(t + 5,.’5, y) — V(t,l‘, y)
510 0

exists. In such a case, DV (t,y, ) is called the horizontal derivative of V" at (t,z,y).
Definition 3.4. For z(t) € R™ and z; = {z(uAt) : 0 < u < T}, a non-anticipative functional V' : [0,T] x
R™ x D([0,T];R™) — R is said to be vertically differentiable at (¢,z(t),z¢) € [0,T] x R™ x D([0,T];R™) if

the functional map

R"™ — R,
e V(t,x(t) +e,x¢ + el )

is differentiable at 0. Its gradient at 0 is called the vertical derivative of V' at (¢, z(t), z:):
VV(t, {E(t), xt) = (V1V(t, {I?(t), ‘Tt); VQV(tv .’E(t), xt)v AR an(tv x(t)v ﬁt))?

where

V(t,x(t) + hes, he;1 —V(t,z(t),
ViV (t,2(t), ;) = lim (8, 2(t) + hei, v + heilyymy) — V(E,2(t), 20)
h—0 h

Remark 3.1. In view of the definitions above, although x; may be a continuous function if :(t) is a continuous
process, it is obvious that x; +ely, 7 is right continuous and has the left limit, that it, it is in D([0, 77; R™).
Thus we need to have V be defined on [0,T] x R™ x D([0,T]; R™).

Let us define

. V(tx(t) + heij,x) — V(G x(t), @
Vo (tr(t). ) = tim VO T RE020) 2V (120, 20
V(t,x(1), he;1 -Vt x(t),
OV (t, a(t),z,) = lim (, 2(t), @ + he }[?T]) (t,x(t), z¢)
—

i

and

Vo) = (Vo (1), Vi (4), - -, Vi, (1)) and OV (+) = (O1V (1), LV (+), ..., 0.V (+)).
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In fact, V,(-) is the common derivative of V' with respect to the second variable and 0V (-) is the functional
derivative with respect to the third variable. If V, and OV exist, it is clear that one can compute that

VV(t,x,y) = Va(t,z,y) + 0V (t, x,y). (3.1)

Repeating the above procedure leads to the second vertical derivative V2V (t,z,y) as the derivative of
the gradient at 0 (if it exists) of the map

e VV(t,x +e,y+ elp ).
It is clear that
V2V (t,z,y) = Ve (t, z, y) + 20V, (t, 2,9) + 0°V (¢, z,y). (3.2)
Furthermore, let us define C ! functionals.

Definition 3.5 (CYY! functionals). Define CH11([0,T] x R™ x D([0,T];R™);R) as the family of the jointly
continuous non-anticipative functional V' € C%99([0, 7] x R™ x D([0,7]; R™); R) such that

(i) V admits a horizontal derivative DV (¢, xz,y) for all (¢,z,y) € [0,T] x R™ x D([0, T]; R™), and DV (¢, -, -)
is continuous for any t € [0,T);
(ii) both V, and OV are jointly continuous; and
(iii) DV, 9V and V, are boundedness preserving.

To obtain the desired weak convergence results, tightness has to be proved first. Therefore one needs to
verify the following

lim ]P(sup |z=(¢)| > NO) =0 foreach T < o0, (3.3)

No—o0 t<T

where P(A) denotes the probability of A. The verification of (3.3) is usually quite involved, and requires
complicated calculations. To circumvent the difficulties, we use the truncation technique as follows. For each
N > 0 sufficiently large satistying |z(0)| < N, consider

25N (1) = N (2N (), 27N, € (1) + e N (5N (1), 277, €5 (D)), (3.4)

where 27" = {z=N(t Aw) 1 0 <u < T}, N (@,9,€) = @(2,y,&)a(x), N (2,y,€) = ¥(z,y,€)q(x), in which
q(x) is a nonnegative and smooth function satisfying

1, when z € Sy,
q(z) =
0, when z € R™ — Syy1.

From this truncation technique, it can be seen that 2™ (t) = 2°(t) up until the first exit time from
Sy = {z : |z| < N}. Then 2/ (t) is said to be an N-truncation of x°(t). For this truncated process and
for any T < o0,

lim P ( supa*N ()] = No) = 0. (3.5)

No—00 t<T

According to (3.5), it is easily seen that for any T < oo,
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lim P(sup [ NO) —0. (3.6)
No t<T

— 00

To establish the chain rule of the functional derivative with respect to the functional differential equation,
let us impose the following assumption on the coefficients.

(A]-) <)0(a ',g)a 1/1(, '75), 1/)1(7 3&)7 8111}(3 'ag)a wrm(7 '75), 31/%:(7 7'5) and 82111}('3 ag) are boundedness preserv-
ing for any & € R™, and ¢(+), ¥(+), ¥ (+), ¢(-) are jointly continuous.

Working with the N-truncated process, we have the operator LN corresponding to L. To proceed,
let us establish the following functional derivatives of the solution of the truncated functional differential
equation (3.4).

Theorem 3.2 (Functional derivative). Let x5 (t) be the solution of (3.4) satisfying assumption (A1). For
any V € CHLL([0,T] x R™ x D([0, TR R), put V- (£) = V(£ 25N (8), 25). Then

LoNVEN () = DV (t, 25N (), 2

b (3.7)
+ WV (25N (), 27 V)N (25N (), 27 €5 (1) + e N (25N (1), 27, 65 (1),

and as a result, Vs’N(t) is a continuous semimartingale and
t
N —e,N —8 N —5 N
My (t) =V (t) — / du
0

s a martingale.

—e,N
Proof. Since V' (t) = V(t, 25N (t), xt Ny and €2(¢) is the only driving stochastic process for =V (t), we
can use the conditional expectation E; with respect to .Ft when £V is considered. According to the
definition of £V,

7N —e,N
pe VTN ESV (t+6) -V (1)
L7V (1) =p-lim 3
y ES V(4 8,25V (t +8),a5%) — V(t, 25N (), 25™)
—P0 5 '

Define hs = 25N (t 4+ 8) — 25N (t). According to the definition of 257,

a5 = 20N () + hem s () + holpas () = 27N () + Rl (),

where
0, for u € [0, 1),
§=19q hu_t, forueltt+9),
hs, for u € [t +4,T).

A J— 7I\/' .
LNV (1) can therefore be rewritten as

SN TN () B V(t+ 0,25V () + ho, ap ™ + hglpm) = V(25N (1), 27Y)
LTV (t) = p- lim 5 :
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Using the definitions of horizontal and vertical derivatives, and applying the first-order Taylor expansion
yield

V(t+6,25N(t) + hs,ap ™ + hily ) — V(t, 2=V (), 25")
= V(t+ 625N (t) + hs,ap™ + hslpmy) — V(E,aoN (t),27)

FV(t+ 8,25V (1) + he, i + hEL ) — V(E+ 6,25V (t) + hs, ap™ + hslpr)
= DV (t, 25N (t), 226 + VV (£, 25N (8), 25 Vhs + R,

where R is the remainder term which can be expressed as
R = Ry(6%)6% + Ro(0*)0hs + hsR3(6")hs + Ry(6*)(h¥ — hs),

with 6* € [0,0] and

R (6%) = DV (t+ 6%, 25N (), 25N) = DV (¢, 25N (t), 257,
Ry(0%) = DV (t, 25N (t +6%), 27,0y, ) — DV (t,25N (8), 27™)
+VV (407, 25N (), 27 ™) = VV (£ + 6%, 25N (1), 27 ™),

R3(0%) = VV(t,a=N (t + 0%), 2505 ) = YV (t, 25N (), 257),
Ry(6") = OV (t + 6%, 2=V (t + 6%),25%.).
According to the definition of C*1!, DV, 9V, and V, are boundedness preserving. These facts, together

with the boundedness of 25V (¢) and 25" due to the truncation technique, yield that both Ry(8*), Ra(6*)
and R3(6*) are bounded, which shows that

|R| < K (6% 4 6|hs| + |hs|?) + K|hu—t — hs| Lt 16)(1).

Note that

t+46
hs = /SDN(CEE’N(S%SC?N,EE(S))+€*1¢N($E’N(8)7xi’N,éa(S))d&
t

Assumption (A1) shows that ™ (25N (s), 2SN, £5(s)) +e 1N (25N (s), 25N, £5(5)) is bounded for any given

e > 0, which implies that |hs] < K. This verifies that |R| < K& + K61 415 (u), which implies that
p-lims o |R|/d — 0 as § — 0. Therefore,

ES hs

£oNTN (4) = DV (1,05 N (1), 05N) + YV (25N (8), 25 )p- lim (3.8)

In accordance with the definition of p-lim,

t+3
E{ hs =E§ / N (25N (5), 25N, €5(5)) + e 1N @5V (5), 25N, € (s) ) ds,

t

and oV (25N (s), 25N, €5(s)) + e N (25N (s), 25, €5(5)) is bounded from Assumption (A1), so applying
the Lebesgue Dominated Convergence Theorem,
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= N (@M (1), 27N, €5 (1) + e N (@ N (1), 25N, €5(8)). (3.9)

Substituting (3.9) into (3.8) gives the desired (3.7). Applying Lemma 2.2 yields that M‘E/N(t) is a martingale.
This completes the proof. O

4. Weak convergence and averaged system
To proceed, the following assumptions are needed.

(A2) For any = € R™ and y € D(]0,T]; R™) as parameters, assume that

E(z,y,£(t) =0, (4.1a)
Ep(z,y,£(t) = o(2,y). (4.1b)

Remark 4.1. Lemma 2.3 shows that
|Ehq(u)ha(v) — Ehy(u)Ehe(v)| < kad(v — )

for u < v, where k4 is a constant. This, together with E1;(-,£(t)) = Ev;(-,£(t)) = 0 in Assumption (A2),
shows that for each x € R™ and y € D([0,T]; R"™),

/E¢1($7ya£(t))¢j(xay7 4/¢ dt< ’14 max ¢1/2 /¢1/2 dt< Q.
0 0
Similarly,
[ EVU Gy 600t < .
0

For each z € R™ and y € D([0,T]; R™), we can therefore define

355(@0) = [ Bi(o. .60 (o060, (422)
0
D) = [ EVU0, 60 (0. 60)i (4.21)
0

where ¥;(+), S?j denote the ith component and the ijth entry of ¥(-) and S°(-), respectively. Define

2 (8%, ) + (5°(, )],

S(.’Ij,y) = 9

denote by p(x,y) its square root, that is,

S(x,y) = p(z,y)p'(x,y).
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(A3) The following equation

d(t) = [@(x(t), x¢) + P(a(t), we)ldt + p(a(t), z.)dB(t) (4.3)

has a unique weak solution (uniqueness in the sense of in distribution) on [0, 7] for each continuous
deterministic initial value x(0), where B(t) is a standard Brownian motion.

Remark 4.2. Nowadays, Assumption (A3) is standard; see [14]. It is a simple way of division of labors. The
coefficients of SDE (4.3) are concerned with ¢(-) and ¢(-) of (1.1) and their derivatives (4.1b), (4.2a), and
(4.2b). For general nonlinear systems, it is difficult to give conditions for coefficients of (1.1) to guarantee
the existence of unique weak solution to (4.3). When ¢(-) and (-) have some special forms, for example,

o(z,y,&) = ¢(z,y)¢ and Y(x,y, &) = P(x,y)E, if £() is a scalar ¢p-mixing process, then

pla,y) = ¢z, y)EL(t) = 0,
S(z,y) = §(x,y)d' (2, y)%,
Y(w,y) = Vi (z,y)d(z, y)x,

where & = E fooo £(u)&(0)du. Choose p(z,y) = P (x,y) VE. We can impose conditions on ¢ (z,y) to ensure
the weak existence and uniqueness of the equation

da(t) = Vi (a(t), 2o d(x(t), 20 Sdt + Ha(t), 20) VEdB(t

Similar comments apply when £ appeared additively in the underlying functions such as ¢(z,y, &) = @¢(z,y)+
£. However, in general, there are numerous possibilities. It is more convenient to pose a condition as in the
current form of (A3).

To proceed, for any function v € CZ(R™;R), let us define the operator L from R™ x D([0,T]; R"™) to R
such that

L, )o(a) = vew)p(e, ) + D)) + 5Tl (2, 9)vne (2ol ) (4.4

Let x(t) be the solution of (4.3). Applying the 1t6 formula to v(z(t)) yields (see [16, Chapter 5])

t

M, (t) = v(z(t)) — v(z(0)) — /L(a:(s),azS = /vz x(s),zs)dB(s) (4.5)
0

0

is a martingale. We say that x(-) solves the martingale problem with operator L(-) if (4.5) holds for any
v € C3(R™;R). As was mentioned before, when we work with the N-truncated process, we rewrite the
operator L(x,y) as L™ (x,y). We proceed with the following theorem.

Theorem 4.3. Under assumptions (A1) and (A2), for any N > 0, {25V (-)} is tight in D([0, T]; R™).

To prove this theorem, we need the following lemma (see [14, Theorem 4, p.48] or [13] for a proof), which
uses perturbed test function methods.

Lemma 4.4. Let {X¢°(-)} be a sequence of Fi-measurable processes with paths in D(]0,T];R™) satisfying

lim limsup P< sup|X®(¢)| > No

No—oo 20 {t<T o } =0 (4.6)
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for each T < oo. For each f(-) € C3(R™;R), let there be a sequence {f(-)} such that f<(-) € 2(L°) and
that {L£f(t);e > 0,t < T} is uniformly integrable and

lim ]P’{ sup |f(t) — f(XE(1)] > r} =0 foreach T >0. (4.7)
e—0 t<T

Then X=(-) is tight in D([0,T]; R™).

Proof of Theorem 4.3. To prove the tightness of {z°"(-)}, we need only verify that the conditions in
Lemma 4.4 are satisfied. In fact, under the truncation techniques, (4.6) holds. Hence we only need to
show that for any f(-) € C3(R™;R), there exists {f<N(-)} € 2(L£5N) such that {£5V f5N(-)} is uniformly
integrable and for each 7 > 0, lim._,o P{sup, <1 [N (t) — f(z=N(¢))| > r} = 0, that is, (4.7) holds for the
truncated process x5V (t). -

Recalling the definition of o algebras and the corresponding conditional expectations in Remark 2.1, for
any f(-) € C3(R"™;R), let us define

T
T = Ve e N (1), 20T :571/fr(xE’N(t))EfWN(fEE’N(t),fE?N,SE(U))du (4.8)

and foN () = f(z=N(t)) + f0 (t). Making change of variable u/e? to u implies that

T/e?
SN(t) = / Fo(a®N (O)ES ) 2N (25N (1), 25N, (u)) du. (4.9)

t/e?

Note that f.(-) is bounded since f € C3(R™;R). By Assumption (A1), for any (z,y) € Sx x D([0,T]; Sn),
YN (z,y,€) is bounded for any ¢ € R™. Note that Et(z,y,£(u)) = 0 for € R™ and y € D([0,T];R") in
(A2) imply that E¢N (z,y,£&(u)) = 0 for any (x,y) € Sy x D([0,T]; Sn). These, together with Lemma 2.3,
yield that there exists constant K such that

T/e?
sup £ ()] = esup | [ ot (0B o™ (@ 1), 5. ) d
t<T t<T e
T/e?
—zsup| [ Fule N O)ES ™ @ (0,2 )
=T t/e?
—EpN (2N (1), 25N, £ (u)]du
T/e?
t
<ctpm] [ ole-g)a
t/e?
< K supo' /() [ 61 (u)du
u>0 0
= O(e), (4.10)

which implies that lim. o E[sup,< |f] N(#)] = 0. As a consequence of the Chebyshev inequality, (4.7)
follows for the truncated process 25 ().
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Let us prove the uniform integrability of {£=N &N ()} and { N ()} € 2(£5Y). According to definitions
of f&N(.) and £5N | applying Theorem 3.2 gives

LAS,Nfa,N( ) =p- lim EfstVN(t + 6) — f&N(t)

5—0 0
£s e,N _ e,N
O o €l () e { Gl 0)
5§—0 1
Ef VN (40,25 (t+0),ap)y) — Vi (8, 25N (1), 25 7)
+p-lim 5
—

= fo @ N @)Y @ N (1), 27 € (1) + N @V (1), 27, €5 (0)] + LN N (1)
= fala®N )" (@ N (1), 25V, €5 () + e N @ N (1), 25N, ()]

+ DVle N(tvxb" (t),l‘ 7N)>
+ VVEN (825N (), 0 ) [ (25N (1), 25, €(8) + e N (N (1), 25N, (1)
(4.11)
We have that
DV (25N (1), 25 N)) = —e 7 @ N (@) (@ N (8), 27, €5 (8)). (4.12)
Now let us calculate the vertical derivative of the functional VE (¢, 25N (t), 25™Y). We have
T/e?
VN et (8), e ) =€ / Vfela N O)ES 9N @M (2), a5, €(u)]du
t/e?
T/e?
= [ UGV OB o™ @Y (07 ()]
t/e?
T/e?
be [ Ol (OB ¥ @ (1), 55 )
t/e?
3
= > LN (N (@), ), (4.13)
i=1
where
T/e?
) ¢ [ (0B Y oy g)du,
t/e?
T/e?
15 (o) == [ Fulo)E 02 (@, 6w
t/e?
T/e?

o) =¢ [ L@ L00" (. gu)ldu
t/e?
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Note that f..(z) is bounded since f € C3(R™;R). The same technique as the one in the estimation of
e,N . y .
17 (4) in (4.10) yields

T/e?
sup 15,1 .9)| = esup | [ [ (@ES) 0" (0,3, (u))]
t<T t<T
t/e?
T/e?
t
< .
<ciswp| [ o(u- )]
t/e?
= 0(e). (4.14)

Note that (A1) also implies that X (x,y,£5(t)) and 9y (z,y,£5(t)) are bounded. These imply that

Epl (2,y,£(t) = [EYN (2,y,£()]e = 0,

and

E[0y™ (z,y,€(1)] = O[ES™ (x,y,£(t))] = 0.

Then similar technique to (4.14) gives

T/e?
sup 15y (t.2,)] = esup| [ Fulo)ES 02 (0, ()i
t<T t<T
t/e?
T/a2
—eswp| [ L@ (. 6w) — B0 (. )
T t)e2
T/E2
t
< Engg [ // (b(u — 8—2>du]
t/e2?
= 0(e), (4.15)
and
sup [I15(t, 2, y)| = O(e). (4.16)
t<T

Substituting (4.14)—(4.16) into (4.13) yields

VVEN (1,27 (0, 257N (7N (1), 27, €(0) + e 0N @5V (0, 27, €0)]
T/e?

=0() + / Ef) o [0 (@ (1), 27, ()] dufun (25N (8))0N (25N (), 25N, €5(2))
t/e?

+ / fo@)Ey o VON @M (1), 25, €(u)dugp™ (25N (1), 25N, €5(8)), (4.17)
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since N (25N (), 25N £2()) is bounded. Substituting (4.17) and (4.12) into (4.11) yields

LN N (1) = O(e) + fol@™N ()N (2N (2), a5 ™, €5 (1))
T/e?
b [l @ 0, ) o o () (0N (0,55, (1)
t/e?
T/e?
b [ LN S VN @ (0,05 ) (5 (0,0 ),
t/e?

(4.18)

According to Assumption (A1), YN (z,y, &), VN (z,y, &) are bounded for any (z,y) € Sy x D([0,T]; Sxn).
The uniform integrability therefore follows. Moreover, f&N(.) € 2(L£5N). As a consequence of Lemma 4.4,
{x=N ()} is tight in D([0,T|;R™). O

Theorem 4.5. If (A1)-(A3) hold, then {x°(-)} is tight in D([0, T]; R™), and the limit of any weakly convergent
subsequence satisfies equation (4.3) with the same initial value as x¢(0) = x(0).

In the following, we need to establish the weak convergence and characterize the weak limit. To do this,
we shall apply the following lemma (see [19,25]).

Lemma 4.6. Let X°(-) be R™-valued and defined on [0,T], with the initial value X (0) being deterministic.
Let {X¢=(-)} be tight on D([0,T];R™). Suppose (A3) holds and L(-) is the corresponding operator defined by
(4.4). For each f(-) € C3(R™;R) (or any dense subset of it), each T < oo, there exists F*(-) € D(LF) such
that

p- i [F5() — F(X*()] = 0, (4.19)
and

p- lim [£2F7() — L(-, X9) F(X())] = 0. (4.20)
Then, X¢(-) = x(-), where z(-) is the weak solution of the stochastic differential equation (4.3).

Remark 4.7. Similar to the proof of tightness, we use the perturbed test functional method to examine the
weak convergence. Introducing the perturbed test functionals allows us to eliminate the noise terms £°(t)
through averaging, and obtain the desired terms in the limit. A distinct feature of this averaging procedure
is that the fast-changing variable £°(t) is averaged out. In this procedure, the slow-changing variable x°(t)
and the corresponding functional term xf are treated as parameters.

According to the definition of p-lim, to prove (4.19) for z¢(¢), for any f(-) € C3(R™;R), we need to look
for function F&(-) € 2(£F) and verify the following conditions:

sup E[F*(t) — f(2°(t))] < oo,

t,e

lim E|F*(t) — f(2°(¢))] =0 for each t.

e—0
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Using the truncation technique, for 25N (t), we need to look for the function F&N(-) € 2(£5N) and verify
the corresponding conditions

{ sup E[F=N (t) — f(z=N (1)) < o0,
e (4.21)

lim E|FSN(t) — f(z5N(t))| = 0 for each t.
E—>

Similarly, to prove (4.20) for the above 25"V (¢) and f(-), we need to verify the conditions

te (4.22)

sup E[L5N PN (8) — LN (25N (1), 27 2=V (1)) < e,
lir%E|ﬁE’NFE’N(t) — LN @ (), 25N f (25N (£))| = 0 for each t.
e—

Proof of Theorem 4.5. We first prove the assertion of this theorem for 25V (¢). For any f(-) € C3(R™;R),
to use the perturbed test functional method, we need to prove (4.21) and (4.22). Let us define

T/e?

T
VEN (8,2, ) / ([ES o foa (@)™ (2, . 6] (2, € (0)

&€

V)

v

~

~E[foo ()™ (@, y, £ ()" (2,3, € (v)) }dudv, (4.23)

62

T
VEN (b, ,p) / ES o (VO (2,9, €()]6™ (2,9,€5(v))

v/e?

S
~

E[Vy™ (z,y, &)™ (2, y, € (v)) }dudv, (4.24)

T

ViV (k) = [ B nfa@le® o0, @) - 6 (@ 0)ldu, (4.25)

t

and

FEN@) = Vit a®N (), 25N) for i = 2,3, 4.

?

Define
FeN (@) = fa=N () + Z ).

Making change of variable u/e? to u gives

T/e? T/e?

VEN o) =2 [ [ B feal)0™ (. 60 6 (00, (0)

t/e2 v

—E[fou (@) (2, y,£(w)] Y™ (2, y,£(v)) }dudv, (4.26)

T/e2 T/e?

Vi) =2 [ [ @E (76 0 60 )

t/e2 v

~E[VeN (2, y, &(u)]¢" (2, y,€(v) }dudv, (4.27)



F. Wu et al. / J. Math. Anal. Appl. 496 (2021) 124819 17

T/e?
VN ta) =2 [ B f@)lo" (0. €w) - 6 (@) (4.28)
t/e?

According to Assumption (A1), for any (z,y) € Sy x D([0,T]; Sn), %" (z,y, &) is bounded for any ¢ € R™.
Applying Lemma 2.3, together with the property of ¢(-) and the boundedness of f,.(-), gives

T/e2 T/e?
[ ]S ™ o ) 5 o, 6(0)) — B (o, ) 0 o, €(0)
t/e2 v
T/e? T/e?
<K / qbl/z(v—siz)dv / oY% (1 — v)du < oo,
t/e? v

which shows

E sup |Va(t, 25N (), 25N)| = O(e?). (4.29)
t<T
Similar techniques to (4.29) yield
E sup |Vs(t, 25N (), 25N)] = O(e?) (4.30)
t<T
and
Esup |Va(t,2°N (1), 25V)| = O(=2). (4:31)
t<T

(4.29)—(4.31), together with (4.10) give
b Lim [P 1) — (=¥ (1) = . (132)

Note that f(-) is bounded. Thus (4.21) is proved. Then let us consider £5Y F=¥(¢). Similar to (4.11),

ﬁg’NFE’N(t)

o lim ES FoN(t 4 6) — FoN (1)
510 0

df + Z Es Nfz
= fo(@N )" (@M (1), 25N, €5 (1) + e N (@ N (1), 25N, €5(1)]

4
+> DV (e N (1), 25 )

4
# DV (et (@)™ N (0,5, (1) + 0N @V (0,07 ).
(4.33)

We have that
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T/e?
DVEN (t,2,y) = — / Fon (0)ES o™ (w1, ()™ (2, , (1))
t/e?
T/e?
+ / [E e ()0 (2, 1 £ () 6N (2, 1, £° ()
t/e?
T/e?
DV N (ty) = = [ Fola)B e[V . )™ . €7(0)
t/e?
T/e?
/ Lo (@ EIVEN (2, g, £@u))ldun™ (2, 3, €(2)),

t/e?

DV (t,2,y) = —fu(@)e™ (2,y,6() + fo(2)@™ (z,y).
One can compute that

T/ T)e?
V) =< [ [ VO ) 0 60N . 0)
t/e2 v
E[faa (@) (2,3, €)Y (2,5, £(0) }dud
= 52[51 (t7 xz, y) + 62[262(t7 xz, y)7

where
T/e?T/e?
Bitag) = [ [ 1 afuale)o™ (0,0, 60 0¥ (2,0.600)
t/e2 v
E[far(@)0" (2.9, 66 (@, . £(0) }odudo
and
T/e2 T /e?
Bt = [ [ OB for(0)6 (03, 60 0 (05, 6(0)
t/e2 v

~E[foa (@)™ (,y, 6 ()" (2,,€(v)) }odudv.

(4.34)

According to Assumption (A1), ™ (x,y,&(u))) is bounded. These, together with Lemma 2.3 and the prop-

erties of ¢(-) show that

T/e?T/e?

supl 5t )| = sup | [ [ (B al(Fealao 0.0, 600) 0V 0

t/e2 v

~E[(faa(2)0™ (2,3, £(w))) " (2,5, £(0))]s }dudv
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T/e? T/&?
t
= sup / /2 (v — —2>dv / ¢1/2(u —v)du
t<T €
t/e? v

< 00.

Similarly,
sup |15, (¢, 2, y)| < oo.
t<T
These imply
YV (b, y) o™ (0, €6(1) + e 0N (2,65 (1)] = O(e).
This, together with DV;N (¢, 2, y), gives that

T/e?

LN fot) = O(e) + / [B fau (2N ()N (@5 (1), a5, () N (25N (1), 20N, €5 (8))du
t/e?
T/e?
[ e OB (2 0 ) @ 0,5 €50,
t/e?
(4.35)
Let us compute VV;’N(t,x, ).
T/ T/e?
VI tag) =< [ [ V@B (Y (60 o E(0)
t/e2 v
T/e? T/
= [ B VLT . ) (o 0)
t/e2 v
—EV{fo(@)(V" (2,y, ()™ (2, y,£(v)) }dudo.
(4.36)

Define h? (z,y;u,v) = V{fo(z)(VN (z,y,&(u))YN (2, y,£(v)). Then

W3 (@, y;u,0) = V{fo(@) [N (2,9, €(u) + 09N (2, y, £ ()N (2, y,£(0))}
= fua (@) 03 (2,9, &(w)) + 0PN (2, y, (W)™ (2, £(v))
fo(@) [0 (2,5, £ (w) + 00 (2,y, & (u)]w™ (2, y,£(v))
+fo (@) [n (2,9, §(w) + 0PN (2, y, E(w)]wd (2,9, £(v))
+ (@) [0V (2,9, E(u)) + PN (2, y, £ (u)]N (2, y, (v))
+fo(@) [y (@, y, §(w) + 0PN (2, y, E(u)]0YN (2, £(v)).

( (
) )

+

[v
[
0%
[
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Assumption (A1) shows that for any (z,y) € Sy x D([0,T]; Sy) and any & € R™, ™ (z,9,£), vY (z,v,£),
oWN (2,9, ), VN (z,y,£), OVY (z,y,¢) and %Y (z,y,£) are bounded. Applying Lemma 2.3 yields

T/e? T/e?

Vo) =K [ 0 (0= 5 )de / 6"/2(u — v)du = O(=2),

t/e?

which implies

Vs N ()™ (2,9, €5(1) + e TN (2, € (1)) = O(e)-
This, together with ’DV38’N(t, x,y), leads to that

T/e?

LN f3(t) = O(e*) + / Fol@ N O)E[VYN (25N (), a5, () duy™ (25N (8), 25V, €5 (1)

T/e?

- / Fo(@® N (E)ES o [VON (@M (8), a5 ™, €(w)]dug™ (@ N (2), 25N, (1)),
t/e?

(4.37)
Let us compute VVN (£, 25N (), 25Y). Using the same technique as the above estimate,
T/e?
Vit e, y) = & / VE; o fo ()0 (2,y,6(u) — @V (x, y)]du
t/e?
T/e?
—2 [ @IV (. €) - VEN (o p)ldu
t/e?
= 0(e?), (4.38)
which, together with DVf’N(t, x,y) implies that
LN fa(t) = = fr(a™N (@)™ @ N (1), 20N, €5 (1) — @V (@ N (1), 27 )]
+O(2) ™ (27N (8), 5™ 756( )+ N @V (), 2N €5(8)]
= —fo(@ N @)™ @ N (@), a7, (1) — N (@M (8), 25 ™)) + O(e). (4.39)

(4.12), (4.17), (4.35), (4.37), and (4.39) yield that

LANFEN () = fr(aN (@) [N (25N (8), 25V, €5 (1) + _le(w57N( t),a5 ™, (1))
+0(e) — e (@™ () ( N (), 2™, (1)
—fr(@ N (@)™ (@5 (1), @ 7§€(t)) @ (#)@" (a°

N (), 2™
T/e?

+ /[Efm(ms’N(t))wN(%x,S(U))]’ﬁﬂN(xE’N( ), 2y ™, E°(t)) du

t/e?



F. Wu et al. / J. Math. Anal. Appl. 496 (2021) 124819 21

T/&?

+ / @ N O)EVYN (y, 2, €(u)) 0N (@ N (1), 20", € (1)) du

t/e?

= 0(e) + fr(a™N ()" (2N (8), 27

T/e?

+ /[Efm(wE’N(t))wN(ws’N(t),xf’N75(”))]’¢N($E’N(fi)7xf’Naéa(t))du
t/e?

T/e?

+ / Fol@ N ONE(VYN (25N (), 25V, € ()N (25N (8), 25V, €5 (8)du

t/e?

(4.40)

Let fiu;;(z) be the ijth entry of f..(z) and S?j’N(:c, y) be the truncation of function of SP;(x, y), respectively.
In view of Remark 4.1, as ¢ — 0,

T/e?

/ [E fa (2)0N (2, 1, £ ) N (2, 1, £° ()

t/e?

- / [E fra ()™ (2,9, £u)) 4 (2, €0 wa )52 () (4.41)
0

and

T/e?

/ Lo (@E(VHN (2,4, €)™ (2, y, £ (1)) du

5 / Lo @E(VEY (2, y, )6 (2, 5, £(0))du = fo(2)d (2. 9). (4.42)

0

These two limits, together with (4.40), yield that

LENFEN () - [f;(xg’N@))[@N( =N@), 20N + N @V (1), 27 )]
4z me” aN SON( aN(t) xiN)]—>O (4.43)

)

as ¢ — 0. Applying the generator LY defined by (4.4) with truncation technique to the solution process
25N (t) in the stochastic truncated functional differential equation (3.4) yields

LN (z,y) f(2) = f1(2)[@" (2, y) + " ( me” )SuN (@, y),

which implies that

LENFEN (1) — LN (25N (1), 25 N) f (25N (8)) — 0, (4.44)
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as € — 0, which implies (4.20). This, together with (4.32) yields #=V(-) = 2V (-) as ¢ — 0 by virtue of
Lemma 4.6, where 2V (-) solves the martingale problem with operator L.

Moving from the truncated processes to that of un-truncated processes, the argument is similar to that
of [14, p.46]. For any continuous deterministic initial value z(0), let P(-) and PV (-) denote the probabilities
induced by z(-) and 2V (+), respectively, on the Borel sets of D([0,T]; R"™). By (A3), the martingale problem
has a unique solution for each x(0), so P(-) is unique. For each T' < oo, the uniqueness of P(-) implies
that P(-) agrees with P (-) on all Borel sets of the set of paths in D([0,77]; Sy) for each ¢ < T. However,
P{sup,«7 |z(t)] < N} — 1 as N — oco. This together with the weak convergence of =" (-) implies that
x=(+) :>7x(-). Moreover, the uniqueness implies that the limit does not depend on the chosen subsequences.
The proof is thus completed. O

5. Integro-differential equations under wideband noise perturbation

There are many important classes of differential equations that satisfy (1.1). As a special class, this
section examines the following integro-differential equation with the wideband noise perturbation

i (1) = C(xa(t)7/ﬁ(t—s)xs(s)ds,ga(t)) +€_1§<x5(t),/ﬁ(t—s)xa(s)ds,fg(t)) (5.1)
0 0

with the deterministic initial data 2(0) € R™, where ¢,¢ : R™ x R™ x R™ +— R"™. Define y°(t) = fot K(t —
s)zc(s)ds. Tt is clear that both () and ¢(-) are functions. Then Assumption (A1) may be simplified as

(A1) C(- )5 s(5), Saly 1), syls, -, +) are continuous for any (x,y,£) € R™ x R” x R™, and ¢z (-, -, &),
Say (5, &) and gy (-, -, &) are bounded for any £ € R™ on G x G, where G C R is a compact set.

Assumptions (A2) and (A3) can also be rewritten as

(A2’) For any z,y € R™ as parameters, assume that

E§($7 Y, f(t)) = 07 (5.2&)
EC(z,,£() = C(x,y). (5.2b)
For each z,y € R", denote
35%(00) = [ B, €(0)5 (5. €0, (5.30)
0
o) = [ Elealo,. 60 + 52,0 £k, Ot (5.3b)
0

1
S(.’E,y) = 5[50(1',y) + (SO(.’E,y))/],
and p(z,y) is its square root, that is, S(z,y) = p(z,v)p’ (z,y).

(A3’) The following equation

da(t) = [f(x(t),/ﬁ(t—s)m(s)ds) +¢(x(t),/m(t—s)x<s)ds)}dt
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]li t—s) ds)dB( ) (5.4)

has a unique weak solution on [0, T'] for each deterministic initial value 2(0), where B(¢) is a standard

Brownian motion.
Applying Theorem 4.5 leads to the following result.

Theorem 5.1. Under Assumptions (A1’)—(A3’), the solution {x*(-)} of (5.1) is tight in D([0,T]; R™) and the
limit of any weakly convergent subsequence satisfies (5.4) with the same initial value x(0).

As an example, let us consider the Lotka-Volterra integro-differential equation (1.3) perturbed by wide-
band noise of the form

$%ﬂ:&%@ﬂm“wﬁﬁﬁvﬁ) /mt—s (s)ds]

¢ (5.5)
/Iig (t—s)x )ds)ﬁs( ),
0
where diag(z1,...,x,) denotes the diagonal matrix with the indicated diagonal entries, A(t) and D(t) are

continuous n X n matrix-valued functions, x;(-) for i = 1,2 are appropriate kernel functions with compatible
dimensions, ¥(x, y) is an n X n matrix-valued function whose partial derivatives up to the second order with
respect to x and y are continuous and £°(¢) is the wideband noise as mentioned before. Nevertheless, it can
be unbounded.

Let us define

S=E [ & O)du+E [ €0)¢ i (56)
/ /
and
) t t/e?
F@:E/gmm_g/amm
0 0

Then we have the following lemma.

Lemma 5.2. B%(-) converges weakly to a Brownian motion B(-) with covariance St, where S is given by

(5.6).

Lemma 5.2 is essentially a continuous-time version of Theorem 7.3.3 in [6, pp. 353]; see also Remark 7.3.4
in [6]. A proof can be carried out similar to the aforementioned theorem with modification to the continuous
time case. We omit the verbatim argument.

With the above lemma at our hand, using the averaging argument as presented in this paper, we can
show that 2°(-) converges weakly to z(-) such that x(-) satisfies the following differential functional equation
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t
de(t) = diag(es (1), .. 2 (1)) [A(1) — D / (= )o(s)ds | di
0

+{Z /112 (t—s)x ()ds)—l—Z /:‘ig (t—s) (s)ds)]
0 0
/.%2 (t—s)x (s)ds)dt] Sdt
0
/Fag (t—s)x (s)ds>51/2dB(t),
0

where B(-) is a standard n-dimensional Brownian motion and S'/? is the ‘square root’ matrix satisfying
51/2(51/2)/ =9.

In lieu of the conditions above, we can deal with unbounded noise. In such a case, we may assume
that 3(-,-) is bounded and continuous together with its patrial derivatives with respect to  and y up
to the second order, and that &(-) satisfies for some A > 0, E[£(t)]*T2 < oo and [} [¢(u)]>/ I+ du <
00, where instead of the co norm, we use the p = (2 + A)/(1 + A) norm. Then the result above still
holds.
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