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It is shown that the maximal operator of the Marcinkiewicz means of a tempered
Ž 2 . Ž 2 .distribution is bounded from H R to L R for all p � p � � and, conse-p p 0

Ž .quently, is of weak type 1, 1 , where p � 1. As a consequence we obtain a0
generalization for Fourier transforms of a summability result due to Marcinkiewicz

Ž 2 .and Zhizhiashvili, more exactly, the Marcinkiewicz means of a function f � L R1
converge a.e. to the function in question. Moreover, we prove that the

Ž 2 .Marcinkiewicz means are uniformly bounded on the spaces H R and so theyp
Ž .converge in the norm p � p � � . Similar results for the Riesz transforms are0

also given. � 2000 Academic Press

Key Words: Hardy spaces; p-atom; atomic decomposition; interpolation;
Marcinkiewicz means.

1. INTRODUCTION

Ž 2 .The Hardy�Lorentz space H R of tempered distributions are intro-p, q
Ž 2 .duced with the L R Lorentz norm of the nontangential maximalp, q

Ž 2 . Ž 2 . Žfunction. Of course, H R � H R are the usual Hardy spaces 0 � pp p, p
.� � .

For multidimensional trigonometric�Fourier series Marcinkiewicz and
� � 1 Ž d .Zygmund 7 proved that the Fejer means � f of a function f � L T´ n 1

Ž .converge a.e. to f as min n , . . . , n � � provided that n is in a positive1 d
cone, i.e., provided that 2�� � n �n � 2� for every k, j � 1, . . . , d and fork j

Ž Ž . d .some � 	 0 n � n , . . . , n � N .1 d

1 This research was performed while the author was visiting the Humboldt University in
Berlin and supported by the Alexander von Humboldt Foundation.
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� �Recently the author 13 obtained the same convergence result for the
� Ž .Cesaro means � by proving the weak L , L inequality` n 1 1

� � � dsup �� �� f � � � C f f � L T ,Ž . Ž .Ž .1 1
��0

� � � � Ž .where �� � sup � , � � � , . . . , � , and 0 � � � 1.�� � n 1 d k2 �n �n �2k j
k , j�1, . . . , d

� � � Ž d .Moreover, the author 13 verified that �� is bounded from H T top, q
Ž d .L T if p � p � � and 0 � q � �, where p � 1. In the one-dimen-p, q 0 0

sional case these results for Fourier transforms and Riesz means are
� �described in Weisz 14 .

� �Marcinkiewicz 8 verified for two-dimensional Fourier series that the
� Ž 2 .Marcinkiewicz means � f of a function f � L log L T converge a.e. ton

� �f as n � � where � � 1. Later Zhizhiashvili 17, 18 extended this result
Ž 2 .to all f � L T and to all 0 � � � �.1

In this paper we introduce the Marcinkiewicz means of Fourier trans-
forms and generalize the results above. We will show that the maximal

� , 	 Ž 2 .operator �� of these Marcinkiewicz means is bounded from H R top, q

Ž 2 .L R whenever p � p � �, 0 � q � �, and 0 � � � �. Note thatp, q 0
Ž̃ i.p � 1 depends only on � . We introduce the Riesz transforms f � R f0 i

Ž . Ž i.; � , 	i � 1, 2 , the Marcinkiewicz means of the Riesz transforms � , and˜T
the corresponding maximal operators ��Ž i.; � , 	. We obtain that the operator˜

Ž i.; � , 	 Ž Ž 2 . Ž 2 ..�� is also of type H R , L R if p � p � �, 0 � q � �,˜ p, q p, q 0

Ž Ž 2 . Ž 2 ..and of weak type L R , L R .1 1
A usual density argument implies then that the Marcinkiewicz means

� � , 	 f converge a.e. to f and the Marcinkiewicz means of the RieszT
Ž i.; � , 	 Ž̃ i.transforms � f converge a.e. to f as T � �, provided that f �˜T

2 Ž̃ i.Ž .L R . Note that f is not necessarily integrable whenever f is.1
� , 	 Ž i.; � , 	 Ž .We will prove also that the operators � and � T � R are˜T T 


Ž 2 . Ž 2 .uniformly bounded from H R to H R if p � p � �, 0 � q � �.p, q p, q 0
� , 	 Ž i.; � , 	 Ž̃ i. 2Ž .From this it follows that � f � f and � f � f in the H R˜T T p, q

norm as T � �.
I thank the referee for reading the paper carefully and for his useful

comments.

Ž 2 .2. THE H R HARDY SPACES AND RIESZ TRANSFORMSp

Let R denote the real numbers, R the positive real numbers, and � the

� �two-dimensional Lebesgue measure. We also use the notation I for the

Ž 2 .Lebesgue measure of the set I. We write L instead of the real L R , �p p

� � Ž � � p .1� p Ž .2space endowed with the norm f � H f d� 0 � p � � .p R
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The distribution function of a two-dimensional Lebesgue-measurable
function f is defined by

� �� f � � � � x , y : f x , y � � � 	 0 .� 4Ž . Ž . Ž .Ž . Ž .
� Ž .The weak L space L 0 � p � � consists of all measurable functions fp p

for which
1�p

�� � � �f � sup �� f � � � �Ž .L p
��0

while we set L� � L .� �

The spaces L� are special cases of the more general Lorentz spacesp
L . For a measurable function f of the nonincreasing rearrangement isp, q

defined by

ˇ � �f t � inf � : � f � � � t .� 4Ž . Ž .

The Lorentz space L is defined as follows: for 0 � p � �, 0 � q � �,p, q

1�q
� dtq q� pˇ� �f � f t t ,Ž .p , q Hž /t0

while for 0 � p � �

1� p ˇ� �f � sup t f t .Ž .p , �

t�0

Let
2 � �L � L R , � � f : f � � .� 4Ž . p , qp , q p , q

One can then show the equalities

L � L , L � L� 0 � p � �Ž .p , p p p , � p

Ž � � � �.see e.g. Bennett and Sharpley 1 or Bergh and Lofstrom 2 .¨ ¨
We are going to introduce the H Hardy space. Let f be a temperedp

� 2 ˆŽ .distribution on C R . The Fourier transform of f is denoted by f. In
special case, if f is an integrable function then

1
�
 t x�
 u yf̂ t , u � f x , y e dx dy t , u � RŽ . Ž . Ž .H H2� R R

'where 
 � � 1 .
For a tempered distribution f and t � 0 define the harmonic function

u by

u x , y , t � f � P x , yŽ . Ž . Ž .t
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where � denotes the convolution and

ct
P x , y � x , y � RŽ . Ž .t 3�22 2 2t 
 x 
 yŽ .

2 2�Ž . 4'is the Poisson kernel. Let � � x, y, t : x 
 y � t , a cone whose
Ž . Ž .vertex is the origin. We denote by � x, y x, y � R the translate of � so

Ž .that its vertex is x, y . The nontangential maximal function is defined by

� ��u x , y � sup u x , y , t .Ž . Ž .
� �Ž . Ž .x , y , t �� x , y

Ž 2 .For 0 � p, q � � the Hardy�Lorentz space H R 	 H consists ofp, q p, q
all tempered distributions f for which u� � L , and we setp, q

� � � � �f � u .H p , qp , q

Note that in the case p � q the usual definition of Hardy spaces H � Hp, p p
is obtained. Recall that L � H or, more exactly,1 1, �

� � � � �f � sup �� u � � � C f f � L . 1Ž . Ž . Ž .H 1 11, �

��0

Moreover, H 
 L for 1 � p � �, 0 � q � �, where 
 denotes thep, q p, q

Ž � �equivalence of the norms and spaces see Fefferman and Stein 5 , Stein
� � � �.10 , and Fefferman et al. 4 .

The following interpolation result concerning Hardy�Lorentz spaces will
Žbe used several times in this paper see Fefferman et al., Riviere and`

� � � �.Sagher 4, 9 , and also Weisz 12 .

Ž Ž .THEOREM A. If a sublinear resp. linear operator V is bounded from
Ž . Ž .H to L resp. to H and from L to L p � 1 � p � � then it isp p p p p 0 10 0 0 1 1

Ž .also bounded from H to L resp. to H if p � p � p and 0 � q � �.p, q p, q p, q 0 1

Ž .For a tempered distribution f � H 0 � p � � the Riesz transformsp
Ž̃ i. Ž .f � R f i � 1, 2 are defined byi

t�Ž1.˜ ˆf t , u � �
 f t , u ,Ž . Ž .Ž .
2 2't 
 u

u�Ž2.˜ ˆf t , u � �
 f t , u .Ž . Ž .Ž .
2 2't 
 u

Ž̃0.We use the notation f � f. As is well known, if f is an integrable
Ž̃ i. Ž .function then the conjugate functions f i � 1, 2 do exist almost every-

where, but they are not integrable, in general.
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� � � �Fefferman and Stein 5 , and Stein 10, 11 verified that if f � Hp
Ž .0 � p � � then the Riesz transforms are also in H andp

Ž i.˜ � �f � C f i � 1, 2 . 2Ž . Ž .H Hp p p

Furthermore, if 1�2 � p � � then the following equivalence holds:

Ž1. Ž2.˜ ˜� � � �f 
 f 
 f 
 f . 3Ž .p pH pp

3. MARCINKIEWICZ SUMMABILITY OF
TWO-DIMENSIONAL FOURIER TRANSFORMS

The definition of the Fourier transform can be extended to functions
Ž . Ž � �.from f � L 1 � p � 2 in the usual way see e.g. Butzer and Nessel 3 .p

Now suppose that f � L for some 1 � p � 2. The Dirichlet integral s fp t, u
and the Riesz transforms of the Dirichlet integral sŽ i. f are introduced byt̃, u

u1 t

 x�

 y wˆs f x , y � f � , w e d� dw t , u � R ,Ž . Ž . Ž .H Ht , u 
2� �t �u

u1 �tŽ1. 
 x�

 y wˆs f x , y � �
 f � , w e d� dwŽ . Ž .˜ H Ht , u 2 2'2� �t �u � 
 w

t , u � R ,Ž .


and

u1 wtŽ2. 
 x�

 y wˆs f x , y � �
 f � , w e d� dwŽ . Ž .˜ H Ht , u 2 2'2� �t �u � 
 w

t , u � R ,Ž .


respectively. It is easy to see that

1 2 sin t� 2 sin uw
s f x , y � f x � � , y � w d� dw.Ž . Ž .H Ht , u ' '2� � w2� 2�R R

For � , 	 , T � R the Marcinkiewicz means of a tempered distribution f

are defined by

��1	 	�1�	 t tT
� , 	� f x , y � 1 � s f x , y dtŽ . Ž .HT t , tž / ž /ž /T T T0

1
� , 	� f x � � , y � w K � , w d� dw ,Ž . Ž .H H T2� R R
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where

K � , 	 � , wŽ .T

��1	 	�12 �	 t t sin t� sin twT
� 1 � dtH ž / ž /ž /� T T T � w0

�	
�

2� T�w
��1	 	�1t tT

� 1 � cos � � w � cos t � 
 w dt .Ž . Ž .H ž / ž /ž /T T0

The Riesz transform of the Marcinkiewicz means are introduced by

��1	 	�1�	 t tTŽ i. ; � , 	 Ž i.� f x , y � 1 � s f x , y dtŽ . Ž .˜ ˜HT t , tž / ž /ž /T T T0

1
Ž i. � , 	˜� f x � � , y � w K � , w d� dw.Ž . Ž .H H T2� R R

We can extend the definition of the Marcinkiewicz means to tempered
distributions as follows:

� � , 	 f � f � K � , 	 � , 	 , T � R .Ž .T T 


One can show that � � , 	 f is well defined for all tempered distributionsT
Ž . Ž . Žf � H 0 � p � � and for all functions f � L 1 � p � � cf. Feffer-p p

� �.man and Stein 5 . The extension of the Riesz transforms is

Ž i. ; � , 	 Ž i. � , 	� f � f � K � , 	 , T � R ; i � 1, 2 .Ž .˜T T 


The maximal operators are defined by

� , 	 � , 	 Ž i. ; � , 	 Ž i. ; � , 	� ��� f � sup � f , �� f � sup � f .˜ ˜T T
T�R T�R
 


We write � Ž0.; � , 	 f � � � , 	 f and ��Ž0.; � , 	 � ��� , 	.˜ ˜T T
In this paper the constants C depend only on � , 	 and the constants Cp

Ž . Ž .resp. C depend only on p and � , 	 resp. p, q, and � , 	 and mayp, q

denote different constants in different contexts.
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4. ESTIMATIONS OF THE MARCINKIEWICZ KERNEL K � , 	
T

It is easy to see from the definition of K � , 	 thatT

� , 	 2K x , y � CT 4Ž . Ž .T

and
� , 	 �1 �1K x , y � Cx y . 5Ž . Ž .T

By symmetry we can suppose in the whole paper that 0 � y � x.

LEMMA 1. Suppose that 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 , or
� � 1 � 	 . Then

��� , 	 �� �1 �1K x , y � CT x y x � y 0 � y � x .Ž . Ž . Ž .T

Proof. Since x � y � x 
 y, it is enough to show that

��1	 	�1t tT ���1T 1 � cos tu dt � C Tu u � 0 .Ž . Ž .H ž / ž /ž /T T0

The left-hand side is equal to

��1	 	�1x xTu�1Tu 1 � cos x dxŽ . H ž / ž /ž /Tu Tu0

A ��1��	 	 	 	�1� A A � x x cos x dx ,Ž .H
0

Ž .where A � Tu. Choose n � N such that 2n� � A � 2 n 
 1 � . Since

A ��1	 	 	�1 � Ž	�1.A � x x cos x dx � CAŽ .H
2n�

by Lagrange’s theorem, it is enough to verify that

2n� ��1	 	 	�1 � Ž	�1.A � x x cos x dx � CA . 6Ž . Ž .H
0

We decompose the integral HŽ2 k
2.� as2 k�

Ž . Ž . Ž . Ž . Ž .2 k
2 � 2 k
1�2 � 2 k
1 � 2 k
3�2 � 2 k
2 �� 
 
 
 .H H H H H
Ž . Ž . Ž .2 k� 2 k� 2 k
1�2 � 2 k
1 � 2 k
3�2 �

Ž .Let us change the variables x � y 
 2k� , x � �y 
 2k 
 1 � , x � y 

Ž . Ž . � Ž .2k 
 1 � , and x � �y 
 2k 
 2 � on the intervals 2k� , 4k 
 1 ��
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� �Ž . Ž . � �Ž . Ž . � �Ž2 , 4k 
 1 ��2, 2k 
 1 � , 2k 
 1 � , 4k 
 3 ��2 , and 4k 

. Ž . �3 ��2, 2k 
 2 � , respectively. Then we obtain

n�1
2 n� ��2��1	 	 	�1A � x x cos x dx � g y cos y dy 7Ž . Ž . Ž .ÝH H k

0 0k�0

where

��1	 	�1	g x � A � x 
 2k� x 
 2k�Ž . Ž . Ž .Ž .k

��1	 	�1	� A � �x 
 2k 
 1 � �x 
 2k 
 1 �Ž . Ž .Ž . Ž .Ž .
��1	 	�1	� A � x 
 2k 
 1 � x 
 2k 
 1 �Ž . Ž .Ž . Ž .Ž .

��1	 	�1	
 A � �x 
 2k 
 2 � �x 
 2k 
 2 � .Ž . Ž .Ž . Ž .Ž .
� Ž .It is easy to check that g x � 0, which means that g is decreasing.k k

Ž . Ž . Ž .Since g ��2 � 0, we conclude that g 0 	 0. Integrating in 7 we cank k
establish that

2n� ��1	 	 	�1A � x x cos x dx � C f A 
 f AŽ . Ž . Ž .Ž .H 1 2
0

where

n�1 �� 		 1	 	f A � A � 2k� � 2 A � 2k 
 �Ž . Ž . Ž .Ž . Ž .Ý ž /1 2
k�0

�		
 A � 2k 
 1 �Ž .Ž .Ž .

and

n�1 �� 		 3	 	f A � A � 2k 
 1 � � 2 A � 2k 
 �Ž . Ž .Ž . Ž .Ž .Ž .Ý ž /2 2
k�0

�		
 A � 2k 
 2 � .Ž .Ž .Ž .

We are going to verify that

� Ž	�1.f A , f A � CA 8Ž . Ž . Ž .1 2

Ž .which will show 6 .
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Ž . Ž 	 	 .� Ž . Ž .The function g x � A � x 0 � x � A is concave, hence f A1 1
Ž .� 0 and f A � 0. We have2

n�1
��1	� 	 	�1f A � �	 A � 2k� AŽ . Ž .Ž .Ý1

k�0

��1	1	 	�1�2 A � 2k 
 � AŽ .Ž .ž /2

��1		 	�1
 A � 2k 
 1 � A .Ž .Ž .Ž .

Ž . Ž 	 	 .��1 Ž .Since the function g x � A � x 0 � x � A is convex, the ex-
�Ž .pressions in the square bracket are all positive. Hence f A � 0 and f is1 1

increasing. Therefore

f A 	 f 2n�Ž . Ž .1 1

n�1 �� 		 	 	 1�	� � 2n � 2k � 2 2n � 2k 
Ž . Ž . Ž . Ž .Ž .Ý ž /2
k�0

�	 	
 2n � 2k 
 1 . 9Ž . Ž . Ž .Ž .
If

�	 	h x � 2n � x 0 � x � 2nŽ . Ž . Ž .Ž .
then we get immediately that h� is negative and decreasing. By the
Lagrange theorem there exists 2k � 
 � 2k 
 1 such that

�� 		 	 	 � �12n � 2k � 2n � 2k 
 � �h 
 	 �h 2kŽ . Ž . Ž . Ž . Ž .Ž .Ž . ž /2

and

�� 		 	 	 � �12n � 2k 
 1 � 2n � 2k 
 � h 
 	 h 2k 
 1 .Ž . Ž . Ž . Ž . Ž .Ž .Ž . ž /2

Ž .Consequently, by 9 ,

n�1f AŽ .1 � �	 �h 2k 
 h 2k 
 1Ž . Ž .Ý�	� k�0

	 h� 2n � 1 	 h 2n � h 2n � 1 � �h 2n � 1 .Ž . Ž . Ž . Ž .

Since

	 	 	�1	�12n � 2n � 1 � 	
 � 	 2n 2n � 1 � 
 � 2n , 10Ž . Ž . Ž . Ž . Ž .
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we can conclude that

f AŽ .1 Ž .	�1 �� Ž	�1.�	 �	 2n 	 �CA .Ž .�	�

Ž . Ž .Inequality 8 can be shown in the same way for the function f A . The2
proof of Lemma 1 is complete.

LEMMA 2. Suppose that 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 , or
� � 1 � 	 . Then

��� , 	 1�� �1K x , y � CT x x � y 0 � y � x .Ž . Ž . Ž .T

Proof. Since

cos t x � y � cos t x 
 y � 2 ty sin tuŽ . Ž .

for some x � y � u � x 
 y, we have

��1	 	�1t tT
� , 	 �1 �1K x , y � CT x 1 � t sin tu dtŽ . HT ž / ž /ž /T T0

A��	 ��1�1 �1 	 	 	� Cx u A A � x x sin x dx .Ž . Ž .H
0

Similar to the proof of Lemma 1, it is enough to verify that

2n� ��1	 	 	 � Ž	�1.
1A � x x sin x dx � CA 11Ž . Ž .H
0

Ž .where A � Tu and 2n� � A � 2 n 
 1 � .
Ž .Changing the variables x � y 
 2k� and x � y 
 2k 
 1 � on the

� Ž . � �Ž . Ž . �intervals 2k� , 2k 
 1 � and 2k 
 1 � , 2k 
 2 � , respectively, we
obtain

2n� ��1	 	 	A � x x sin x dxŽ .H
0

n�1 Ž . Ž .2 k
1 � 2 k
2 � ��1	 	 	� 
 A � x x sin x dxŽ .Ý H Hž /Ž .2 k� 2 k
1 �k�0

n�1 �

� g y sin y dx ,Ž .Ý H k
0k�0
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where

��1	 		g x � A � x 
 2k� x 
 2k�Ž . Ž . Ž .Ž .k

��1	 		� A � x 
 2k 
 1 � x 
 2k 
 1 � .Ž . Ž .Ž . Ž .Ž .
We can show that g � 0 and g� � 0. Sincek k

n�2 n�2

� �f A � g � � g x x � 0, � ,Ž . Ž . Ž . Ž .Ý Ýk k
k�0 k�0

we get that

Ž .2 n�1 � ��1	 	 	A � x x sin x dx � f A . 12Ž . Ž . Ž .H
0

It is easy to see that f � � 0 and so we have

n�1
��1	 	 	�	
1f A 	 f 2n� � � 2n � 2k 
 1 2k 
 1Ž . Ž . Ž . Ž . Ž .Ž .Ý

k�0

��1	 	 	� 2n � 2k 
 2 2k 
 2 .Ž . Ž . Ž .Ž .
If

��1	 	 	h x � 2n � x x 0 � x � 2nŽ . Ž . Ž .Ž .
then, by an easy computation, h� is positive and increasing. Thus

h 2k 
 1 � h 2k 
 2 � �h� 
 	 �h� 2k 
 2Ž . Ž . Ž . Ž .
2k 
 1 � 
 � 2k 
 2 .Ž .

Ž .Consequently, by 10 ,

n�2f A 1Ž . 2n�2� � �	 � h 2k 
 2 	 �h d� � h 2n � 2Ž . Ž .Ý H�	
1 2� 2k�0

1
	 � h 2n � 2 
 h 2n � 2 � h 2n � 1Ž . Ž . Ž .

2
��1	 	 		 2n � 2n � 1 2n � 1Ž . Ž . Ž .Ž .

	 �CAŽ	�1.Ž��1.A	 	 �CA� Ž	�1.
1. 13Ž .

Similarly, we can verify that

g 	 �CA� Ž	�1.
1 ,n�1
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hence

2n� ��1	 	 	 � Ž	�1.
1A � x x sin x dx � CA ,Ž .H
Ž .2 n�1 �

Ž . Ž . Ž .which, together with 12 and 13 , shows 11 .

If T 	 y�1 then Lemma 1 implies

�� �1��� , 	 �1 ��1 ��1K x , y � Cx y x � y � Cy x � y . 14Ž . Ž . Ž . Ž .T

If T � y�1 then we get the same inequality from Lemma 2.

PROPOSITION 1. Suppose that 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 ,
� � , 	 � Ž .2or � � 1 � 	 . Then H K d� � C T � R .R T 


Proof. It is enough to integrate the kernel function over the set
�Ž . 4x, y : 0 � y � x . Let us decompose this set into the union A 
 B 
 C

 D 
 E where

A � x , y : 0 � x � 2�T , 0 � y � x ,� 4Ž .
B � x , y : x � 2�T , 0 � y � 1�T ,� 4Ž .
C � x , y : x � 2�T , 1�T � y � x�2 ,� 4Ž .
D � x , y : x � 2�T , x�2 � y � x � 1�T ,� 4Ž .
E � x , y : x � 2�T , x � 1�T � y � x .� 4Ž .

Ž . � � , 	 � Ž .Equation 4 implies H K d� � C. By 14 ,A T

� 1�T �1��� , 	 ��1K x , y d� � C x � 1�T y dx dy � C.Ž . Ž .H H HT
B 2�T 0

Since x � y � x�2 and x � y � y on the set C, we get from Lemma 1
that

� , 	 �� �1�� �2 �1�� �2K x , y � CT x y . 15Ž . Ž .T

Thus

� x�2
� , 	 �� �1�� �2 �1�� �2K x , y d� � CT x y dx dy � C.Ž .H H HT

C 2�T 1�T

y � x�2 and y � x � y on D, hence

� x�1�T �1���2� , 	 �� �1�� �2K x , y d� � CT x x � y dx dyŽ . Ž .H H HT
D 2�T x�2

� C.
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Ž .Finally, by 5 ,

� x
� , 	 �2K x , y d� � C x dx dy � C ,Ž .H H HT

E 2�T x�1�T

which completes the proof of the proposition.

5. THE BOUNDEDNESS OF THE MAXIMAL
MARCINKIEWICZ OPERATOR ON Hp

For 0 � p � � a bounded measurable function a is a p-atom if there
exists a square Q � R2 such that

� � 2 2Ž . Ž . 'i H a x, y x y dx dy � 0 for all �, � � N with � 
 � �Q

� Ž .� � Ž .� Ž .2 1�p � 1 , where 2 1�p � 1 denotes the integer part of 2 1�p � 1 ,
Ž . � � � ��1� pii a � Q ,�

Ž .iii supp a � Q.

ŽThe basic result of the atomic decomposition is stated as follows see
� � � � � �.Latter 6 , Wilson 16 , and also Weisz 12 .

Ž .THEOREM B. A tempered distribution f is in H 0 � p � 1 if and only ifp
Ž . Ž .there exist a sequence a , k � N of p-atoms and a sequence � , k � N ofk k

real numbers such that
�

� a � f 16Ž .Ý k k
k�0

in the sense of distributions, and

�
p� �� � �.Ý k

k�0

Moreo�er, the equi�alence of norms

1�p�
p� � � �f 
 inf � ,ÝH kp ž /

k�0

Ž .where the infimum is taken o�er all decompositions of f of the form 16 ,
holds.

If I is an interval then let 8 I be the interval with the same center as I
� � � � � �and with length 8 I . For a square Q � I � I with I � I let 8Q � 8 I1 2 1 2 1

� 8 I .2
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An operator V which maps the set of distributions into the collection of
measurable functions will be called p-quasi-local if there exists a constant
C � 0 such thatp

� � pVa d� � CH p
2R �8Q

for ever p-atom a where Q is the support of the atom. With the help of
the atomic decomposition the following result was proved by the author
� �13 .

THEOREM C. Suppose that the operator V is sublinear and p-quasi-local
for some 0 � p � 1. If V is bounded from L to L for a fixed 1 � p � �p p 11 1

then

� � � �Vf � C f f � H .Ž .p Hp pp

Now we can formulate our main result.

THEOREM 1. If 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 , or � � 1 � 	 ,
then

� � , 	 � � ��� f � C f f � H 17Ž .Ž .p , q Hp , q p , qp , q

Ž . Ž .for all 2 � 
 3 �3 � 
 2 � p � � and 0 � q � �. In particular, if f � L1
then

C
� , 	 � �� �� f � � � f � � 0 . 18Ž . Ž . Ž .1

�

Proof. By Theorems A and C the proof of Theorem 1 will be complete
� , 	 Ž . Žif we show that the operator �� is p-quasi-local for each 2 � 
 3 �3 �

.
 2 � p � 1 and is bounded from L to L .� �

The boundedness follows from Proposition 1. Let a be an arbitrary
K� 1 � � � � K Ž .p-atom with support Q � I � J and 2 � I � J � 2 K � Z . We

can suppose that the center of Q is zero. In this case

� K� 2 K�2 � � K� 1 K�1 ��2 , 2 � I , J � �2 , 2 .

To prove the quasi-locality of the operator ��� , 	 we have to integrate
� � , 	 � p 2�� a over R �8Q. It is enough to integrate over the set A 
 B 
 C 
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D where

2 K K K KA � x , y � R : x � i2 , i 
 1 2 , y � j2 , j 
 1 2 ,Ž . Ž . Ž .� . .
4 � i � �, j � 04

2 K K K KB � x , y � R : x � i2 , i 
 1 2 , y � j2 , j 
 1 2 ,Ž . Ž . Ž .� . .
4 � i � �, 1 � j � i�2 � 24

2 K K K KC � x , y � R : x � i2 , i 
 1 2 , y � j2 , j 
 1 2 ,Ž . Ž . Ž .� . .
4 � i � �, i�2 � 2 � j � i � 14

2 K K K KD � x , y � R : x � i2 , i 
 1 2 , y � j2 , j 
 1 2 ,Ž . Ž . Ž .� . .
4 � i � �, i � 1 � j � i .4

First we integrate over A. Obviously,

� K Kp pŽ .i
1 2 2� , 	 � , 	�� a x , y dx dy � �� a x , y dx dy . 19Ž . Ž . Ž .ÝH H H
KA i2 0i�4

By the definition of the atom,

1
� , 	 � , 	� a x , y � a t , u K x � t , y � u dt duŽ . Ž . Ž .HHT T2� I J

�2 K � p � , 	� C 2 K x � t , y � u dt duŽ .HHp T
I J

K�1 K�1x
2 y
2�2 K � p � , 	� C 2 K � , w d� dw. 20Ž . Ž .H Hp T
K�1 K�1x�2 y�2

Ž .Applying 14 we get

K�1 K�1x
2 y
2 � , 	K � , w d� dwŽ .H H T
K�1 K�1x�2 y�2

x
2 K�1 y
2 K�1 �1�� ��1� � � �� C � � w w d� dwŽ .H H
K�1 K�1x�2 y�2

K�1 ��1��x
2 K� 1 K�1� C � � 3 � 2 3 � 2 d� dwŽ . Ž .H
K�1x�2

��1��K K K �1��� C2 i � 2 2 2 � Ci .Ž . Ž .Ž .
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Hence

�
p� , 	 2 K �2 K �Ž1
� . p�� a x , y dx dy � C 2 2 iŽ . ÝH p

A i�4

Ž .which is finite if p � 1� � 
 1 .
Ž .Next we integrate over B. Similar to 19 , we get that

p� , 	�� a x , y dx dyŽ .H
B

i�2�2� K K pŽ . Ž .i
1 2 j
1 2 � , 	� sup � a x , y dx dyŽ .Ý Ý H H T
K Ki2 j2 T	ri�4 j�1 i , j

i�2�2� K K pŽ . Ž .i
1 2 j
1 2 � , 	� sup � a x , y dx dyŽ .Ý Ý H H T
K Ki2 j2 T�ri�4 j�1 i , j

� B 
 BŽ . Ž .1 2

� �K Ž .��2 � Ž .where r � 2 � ij with � � 0 chosen later. For B we have byi, j 1
Ž .15 that

K�1 K�1x
2 y
2 � , 	K � , w d� dwŽ .H H T
K�1 K�1x�2 y�2

x
2 K�1 y
2 K�1
�� �1�� �2 �1�� �2� CT � w d� dwH H

K�1 K�1x�2 y�2

�1���2 �1���2���2 ���2���2�1K � 2 K K K� C2 ij 2 i2 j2 � C ij .Ž . Ž . Ž .Ž .

Ž .Taking into account 20 we can see that

i�2�2�
Ž .���2���2�1 pB � C ijŽ . Ž .Ý Ý1 p

i�4 j�1

and this is finite if

2 
 � p � 2Ž .
� � . 21Ž .

� p
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It is easy to see that

��1	 	�1�	 t tT
� , 	� a x , y � 1 �Ž . HT ž / ž /ž /2� T T T0

t t

 x�

 y w� a � , w e d� dw dtŽ .ˆH H

�t �t

�	
� � � �max � , wŽ .T T


 x�

 y w� a � , w e 1 � d� dw.Ž .ˆH H ž /ž /T�T �T

Since

3�2� p� � � � � �a � , w � C � 
 w IŽ . Ž .ˆ

Ž � �.see Weisz 13 , we conclude

T T 3�2� p� , 	 3� � � �� a � a � , w d� dw � CT I .Ž .ˆH HT
�T �T

Thus

�3 ��2� , 	 �2 K � psup � a x , y � C ij 2 22Ž . Ž . Ž .T
T�ri , j

and so

i�2�2�
�3 � p�22 K �2 KB � C 2 2 ijŽ . Ž .Ý Ý2 p

i�4 j�1

Ž .which converges if � � 2�3 p. This together with 21 implies

2 � 
 3Ž .
p � . 23Ž .

3 2 
 �Ž .

Ž . Ž . Ž . Ž .We define C and C in the same way as B and B , with the only1 2 1 2
difference being that we take the sum Ýi�2 . By Lemma 1,j� i �2�2

K�1 K�1x
2 y
2 � , 	K � , w d� dwŽ .H H T
K�1 K�1x�2 y�2

K�1 K�1 ��x
2 y
2�� �1 �1� CT � w � � w d� dwŽ .H H
K�1 K�1x�2 y�2

���1 �1 �����2K � K K K ���2� C2 ij i2 j2 i � j 2 � Ci i � jŽ . Ž . Ž . Ž .Ž . Ž .
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and, consequently,

� i�2 �
�� p�� p�2 p �� p�2 p�� p
1C � C i i � j � C i ,Ž . Ž .Ý Ý Ý1 p p

i�4 j�i�2�2 i�4

ŽŽ . . Ž .because p � 1�� . Thus � � 2 
 � p � 2 �� p. C can be estimated in2
Ž . Ž .the same way as B , hence 23 holds.2

Now we integrate over D. Observe that

p� , 	�� a x , y dx dyŽ .H
D

� i K K pŽ . Ž .i
1 2 j
1 2 � , 	� �� a x , y dx dy .Ž .Ý Ý H H
K Ki2 j2i�4 j�i�1

Ž .By 5 ,

K�1 K�1 K�1 K�1x
2 y
2 x
2 y
2� , 	 �1 �1K � , w d� dw � C � w d� dwŽ .H H H HT
K�1 K�1 K�1 K�1x�2 y�2 x�2 y�2

�1 �1 �12 K K K� C2 i2 j2 � C ij .Ž . Ž .Ž .
Hence

� i �
p �p� , 	 �2 p�� a x , y dx dy � C ij � C iŽ . Ž .Ý Ý ÝH p p

D i�4 j�i�1 i�4

and this implies that p � 1�2.
� , 	 Ž . ŽThus we have proved that �� is p-quasi-local for each 2 � 
 3 �3 �

. Ž .
2 � p � 1. Hence 17 for p � q follows from Theorem C. Applying
Ž .Theorem A, we obtain the general case of 17 . Let us point out this result

Ž .for p � 1 and q � �. If f � L then 1 implies1

� � , 	 � � , 	 � � � ��� f � sup �� �� f � � � C f � C fŽ .1, � H 11, �

��0

Ž .which shows 18 . The proof of the theorem is complete.

We can state the same for the maximal operator of the Riesz transforms
of the Marcinkiewicz means.

THEOREM 2. Suppose that 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 , or
� � 1 � 	 . For i � 1, 2, we ha�e

Ž i. ; � , 	 � ��� f � C f f � H˜ Ž .p , q Hp , q p , qp , q
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Ž . Ž .for e�ery 2 � 
 3 �3 � 
 2 � p � � and 0 � q � �. In particular, if
f � L then1

C
Ž i. ; � , 	 � �� �� f � � � f � � 0 .Ž .Ž .˜ 1

�

Ž . Ž i.; � , 	Proof. Using 2 , Theorem 1 for p � q, and the fact that �� f �˜
� , 	 Ž̃ i.�� f we obtain

Ž i. ; � , 	 � , 	 Ž i. Ž i.˜ ˜ � ��� f � �� f � C f � C f f � H .H˜ Ž .p p Hpp p pp

Now Theorem 2 follows from Theorem A in the usual way.

Since the set of those functions f � L whose Fourier transform has a1
Ž � �.compact support is dense in L see Wiener 15 , the weak-type inequali-1

Žties of Theorems 1 and 2 and the usual density argument see Marcinkiewicz
� �.and Zygmund 7 imply

COROLLARY 1. Suppose that 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 ,
� , 	 Ž i.; � , 	 Ž̃ i.or � � 1 � 	 . If f � L then � f � f a.e. and � f � f a.e.˜1 T T

Ž .i � 1, 2 as T � �.
Ž̃ i. Ž .Note that f i � 1, 2 is not necessarily integrable whenever f is. The

first convergence result for Fourier series and for 	 � 1 is due to Zhizhi-
� �ashvili 17, 18 .

THEOREM 3. Suppose that 0 � � � 1 and 	 	 2, or 0 � � � 1 � 	 , or
� � 1 � 	 . For i � 0, 1, 2 we ha�e

Ž i. ; � , 	 � �� f � C f f � H˜ Ž .H HT p , q p , qp , q p , q

Ž . Ž .uniformly in T , whene�er 2 � 
 3 �3 � 
 2 � p � � and 0 � q � �. In
Ž i.; � , 	 Ž̃ i.this case � f � f in the H norm as T � �.˜T p, q

Ž � , 	 .
 Ž i. Ž i., � , 	Proof. Since � f � � f , we have by Theorems 1 and 2˜T T
that

Ž .
 i� , 	 � �� f � C f f � H , i � 0, 1, 2Ž . Ž .HpT p pp

Ž .for all T � 0. Inequality 3 implies that

� � , 	 � � �� f � C f f � H , T � 0 .Ž .H HT p pp p

Ž .Hence, by 2 ,

Ž i. ; � , 	 � �� f � C f f � H , T � 0, i � 1, 2˜ Ž .H HT p pp p

and the theorem follows by interpolation from Theorem A.
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ŽIt is an open question whether Theorems 1�3 are true for p � 2 � 

. Ž .3 �3 � 
 2 .

� �We can prove similarly to the proof of Lemma 4 in 14 that also in this
case

h�1	 2	�1h h 
 1 	 s sŽ . T1
h , 	 1, 	� f x , y � 1 � � f x , y dsŽ . Ž .HT sž / ž /ž /T T T0

where h � 0. From this it follows that ��� , 	 f � C��1, 	 f whenever � � 1.
This shows that Theorems 1, 2, and 3 hold also for � � 1.

COROLLARY 2. If � , 	 	 1 then all inequalities of Theorems 1, 2, and 3
and the con�ergence results of Corollary 1 hold for e�ery 8�9 � p � � and
0 � q � �.

Remark. If we define the Marcinkiewicz means by

��1	 	�1�	 t tT
� , 	� f x , y � 1 � s f x , y dt ,Ž . Ž .HT � t , � tž / ž /ž /T T T0

where �, � � 0, then the result above can be proved in the same way.
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