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Abstract

In this paper we compare the solution of a general stochastic integrodifferential equation of the Ito
type, with the solutions of a sequence of appropriate equations of the same type, whose coefficients
are Taylor series of the coefficients of the original equation. The approximate solutions are defined
on a partition of the time-interval. The rate of the closeness between the original and approximate
solutions is measured in the sense of the L”-norm, so that it decreases if the degrees of these Taylor
series increase, analogously to real analysis. The convergence with probability one is also proved.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction and preliminary results

In many natural and life sciences, engineering and economics too, there are physical
phenomena depending on a Gaussian white noise excitation, and, because of that, gov-
erned by certain probability laws and evolving in time. Because a Gaussian white noise
is an abstraction, not a real process, mathematically described as a formal derivative of a
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Brownian motion process, the behavior of such phenomena are mathematically modeled
by stochastic processes which are solutions of stochastic differential or, in more compli-
cated case, stochastic integrodifferential equations of the Ito type [4,7]. Certainly, the class
of explicitly solvable stochastic equations is very small, and, from the theoretical point
of view and much more from various applications, it is important to find an analytic or
numerical approximate solution of such an equation. The researcher’s interest is focused
on exploring the bifurcational behavior and stability, for example, of the solution of the
initial equation, by comparing it with the corresponding approximate one, as well as on
conditions under which these solutions are close in some sense. One type of an analytic
approximation, based on the Taylor expansion, and because of that suitable for numerical
approximations, will be the object of the present paper.

Further, we suppose that all random variables and stochastic processes considered here
are defined on a complete probability space (§2, F, P). Likewise, we usually restrict our-
selves on the time interval [0, 1] instead of [#, T'].

In this paper we study a very general stochastic integrodifferential equation of the Ito

type,

t t

dx; = |:a1(t,x,) +/a2(t,s,xs)ds + /a3(t,s,xs)dws:| dt

0 0
t t

+ [bl(t,Xz)+/b2(t,s,xs)ds+/b3(t,s,xs)dws] dw;, tel0,1],
0 0
x(0)=xp as., (D

introduced and studied earlier in detail in paper [4] by Berger and Mizel. Here w = (wy,
t € R) is an R%-valued normalized Brownian motion defined on a complete probability
space (§2, F, P), with a natural filtration {F;, r > 0} of non-decreasing sub-o -algebras of
F (F =0{x,,0<s <1}), xgis an R*-random variable independent of w, the coefficients
of this equation are real functions

al:[O,l]ka—>Rk, blz[O,l]ka—>kaRd,
azszRk—>Rk, bzszRk—>Rk><Rd,
a3:J x R > RF x R?, by:J x RE - R¥ x R* x R4,

where J = {(¢,5): 0 <s <t < 1}, which are Borel measurable on their domains, and
x = (x;,t€[0,1])isan R*-valued unknown stochastic process. The process x is a solution
of Eq. (1) if it is adapted to {F;, t > 0}, all Lebesgue and Ito integrals in the integral form
of Eq. (1) are well defined and Eq. (1) holds a.s. for each ¢ € [0, 1]. The basic existence
and uniqueness theorem, proved in paper [4] and based on the classical theory of stochastic
differential equations (see [5,12,13,15], for example), requires that the functions a;, b;, i =
1,2, 3, satisfy the global Lipschitz condition and the usual linear growth condition on the
last argument, i.e., there exists a constant L > 0, so that, for all (¢,s) € J, x,y € R¥,

’az(t,s,x)—az(t,s,yﬂ < Llx —y], |a2(t,s,x)’ SL(1+|x|), 2)
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and similarly for the other functions (| - | are appropriate Euclidean matrix norms). If
E|xo|2 < 00, then there exists a unique a.s. continuous solution x = (x;,¢ € [0, 1]) of
Eq. (1), satistying E{sup,c[o 1 [xr 12} < 0o. Moreover, following the procedures in [10,13],
it can be proved that if E|xo|” < oo for any number p > 0, then E{sup, (o 1} |x:|”} < o0.

The main purpose of the present paper is to compare in the L”-norm, p > 2, and with
probability one, the solution of Eq. (1) with the solutions of a sequence of appropriate
equations of the same type, whose coefficients are Taylor expansions of the coefficients
of Eq. (1). The basis of such approximation is that the approximate solutions are de-
fined on an arbitrary partition I': 0 =1y <t < --- <t, = 1 of the time interval [0, 1],
where 8, = maxogr<n—1(fk+1 — f). In fact, the basic ideas of the present paper go back
to papers [1,2] by Atalla, and earlier to [9] by Kanagawa under some more restrictive
conditions. In papers [1,9], the solution of the stochastic differential equation of the Ito
type dx; = a(t, x;)dt +b(t, x;) dws, xo=n, t € [0, 1] was approximated by the solutions
x", n e N, of the equations dx]' = a(tk,x,’,’()dt + b(tk,x,']’()dw,, X =1, t € [t, tkt1),
0 <k <n —1, by successively connecting the solutions (x/',t € [#, tx+1]) at the points
t; of the partition I". It was shown that the rate of such approximation, in the sense of
the L?-norm, p > 2, was 0(85/2) when n — oo and §,, — 0. This result has earlier been
obtained in [5] for p = 2 and generalized in paper [6] by Ili¢ and Jankovi¢ to a stochastic
integrodifferential equation, more general than Eq. (1).

In paper [2] Atalla improved his own result by using the sequence of stochastic differen-
tial equations determined on a partition 1", whose drift and diffusion coefficients were Tay-
lor approximations of a(z, x) and b(z, x) up to the first derivatives in argument x, i.e., by
linear stochastic differential equations of the Ito type dx;' = [a(fk, x;) + a’, (e, xp ) (! —
xp)ldt + [b(te, xz) + bl (t, xp)(xf —xp)ldwe, xg =n,t € [t tr1), 0 <k <n— 1. The
rate of this approximation, in the sense of the L”-norm, was O(8F) when n — oo and
8, — 0.

By applying the previously considered concept, in paper [8] by Jankovi¢ and Ili¢ the
solution of the equation dx; = a(t, x;) dt + b(¢t, x;) dw;, xo =1, t € [0, 1] is approximated
on a partition I" by the solutions of the equations whose drift and diffusion coefficients
are Taylor series of the functions a(z, x) and b(z, x) with respect to the argument x, up
to arbitrary fixed derivatives m and m,, respectively. The rate of such approximation, in

8}5m+1)p/2) when n — oo and §, — 0, where

the sense of the L?”-norm, is found as O (
m =min{m, mo}.

Having in mind that it is almost impossible to solve explicitly Eq. (1), and that Taylor
series, as polynomials, could be a very useful tool to approximate its solution analytically
or numerically (see [10,11], for example), the main results of the present paper are de-
voted to a construction of its approximate solution by applying partially the reasons from

paper [8].
2. Main results
Let

0=t <t <--- <t =1, S,= max (&}, —1t} 3)
0 1 n n nggqn_l(k—&-l k)
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be an arbitrary partition of the interval [0, 1]. Together with Eq. (1) in its equivalent integral
form

t s S
x,:xo+/|:a1(s,xs)+/a2(s,u,xu)du+/a3(s,u,xu)dwu:| ds

0 0 0
t N s
+/|:b1(s,xs)+/b2(s,u,xu)du+/b3(s, Msxu)dwu:| dwg, te€]0,1],
0 0 0
“
we consider the sequence of the equations, defined on the partition (3),
t s s
x{’:xt’%+/|:A1k(s,xg)—i—/Azk(s,u,x’Lf)du+/‘A3k(s,u,x;’)dwu:| ds
q 7 q
t N N
+/|:Blk(s,xf)—I—/BZk(s,u,x;‘)du+/ng(s,u,x;’)dwu:| dwy,
q i q
relif ] 0<k<gn—1 xjy =, )

where

@) n
mi g (s, xh) )
Ao ) =3 = (-

i! s i
i=0
n < ayx)(s’mx’%) n n\i
Ajk(s,u,xu)=2i7‘(xu—xti,), j=1,2,

i=0

mi b (g, xm) ,
Bu(s.xl) =3 TR ey

! s L
P i!
" bj»l)?(s, U, Xpn) .
ny __ k n n ;o
Bjk(s,u,xu)— ii'(xu—xtkn) , j=1,2,
i=0 :
and a}ix), by)g are the ith derivatives of the functions a;, b;, with respect to x.

The approximate solution x" = (x}',¢ € [0, 1]) is constructed as an a.s. continuous
process, by successively connecting the processes (x',7 € [#, 7', 1) at the points 7/,
1 <k < gy — 1, of the partition (3).

Let us introduce the following assumptions:

(A1) The functions a jand bj, j =1, 2,3, have Taylor approximations in the argument x,
up to the m jth and n jth derivatives, respectively;
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(A») The functions a( i+h

itive constants L and L ; j» such that

(-) and b(;lj +1)(-) are uniformly bounded, i.e., there exist pos-

sup |a1m1+1)(t x)| <Ly, sup |a(m’ 1)(z‘,s,x)| <Lj, j=2,3,
[0,1]x R JxR

sup [p0 | <L sup B Vs 0 <Ly, j=2.3
[0,1]x RK J x Rk

(A3z) Without special emphasizing of the conditions for the coefficients of Egs. (4) and (5),
we suppose that there exist unique, a.s. continuous solutions x and x”* of these equa-
tions respectively satisfying E{supyq j; [x;|"} < 0o and E{supyg i |x/ I(M+1)2”} <
0 < oo, where M =max{mj,n;, j=1,2,3} and Q > 0 is a constant independent
on n and §,. Likewise, all Lebesgue and Ito integrals employed further are also well
defined.

In the proofs of the next assertions, we apply many times, without special empha-
sizing, the elementary inequality (37", ¢;)* <m*~' 3" ¢f, g; > 0, s € N, the usual
Ito stochastic integral isometry, Holder inequality to Lebesgue integrals and Burkholder—
Davis—Gundy inequality to Ito integrals [5,10,13,15]: For any / > 0, there exists a constant

¢; > 0, such that
1 12
/fudwu } <61E(/ |fu|2du)
fo

sup
s€lro,t]

for any measurable F;-adapted process (f;,t € [0, T]), satisfying fon | fil?dt < oo as.
Clearly, the last inequality can be also used if the left-hand side is minorized by omitting
the supremum.

In order to prove the closeness, in the sense of the L”-norm, between the solutions x
and x" of Eqgs. (4) and (5), respectively, we must first prove the following assertion:

Proposition 1. Let x" be the solution of Eq. (5), the conditions (2) and the assumptions
(A1), (A2) and (.A3) be satisfied. Then, for 1 <r < (M + 1)p,

r/2

E’xf— < D,§,

n n
tk reg g ,] 0<k<gn—1,

where D, is a generic constant independent of n and §,,.

Proof. By applying the previously cited elementary inequality to Eq. (5), and after that
Holder and Burkholder—Davis—Gundy inequalities to Lebesgue and Ito integrals, respec-
tively, we obtain, for all € [}, £, |1, 0 <k < gn — 1,

r

E|x

l‘"
t S s

f|:A1k(s,x;’)+fA2k(s,u,x;’)du+/Agk(s,u,x;’)dwu:| ds

n n n
Ty s Iy

r
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t N N

;
+E /|:Blk(s,x?)—i—/sz(s,u,x,’j)du—}—/B3k(s,u,x{:)dwui| dwy }
174 # 174
13 s r
<2t (t—t,i’)r_l/‘E A]k(s,x;’)+~-~+/A3k(s,u,x;')dwu ds
17 7

t

o (t—g)*! / E

n
I

=2 (=) " O + e (1) ho), (6)

where Ji(¢) and J,(¢) are the corresponding integrals, which must be estimated.
First,

N r
B]k(s,x;’)+...+/ng(s,u,x;’)dwu ds}

n
I

r/2—1

t

nw<y | [E\al (5.52) = [ (5.52) = Ane(s. )]

n
I
N

+ (s - t,’:)r_l / E|a2(s, u,x;’) - [az(s, u,xb’f) - Azk(s, u,xZ)]|rdu
i

N

Feo(s i)/ / Elas(s. u, x")

n
Iy

_ [a3(s, u,x;') — Agk(s, u,x,’j)]|rdu:| ds.

By using the assumptions (A1) and (A7), we find that, for any 6 € (0, 1),

E|ai(s,x!) — Awe(s. x|

(m1+1) n n__ M)
|a1x (s,xt;, + 0 (x; xt,’:))| ‘ n_ on [mi+Dr
S [m + DT © T
Ly (my+1r
< _ n_ nrl ! ) 7
S e )

and analogously for a; and a3. Further, we apply the linear growth condition (2), after that
the previous estimations (7) and the assumption (A3) from which it follows that E|x}|" <
1+ Q==Sforevery 1 <r < (M+1)p and s € [0, 1]. Thus, we get

t

LT
<6 ! r n|r 1 L (mi+Dr
nn=o {/[L (1 Bl + o g 28— -

h

k
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i fomay [ e

n
I

Ik
Lon
[(m2 + D]

t s
v [y [ [0+ Bl

n n
I I

Lr
3 (ma+1)r
+—[(m3+1)!]rE|x;}_xZ?| 2 }duds}

|n_n

u t;{l

(m2+1)r:| duds

Liiz(ml—i-l)rs (t_tn)
[(m1 + DI ¢
L; 2(ma+Dr g (t — t]lg)rJrl
[(my + DT r+1

<6"”L’(1+S)+

+ [L’(l +8)+

Lg 2(m3+])rS (t — t]zl)r/Z—H
+o | L"A+8)+ =
’[ ( ) [(m3+1)!]’:| r/2+1 }
Because 0 <t — t,:’ < 1, it follows that
Jit) < Ci(t — 1), ®)

where C is a generic constant independent of n and §,,.
Analogously, by repeating completely the previous procedure, we find that

L(1) < Co(t — 1), ©)

where C» is also a generic constant independent of n and §,. The estimations (8) and (9)
together with (6) imply that

r/2

"< (=) + Calt — )] < Do (1 — 1) P < D5,

n n
E ’xt — xtz,
where D, is a constant. Thus, the proof is completed. O

The following assertion enables us to estimate the closeness between the solutions x
and x", in the pth moment sense, uniformly on the time interval [0, 1].

Proposition 2. Let x and x" be the solutions of Egs. (4) and (5), respectively, the conditions
(2) and the assumptions (A1), (Az) and (A3) be satisfied. Then, for p > 2,

sup E|x, —x'|" < H8" VP2, (10)
tel0,1]

where m =min{m,n;, j =1,2,3} and H is a generic constant independent of n and §,.

Proof. Let p > 2 and 7 € [1}', 1}/, | ]. By subtracting Eqs. (4) and (5) and after that by
applying the Ito formula [12,13,15] to the function f(x) = |x|”, we obtain
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|x —X; |p X

t N

~|—p/|:a1(s,xs) —Alk(s,x§)+/[az(s,u,xu)—Azk(S,M,xZ)]d“

n n
T I
s

+/[a3(s,u,xu) - A3k(s, u,x;')]dwu] |xs —x;'|p_1ds

n
I

+— p(p D /|:b1(s Xs) —Blk(s X )

s

/[bz(s,u,xu) - sz(s,u,x;’)]du

n
I

K 2
/[b3(s, u,xy,) — ng(s, u,x,’})] dwu] |xs — x;’|p72ds
1

t s

+ p/|:b1(s, xg) — Bix(s, x7) + /[bz(s, u, xy) — Bor (s, u, x)}) | du

I I
s

+/[b3(s, u, xu) — Ba(s, u,x)) | dwu] |xs —x;’|p_1dws.
i

Let us denote that A; = E|x; —x;'|”. Having in mind that the expectation of the Ito integral
is equal to zero, it follows that
t

/|:|a1(s,xs) — A (s, x|

n
I

E|xt—xf|p<E

N

+ f [aa(s,u,x) = Ak (s, u, i) | du

n
Iy

s

+ /[as(s, w, xu) = Ase(s, u, x;) | dwy

n
Iy

:| |xs —x?|p71ds

t

3 —1
+ % E/Lbl(s,xs) — Bu(s.x7) |’

n
T
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s

+ f[bzm,u,xu)—sz(s,u,xlf)]du

n
Iy

2

N

+ /[b3(sv“’xu) _B3k(s’u’x;l)]dw”

2
j| |xs —xf‘p_zds

n

I
: 3p(p
=AMy +pY L)+ =—— Zl(r) (1)
j=1
where I;(t), j =1,...,6, are the corresponding mtegrals. To estimate 71(t), we use the

Lipschitz condition (2) and the assumptions (A1) and (A7), so that we obtain

t
L) = E/|a1(s,xs) — Alk(s,x;')HxS —x?|p71ds

%
'
< E/Hﬂl(s,xs) —al(s,x;l)\ + ’al(s,x;’) - Alk(s,xf)mxs —xg’|p_lds
A
t '

Ll mi+1 p—1
L/Asds—l—m/.E‘x;'—xZ?’ g = x| ds.

17 Tk
If we apply Holder inequality for u = p,v=p/(p — 1), 1/u + 1/v =1, after that Young
inequality (forevery a,b > 0and u > 1, 1/u+1/v = 1, it follows that ab < a* /u+b" /v)
and Proposition 1, we find that
t

t
Ly " mi+Dp\1/P o \(p=1)/p
Il(f)gL/A dS+m/(E|XS xt;: ) (Ay) ds

i s
1 t LD

L —
< [L+ 1(p )]/Asds—l— ! (m1+1)p8’(lm1+l)p/2(t_t;:)

(mi+1D!p (mi+1D!p

7
t

qu/Asds+,31 SR (r g, (12)

Tk
where o1 and B are generic constants independent of n and &,,.
To estimate I, (¢), we apply the previous procedure and the integration by parts to double
integrals. Hence, we deduce that

t

L(t) = E/

n

Iy

N

/[az(s,xx) — Agi(s, x!) ] du|xs —xf|p_l ds

n
s
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N

t

N
2r—1 - LYD
+ /(s _tlil)p 1/|:Lp Ay + =2 (ma+1)p 8r(lm2+1)17/2i| duds
p

n
I

/[az(s, U, xy) — Azk(s, u,x;')]du

p\ 1/p
) (AS)(p_l)/pdS

73

[(m2 + D!]P
i
t

- [2171 LP (t—1})?
p p

-1
+p :|/Asds
p

n
Iy

207 Ly Dimyeiyp (4= 50" myi1yp2
n

pl(mz + D!JP

t

p+1

gazfAsds+ﬁ28,§m2+l)p/2(t—t,ﬁ’).

17
Similarly,
t s

Ii(t)=E

n
I

n
I

t
—1
<P=° [ A, as
p

n
I

/[03(8, X5) = As(s, ) ] dwy

|xs —x?|p_1 ds

n

1 s
+c—p/(s—t,?)p/Z_l/E|a3(s,u,xu)—A3k(s,u,x,:l)|pduds
P
I

Iy

t
2p=Le LP (t —t!)P/? -1
<|: Cp ( k) +p ]/Ayds

p

p/2 p

n

Iy

239

13)
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27~ ey LY Dinss1yp (1 = 1P ity
pL(ms + D11 p/2+1 "

t

<a3/As ds + 380 TOPR (1 — 1) (14)

n
I

By repeating the previous procedures and by using Hoélder inequality for u = p/2, v =
p/(p —2), we easily come to the estimations of the remaining integrals in (11). Thus,

t

L) = E/|b1(s,xs) - B]k(s,xf)’2|xs —x;'|p_2ds

n
I

t t
<ZLZ/ASdS_+_2E/|bl(s,xs”)—Blk(s,x;l)|2|)cs—xs"il’*ZdS

n n
I Iy

t

r2
<|2124 20 =D [ g g4 HiPenrp st g
h p ) [(n+D!I2p " k

o
t
E(X4/As ds + B4 5,(,n'+l)p/2(t - t,?), (15)
i
r s

I5(t)=E/ /

n n
o

2P LP (t — )P -2
<|: (r—1) 4P :|/Asds
p p p

2

[bz(s,xx) — ng(s,xg)]du |xs —x;’|p_2ds

20 LY Dnyyryp (8 — 1P NS

pla+DIP?  p+1 "

t
gaszS ds + Bs 8\ TP (e — ), (16)
A
t

ksz/

n
I

N

/[b3(s,xs) — B3k(s,x§’)]dwu

n
I

2

|x —xsn}pizds

1

2P ¢, LP (t —t")P/? -2
<|: Cp ( ©) +p i|/Asd5
P p/2 P

n
Iy
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27 ¢p LY Diusi1yp (t —tOPPPHY o
plis+ D1 p2+1 "

t

< / Agds + Be 80 VPR (1 — ), (17)

n
I

where o, B; are generic constants independent of n and §,,.
By taking (12)—(17) to (11), we come to the following relation:
1
A< Ap +a/ Asds + B8 PP (), el i), (18)

n
I

where m = min{m,n;, j =1,2,3} and @ and B are some constants, generic by «; and
Bi and independent of n and &,. An application of the well-known Gronwall-Bellman
inequality [3] leads to the estimation

A< [Ag + B8P (=] e 0 re [l ] 0<k<ga—1.  (19)

By taking # =", | and by applying the iterative procedure earlier used in [2,6,8], we con-
clude that

Ap <Pe s P2 0<k<gn—1.

Hence, from (19) it follows that there exists a constant H > 0, so that sup,¢[g 1) 4r <

H 8,(lm+])p /2, Thus, this part of the proof is completed.

For p =2, we have

t

/[al (s, x5) — Ak(s, x)] ds

n
I

2
A,<7|:At£+E

t s 2
+E f/[az(s,u,xu)—AZk(s,u,xZ)]duds
U
t s 2
4+...4+E //[h3(s,u,xu)—B3k(s,u,x,'})]dwudws :|
oy

By applying the usual Ito integral isometry and Proposition 1, we easily deduce that the
relation (18) holds for p = 2, which completes the proof of this assertion. O

Finally, on the basis of Proposition 2 we can expect that the sequence of the approximate
solutions {x",n € N} converges to the solution x as n — 0o and §, — 0, in the sense of
the L?-norm. This conclusion immediately follows from the next theorem, in which the
rate of the closeness between x and x” is also given.
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Theorem 1. Let the conditions of Proposition 2 be satisfied. Then, for p > 2,
Ef sup [x —x|"} <KoV, (20)
1€[0,1]

where K is a generic constant independent of n and &,,.

Proof. Let us denote that

Ar(s.xf) = Aw(s.xy).  se[rni,],
Az(s, u,x’;) =A2k(s, u,x;’), ue [t,?,t,?H]
and similarly for A3z, By, By, B3. Then,

t s N

xf:xo+/|:A1(s,xf)+fA2(s,u,xZ)du+/A3(s,u,x,'})dwu:| ds
0 0 0

t s N

+/|:Bl(s,x§’)—I—/Bz(s,u,x;’)du—I—/Bg(s,u,x,'})dwu] dwy,

0 0 0
t €0, 1]. 2D

From (4) and (21) we find that

E sup |x, —x]'|”
1€[0,1]
1

/|:a1(s,xs) — Aq(s. x]) +/[a2(s,u,xu) — Ay(s,u,x])]du
0
P

<2P~"YE sup
1€[0,1]

0
s

+ /[a3(s, u,x,) — A3(s, u,x,’j)]dwu:| ds

0

1 s

/|:b1(s,xs) — Bi(s, x)) + /[bz(s, u, xy) — Ba(s,u, x}) ] du

0 0
|
1 s
/|:a1(s,x5)—---+/[a3(s,u,xu)—Ag(s,u,x;')]dwuj| ds
0 0
+cp/E

p
ds}
0

=2""1(S1 + ¢, 5, (22)

+ E sup
tel0,1]

N
+ /[bg(s, u,x,) — B3(s, u,x;‘)]dwu:| dw
0

p
gzl’—l{E

1

s
bi(s, x5) — -+ /[b3(s, u, xy) — B3 (s, u, x}}) | dwy
0
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where S and Sy are the corresponding integrals. Let us estimate Sy:

1
S <61’_1/|:E}a1(s,xs) —a (s,x;’)“" +E’a](s,x;') —A1(s,x;')’p
0

s p
+E /[az(s,u,xu) — ax(s,u, x;) ] du
0
s p
| [T 12) — sl )
0
N p
+E /[as(s,u,xu)—az(s,u,xﬁ)]dwu
0
p
+E / (s,u,x)}) — As(s, u, x}}) ] dwy :|ds. (23)
0

Because m| > m, from (7) and Proposition 1 we find that, for s € [t,f, tl?+l 1,
p
Ly

Elar(s.x) = A1 (s x)|" < (o

E’xn _n ‘(m1+l)p < h]8r(lm+1)p/2’

where i is a constant. Then,
1
f Elay(s,x1) — A1 (s, x1)[" ds < 80" TVP2,
0

and analogously for the fourth and sixth integrals in (23). Finally, by repeating the preced-
ing procedures and stochastic integral isometry, without special emphasizing any step, we
come to the following estimation:

1 K

Si <6”_1{L”/|:E|xs—xf|p+s”_1/E|xu—xZ|pdu

0 0

N
+cpsP/F1 / E|x, —x}|” du:| ds + h8,§m+l)p/2},
0
where & is a constant. Now, from Proposition 2 it follows that
E|xs—x_:’|p sup E|x$ — X, |p H(S,(qu)p/z,
s€[0,1]

so that we finally have

S; < Klfsr(z"1+l)p/2,
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where K is a constant independent on n and §,. Since S, can be estimated by the same
way, the proof of this theorem follows from (22). O

Therefore, x" L—p> x when n — oo and §, — 0, uniformly on [0, 1], and the rate of
this convergence is given by (20). Likewise, from Theorem 1 it follows that the rate of
the closeness, in the sense of the L?-norm, between the solutions x and x” decreases if
the degrees of Taylor approximations of the functions a;, b; increase, which is similar to
Taylor approximation in real analysis.

Moreover, by using Theorem 1, one can easily prove the following important result, the

convergence with probability one of the sequence of the approximate solutions {x",n € N}
to the solution x of Eq. (4).
Theorem 2. Let the conditions of Theorem 1 be satisfied and Y - | 8,&,; 2 < 00 for any
sequence of positive numbers &, |, 0, n — oo. Then the sequence {x",n € N} of the ap-
proximate solutions converges with probability one to the solution x of Eq. (4) as n — oo,
uniformly on [0, 1].

Proof. By using Chebyshev inequality and Theorem 1, we get

o [o0)
ZP{ sup |x; —xtn|p/2 >§n} < ZE sup |x; — x7'|” .
a1 telo1] =1 '€l01]

o0
<K 8" < o0,

n=1
so that Borel-Cantelli lemma enables us to conclude that P{sup,cio |x: — x/'| >
E,%/p infinitely often} = 0, i.e., sup,c[o 171X — x/'| < 5,12/17 with probability one for all
large n, and, therefore, {x"*,n € N} converges to x with probability one, uniformly on
[0,1]. O

In particular, if the partition points are uniformly disposed, i.e., §, = 1/n, it is enough
to take, for example, &, =n"13 for p=2andm>1l,or&,=n""1,0<n<(p/2—-1)/2,
for p>2andm > 0.

Let us note some remarks:

First, note that for a; = b; =0, j = 2,3, the present paper contains the results from
paper [1] for m; = ny = 0, the results from paper [2] for m| =n; = 1, and the ones from
paper [8] for any m and n;.

Likewise, note that because it is almost impossible to solve explicitly Eq. (4), it would
be convenient to find its numerical solution based on stochastic numerical analysis, by
applying the described analytic method in the construction of various time discrete ap-
proximations of Ito processes, and combining it with the Ito—Taylor expansion described,
above all, by Kloeden and Platen [10,11]. We also mention here paper [16] by C. Tudor
and M. Tudor, in which a general one-step numerical approximate scheme is considered
for multidimensional Ito—Volterra stochastic equations, and which is an extension of an
analogous approximation given by G.I. Milstein [14] for Ito equations. The comparison
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of the main result (Theorem 3.1) from paper [16] and, for p = 2, of Theorem 1 from the
present paper, shows that both approximations have mean square errors of the same or-
der. Specially, it is shown in [16] that Euler, Milstein and Platen—Wagner schemes, which
are based on Taylor expansions of zero, first and second degrees, respectively, have or-
der 1/2,1,3/2, respectively, which is exactly the case with the analytic approximations
described in the present paper obtained by applying Taylor expansions of zero, first and
second degrees, respectively. These facts indicate that numerical approximations based on
Taylor expansions of higher degrees could be improved by combining them with analytic
approximations presented in this paper. However, it requires additional investigations and
could be the object of forthcoming studies.
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