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1. Introduction

We consider the initial value problem for a system of nonlinear Schrédinger equations in the form

j
u;(0, x) = ¢j(x), xeR, j=1,2,3

1
<i8[+ 2—33) uj = Nj(u, du), t>0,xeR, j=1,2,3,
m

where u = (uj)j—1 2,3 is a C*-valued unknown, m; is a positive constant and the nonlinear term N; satisfies
Ni(u, q) = O((Jul +1gD*) as (u, q) — (0,0).

We assume that ¢ = (¢j)j=1,2,3 belongs to the Sobolev space H*(R) with s > 1, which is defined by H*(R) = { ; a,fx/f €
L?(R) for all k < s} equipped with the norm

Il =Y 195 2.

k<s

A typical nonlinear Schrodinger system appearing in various physical settings is
. 1 _
10 + — A | uy = uquy,
2m1

. 1 2
lat + —A)u, =uy”,
2m2

(see e.g., [1,2] for physical background). What is interesting in (1.2) is that the ratio of the masses can affect the large-time
behavior of the solutions. In the case of n = 2, Hayashi-Li-Naumkin [3] obtained a small data global existence result for

t>0, xeR" (12)

* Corresponding author.
E-mail addresses: txozawa@waseda.jp (T. Ozawa), sunagawa@math.sci.osaka-u.ac.jp (H. Sunagawa).

0022-247X/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j,jmaa.2012.10.003


http://dx.doi.org/10.1016/j.jmaa.2012.10.003
http://www.elsevier.com/locate/jmaa
http://www.elsevier.com/locate/jmaa
mailto:txozawa@waseda.jp
mailto:sunagawa@math.sci.osaka-u.ac.jp
http://dx.doi.org/10.1016/j.jmaa.2012.10.003

148 T. Ozawa, H. Sunagawa / J. Math. Anal. Appl. 399 (2013) 147-155

(1.2) under the relation m, = 2m;. The non-existence of usual scattering state is also proved when m, = 2m;. On the other
hand, when m, # 2my, it is shown in [4] that there is a usual scattering state under some restriction of the data. Higher
dimensional case (n > 3)is considered by Hayashi-Li-Ozawa [5] from the viewpoint of small data scattering. Remark that
the relation m, = 2m; is often called the mass resonance relation, which was first discovered in the study of nonlinear
Klein-Gordon systems (see [6-13], etc.). More recently, large data case is discussed by Hayashi-Ozawa-Tanaka [14]. In
particular, their result includes finite time blow-up of the negative energy solutions for (1.2) under mass resonance in the
case of 4 < n < 6. However, their approach relies on the so-called virial identity which requires that the initial data of the
blowing-up solutions must be suitably large (whence it should be distinguished from small data blow-up; see the Appendix
below for more details). Also it seems difficult to generalize blow-up results of this type to the case where the nonlinearity
involves the derivatives of the unknowns. Concerning small data blow-up for NLS, very few results are known so far and
many interesting problems are left unsolved (even in the case of single equations without derivatives in the nonlinear terms).
We refer the readers to [15-21] etc. for more information and the related topics.

The aim of this paper is to give examples of small data blow-up for (1.1). More precisely, we will show that there exist m;,
N; and @; with [|¢||zs = € such that the corresponding solution blows up in finite time no matter how small ¢ > 0is. We will
also specify the order of the lifespan with respect to . What we intend here is to illustrate, by using a simple model, how
the interplay between the mass resonance and the nonlinear structure can affect global behavior of the solution. Although
our examples below are somewhat artificial, they will help us to develop the understanding for possible mechanisms of
singularity formation in more general nonlinear Schrédinger systems.

2. Main result

In what follows, we always assume that the nonlinearity in (1.1) is in the form

exp(2msus)

Ny =0, Ny=u®  N3=(dus)®+Qu,up) o

. (2.1)

where Q (u1, uy) is either uy2, uqu,, Uiu; or |uz|u,. The main result is as follows.

Theorem 1. (1) Let Q = u,? and assume my : my : m3 = 1: 2 : 4. Then, for any ¢ € (0, 1] and s > 1, there exists ¢ € H*(R)
with ||¢|lps = € such that the corresponding solution u for (1.1) satisfies

lim Ju(t, ) [lps = 00 (2.2)
t—>Te—0

with T, € (ke~*, Ke™*), where k and K are positive constants not depending on .

(2) Let Q = uquy and assumemy : my : mgy = 1: 2 : 3. Then, forany ¢ € (0, 1] and s > 1, there exists ¢ € H*(R) with
ll¢llys = & such that the corresponding solution u for (1.1) satisfies (2.2) with T, € (ke~®, Ke=®), where k and K are positive
constants not depending on ¢.

(3) Let Q = uquy and assume my : my : m3 = 1 : 2 : 1. Then, for any ¢ € (0, 1] and s > 1, there exists ¢ € H*(R) with
ll¢llus = e such that the corresponding solution u for (1.1) satisfies (2.2) with T, € (ke~®, Ke=®), where k and K are positive
constants not depending on .

(4) Let Q = |up|uy and assume my : my : m3 = 1: 2 : 2. Then, for any & € (0, 1], there exists ¢ € H'(R) with ||¢|l;1 = &
such that the corresponding solution u for (1.1) satisfies

lim |u(t, )||g1 = o0
im e, )l

with T, € (ke~*, Ke~*), where k and K are positive constants not depending on s.

Remark 1. For general ¢ € H® with ||¢||ys = ¢, it is not difficult to show a lower bound for T, of the same order in ¢ (that is
to say, we can show T, > k& ~# in the case of (1), for instance) if ¢ is small enough. The novelty of the above theorem is the
upper bound for T,. In particular, this tells us that the order of the lifespan is actually influenced by the choice of Q and the
ratio of the masses.

Remark 2. The relation between the choice of Q and the ratio of the masses in Theorem 1 is characterized by the following
condition:

Q™?z;, e™P2,) = e™7Q(21,2,), 0 €R, 21,2, € C. (2.3)
Our approach does not work without this condition.
We close this section by explaining our strategy of the proof. By setting

o (t,x) = 1 — exp(—2msus(t, x)), (2.4)
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we can rewrite the system (1.1) with (2.1) as

id + ! 2 )u; =0

t 2m1 X 1—=Y,

iat+iaz Uy = u;?,
2m2 X

. 1,

0y + —9; ) o = Q(ug, up).
2m3

This kind of transformation is first introduced by Hopf[22] and Cole [23] for the Burgers equation, and (2.4) is used effectively
by Ozawa [24,25] in the study of the quadratic NLS in the form id,u + %Au = (Vu)? (see also p.38 of [26]). Note that (2.4)
can be rewritten as

-1
us(t,x) = 2—m3 log(1 —o(t, x))

if |o(t, x)| < 1, where the branch of the logarithm is chosen so that log 1 = 0. Our main task in the proof of Theorem 1 is to
choose ¢ appropriately so that

o(Te,x") =1 (2.5)

holds at some point x* € R (while |lo (t, -)||;» < 1fort < T.). The mass resonance condition (or, equivalently, (2.3)) will
play a crucial role in the proof of this amplification. Once (2.5) is verified, we have

C
llus(t, )llps = Clus(t, x*)| = ﬁ' log(1 — o (t, x*))| — o0
3

ast — T, —O0(while |Jus(t, -)||gs < oofort < T.).Similar idea can be found in the paper by Yagdjian [27], where semilinear
wave equations with time-periodic coefficients are considered (see also [28,29]). Remark that the amplification in [27] is
due to parametric resonance and the proof is based on the Floquet theory.

3. Preliminaries

In this section, we collect several identities and estimates which are useful in the subsequent sections. In what follows,
we denote several positive constants by the same letter C, which may vary from one line to another.

First we put £, = i0; + 5-02 and gm(t) = x + L9, for m > 0. Then we have [0y, Fn(t)] = 1and [Lp, 8] =
[£Lm, Fm(t)] = 0, where [, -] denotes the commutator, i.e., [, Q] = PQ — QF for linear operators & and @. Also we can

easily check that

1
Fom () (V) = 5{(ztm<t)¢)¢ + ¢(Fm(OV)}, (3.1)
1
Fam () (PY) = 5{(gcm<t>¢)t/f +2¢(Fam(OV)} (32)
and
I @Y) = —(Im(OP) ¥ + 20 (Fam(OY) (33)

for smooth functions ¢ and . Next we put s, (t) = Fn U (t) "1, where #, and U,,(t) are defined by

_|/m —imy§
(F’m¢)(§)—,/2n /Re é(y)dy
_ |/ m im(e—y)?/(2t)
(Un (D)) (%) —,/Zm.t/Re VEDp(y)dy,

respectively. Note that w(t, x) = (U, (t)®)(x) solves
Lnw =0, w(0,x) = ¢(x).
We also remark that o; A, (t)¢p = —iApn(t) L.

and

Lemma 1. For a smooth function f (t, x), we have
IF Ol = €[ AROFf O llie — C> il F1(0),

where

PmlF1E) = (f (€, Yl + [ Fm(OF € 2 (34)
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Proof. By the relation g, (t) = Unm(t)xUn,(t)~', we have
ARl = 1 FnUm () f 1
< ClIA+ XD Un (O fllp2
=< Comlf1(®).
Next we observe that U,,(t) can be decomposed into M, (t) D (t) Fn M (t), where
(Mn(6)) (x) = €™/ x),
(208) ) = =6 (%)
X)=—o¢(-).
Vit© At
We also set W, (t) = mem(t)}'m‘]. Then we see that

f = um(t)um(t)_lf
M (O)D () FreeMin (£) - Fp  m (OF
= M (0)D(t) Wi (£) Am (DS .

A

From the inequalities [[f ||~ < C|If | 3°1|3«f1l}” and leim?/20 _ 1| < Ct=1/2|x], it follows that

I(Wn(®) = Df e < CIH(W() = DFILS18(Wan(£) — DF[1}3>
e 2 If ) VA Clf i) 2

A f g (35)

IA

Consequently we have

If = M () D (6) A (O [l

| M (£) D () (Wi (£) — 1) A ()f |10

< (Wi () = 1) Am(Of Il
< G Am(Of
< 4 pulf1(0),
whence
Iflle = M (©)D () An(©f llie — If — Mun(E)D () Am(Of ll1o0

IV IV

t 2 An(Of e — Ct pm[f1(0)

asrequired. O

Lemma 2. Let f(t, x) and g(t, x) be smooth functions satisfying £2mg = f2. We have

pansI£N0) = pun 1810 +C [ A7 (36)
where py 5[ - 1is defined by
PslFIE) = I 6, s + | Fm(OF €
for's > 1. Also we have
O (Am(©2(0) — e 2 (AnOF O)] | = T pnlf 10 (37)

where pp[f1 = pm.1[f], as defined in (3.4).
Proof. First we note that g, (t) = %Mm(r)amm(t)*l, which implies

Ifllse = IMm(®) 1o
< ClMn () F 117 1M (O F 111
CIUFIl 2 N gm(Of l12)

Ct 2 plf1(0). (38)

INIA

IA
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Since [Lom, aigz,,,(t)"] = 0, the standard energy method yields

d . .
7 1% 8om© gt )l < 18 om O )2 (39)
fork =0, 1andj < s — k. From (3.1), (3.8) and (3.9) it follows that
s—k
pms gl = ZZ 18] Fam (g (£, )2
k=0 j=0
1 s—k

IA

ZZ 18] Fam (O )2
15
5— 1 s—k
(> ||aff||Loo> (Z > ||a;'”gm<t)"f||Lz>
Jj'=0

k=0 j"=0

| /\

IA

™2 pm s[f1(0)*.
By integrating with respect to t, we obtain the desired estimate (3.6). To prove (3.7), we put «(t, §) = (Am Of (¢, ~)) &),
B¢, &) = (Aam(t)g(t, ))(€) and
R(t.§) = idp(t, &) — e/ P (t, £)%.
Note that ||a(t, -)||g1 < Comlf](t) and

10:8 = A (t)Lomg

FomUzm ()" (F?)

Wan(6) " D(O) " Mo () (Min (O D(O) Win(Dt)”
Won() " D(O) " (D(O) W (D))

e AT 2 (6 (W (D)),

With the help of (3.5), we have
IR, e = €72 Wa(©) T (WD) — & 1

(| Wan ! = D)’ | + | (Wnl)) — 2] )

IA

IA

V(A (Wn©0) [+ W (©) + Dl | (Wi (0) = Dl )

IA

eV (e A W Ol [ Wn (Ot lgr + Cllclr - CE el )

IA

Ct ot )12,
< > palf1()?,
which yields (3.7). O

A

Remark 3. The above argument can be generalized as follows: let vq, v, v3 be smooth functions of (t, x) satisfying £, v3 =
Q(v1, vp), where Q : C x C — C satisfies (2.3) and

Q(rz1,z2) = A*Q(z1,2), A >0, 21,2, € C.
Then we have
i3 = t72Q (e, 2) + R,
where
ai(t, ) = (Am (DV;(E,))(E), j=1,2,3,
Q(Oh, o) = ei”/4Q(e_i”/4a1, e_i”/‘laz),

R(t7 E) = til/z{wmg(t)ild(wml (t)C(], sz (t)az) - Q(ala 0[2)}-
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4. Proof of Theorem 1

This section is devoted to the proof of Theorem 1. Since the essential idea is the same, we consider the case of (1) in detail
and only the outline of the proof will be given for the other cases.

In what follows, we fixs > 1and ¢ : R — C which satisfies ||, '¥[lis = 1and [|(1 4 [X)* 'd:¥[l;2 < oo. Let
v = (vj(t, X))j=1,2,3 be the solution to

elfm]U] =0,

£m2U221212, t>0,xeR
2

£m3v3 =,

with the initial condition

v1(0,%) = (F,. ') (%),
v(0,x) =0, (4.1)
U3(0, X) =0.

We have the following.

Lemma 3. Let v be as above. Under the assumptionmy : my : m3 = 1: 2 : 4, there exist positive constants k and K, independent
of &, such that

sup  lus(t, )lee < 1 (4.2)
O<t<ke—4
and
lvs(Ke™, )l > 1. (4.3)

Before turning to the proof of Lemma 3, we show that (1) of Theorem 1 is derived from this lemma: we set T, =
sup{T > 0; |vs(t, )|lie < 1for0 < t < T}. Then (4.2) and (4.3) imply ke ™% < T. < Ke™*. Also, since the function
R 3 x — |v3(Tg, x)| is continuous, we can choose x* € R such that

[03(Te, x*)| = [lv3(Te, ) l1ee = 1.
Now we take 6 € R so that v3(T,, x*) = €™’ and we set
»1(x) = Sefimlg(f'vnfl]lﬂ)(x), 2(x) = @3(x) = 0.
Then, by the uniqueness of solutions to (1.1), we have
ui(t, x) = e ™%y (¢, x),
U (t, x) = e" M0y, (¢, x),

1 )
us(t, x) = ET, log(1 — "™ v3(t, x)),
3

which is a desired blowing-up solution. O
Now we are going to prove Lemma 3. First we show (4.2). We put p; () = Pm;s[v;1(E) forj =1, 2, 3. By (3.6), we have

p15(t) < p1,5(0) = Ce, (4.4)
‘ , dt 2,12

pre(® 20+ [ prer S < e, (45)
0 T

and

‘ , dr 4,3/2

p3,5(t) < 0+Cf P25(T)" =7 = Cet 2, (4.6)
0 T

From (3.8) and (4.6) it follows that
o (e, )l < ™2 p3 (1) < Cet < Cic

for t < ke~ By choosing « so small that Ck < 1, we arrive at (4.2). Next we turn to the proof of (4.3). We put
oj(t, §) = (Am;(D)v;(t, ) () and p;(t) = pm;,1[v;](¢) forj = 1, 2, 3. Since drat1 = —ichp, (t)Lm, v1 = 0, we have

oq(t,§) = a1(0,8) = ey (§). (4.7)
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Also, it follows from (3.7) that
| et (£, &) — e P4 Pay(t, £)%] < e/ pi(0)?
forj = 1, 2. By (4.4) and (4.7), we have

oz (£, §) — 27T 2y (6)°t12] < Jaa (1, 6) — 2675 Py (6)%| + C / P’ =5

tdr

2 2
EC{;‘ +C€ m

< Ce’t/ (4.8)
for t > 1. As for a3, it follows from (4.5) that

as(t, &) — e~/ / (e 6?57

dt
< Jos(1,6)| + c/ P S

t

< C84+C84/ V4dt
1

< Cce*t>/4,

On the other hand, (4.8) yields

t
/ Celrl/4. C82r1/2d77

t
dt
2 _ (9p—i3n/4g2 2_1/2\2
M (onlr, £ = Qe ety R S < -
< ce*t/4,

Summing up, we deduce that

‘%(f £) — —e Oty (£)43?| < cett?t
fort > 1.In partlcular, we obtain

les(t, )lle = C*e*t>? — Cet4, (4.9)

where C* = %Htﬂ”fw > 0. From (4.6), (4.9) and Lemma 1 it follows that
lvs(t, e = 72 las(t, )l — Ct/4p3(t)
> C*e?t — Ccet?/4.
By taking K large enough, we have
lvs(Ke™, )||je > C*'K — CeK3/*
(C*KV4 — oK3/4
> 1,

%

which completes the proof of (4.3). O
Finally, we give an outline of the proof of (2), (3), (4) of Theorem 1. In the case of (2), the problem is reduced to getting
growth estimates for the solution (vj)j=1,2,3 to

olevl = 0,

2
°szv2 =V,
£m3v3 = V1Vy

with the initial condition (4.1). Along the same line as the preceding argument, we can show that

03(t) < Ce’t (4.10)
and

les(t, Ille = 26|91t — C&>e*/,
Note that the identity (3.2), instead of (3.1), plays the key role in the proof of (4.10). By virtue of (3.8) and Lemma 1, we have

sup  Jlus(t, Ve <1 and  [lus(K'e™C, )|l > 1
0<t<k’e=6
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with some positive constants «’ and K’. It follows from these estimates that T, € (x’¢~%, K’¢~%), which yields the desired
conclusion. As for the proof of (3), we just have to replace (3.2) with (3.3) to obtain (4.10). The proof of (4) is also similar:
just use

1&m, (O (v2l02) 2 < Cllvalleee | Fm, (E)v2l 2 (411)
in order to get the growth bound for p5 1(t). O
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Appendix. A quick review on blow-up of negative energy solutions

To make the difference between typical blow-up results and ours clearer, we will give a quick review on the proof of
finite time blow-up for the 3-component NLS system

1
(iar + 7A) Uy = Upus,
2m1

1
(iat—i——A) Uy =tquz, t>0,xeR", (A.1)
2m2

1
(lat + 7A) us = uqUy,
2m3

under the assumptions E[u(0)] < 0, m3 = my + m; and 4 < n < 6, where the energy E[ - ] is defined by
3

1 2
EW1 =D 5 IVl + 2Re /R 0¥ ()

=1

for v = (¥})j=1,2,3. Note that the 2-component system (1.2) can be regarded as a degenerate case of (A.1), and the relation
ms = my + my should be interpreted as the mass resonance relation associated with (A.1).
The core of the proof is that the following three identities hold (cf. [30,31], etc.):

iE[ ®]=0
a =0

d & _
o Y MO, = 2VIu©) - 20ms + ma — mayim | P e, (e, 0
=1 RY

3

d _n d-n~ 1 o
2V O] = ZEu®]+ — ;ijnw](ong,

where V[ - ] is defined by
3
Viyl=)_ Imf Ui X0X - Vj(x)dx.
=1 I
Once these identities are obtained, we can easily see that

3 3
n

> milxu Ol < 3 mylxu(O)IIF, +2V{u(0)e + ZE[u(©)]e* < 0

j=1 j=1
for sufficiently large t. This contradiction implies the non-existence of global solutions to (A.1) in HI(R™) N [*(R"; |x|?dx)
when E[u(0)] < 0, m3 = my + my and n > 4, while the local existence for (A.1) can be shown when n < 6, which comes
fromp+ 1< nZTnz with p = 2 (see [14] for the details).

We remark that E[u(0)] < 0 implies u(0) cannot be arbitrarily small, because
309 L
Eley] = [ D VYl + 2¢Re / V1Y) Y3 (X)dx | > 0
=1 Zm] RN

if ¥ # 0and ¢ > 0is small enough. In fact, we can show the global existence of solutions to (A.1) if the data are suitably
smallin H'(R") N [2(R"; |x|?dx) when n = 4 (see [14]). In this sense, our small data blow-up result presented in Theorem 1
should be distinguished from this kind of “large data” blow-up.
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