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! look loops everywhere. The class of analytic functions with the CBB was formulated and
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investigated in Dong et al. [6]. In this note, our main objective is to give further discuss of
the criteria of CBB in Dong et al. [6]. We show that the two major criteria, the accumulation
of the zeros of f'(z) near the boundary and the fast mean growth rate of f’(z) near the
Infinite Blaschke product bou_ndary, do not imply each other. Also we make an improvement of another criterion,
Pre-Schwarzian derivative which allows us to have more examples of CBB.
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1. Introduction

We use D to denote the open unit disk with center z = 0, and let 9> be its boundary. Let A(D) denote the space of analytic
functions on D and continuous on D. For f € A(D), consider the decomposition Co, \ f(9D) = szo W;, where the W;’s are
simply connected components. We say that f € A(D) has the Cantor boundary behavior (CBB) on I if

flofmy),  f@w) NoD

are Cantor-type sets in D (i.e., uncountable nowhere dense closed sets of dD). The definition implies that for any open arc
I on 0D, f(I) contains infinitely many loops.

The concept of the Cantor boundary behavior (CBB) for analytic functions was first introduced in [4] and studied in detail
in [6,3,5], it is used to describe some fractal behavior of analytic functions on the unit disk. The original idea comes from
Strichartz’s Cantor set conjecture (see [8]), which was proposed for the Cauchy transform F(z) = fK d#H*(w)/(z — w) of
the Hausdorff measure on the Sierpinski gasket K, it was observed that the curve F(dAg), where A is the unbounded
component of C \ K, is a fractal curve filled with loops within loops (due to the similarity). The conjecture is proved by Dong
and Lau in [5].

By using some delicate analytic topology arguments, Lau and two of the authors established two criteria for the CBB. The
first criterion concerns the distribution of the zeros of f’(z) (see Theorem 5.3 of [6]). The second criterion for the CBB (see
[6, Theorem 5.6]) makes use of the well known integral mean spectrum 8(X) of normalized univalent functions on D:

log (" 1 (re) o))
B(\) =sup | limsup
fes r—1- - lOg(1 - r)

where 4§ denote the class of univalent functions f on D with f (0) = 0 and f'(0) = 1. The upper estimate of B(A) was given
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by Pommerenke ([9], [10, p. 178]):

1 1\ 12
ﬂ(A)gA—E+(4A2—A+Z> <3224723, A>o0. (1.1)
The exact statement of the two criteria is the following theorem.

Theorem A. Let f € A(D). Then f has the Cantor boundary behavior (CBB) in I, if either one of the following conditions holds:

(i) The set of limit points of Z = {z € D : f'(z) = 0} equals 0D; or
(ii) For every interval E C [0, 2] with Lebesgue measure |E| > 0, there exist A > Oandn > S(A),andC > 0,0 <19 < 1
(all depend on E) such that

C
' (re”)[*do > ——,
/ (T —=r)
In [6], we used the infinite Blaschke product to construct the following example which satisfies (i). Recall that for p > 0,
the HP-space on I is defined to be the class of analytic functions on D so that [[f |, = sup,_; (5= [y |f(rei9)|Pd49)1/p < o0.

rn<r<1. (1.2)

Example 1. Let 6, = m/k, m=1,2,...,k—1, k=2,3,...,and letz., = (1 — k~%)e2"%m_Since Y2, %1 (1 —
|Zkm|) = D oy (k— DK™ < oo if s > 2, the Blaschke product

k—1
- |ka| ka_
p@=[]]]
Zk,m 1—kaZ

=2 m=1

converges uniformly for |z| <r < 1and |ps(z)| < 1forz € D. Fors > 2, we define a subclass F; of analytic functions in D:

= {f(Z) 2/ g(&)ps(6)dé : g € H'(D) }
0

Then for any f € F, f has the Cantor boundary behavior.

Beside the class of examples, it was shown that the complex Weierstrass functions

o0
Wq,ﬂ(z) — Z qfnﬁzqn

where 0 < 8 < l and g > 1 an integer, satisfy (ii) by Theorem 6.7 in [6], and satisfy (i) by Corollary 6.5 in [6] (see Fig. 1).
We remark that if g is large and B is small, then W, g(dDD) can be a space filling curve [1,12,11]. Also, Strichartz’s Cantor set
conjecture for the Cauchy transform F on the Sierpinski gasket was answered positively in [5] by (ii).

For the two main criteria (i) and (ii) of CBB, it is clear that the (i) does not imply (ii) from the example of the Blaschke
product. However it is not so clear whether (ii) will imply (i). In this paper, we first construct a function f € A(D) satisfies
(ii) but not (i).

Theorem 1.1. Let f, 4(z) = foz exp (,o Z;";l qanqn> dw, z € D. Then f, 4(z) satisfies (ii) in Theorem Aif q > 4; thereis a
constant ¢ > 0 such that f, 4(z) is a Lipschitz function of order 1 — cp on D if p € (O, cYand q > 2 an integer. Hence f, 4(2)

has the Cantor boundary behavior (CBB) on D for p € (0,c™ ") and q > 4.

Remark 1. To sum up the above discussion and Theorem 1.1, we conclude that the criterions (i) and (ii) of the Cantor
boundary behavior (CBB) for analytic function on D are independent of each other, i.e., there is a function f € A(D) satisfies
the criterion (i) but not (ii), and there is a function g € A(D) satisfies the criterion (ii) and g’(z) # 0 (i.e., g(z) does not
satisfy (i)). However, the Weierstrass functions W, g4 satisfy both criteria (i) and (ii).

We also want to construct a function f which has the CBB, and satisfies the criterion (i) on subset E of 0D and not on its
complement dD \ E. To the end, we need to illustrate another sufficient condition of CBB using the pre-Schwartz derivatives,
i.e., we extend the criterion (i) slightly, and make use of it to provide a new class having CBB.

Theorem 1.2. Let g be analytic in D and continuous on D. Suppose there exists a dense set E of 9D such that for any e € E,
there exists a sequence z, — € (n — o0) such that

g'(z,) =0 foralln (1.3)
or

g"(za)
g'(zn)
Then g(z) has the Cantor boundary behavior (CBB) on D.

lim sup(1 — |z,|? )

n—oo

> 24. (1.4)
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Fig. 1. The graph of W, 4(dD) with g = 10 and B = 0.6, the right is a magnification of the graph at a neighborhood of 1.

We remark that the above theorem is a modification of Theorem 7.2 of [6] by replacing g’(z) # 0 for all z with the
addition part of g’(z,,) = 0in (1.3), which allows us to construct more examples.

Theorem 1.3. Let a, /' 400 asn — oo, and the positive integer sequence {b,} satisfy b, — b,_1 > ca,(n > 1) for some
constant ¢ > 0. Let s > 0 an integer, B(w) = ez° [TV, 4 27 gng

j=1 z 1-zjw
8p.q(2) =/ B(w) exp (,oZa,,wq )dw

n=1

where N is finite or infinity, z; € D and z; # 0 for all j, and Z]N:j(l — |zj]) < oo. Then g, 4(z) has the Cantor boundary
behavior (CBB) on D for small p > 0.

Remark 2. Let N = oo and Z be the zero set of the infinite Blaschke product B(z), it is easy to see that the set of the limit
point of Z has to lie on 9D, hence there is at least a point £ on 9D to be a limit point of Z. For any subset E of 9D, by using
the method of Example 1, we can construct a B(z) such that the set of the limit points of Z equals exactly E, hence B(z) has
an extension analytically in D \ E (see [2]).

2. Estimate of integral means

It is known that the growth rate of the integral mean of |f’(z)| plays an important role in the theory of univalent functions.
In [6], the authors used this to establish a criterion for the function f having the Cantor boundary behavior: the fast mean
growth rate of |f’(z)|* near boundary as in (1.2), i.e., it is faster than that (the integral mean spectrum $(1)) of the univalent
function. To prove Theorem 1.1, we need to estimate the mean growth rate of

foq@) = /Z exp (,o Zq”wqqn> dw, zeD (2.1)
0 n=1

where p > 0is a small constant, and q > 2 an integer.

Proposition 2.1. Let f, ,(z) be defined by (2.1) with q > 4, then for any interval [a, b] C [0, 2] with b — a # 0, there exist
Mo, C > 0and 0 < ry < 1(depending only on the interval [a, b]) such that

/ If) o (re”)*do > O<A<Agrg<r=<1 (2.2)

~ (A=

where k > 0 is an absolute constant.
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Proof. Let u(re”) = 3" ¢"r?" cos(q?'6), itis easy to see

exp {p Z qn(rel'e)qq" ]

n=1

A

I, (e = — exp{pru(re?)).

Let integer Ny > 2 such that (b — a)q"NO > 4. It follows that there exist constants ¢, dwitha < ¢ <d < bands € Z such
that

[cq™®, dg?°] = [2571 -5 257w +—}

For integer M > Ny, we have (d — c)qu > (d— c)qu"+1 = 271qu°("‘1) > 167, and hence there exist ¢y, dy with
c<cy<dy<d,dy—cy > %(d—c)andk, le Z,1 > k+ 3such that

3
[cmqu, dquM] = |:2kn' — % 2l + ;i| .

Letcy =C <€ <+ < Ck < Cloit1 = dM such that (ci41 — c,-)qu = 2m for 0 < i <1 — k. For each interval [c;, ¢i+1],
there exist [c/, d;] C [c;, ciy1] withd] — ¢/ = 4(c,+1 ¢;) such that

V2

cos(q"" 0) > o 0eld.dl. (23)

M M1 L MM . _ M M .
Letr e [1—q% ,1—q~% " ].Since (1—q~% )7 isincreasingand (1—q¢~ 9 )4 — 1/e (M — 00), then there exists
N; > Ny such that

™M M+1 "

M M+1
13<(1—q ™) <", 1 <a-qH" <12 (2.4)
for M > N;. This and (2.3) imply that for 6 < [c], d}],

. 2 M-+1 M-1 © n
wre®) = L2 4 g™ cos(@t ) ( > )q”r"q
2

6 n=1 n=M+
> % 4 g cos(™ ' g) — q:__lq .y (2.5)
where | = Z;";MH q”rqqn. It follows from (2.4) that
g+ (n—M—2) 0" —q"'*?
- %qM+2rqu+2iqu+l i q(ﬂ7M72)rqqnquM+2'

n=M+2

Let 8 = ¢, noting that 7"~ — 1> ™ — 1 > (B9 — Dnforn > 2, we have

M-+2+n M+2 +2 n_ M-+3 M+2
¢ = ¢ BT =D=@" —q" n
Obviously, the above inequality also holds for n = 0, 1. Thus
M2 M+1
1 w2, +2_ M+1 *© MH3 M2 1 rd’
< _ q —q n__ - M+2
I < 2(1 Zq (r ) Zq = qrqu+3_qu+z :
In view quqM+ . qu+1 > ququ and g¢ 3 qu+2 > quﬂquﬂ' we have
MAT M+ 1 gt
I < 1qM+2 re 1 M+2 (3) < gM+? - 1
=5 1— qrqu+1qu+1 ) 1 . (%)quﬂ = 2(2qu+1 _ q) q-— 1

for large M > N, > N;. By (2.5),

. 2 1 M+1
ure = ({ B )q + " cos(@™ ),
q—



J.-C. Liu et al. /J. Math. Anal. Appl. 408 (2013) 795-801 799

hence forq > 7,

g . 2 —
/ exp{pru(re”)}do > exp {,ok[
C/

i

1 g M1
qM] / exploagt'r? cos(q™ ' 9)}de.
<

Since (d} — ci’)quH = 2(Cip1 — o) = %qu(‘H) > %qu > %ZzM > 1287 for M > Ny > 2, we can find
[¢/, d] C [/, di]and positive integers s, hwithd — ¢/ > (d; — ¢/)/2 and h > s + 31 satisfying

b/ 3w
[Ci//quH’ dl{/qu+1] - [an -3 2hm + 2] .

LetE; = {6 € [c/,d]]: cos(quHQ) > 0}. It follows that the Lebesgue measure of E; is |E;| = (d] — ¢/)/2 > (d} — ¢[)/4 =

127

(ciy1 — ¢i)/16. Hence

d Mt 1
/ exp{prg™ 11" cos(q™ " 6)}do > / d6 > |Ei| = o (i1 — ).
c[.’ E;

by summing, we have

d/ _ —
/ If; 4 (re)"d6 > Z/ exp{ pru(re”)}do > d32C exp{pkﬁ6 1qM}. (2.6)

_Na+1

Noting that the inequality (2.6) holds forall M > N; and 1 — q‘qM <r<1- q‘qMH. Now we takerg = 1 — g ¢

andC = (d — c)/32 Then foranyr € (rg, 1) close to 1, we can find aM > N, such that 1 — q‘qM <r<1l- q‘qM“, which

implies g™ > qlogq log - 1 - Hence (2.6) gives that for q > 7,

\%

b
/; |f/;~,q(re'6)|kd0 z d32C €xXp {p)‘quogq IOg 1- r} W’

where k = 6[’ > 0.
qlogq

M
For the cases ¢ = 4, 5, 6, we only need to take cos(quQ) > 1—¢, 0 €[], d]]in(2.3)and take % —e<(1— q‘qM)qq <
M
r®" in(2.4), by using some small modifications, we complete the rest of the proof. 0O

To prove Theorem 1.1, we need

Hardy-Littlewood Theorem ([7, Theorem 5.1]). For an analytic function h in I, it has a continuous extension to D and has
Lipschitz order 0 < o < 10n 0D if and only if

/ _ 1 —
h(2) —O<7(1 —r)‘*“)’ r=|z| > 1.

Proof of Theorem 1.1. From Lemma 7.3 of [6], there exists a constant ¢ > 0 such that

00 .
= 1—fw]
n=1

It follows from Hardy-Littlewood Theorem that f, 4(2) is a Lipschitz function of order 1 — cp on D if p € (0, ¢ and
q > 2 an integer. By (1.1), we see that for A sufficiently small, (1) < 312 + 743 < p«A, thus the fo.q(2) satisfies (ii) by
Proposition 2.1 and taking n = pkA. O

< clog

3. A new criterion for CBB and examples

In this section, we consider another criterion for CBB, it is an improvement of (i) slightly, the criterion allows us to have
more examples having CBB. The following lemma is the crux to prove criteria (i) and (ii) of the CBB [6, Propositions 4.1 and
4.3].

Lemma 3.1 ([6]). Let f € A(D) and suppose there is a non-degenerated arc I C 9D such that
fd) Cof@) or f()C oW, (3.1)

for a connected component ‘W; of the complement of f(9ID). Then there exists a non-degenerated sub-arc | C I and a Jordan
domain D C D such that ] C 9D and f is univalent in D.
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Lemma 3.2. Let f(z) be analytic in D. Suppose that there exists a simply connected domain D C D such that f (z) is univalent in
D. Then

'@
f@

The proof of this lemma can be find in the proof of Theorem 7.2 in [6].

(1—=1z% <24, zeD.

Proof of Theorem 1.2. We only need to show that g~ (g (D)) (or g~ '(d 'W;)) does not contain any sub-arc of dD. Suppose
otherwise, there exists an arc I such that g(I) C dg(D) (or g(I) C 9'W;). By Lemma 3.1, there exists a non-degenerated
sub-arc I’ of I, and a Jordan domain D C D with I’ C 9D such that g(z) is univalent in D. This and Lemma 3.2 give

g’ (@)
g'(@)
which contradict the assumptions (1.3)-(1.4). O

2@ #£0 and (1—|z]?) <24, zeD,

By applying Lemma 6.6 (with s = 1) of [6], we have:

Lemma 3.3. Let f(z) = Z,‘f; 29" with integer q > 2. Then there exist ¢ > 0 such that

1
, —<r<l1.

f@r) <clog 3

1
1-=r)

Lemma 3.4. Let f(z) = Zn 1 anzq where q > 2 is an integer and a, /' oo asn — oo, and {b,} is a positive integer sequence
with ¢’ (b, — b,_1) > a,(n > 1) for some constant c¢’. Then there exists ¢ > 0 such that

1 1
fry<clog——, - <r<1.

1-r’ 2

Proof. For any integer n > 1 and % <r < 1, we have

b b by_1+1 bn—1 b
anr®" < c'(by = by )r®" < /T 4T 4T,

By Lemma 3.3, we conclude
apr®" <c r <clo
Z n Z s (1 _ T)

Proof of Theorem 1.3. Let ¢ > 0 be in Lemma 3.4. It follows from Hardy-Littlewood Theorem that g, 4(z) has Lipschitz
order 1 — cp at the boundary for p € (0, c™'), hence 8o.q(2) € A(D).

Now we find a dense subset E of 0D such that (1.3) or (1.4) in Theorem 1.2 is satisfied. Fork > 3andm =0, 1, 2, ..., qbk —
1,let Oy = 2rmq . Then E := {e%m} is dense on 9. Let Z = {z € D : g, (z) = 0}, it is easy to see that Z is the set of
zero points of B(z),i.e, Z ={z;: j=1,2,...}ifs=0,0rZ={z: j=1,2,...}|U{zo = 0}ifs # 0.

We take a g = e'%m ¢ E, if ng is a limit point of Z, then there exists zj, € D such that

g,,7,) =0 and z, — no. (3.2)

If o is not a limit point of Z, then there exists § > 0 such that dist(ng, Z) = 28.Letr, = 1 —q %+ (I = 1,2--) and

b,
& = nmno, it is easy to see that there exist [y > 0 such that |§; — ny| < § and rlq ! > % for I > lp. Hence |§ — z;| > § for
I > Ipand z; € Z since |no — zj| > dist(no, Z) = 28, which implies

B@)| _s - lgP) _s
2 Al Al LA 1-1z).
B(&) 5+Z T—zZalE—z —8 5 Z( 14D

Thus for | > Iy, we have

(1-

< b i6) bn
p Y ang™ (riem)d

gp q(él) ‘ _ (1 _ le) n=1

8548

B'(&)
riet.m B(&)

- 1&?

© P s 4
> (1-1))p (Z aarf = ad | =< =< ) (- lz).
n=k n=1 j=1
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With a similar proof of Lemma 3.4, we have

k—1 bg—1 0 qbk
Zanqbn < ¢ an < c/qb’“‘ qun < ¢ )
n=1 n=0 n=0 q- 1
. Pkt 1.
This and the fact r, > 3 give that for large [,
" N
@) e igH! b s 4
P LI AT (T G Sl L o SR
2,46 3 g—1 § 84
s j=1
N
G s 4
> p=t === = (- Iz).
e R P

It follows from Z;’:](l — |zj]) < oo and a, — oo that

a—1&® M — 00, & — e%mas]— oco. (3.3)

5.4

(3.2) and (3.3) show that g, 4(z) satisfies the conditions of Theorem 1.2, hence has the Cantor boundary behavioronD. O
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