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1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm | - |. We denote weak convergence in H by — and strong
convergence by —. Let D be a nonempty subset of H. A self-mapping T of D is said to be nonexpansive if |[Tx — Ty| <
|x —yl, Vx, ¥y € D. Nonexpansive mappings have been studied extensively in all aspects. We refer the reader to the compre-
hensive books [10,11,18]. The first nonlinear ergodic theorem for nonexpansive mappings defined on convex subsets of H
was proved by Baillon [1]. A sequence {x,} in H is called a nonexpansive sequence if |X;11 — Xj11| < |x; — x;|, Vi, j > 0. The
study of nonexpansive sequences arose in connection with the study of iterates of nonexpansive mappings to show that it is
possible to draw conclusions about asymptotic behavior in situations where the domains of such mappings may not be con-
vex. The asymptotic behavior of such a sequence follows solely from the inherent properties of the sequence itself and the
underlying space. The first ergodic theorem for such sequences in H was proved in [2], and then extended to almost nonex-
pansive sequences and curves which contain almost-orbits of solutions to quasi-autonomous dissipative evolution systems,
as well as to more general mappings of nonexpansive type. We refer the reader to [2-8] and the references therein. Kohsaka
and Takahashi [16] and Takahashi [19] introduced some new types of nonlinear mappings; they called them respectively
nonspreading and hybrid. See also [13,15] and the references therein for related material. Recently, Kocourek, Takahashi and
Yao [14] introduced a wide class of nonlinear mappings which they called generalized hybrid mappings, which contains the
class of nonexpansive, nonspreading, as well as hybrid mappings, and they proved an ergodic theorem for such mappings,
generalizing Baillon’s ergodic theorem [1]. A self-mapping T of D is said to be generalized hybrid if there exist real numbers
o, B such that

allx —TyP + (1 —a)lx — Ty|> < BITx —y|> + (1 — B)lx —y|*, Vx,y € D.
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Very recently, Takahashi and Takeuchi [20] proved a nonlinear ergodic theorem without convexity for generalized hybrid
mappings in H, extending the results in [13-16,19].

In this paper, motivated by our previous work on nonexpansive sequences [2-8], and the new concept of generalized hy-
brid mappings introduced by Kocourek, Takahashi and Yao [14], we introduce the notion of generalized hybrid sequences,
and we first prove an ergodic theorem for such sequences in H in Section 3. Our proof uses some modifications of the tech-
niques used in our previous work [2-8] and is different and simpler, with stronger results than the one given by Takahashi
and Takeuchi [20]. Then by a modification of our method, we are able to establish in Section 4, a new weak convergence
theorem for such sequences in H.

The notion of absolute fixed points for a nonexpansive mapping was first introduced in [5], and the existence of such
points in Hilbert space was established there. Using our methods described above, we are going to show in Section 5, the
existence of absolute fixed points for generalized hybrid mappings in H, extending the results in [13-16,19,20]. Motivated
by Goebel and Schéneberg [12], we proved in [6] some fixed point theorems for mappings of asymptotically nonexpansive
type defined on nonconvex domains, where the Kirszbraun and Valentine’s extension theorem (see [17]) used in [12] is not
available anymore. In this paper, motivated by [6] and using our methods described above, we finally prove in Section 6,
some new fixed point theorems for generalized hybrid mappings defined on nonconvex domains in H, extending the results
in [13-16,19,20], and in Section 7, we present some examples of potential applications of our results.

2. Preliminaries
Here we recall and introduce some notations and definitions we shall use in the sequel.

Definition 2.1. Let (x,;)n>0 be a sequence in H.
(a) (xp)n>o is said to be a generalized hybrid sequence in H, if there exist real numbers «, 8 such that
alxivr — X1 1>+ (1= @) |xi — x> < Blxipr — x> + (1 — Blxi — x*, Vi, j> 0.

(b) (xn)n>0 is said to be asymptotically regular (abbreviated a.r.) (resp. weakly asymptotically regular (abbreviated w.a.r.))
ifXp41 — X, = O, (resp. X417 — x, — 0),as n — 4-o00.

Definition 2.2. Given a bounded sequence (x,)n>0 in H, the asymptotic center ¢ of (x,),>¢ is defined as follows (cf. [9]). For
everyu € H,let¢(u) = limsup,_, , o, |X,—u|?. Then ¢ is a continuous, strictly convex function on H, satisfying ¢ (1) — ~+oo,
as [u| — 4-00. Thus ¢ achieves its minimum on H at a unique point c, called the asymptotic center of the sequence (x,)n>0.
It is known that ¢ € clco{(x,)n>0}, Where clco U denotes the closed convex hull of a subset U of H.

Definition 2.3. Let D be a nonempty subset of H, and let T be a generalized hybrid self-mapping of D. A point p € H is said
to be an absolute fixed point for T if there exists a generalized hybrid extension S of T from D U {p} to D U {p} such that
Sp = p, and if p is a fixed point for every generalized hybrid extension of T to the union of D and a subset of H containing p.
We denote by F(T) (resp. AF(T)) the set of fixed (resp. absolute fixed) points of T in H.

Notations 2.4. (a) Given a sequence (x,)s>0 in H, we use the following notations introduced in [2-4]: F := {q € H;
lim,_ 1 |X, — q| exists} and F; := {q € H; the sequence |x, — q| is nonincreasing}. It is clear that F; C F, and it
was shown in [2-4] that F; and F are closed convex (possibly empty) subsets of H. For a self-map T of a nonempty
subset D of H, Takahashi and Takeuchi [20] introduced the set A(T) := {x € H; |Ty — x| < |y — x|, Vy € D}, and called it
the set of attractive points of the map T. It is clear that A(T) C F;, and that the two sets coincide when D consists of the
orbit under T of some x € H.

(b) We denotess, := 1 3" 1 x;.

(c) IfK is a nonempty closed and convex subset of H, we denote by Py the metric projection map of H onto K. We recall (see
e.g. [18]) that for any x € H, we have y = Pxifand only ify € Kand (x —y,z —y) < 0,Vz € K.

Definition 2.5. We say that a nonempty subset D of H is Chebyshev with respect to its convex closure, if for any y € clco D,
there is a unique x € D such that |y — x| = inf{|y — z|; z € D}.

3. Ergodic theorem

In this section, we prove an ergodic theorem for generalized hybrid sequences in H, extending with a simpler proof, the
ergodic theorem of Takahashi and Takeuchi [20, Theorem 3.1].

Theorem 3.1. Let {(x,)n>0} be a generalized hybrid sequence in H. Then the following are equivalent:

(i) Fy # 0.
(i) F # 0.
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(iii) {x,}is bounded in H.
(iv) s, converges weakly to somep € H,asn — —+o0.

Moreover, in this case p is the asymptotic center of the sequence {x,} in H, and p = lim_, 1 o P, X;.

Proof. Itis clear that (i) = (ii) = (iii). Let us show that (iii) = (iv). Since {x,} is bounded in H, {s,} has a weakly convergent
subsequence, say Sy, —j_.oo P. By the polarization identity, we have 2(x, — p, xm — p) = |x — P2+ |xm — PI? — |X1 — xm|?.
Writing this identity in the following four ways with the following indices and multiplied by the corresponding coefficients:
=i+ 1,m = k+ 1, multiplied by o; [ = i, m = k + 1, multiplied by (1 — «); [ = i + 1, m = k, multiplied by —f; and
I =i, m = k, multiplied by —(1 — ), and then adding up the four identities obtained, after some manipulations, we get the
following inequality:

200(Xit1 — P, Xky1 — D) — 2B X1 — P, X — D) +2(1 — o) (X; — P, X1 — P) — 2(1 — B)(Xi — p, Xk — D)
> (& — B)(Ixix1 — pI* = 1% — pI*) + [xes1 — PI* — |xi — pI;

{x,} being bounded, we have % Z;:o] Xiy1 — Sp = @ — o0 0. Therefore, summing up the above inequality fromi = 0
toi = n — 1, dividing by n, replacing n by nj, and letting j — +o0, we get 0 > x4 — pl®> — |xx — p|?, which implies
that p € Fy. Now if s;5, = o ¢, then by the above proof, we also have g € F;. This implies that lim,_c(X;, p — q) =
5 im0 (%0 — q1* — 1% — pI*) 4 3 (IpI* — |q|) exists.

Hence (p,p — q) = (q,p — q), which implies that p = q. This shows that {s,} converges weakly to some p € H, as
n — 00, and proves our assertion. Finally, (iv) = (i) is already shown in the above proof since p € F;. Now the proof is
completed by using [4, Theorems 3.3 and 3.4] which show respectively that p is the asymptotic center of the sequence {x,}

inH,and thatp = lim;_, 1o P;,X,. W
Remark 3.1. Example 3.5 in [4] shows that the sequence Prx, may not converge in H.

Remark 3.2. The above proof shows that if « > g, then (iii) can be replaced with the weaker condition lim inf,,_ o, |S,|
< +00.

4. Weak convergence theorem

In this section, we prove a weak convergence theorem for generalized hybrid sequences in H, which is completely new,
to the best of our knowledge.

Theorem 4.1. Let (xn)q>0 be a generalized hybrid sequence in H. Assume that {x,} is weakly asymptotically regular. Then the
following are equivalent:
(i) Fy # 0.
(ii) F # 0.
(iii) {x,} is bounded in H.
(iv) x, converges weakly to some p € H, asn — +o0.
Moreover, in this case p is the asymptotic center of the sequence {x,} in H, and p = lim,,_, { o P, X;.

Proof. It is clear that (i) = (ii) = (iii). Let us show that (iii) = (iv). It follows from (iii) that {x,} has a weakly convergent
subsequence, say Xnj —j>oo P Lletm > 1 be a fixed integer, and let M = supp>ol|x,|. As in Theorem 3.1, writing the
polarization identity in the following four ways with the following indices and multiplied by the corresponding coefficients:
I = nj+i+1, m = k+1, multiplied by ; [ = nj+i, m = k+1, multiplied by (1—a); | = nj+i+1, m = k, multiplied by —8;
and | = n; + i, m = k, multiplied by —(1 — ), and then adding up the four identities obtained, after some manipulations,
we get the following inequality:

200 (Xnjtiv1 — Py X1 — P) — 2B (nyvitr — P, Xk — P) + 2(1 — o) (Xnj4i — P, X1 — P) — 2(1 — ) (Xnji — P, Xk — P)
> (@ = B)(Xnrisr = PI* = i = PIP) + [xirr — pI? = |xi — pI*.
Now summing up the above inequality fromi = 0 toi = m — 1, dividing by m, letting j — +o00 and using the asymptotic
regularity of {x,}, we get
ST 1 2 2 I
0= (o — ) limsup — (|Xp;+m — PI” — [Xn; — PI°) + X1 — PI° — |xk — pI
j=>+oo M

—2|a — BI(M + [p])?
> m + Xk —P|2 — |xx —P|2.

Letting m — 400, we get |x;11 — p|*> — |xx — p|*> < 0, which implies that p € F;. Now a similar argument as in Theorem 3.1
shows that if Xn; —j—>o00 P and X, =00 q, then p = q. Therefore {x,} converges weakly to some p € H,asn — 400,
and by Theorem 3.1, p is the asymptotic center of the sequence {x;} in H, as well as p = lim;_, ; o Pr, X,. The proof is now
complete. W
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Remark 4.1. The above proof shows that if « > g, then (iii) can be replaced with the weaker condition lim inf,_, », ||
< +00.

5. Absolute fixed points

In this section, we establish the existence of absolute fixed points for generalized hybrid mappings in H, extending our
results for nonexpansive maps in [5], as well as the corresponding results in [13-16,19,20]. We start with the following
proposition.

Proposition 5.1. Let D be a nonempty subset of H and let T be a generalized hybrid self-mapping of D. Assume that the sequence
X, = T"x is bounded for some x € D (i.e. T has a bounded orbit). Let ¢ be the asymptotic center of the sequence {x,} in H. Then
foreveryy € D, the orbit y, = T"y is bounded, and moreover the sequence {|y, — c|} is nonincreasing.

Proof. We already know from Theorem 3.1 that s, = 1 ZI —0 Xi —n—oo C, and that ¢ € Fy. Let k > 0 be a fixed integer. We
have

2
Vkr1 —cl® = *Z|YI<+1—X1+1+X:+1—C| + Zlykﬂ—x,—l-x,—d

n—1 n—1

= —Z(a|yk+1—x,+1| + (=)l =Xl + ~ Z(a|x,+1—c| + (1 =)l —c’)

20{ 2(1 — a)
Z(.Vk+1 — Xit1, Xiy1 — C) Z(yk+l Xi, Xi — C)

n—1

1
sz(ﬂml il + (= B)lxi =yl + — 3 i = cf?
i=0
20 4 2(1—a) &
ng@kﬂ—xm,xw—cw - chm Xi, Xi — ©). (5.1)
On the other hand

1 (%0 — yil*> = %0 — ykl?)
- E x; — yil* + ———
n < n

n—1

fZ|x, il +o(1)

1 n—1

2
=Y Ixier — il
nis

where 0(1) is a function of n, tending to zero as n — +o0. Similarly, simple computations show that we have
1 n—1 1 n—1
= Z(yl<+1 = Xit1, Xip1 — C) = = Z(.Vk —Xi, i — ¢) + o(1)
n 4 n 4
i=0 i=0
and
1 n—1 1 n—1
=) Wk — X Xi =€) == > (k= X, X — €) + 0(1).
ns n3

Replacing the above estimates in inequality (5.1), we get

A

1 n—1 1 n—1 2 n—1
st =P = =3 b=yl + - 3 =P = e x5 — o) +o(1)
i=0 i=0 i=0

1 n—1
=D 10— 2 + (4 = OFF +0(1) = Iy — ¢l + o(1).
i=0

Letting n — +o00, we get |yi+1 — ¢| < |yx — c|, Yk > 0, as desired, which implies also that the sequence {y,} is bounded in
H.The proof is now complete. H

Theorem 5.2. With the same notations and assumptions as in Proposition 5.1, assume that S is a generalized hybrid extension
of T to a subset K of H containing D U {c}. Then we have Sc = c.
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Proof. By the polarization identity, we have

20¢(Xip1 — Sc, Sc —¢) +2(1 — a)(x; — Sc, Sc — ¢)
= alxiyr — > + (1= @)% — ¢ — alxipr — Sc> — (1 — @) |x; — Sc|? — |Sc — ¢
> alxipr — ) + (1 —a)|xi — cl> = Blxigr — > — (1 = B)lxi — c[> — |Sc — c|?
= (& — B)(Ixiy1 — > — [xi — c|*) — |Sc — ¢|*.

Summing up the above inequality fromi = 0 toi = n — 1, dividing by n, and letting n — +o0, we get
—2|Sc —c|* = 2(c — Sc, Sc — ¢) > —|Sc —c|?

which implies that |Sc — c|> < 0,and henceSc =c. W

Corollary 5.3. Let C be a nonempty, closed and convex subset of H, and T be a generalized hybrid self-mapping of C with a
bounded orbit. Then F(T) # .

Proof. Assume the orbit of x € C is bounded, and let ¢ be the asymptotic center of the sequence x, = T"x in H. Since C is
closed and convex, we know that ¢ € C, so that Tc is well defined and belongs to C. Now it follows from Theorem 5.2 that
Tc=c n

In our next lemma, we give necessary and sufficient conditions for a generalized hybrid self-mapping of D with a bounded
orbit, to have a generalized hybrid extension to D U {c}, where c is the asymptotic center of the bounded orbit.

Lemma 5.4. Let D be a nonempty subset of H, and T be a generalized hybrid self-mapping of D with corresponding constants o
and B, and with a bounded orbit x, = T"x, with x € D. Let c be the asymptotic center of the sequence {x,} in H. Then the map
S : DU {c} - DU/{c} defined as Sz = Tz, Vz € D, and Sc = c is a generalized hybrid self-mapping of D U {c}, if and only if
either « > B, or « < B and the orbit of every z € D lies on the sphere centered at z, with radius |z — c|.

Proof. S is a generalized hybrid self-mapping of D U {c} if and only if the following inequality holds:
aTz—cP+A—-a)z—cP <BITz—c*+(1—-PB)lz—c|>, VzeD.

This is equivalent to (@ — 8)(|z—c|> — |Tz—c|?) > 0, Yz € D. Since from Proposition 5.1, we know that |z —c|? — |Tz —c|*> >
0, Vz € D, then the above inequality holds if and only if either ¢ > B,0ora < B and |Tz — c| = |z — c|, Yz € D. The latter
condition is equivalent to |[T"z — c| = |z — c|, Vn > 0, Vz € D, i.e. the orbit of every z € D lies on the sphere centered at z,
with radius |z — c|. The proof is now complete. ®

We are now ready to state our main result on the existence of absolute fixed points for generalized hybrid mappings in H.

Theorem 5.5. Let D be a nonempty subset of H, and T be a generalized hybrid self-mapping of D with corresponding constants
« and B, and with a bounded orbit. Then the asymptotic center of this orbit in H is an absolute fixed point of T if and only if either
o > B,or a < B and the orbit of every x € D lies on the sphere centered at x, with radius |x — c|.

Proof. This is an immediate consequence of Theorem 5.2 and Lemma5.4. W

6. Fixed point theorems

In this section, we prove some fixed point theorems for generalized hybrid mappings defined on nonconvex domains in
H, that are new to the best of our knowledge, and extend the corresponding results in [13-16,19,20].

Theorem 6.1. Let T be a generalized hybrid self-mapping of a nonempty subset D of H. Then T has a fixed point in D if and only
if T has a bounded orbit {T"x}, for some x € D, and for any y € clco {T"x; n > 0}, there is a unique p € D such that |y — p|
= inf{|y — z|; z € D}. In this case, every orbit of T is bounded.

Proof. Necessity is obvious; let us prove the sufficiency. Assume that {T"x} is bounded for some x € D, and let ¢ be the
asymptotic center of {T"x} in H. Since ¢ € clco {T"x; n > 0}, there exists a unique p € D such that [c — p| < |c — z|, Vz € D.
From Proposition 5.1, we know that for every y € D, the sequence {|T"y — c|} is nonincreasing. Hence {T"y} is also bounded
for every y € D. In particular, the sequence |T"p — c| is nonincreasing. Hence we have |c — p| = inf{|c — z|;z € D} <
|c — Tp| < |c — p|. Then the unicity of p implies that Tp = p and completes the proof. B

Corollary 6.2. Let D be a nonempty subset of H which is Chebyshev with respect to its convex closure, and let T be a generalized
hybrid self-mapping of D. Then T has a fixed point in D, if and only if T has a bounded orbit.

Proof. This is a direct consequence of Theorem 6.1. W



210 B. Djafari Rouhani / J. Math. Anal. Appl. 409 (2014) 205-211

7. Examples of applications

0 iflxl<2
Example 7.1. The following is a modification of [ 13, Example 2]. Let T : H — H be defined as follows: Tx = { X

2 ifx] > 2.
x

Then T is not continuous, hence not nonexpansive. On the other hand, a simple computation shows that 2|Tx — Ty|> <
[Tx — y|?> + |x — Ty|%, Vx,y € H.This means that T is nonspreading, or equivalently, a generalized hybrid mapping with
o = 2 and B = 1. Then every orbit of T is a generalized hybrid sequence in H. In fact, in this simple example, every orbit is
eventually constant and converges to zero. This simple example shows how our results on sequences could prove to be useful
in drawing conclusions about the asymptotic behavior of maps that can have a more complicated structure than their orbits.

Example 7.2. Let y > 0 and D be a nonempty subset of H.Amap A : D — H is called a y inverse strongly monotone
mapping of D into H if (Ax — Ay, x — y) > y|Ax — Ay|?, Vx, y € D. It is easy to see that every 1-inverse strongly monotone
operator is nonspreading, hence generalized hybrid with « = 2 and 8 = 1. However, such a mapping is also nonexpansive,
hence generalized hybrid with « = 1and 8 = 0. Also if T is nonexpansive, thenA =1 —T is % inverse strongly monotone,
where [ is the identity operator on H; However, it is not a generalized hybrid mapping. See [21] for more details and
applications to variational inequalities. We are now going to provide examples of inverse strongly monotone operators
that are not nonexpansive, but are generalized hybrid, and then see how our results in the previous sections on generalized
hybrid sequences could be applied to the study of the existence and convergence theorems for solutions to variational
inequalities associated with such operators defined on nonconvex domains. If A is a y inverse strongly monotone operator
of D into H, then by a well known identity in Hilbert space, we have

2(Ax — Ay, x —y) = |Ax — y|* + |[Ay — x|* — [x — Ax]* — [y — Ay|* > 2y |Ax — Ay|*, Vx,y € D.

[
< 0L Dl
— 2

2
Assume that A satisfies (Ax, x) ,Vx € D, which is in particular satisfied if (Ax, x) < %, Vx € D. Then this

implies that

2y|Ax — Ayl — [x — Ayl < |Ax —yI* — |x — Ax|* — |y — Ay[?
= [Ax —y|? = 2(Ix]* + |y[») + (x, x + 2A%) + (v, y + 24y) — |Ax|* — |Ay|?
< |Ax—y]* —|x—y’, Vx,yeD.

Or equivalently
2 1 2 1 2 1 2
|Ax — Ay|” — — X —Ay|" = —|AXx —y|" — —Ix—yI", Vx,yeD.
2y 2y 2y

This implies that Ais a generalized hybrid mapping with & and 8 determined by the following four constraints: « > 0, "‘a;l =

1 8 _ 1 B 1 ; — Y wi 1 -« _ _1 i isfi
Yoa = 3y e Sy From these constraints, we get @ = 5 withy > 5,and B8 = 3 = 30 which satisfies the

last constraint if y > % Therefore for A satisfying the above conditions, we get generalized hybrid mappings that are not
nonexpansive for % < y < 1.Then each of their orbits is a generalized hybrid sequence. For y = 1, A is nonexpansive, and
for y > 1,itiseven a contraction mapping. Now similar to the study done by Takahashi and Toyoda [21] for the convex case,
by using our convergence and fixed point theorems in the previous sections (which use Proposition 5.1 and the results in
Section 5), we are able to study the existence and convergence theorems for solutions to variational inequalities associated
with generalized hybrid mappings exhibited above, on nonconvex domains, via their orbits that generate generalized hybrid
sequences.

Example 7.3. As mentioned above, if T is nonexpansive, thenI — T is a % inverse strongly monotone operator. Therefore,
according to our study in Example 7.2, for 1 < r < 2, the operatorA =r(I — T) is % inverse strongly monotone, which is
generalized hybrid (and not nonexpansive), if it satisfies the following additional condition: r (x — Tx, x) < M Vx €
D, or equivalently “1|x|* < |Tx|* + (r — 1)|x — Tx|?, ¥x € D.Forr = 1, we have A = I — T which is not generalized hybrid;
forr = 2, we have y = 1, so that A is nonexpansive, and for r > 2, we have y > 1, so that A is a contraction mapping. Then
the results mentioned in Example 7.2 apply to this special case.

Acknowledgments
The author is grateful to the editor and the referee for valuable suggestions leading to the improvement of the paper.

References

[1] J.B. Baillon, Un théoréme de type ergodique pour les contractions non linéaires dans un espace de Hilbert, C. R. Acad. Sci. Paris Sér. A-B 280 (1975)

1511-1514.
[2] B.Djafari Rouhani, Ergodic theorems for nonexpansive sequences in Hilbert spaces and related problems, Ph.D. Thesis, Yale University, 1981, pp. 1-76.
Partl.


http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref1

B. Djafari Rouhani / J. Math. Anal. Appl. 409 (2014) 205-211 211

[3] B. Djafari Rouhani, Asymptotic behaviour of quasi-autonomous dissipative systems in Hilbert spaces, J. Math. Anal. Appl. 147 (1990) 465-476.
[4] B. Djafari Rouhani, Asymptotic behaviour of almost nonexpansive sequences in a Hilbert space, J. Math. Anal. Appl. 151 (1990) 226-235.
[5] B. Djafari Rouhani, On the fixed point property for nonexpansive mappings and semigroups, Nonlinear Anal. 30 (1997) 389-396.
[6] B. Djafari Rouhani, Remarks on asymptotically nonexpansive mappings in Hilbert space, Nonlinear Anal. 49 (2002) 1099-1104.
[7] B. Djafari Rouhani, Asymptotic behavior of uniformly asymptotically almost nonexpansive curves in a Hilbert space, Nonlinear Anal. 58 (2004)
143-157.
[8] B. Djafari Rouhani, J.K. Kim, Asymptotic behavior for almost-orbits of a reversible semigroup of non-Lipschitzian mappings in a metric space, ]. Math.
Anal. Appl. 276 (2002) 422-431.
[9] M. Edelstein, The construction of an asymptotic center with a fixed-point property, Bull. Amer. Math. Soc. 78 (1972) 206-208.
[10] K. Goebel, W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University Press, Cambridge, United Kingdom, 1990.
[11] K. Goebel, S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Mappings, in: Monographs and Textbooks in Pure and Applied
Mathematics, vol. 83, Dekker, New York, Basel, 1984.
[12] K. Goebel, R. Schéneberg, Moons, bridges, birds...and nonexpansive mappings in Hilbert space, Bull. Aust. Math. Soc. 17 (1977) 463-466.
[13] S.Iemoto, W. Takahashi, Approximating common fixed points of nonexpansive mappings and nonspreading mappings in a Hilbert space, Nonlinear
Anal. 71 (2009) e2082-e2089.
[14] P. Kocourek, W. Takahashi, J.-C. Yao, Fixed point theorems and weak convergence theorems for generalized hybrid mappings in Hilbert spaces,
Taiwanese J. Math. 14 (2010) 2497-2511.
[15] F. Kohsaka, W. Takahashi, Existence and approximation of fixed points of firmly nonexpansive-type mappings in Banach sapces, SIAM ]. Optim. 19
(2008) 824-835.
[16] F. Kohsaka, W. Takahashi, Fixed point theorems for a class of nonlinear mappings related to maximal monotone operators in Banach spaces, Arch.
Math. 91 (2008) 166-177.
[17] 1J. Schoenberg, On a theorem of Kirszbraun and Valentine, Amer. Math. Monthly 60 (1953) 620-622.
[18] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, 2000.
[19] W. Takahashi, Fixed point theorems for new nonlinear mappings in a Hilbert space, J. Nonlinear Convex Anal. 11 (2010) 79-88.
[20] W. Takahashi, Y. Takeuchi, Nonlinear ergodic theorem without convexity for generalized hybrid mappings in a Hilbert space, ]. Nonlinear Convex
Anal. 12 (2011) 399-406.
[21] W. Takahashi, M. Toyoda, Weak convergence theorems for nonexpansive mappings and monotone mappings, J. Optim. Theory Appl. 118 (2003)
417-428.


http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref3
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref4
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref5
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref6
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref7
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref8
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref9
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref10
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref11
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref12
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref13
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref14
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref15
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref16
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref17
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref18
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref19
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref20
http://refhub.elsevier.com/S0022-247X(13)00625-2/sbref21

	Ergodic theorems for hybrid sequences in a Hilbert space with applications
	Introduction
	Preliminaries
	Ergodic theorem
	Weak convergence theorem
	Absolute fixed points
	Fixed point theorems
	Examples of applications
	Acknowledgments
	References


