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It is well-known that the equality

Lg © Ly =span{Ly: g € G — H}SOT

holds for G an i.c.c. group and H a subgroup in G, where Lg and Ly are the
corresponding group von Neumann algebras and Lg © Ly is the set {z € Lg:
Er,(z) = 0} with Er, the conditional expectation defined from L¢g onto L.
Inspired by this, it is natural to ask whether the equality

N 6 A = span{u: u is unitary in N & A}SOT

holds for N a type II; factor and A a von Neumann subalgebra of N. In this paper,
we give an affirmative answer to this question for the case A a type I von Neumann
algebra.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Throughout this paper, all Hilbert spaces discussed are complex and separable. Let (N,7) be a finite

von Neumann algebra with a faithful normal normalized trace 7 and A be a von Neumann subalgebra

of N. Then the trace 7 induces an inner product (-,-) on N which is defined by (z,y) = 7(y*z), Vz,y € N.
Denote by L?(N) (resp. L?(A)) the completion of N (resp. A) with respect to the inner product, then
L?(A) is a subspace of L?(N). Let e4 denote the projection from L?(N) onto L?(A). The trace-preserving
conditional expectation E4 of N onto A is defined to be the restriction e4|n. By [2], E4 has the following

properties:
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(1) ealn = E4 is a norm reducing map from N onto A with E4(1) = 1;
(2) the equality E4(azb) = aE4(x)b holds for all z € N and a,b € A;
(3) T(xEA(y)) = T7(Ea(x)Ea(y)) = 7(Ea(z)y) for all z,y € N;

(4) eazes = Eg(x)es = eaF(x) for all z € N.

Let G be a (countable) discrete i.c.c. group and denote by [?(G) the Hilbert space of square-summable
sequences. Given every g in G, the operator L, is defined by (Lyz)(h) = z(g~'h), for every z in I*(G) and
h in G. This is a unitary operator. Let L be the von Neumann algebra generated by {Ly: g € G}. It is
well-known that L¢ is a type I3 factor. For a subgroup H in G, define

Lo Ly £ {ZL’ € Lg: ELH(Z') = 0}

Thus we obtain that

L6 Ly =span{L,: g € G— H}SOT,

Inspired by this, it is natural to ask whether the equality

N & A = span{u: u is unitary in N & A}SOT

holds for N a type II; factor and A a von Neumann subalgebra of N. In this paper, we give an affirmative
answer to this question for the case A a type I von Neumann algebra in Theorem 2.6.

In [1], A. Toana, J. Peterson and S. Popa proved a series of rigidity results for amalgamated free prod-
uct II; factors, which can be viewed as von Neumann algebra versions of the “subgroup theorems” and
“isomorphism theorems” for amalgamated free product groups in Bass—Serre theory. They introduced the
concept “bounded homogeneous orthonormal basis” of M over B, where (M, 7) is a separable finite von Neu-
mann algebra and B C M is a von Neumann subalgebra. In the current paper, our result indicates that it
is possible to choose unitary elements to form a bounded homogeneous orthonormal basis with respect to a
type I von Neumann subalgebra of M.

2. Proofs

In this paper, the matrix representations of operators will be used frequently. We briefly recall the relation-
ship between conditional expectations with respect to matrix representations of operators. Let e1,...,e, € N
be mutually equivalent orthogonal projections such that Z?:l e; = 1, where 1 is the identity of N. Then
for every x € N, we can express x in the form

11 0 Tin rane;

Tpl *° Tpn / Tane,

and there exists a *-isomorphism ¢ from N onto M, (N, ), where N,, is the restriction of e; Ne; on rane;

and denote by M,,(N,,) the set n-by-n matrices with entries in N,,. On the other hand, let 7 be a faithful

normal normalized trace on N, and the trace 7, on M, (N) is defined by 7, (z) = £ (3, 7(2s;)), where x

in M, (V) is of the form
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and z;; isin N for 4,5 = 1,...,n. We observe that 7, is a faithful normal normalized trace. For a von Neu-
mann subalgebra A in N, there exist conditional expectations 4 from N onto A and Eyy, (4) from M, (V)
onto M, (A). Given fixed iy and jo, let ;,;, denote again the operator in M, (NN) with all entries 0 but the
(i0, jo) entry x;yj,. By the fact that Ey, (4 is M, (A)-modular, the equality

B, (a) (xioj()) = B, (4) (eiomiojoer) = €io Ean, () (miojo)ejo
ensures that all but the (ig, jo) entry of Eug,(a)(2iyj,) are 0, where e; is the diagonal projection with all
entries 0 except the (4,7) one being the identity of N. Therefore x;,;, is in M, (N) & M,,(A) if and only if
the (io, jo) entry of z;y;, is in N © A.
In what follows, NV will always denote a von Neumann algebra. Every subalgebra of N we consider here is

self-adjoint, weakly closed and contains the unit 1 of N. For a subset . C N, denote by % (.#) the unitary
operators in ..

Lemma 2.1. Let N be a von Neumann algebra and
M, = {x: x € M,(N), 2;; =0, i = 1,...7n},
then M, = span{u: u € % (M,)}.

Proof. For each x in M,,, we can write = in the form

i1 T12 - Tin
Z21 X22 c Ton
T = . )
Tnl Tp2 - Tan/) pxn
where z;; is in N and z;; = 0, for ¢,7 = 1,...,n. Without loss of generality, we may assume z;,;, # 0,

19 < jo and all other entries 0. Thus we can write x in the form of block matrix

S <X11 X12>
Xo1 Xpo )’
where X5 is a k-by-k matrix for some k < n — 1 with z;,;, on the main diagonal of X;».

Note that z;,;, = Z?:l Aiu; for some u; € % (N) and A; € C. For the sake of simplicity, we can write X1
in the form

4
_ i _ _
Tigjo D 01 = Z é(uz &) k=1 +u; @ (—U)(k 1)),

i=1

where v is unitary in N. Write #; = u; @ 0%~ and 4; = u; @ (71})(1@71)’ then x can be written in the form

4 ~ ~
T = E - + ,
i—1 2 <<IX21 0 ) <_IX21 0 )>

where Tx,, is the identity of M,,_j(N).
By a similar method, every x in M, can be written as a linear combination of finitely many unitary
operators. Thus we finish the proof. O
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Lemma 2.2. If N is a von Neumann algebra, A C N is a von Neumann subalgebra and N © A =
span{u: u € % (N & A)}SOT | then

M, (N © A) = span{u: v € % (M, (N & A))}SOT.

Proof. For each x € N © A, there exists a sequence {z,}nea in N © A, such that z, SOT, 2z, =
ngl AnilUn,, Un, € Z(N & A), Ay, € C. Without loss of generality and for the sake of simplicity, we may
assume

z 0 0 z, 0 0
~ 0 0 --- 0 _ 0 O 0
Tr = . . P Tn =

00 --- 0 0 0 --- 0

Note that  can be moved to the (4, j) entry by multiplying u; on the left and u; on the right, where u;
(resp. u;) is the elementary matrix obtained by swapping row 1 (resp. column 1) and row ¢ (resp. column j)
of the identity matrix for 1 < 4,5 < n.

Then the result Z € span{u: v € Z (N & A)}SOT follows from the two relations

'l,vn SOT ’ZL'V,

Un

&,
i=1 : :

where v is a unitary operator in Z (N & A). O

Lemma 2.3. If N is a type 11y factor with a faithful normal normalized trace T and A C N is a diffuse
abelian von Neumann subalgebra, then

N o A=span{u: ue Z (NS A)}.

Proof. Since N is a type II; factor, there exist four equivalent mutually orthogonal projections
{ei}1<ica € A, such that 2?21 e; = 1. Denote by M the reduced von Neumann algebra e;Ne;. Then
there exists a *-isomorphism ¢ from N onto My (M) so that p(A) = @?:1 A;, where A; is a diffuse abelian
von Neumann subalgebra in M. For the sake of simplicity, we assume N = My(M), A = @?:1 A;.

Denote My = {(xi;)1<ij<a € N: z;; =0 for 1 <i < 4}, then

My = span{u: u € % (My)}
following from Lemma 2.1. Thus we only need to prove
4
@M@Aigspan{u: ueU(NeoA)}, (2.1)
i=1

since My C N © A.
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Consider the matrix

2 0 0 0

|0 o000

1o o ool
0 0 0 0

where 1 = 27 € M © Ay, 0 = 23 € M © Ay, |l21|| < 1, |lz2| < 1. Since for each y € N, we have
Yy = Ay1 + Aaye, where y; =y, A € C, |Jyi]| < 1, for 1 <4 < 2. Let

T1 0 V11— 0
~ 0 T2 0 \/17%%
= 0 —/1—13 0 T2 ’
7\/171’% 0 Ty 0

71 0 1— a2 0
~ 0 T 0 V1—a3
u =
? 0 1—a2 0 —zy |’
1—a? 0 — 0
0 0 1-—2a2 0
~ 0 0 0 1— 23
us = )
0 0 0 0
0 0 0 0
then we obtain that
~ 1 n 1. - (2.2)
xr = 2’LL1 2’[1,2 us. .

Notice that wy, @y are unitary operators in N © A and us belongs to My, then (2.2) and Lemma 2.1 allow
us to conclude that

T €span{u: u€ % (N A)}.

Similarly, we can also show that

00 0 O
00 0 O
0 0 z3 O
0 0 0 x4

is a linear combination of finitely many unitary operators in N & A, where x3 € M © A3z, x4 € M © Ay,
thus we finish the proof of (2.1). O

Lemma 2.4. If N is a type 11y factor with a faithful normal normalized trace T and A C N is an atomic
abelian von Neumann subalgebra, then

NoA=span{u: ue (N o A)}SOT.
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Proof. We now consider four cases respectively.

(i) A=Cl.

Since N is a type II; factor, there exist two equivalent mutually orthogonal projections p and ¢ in N such
that p + ¢ = 1. Denote by M the reduced von Neumann algebra pNp with a faithful normal normalized
trace 7j7. Then there exists a *-isomorphism ¢ from N onto My (M) so that ¢(A) = Cp®?). If we write
N =M, (M), A = p(A), then we obtain

]\Nf ) g: {E S ]\72 TM(xn + 1'22) =0, T = (l'ij)lgi,j<2}-

T T 11+ 0 —x 0 0 =z
11 12 _ 11 22 i 22 " 12 ) (2.3)
To1  T22 0 0 0 22 21 O
For each x99 € M, x99 = Z?:l Aiui, where uq, ..., uq are unitary operators in M so that

4
—x22 0 —U; 0
=S\ .

i=1

Note that

Since ( i

o f) EN'@K, we have

9y 0 I
( 0 3722) espan{u: ue #(NS A)}. (2.4)

0
Mz—{< m): xlg,xgléM}.
21 0

Since My C N & /~1, by Lemma 2.1 we obtain

Denote

M, C span{u: u € U (N & Z)} (2.5)

For z € M and 7p(z) = 0, we may assume = = z*, ||z|| < 1, since

_z+x*+,zfx* q T+ x* B T —z* —0
xr = B 1 % an TM B) =TM % =

Let

(i ) w (e ) w07

then we have

1. 1.
T = §u1 + §u2 — Us. (2.6)
Observe that w7, us are both unitary in N & A and @3 € M.

Hence N & A = span{u: u € % (N & A)} follows from (2.3), (2.4), (2.5) and (2.6).
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(ii) A = Cp + Cq, where p and ¢ are mutually orthogonal projections in N with sum 1.
Each x € N © A can be written as
(3311 Z12 >
xr =
T21 X22

with respect to the decomposition 1 = p+¢q, where x1; € p(NSA)p, x12 € pNq, x21 € ¢Np, 22 € (NS A)g.
By (i), we obtain that

pNp o Cp = span{u: u € %(pr@(Cp)},
qNq© Cq =span{u: ue€ %(qNq&Cq)},

therefore

<x11 0 ) € span{u: u€ # (NS A)}.
0 2

We only need to prove

<x(2)1 x(;;2> € span{u: ue€ % (N © A)}. (2.7)

If 7(p) is rational, then we assume

~

T m
ﬁ = —, for some m,n € N7,
n

7(q)

Let {p; h1<i<m and {g; }1<j<n be two families of mutually orthogonal projections in N such that p; + p2 +
P =D, @+t + ¢ =qand 7(p;) = 7(g;), for all 1 <i < m, 1 < j < n. Denote M = p1Npy
with a faithful normal normalized trace 7ps, then there exists a *-isomorphism ¢ from N onto M, (M)
so that ¢(A4) = Cp{™ & Cp{™. Denote N = ¢(N), A = p(A),

0
No_{< $12>2 x12 € pNgq, $21€qu}a
21 0
Mpyn = {% € Mypyn(M): 2, =0, for 1 <i < m—l—n}.
Note that
_ _ _ m m—+n
No A= {(xij)lgi,jgm—&-n € N: ZTM<LZ'“) = 0, Z TM({L‘“) = 0},
i=1 i=m—+1
then ¢(Ng) C M40 C N © A. Then applying Lemma 2.1 to M,,4n, we obtain that
Mpin = span{u: u € %(Mm+n)},
so that
©(No) C span{u: u € @/(N@g)},

thus (2.7) holds.
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If 7(p) is irrational, then let {p,}nea, {qn}nea be two families of increasing subprojections of p and ¢
respectively such that 7(p,) — 7(p), 7(¢n) — 7(q) and for all n € A, both 7(p,) and 7(g,) are rational.
Thus for n € A, x € N, we have

Py 22T prg.

Next we show that
Py € span{u: u € % (N © A)}. (2.8)
For each n € A, suppose

n kn .
7(Pn) _ with k,, 1, € N*.

(@)  In

Let {pn, }1<i<k, and {gn, }1<j<t, be two families of mutually orthogonal equivalent projections in N such
that pn, +pn, + -+ +Pny, = Pns Gny + Gy + -+ + G, = qn- Then there exists a *-isomorphism ¢ from N
onto p(N) such that

o((Pn+ @0) N (Pn + an)) = My, 11, (P, Npn,)

and ©|(1—p,—q.)N(1—pn—g,) is the identity map. Denote

0
S

Ny = ((p—pu)N(p—pn)) © ((p — pn)Alp — pn)),
No=((¢=an)N(g—aqn)) © ((¢ — an)Alg — an)),
M, 11, = {{zi 1< j<hbn+tn € M1, (P Ny ) @i =0, for 1 <i < ky +1n )

By Lemma 2.1 and Case (i), we have that each operator in
My, 11, ® N1 N
can be written as a linear combination of finitely many unitary operators in this set. Note that
@(Nny) © My, 11, and My, 41, ® N1 @ N2 € o(N) © ¢(A),
so that
¢(Nyy) ® N1 @ No C spanfu: u € % (¢(N) © p(A)) },

thus (2.8) holds.
(iii) A=Y, Cp;, where {p;}1<i<n is a family of mutually orthogonal projections in N with sum 1.
Each x € N © A can be written as

i1 T12 Tin

T21 X22 - T2n
Tr =

Tpnl Tp2 °° Tpn

with respect to the decomposition 1 = Z1<i<npiv where x;; € p;Np; ©Cp;, x5 € piNp;, for 1 <i# j < n.
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For 1 <i < j < n, denote

Pj= @  pNproCp,
keti,g; 1<k<n

Nij = (pi +p;) (N © A)(pi +pj),

then

Pij = span{u: u € % (Py)}, Ni; = span{u: u € ?/(Nij)}SOT

following from Case (i) and Case (ii), therefore

SO
Nij & Pij = span{u: u € % (N;; & Pyj) } n

(iv) A =32, Cp;, where {p;}32, is a family of mutually orthogonal projections in A with sum 1.
Denote

q;i = Zpka
k=1
Ni = q¢;(N © A)g;,

P, = @ peNpi © Cpy,

i+1<k<oco

then the strong-operator closure of |J;=; N; is N © A. By Case (i) and Case (iii), we have

N, ® P, C span{u: u€U(NOS A)}SOT.

Thus we finish the proof. O

Lemma 2.5. If N is a type 111 factor and A C N is an abelian von Neumann subalgebra, then N © A =
span{u: u € % (N & A)}SOT.

Proof. Since A is an abelian von Neumann algebra, there exist two mutually orthogonal projections p,q € A
with sum 1 such that pAp is a diffuse abelian von Neumann algebra with unit p and ¢Agq is an atomic abelian
von Neumann algebra with unit q. Each x € N & A can be written as

(9611 T12 )

xTr =

To1  T22

with respect to the decomposition 1 = p+¢q, where x1; € p(NOA)p, x12 € pNq, x21 € gNp, 22 € (NS A)g.
Denote

0
No—{( 3712>: 12 Gqu, 1‘21€qu}.
To1 0

By Lemma 2.3 and Lemma 2.4, we only need to prove

No C span{u: v € Z(N & A)}SOT.
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If 7(p) is rational, then idea of the proof is the same as that used in Case (ii) for 7(p) rational in
Lemma 2.4.

If 7(p) is irrational, then let {p, }nea and {gn }nea be two families of increasing subprojections of p and ¢
respectively such that 7(p,) — 7(p), 7(¢n) — 7(q) and for all n € A, both 7(p,) and 7(g,) are rational.
Then for n € A, x € N, we have

Pnadn 25 pag.
Next we show that

Py € span{u: u € % (N © A)}. (2.9)

For each n € A, suppose

N
bS]

3/
>

=2 with k,,l, € NT.
7(qn)  In

Let {pn, }1<i<k, and {gn, }1<j<t, be two families of mutually orthogonal equivalent projections in N such
that pn, + pn, + - + Py, = Pns @ny + @ny + -+ + Gy, = gn- Then there exists a x-isomorphism ¢ from N
onto p(NN) such that

o((Pn+ @0) N (Pn + an)) = My, 41, (P, Npn,)

and ¢|(1—p,—q,)N(1-pn—g,) 15 the identity map. Denote

0 =x

Ny = ((p - pn)N(p - pn)) O ((p - pn)A(p - pn))a
N2 = ((q - Qn)N(q - Qn)) S) ((q - QH)A(q - qn))7
Mp, 41, = {{zij Y 1<ij<bn+tn € M4, (Pry Npny )t i =0, for 1 <i < ky + 1y}

By Lemma 2.1, we have
My, 41, = span{u: u € % (M, +1,)}-
By Lemma 2.3 and Lemma 2.4, there is a unitary operator v € N; & N». Note that
¢(Nng) € My, 11, and My, 41, ®v C o(N) © p(A),
so that
©(Npo) ®v Cspanfu: u e % (p(N) & p(A4))},
thus (2.9) holds. O

Theorem 2.6. If N is a type I1I; factor and A C N is a type I von Neumann subalgebra, then N & A =
span{u: u € % (N & A)}SOT.
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Proof. Since A is a type I von Neumann algebra, there exists a family of mutually orthogonal central
projections {p; }ica C A with sum 1 such that

piAp; = My, (A;),

where for each ¢ € A, A; is an abelian von Neumann subalgebra and k; is some positive integer. So we
assume

A= PMy, (4),
icA
PiNpj = My, xx; (Nij),
where N;; = e;, Nej,, {€i, }i<n<k,; is a family of mutually orthogonal equivalent subprojections of p; with

sum p;.
For each 7,j € A, i < j, denote

Py = @ pe(N © A)pr,
k€A, k#i,j

Nij = (pi +p;) (NS A)(pi +p;)),

-~ X X
Nij—{( 1 2): $1€Nii@Ai, $2€Nij, ZE3€NJ‘¢, x4€ij@Aj},

Tr3 T4

- 0 X
Sij = > ): Xy € piNp;, X3 € p;Np; ¢,
X; 0

~ X 0
Sij = {( 01 X4) Xy epi(NoAp;, Xy Gpj(N@A)pj}.

By Lemma 2.2 and Lemma 2.5, we have

SOT

(N © A)py =spanf{u: u € % (pr(N© A)p)} (2.10)
so that
Sy = span{u: uwe % (8;)}°°".
Next we show
Sy Cspan{u: u e % (Ny)}°". (2.11)

For each 2 = {Zp1} 1<k, i<k, +k, € Sij, we have

0 T st <
Ni'a
(xts 0 ) €M

for 1 <s<ky, ki +1 <t <k +kj. By Lemma 2.5, we have

~

Nij = span{u: u € % (Nyj) }>"

and
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(Ni; © Ai)(ki—l) - Span{u: u € %((Nu S Ai)(ki_l))}SOT7

so that each operator in
Nij @ (Ny; © A)* =D @ (Ny; © Ay) k5D

can be approximated in the strong-operator topology by a linear combination of finitely many unitary
operators in this set. Then relation (2.11) holds since

Ni; ® (Nis © A) 5D @ (Nj; © A;) R~ C N

Thus we have

=
|

= span{u: u € %(Nij)}SOT.

By (2.10), we have

b

Py = span{u: u € %(Pij)}SOT

so that

~ SO
NZ®PI:Span{uuE%(N”@PU)} T.
Thus, we finish the proof of this theorem. 0O
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