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1. Introduction and statement of results

An integer sequence is unimodal if there is a peak in the sequence. Let u(n) denote the number of
unimodal sequences of the form

a1 <ay < <a, <€2>2by >by > > by (1.1)

with weight n = c+3>"_; a; +3__, bj. In Ramanujan’s lost notebook [1, Entry 6.3.2], we find that
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where (a), = (a;q)n = [[1—,(1 — ag®) for n € Ny U {oo}. For ¢ = 1 the left side of (1.2) becomes the
generating function for u(n). Thus we can think of the coefficient of ("¢", after expanding the left side, as a
refinement of the number of unimodal sequences of weight n. This motivates the definition of the unimodal
rank, which is s — r. If we define u(m,n) as the number of unimodal sequences with rank m, then we can
see that the left-hand side of (1.2) is the generating function for u(m,n). Besides the equality with the left
side, however, it is not at all combinatorially clear that the right-hand side of (1.2) is also the generating
function for u(m,n).

The partial theta function on the right-hand side has played an important role in studying the arithmetic
properties of u(n) and u(m,n) [6,11,12]. When ¢ = 1 the right side of (1.2) is a product of an infinite modular
product and a partial theta function. Using this expression, Wright obtained asymptotics for u(n) [11,12].
Since the generating function in (1.2) is not modular, the classical Circle Method introduced by Hardy and
Ramanujan does not work in this case. Wright carefully examined the asymptotic behavior of partial theta
functions to employ the Circle Method. On the other hand, Lovejoy and the second author [6] studied the
rank differences for u(m,n) and congruences for certain arithmetic functions involving u(m,n) by analyzing
the partial theta function that appeared in the generating function. In a follow-up paper [7], Lovejoy and
the second author studied the rank differences for three additional types of unimodal sequences. As the
rank for u(n) stems from a two variable partial theta function identity, all of these ranks are motivated
by identities for two-variable partial theta functions. These three types of unimodal ranks are denoted by
w(m,n), v(m,n), and v(m,n), respectively. (See Section 2 for the combinatorial definitions.) While studying
the rank differences for these unimodal ranks, Lovejoy and the second author [7] conjectured that these ranks
are weakly decreasing, i.e., for non-negative integers m and j with m > j,

u(m,n) > u(j,n)

holds for large enough integers n, and the same phenomenon occurs for the other three unimodal ranks.
The main goal of this paper is to confirm these conjectures asymptotically. Namely, we prove that

Theorem 1.1. For non-negative integers m and j with m > j, the inequalities

u(j,n) > u(m,n), (1.3)
w(j,n) > w(m,n), (1.4)
v(j,n) > v(m,n), (1.5)
v(j,n) > v(m,n)

hold for all sufficiently large integers n.

Remarks.

(i) Due to the symmetry u(m,n) = u(—m,n) (which also holds for the other unimodal ranks), we see that
asymptotically unimodal ranks of weight n are unimodal sequences with peak u(0,n).

(ii) For the ranks and cranks of the ordinary partition function, inequalities of the same type have been
established by various methods [3-5,10]. In these cases, the generating functions are simpler, as they
are (mock) modular.

Just as Wright used the asymptotic behavior of a partial theta function to obtain an asymptotic formula
for u(n), the asymptotic behavior of a partial theta functions also plays a crucial role in obtaining an
asymptotic formula for unimodal ranks. However, as our partial theta functions are two-variable functions,
analyzing their asymptotic behavior is more involved. In particular, one has to show that the resulting
asymptotic expansions converge.
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The rest of paper is organized as follows. In Section 2, we explain what each arithmetic function u(m,n),
w(m,n), v(m,n), and v(m,n) counts and give their generating functions. In Section 3, we recall basic
properties of certain modular forms and evaluate special kinds of integrals. In Section 4, we obtain the
asymptotic behavior of a general partial theta function which is an essential part of the proof. In Section 5
by using Wright’s Circle Method for more complicated functions, we prove an asymptotic formula for a
quite general generating function. In Sections 6-9, we obtain asymptotic formulas for these unimodal rank
functions by applying the results from Section 4. From these asymptotic formulas, Theorem 1.1 follows
immediately.

2. Unimodal generating functions

In this section, we introduce four types of unimodal sequences and their ranks. For the proofs, we refer
the reader to [6,7].

2.1. Unimodal sequences

Recall that u(n) denotes the number of unimodal sequences of the form (1.1) with weight n = ¢ +
> j=1@j + 35— bj. For example, u (4) = 12, the relevant sequences being

(4),(13),31),(1,21),(22),(22),

(1,1,2),(2,1,1),(1,1,1,1), (1,T,1,1), (1,1,T,1), (1,1,1,T)..

) 9 )

Define the rank of a unimodal sequence to be s — 7, and assume that the empty sequence has rank 0. Let
u(m,n) be the number of unimodal sequences of weight n with rank m. Then the generating function for
u(m,n) is given by (1.2). Note the symmetry u(m,n) = u(—m,n), which follows upon exchanging the
partitions 7 a; and 377 by in (1.1).

2.2. Unimodal sequences with double peak

Let w (n) be the number of unimodal sequences with a double peak, i.e., sequences of the form

ap <ap < <ap <CE>by >2by > > by, (2.1)

Define the rank of such a unimodal sequence to be s — r, and assume that the empty sequence has rank 0.
Let w (m,n) denote the number of sequences counted by w (n) with rank m. Then the generating function
for w (m,n) is given by (see [7, Proposition 2.1])

2n

mon _ q
=22 wlmm) et =) e

n>0meZ n>0

CCHAHC) X, (F1)" P
B (€@)e (¢10) o

F1-CH A+ 1= ()" P2 (14 ¢g").

n>1

n(n+1)




630 K. Bringmann, B. Kim / J. Math. Anal. Appl. 435 (2016) 627-645

Note the symmetry w (m,n) = w(—m,n), which follows upon exchanging the partitions Z;:1 a; and

2;21 bj in (2.1).
2.3. Durfee unimodal sequences

Let v (n) denote the number of unimodal sequences of the form (1.1), where }_,b; is a partition into
parts at most ¢ — k and k is the size of the Durfee square of the partition Zj a;. For example, v (4) = 10,
the relevant sequences being

4),(1,3),(3,1),(1,2,1),(2,2),(2,2),(1,1,2),(2,1,1), (T,1,1,1), (1,1,1,1)..

Define the rank of a sequence counted by v (n) to be s —r, and assume that the empty sequence has rank 0.
Let v (m,n) denote the number of sequences counted by v (n) with rank m. Then the generation function
is given by (see [7, Proposition 3.1])

Z Z m,n Cm n_ Z M

n>0mezZ n>0 (Cq) (Cil(I)n

G T (L= G+ =0 3¢
X n>0 n>0

Although not obvious from the definition, the symmetry v (m,n) = v (—m,n) follows from the generating
function.

2.4. Odd-even unimodal sequences

Let v (n) denote the number of unimodal sequences of the form (1.1) where c has to be odd, > a; is a
partition without repeated even parts, and j b; is an overpartition into odd parts whose largest part is
not ¢. (Recall that an overpartition is a partition in which the first occurrence of a part may be overlined.)
For example, v (5) = 12, the relevant sequences being

1) (13.1),(23),

3,1,1 1
),(1,1,1,1,1),(1,1,1,1,1)..

(5).(1.3.1), (1,1,3) (3.1.1),(
(1,1,1,1,1),(1,1,1,1,1),(1,1,1,1,1

Define the rank of a sequence counted by v (n) to be the number of odd non-overlined parts in Y ; bj minus
the number of odd parts in > ; aj, and assume that the empty sequence has rank 0. Let v (m,n) denote
the number of sequences counted by v (n) with rank m. Then the generating function is given by (see
[7, Proposition 4.1])

VGia) = 3 v (mm) (g = Y e
n>0meZ n>0 (Cq7 )TH*l(Cilqu]Q)nJrl
= C(_q)oo . AL n(n';rl) _L _1\" sn, nP4n
- (1+C)(Cq;q2)w(4*1q;q2)o@HZZ%( "¢ 1+<§( D¢t

Note the symmetry v (m,n) = v (—m,n), which follows from exchanging the odd parts of Zj a; with the
odd non-overlined parts of }_ b;.
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3. Preliminaries and some integral approximations

In this section we recall some special modular forms and their behavior under modular inversion and give
some (asymptotic) integral evaluations that are required for our proofs.

3.1. Special modular forms and Jacobi forms

Define the usual Dedekind 7 function (q := ¢*™" throughout)

and Jacobi’s theta function (¢ := 2™ throughout)

Z q 2mn (=+3) — —iq§47% H (1—q") (1 . anfl) (1 o Cflqn) '

ney; 147 n>1

We require the following transformations.

Lemma 3.1. We have
1 -
(1) = v
Z 1 7\'742
9 (,> = —iv—ite = 9(z;7).

From Lemma 3.1, we directly obtain the following asymptotic behavior which plays an important role in
the investigation of the asymptotic behavior of the generating functions.

Lemma 3.2. For 0 < z < %, we have

m = -ia® 6(1C_e(1— )Ce)_e (140 (ertizm2)).

The following lemma plays a key role in bounding the generating function away from the dominant pole.

Lemma 3.3. Let 7 =z + iy € H with y < |z| < 4. Then, asy — 0,

1 ’ 5n
— L ey,
Proof. The proof follows immediately from Lemma 3.5 of [3] with M =1. O

3.2. Integral evaluations

In our asymptotic considerations, certain integrals occur which lead to special values of Euler polynomials.
To be more precise, define for a € RT, 7 € H, and ¢ € Ny
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20
Ig(a,T) 5—/Slnh(7_mz)dz7
0

a

20
Ke(a, 1) ::/zi.dz.

cosh (”T’Z)
0
Then we have the following integral approximations.
Lemma 3.4. Let a € RT.
(i) We have, asy — 0,
_ 1 20+2 —T{'{lIl‘ﬂ(—l)
Zi(a,7) = 2E2z+1(0)7 +0 (e ),

where E,(x) denotes the nth Euler polynomial.
(ii) We have, asy — 0,

Ke(a,7) = —iEsy - (2)2”1 +0 (e"”ﬂm(_%)) ,

where E,, is the nth Euler number.
Proof.

(i) We write

9] &S]
2€+1 2€+1
/ TI'ZZ _/ iz dz.
smh smh( )

0 a

In the first integral we make the change of variables z — —iTz to obtain, by the Residue Theorem, that
it equals

sinh(7z)

20
(71)Z+17_25+2 / : dz
0

(-t

The integral now evaluates as #1(0) by Lemma 2.3 of [3]. For the second integral, we see that

oo (oo}
2041
/7Z dz < /z%He_”Im(_%)dz
smh(’”z)
a a

<(n(4)) " rorsem(-)

-1
< Im (_l) e*ﬂ'alm(fé) < e*ﬂnzlm(f%)7
T

where I' (o, x) := f;o t*~le~tdt is the incomplete gamma function, and we used the fact that, as 2 — oo,

D(k,z) ~ 2k te®.
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(ii) For the evaluation of Ky(a, 7), we similarly write

o0

520
/ dz— / ——dz.
cosh cosh (%)
0 a
The first integral equals
2041 7 2¢
(1) ( ) / _E g
i(=1) T cosh (2) :

0

We next find that

T
/ cosh(z)
0

2/ 22 =2 _2§:(_1)j/zzz+1e(2j+1)z@
14+e 22 z
0 0

Jj=0

o

J 2041
0 +1 2e+1 = 20201820+ 1) = (-1) E%(2) ,
J=0 (25

where B(s) == >0, % is Dirichlet’s S-function, and we used that §(2¢ 4+ 1) = Gl P~ ;Lffg;ﬂl

[9, equation (3)]. The second integral may now be bounded as before, giving the claim. O

4. Asymptotic expansion of a partial theta function

As the generating functions we are interested in contain partial theta functions, investigating their asymp-
totic behavior is a crucial part of this paper. To more uniformly treat the occurring functions, we define the
partial theta function (d € Q, k € N)

Fur(z;7) = Z (’m+dq(’m+d)2.

n>0

The following theorem explains the asymptotic behavior near ¢ = 1.

Theorem 4.1. The asymptotic expansion

. N d
(2kmiz) L (%) kam JB2J+2+1 (%) N+1
Fyr(z7m) = (—iT) = |+ 0 (7N,
T B e Y = ) PR

converges for |z| < {-. Here B, (x) denotes the nth Bernoulli polynomial.

Before proving Theorem 4.1, we require an auxiliary lemma which is a slight extension of a lemma of
Zagier [13]. Recall that a function f is of rapid decay if 2 f(z) is bounded for any A € R.

Lemma 4.2. (See Proposition 3 of [13].) Let f : C — C be a C*° function. Furthermore, we require that
f(x) and all its derivatives are of rapid decay for Re(x) — oco. Then, for t — oo with Re(t) > 0 and a > 0,
we have for any N € Ny:
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. i f<”><o> Boi(a)
m> 0 n=

N o0
-t [ e o= §) £
0

where B, (z) :== By, (z — |z]).

We also need the following lemma, which plays an important role in showing convergence of various
asymptotic expansions.

Lemma 4.3. For alln € Ny and ¢ € N, we have

/’ (n) ‘dx< A f+n+1 ,
2 2

where fo(z) == ate=".

Proof. We denote
fe’ﬂ —. Z €+n72k.
k=0
Note that if 2k > ¢ 4+ n, then Ai(n) = 0. We next claim that
|Ag(n)] < 2”k<2)(£+n D +n—3)---(L+n—2k+1).

This bound can easily be proved by induction, using that Ag(n) = (—2)™ and

Ak(n +1)=0U+n—-2k+ Q)A}cfl(n) — 2Ak(n).

Therefore,
1 otn [ rine o 1 (+n—2k+1
/7 ><x]dx<Z|Ak ) [ttt an = 55 e (SR
0 = 0 k=0
<1 gn—k (7 €+n D(f4n=38) ((+n-2k+1) (l+n—2k+1
*2 k 2 2 2
k=0
§14”F<n+€+1>7
2 2

where we have applied I'(x + 1) = 2I'(x) k times and used the Binomial Theorem. 0O
We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. We first expand ("¢, to obtain

Far(zm) =Y (271';"2)(Z S (kn -+ d)f2miln )’ _ Z kaz Y J, ( ( d>> 7

£>0 : n>0 >0 n>0
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where T := +/—2mik?7. By employing Lemma 4.2, we find that the inner sum equals

Lo i (—1) Bajiesn (§) T2 _ 2N ((-DNH Bonteys (§)

T G2+ l+1 (N+ 1) 2N+(+3

1 T d =
+ m /82N+£+3 <E - f) fg(2N+£+3) (I)d$>7 (4.1)
0

where

T 1 (t+1
]g = fe(m)d.ﬁ(: =-I <—> .
o/ 2 2

Next, we consider convergence of the occurring sums and show that the third and fourth terms in (4.1)
contribute to the error term. We first note that

Z (2kmiz)t (=1)7 Bajqoqr (4 22 2k7T|Z\ T (25 + 0! (4.2)

TR +1z+1 m)EHED

>0 £>0

where we used Lehmer’s bound (see Theorem 1 and equation (19) in [8])

2n!
(2m)n’

By (z) < (4.3)

which holds for all z € [0,1] and n > 2. By the ratio test, we see that (4.2) converges for fixed j if [2] < +.
Thus, the contributions from the second and the third term in (4.1) converge for |z| < +.
We next consider the fourth term. By Lemma 4.3 and Lehmer’s bound (4.3), we see that

(2kmiz)* 1 T d )\ ,eN+e+3)
> 7 NI+ /32N+e+3 T T fe (z)dx

>0

(2km|z| 2N +£+3) 4k\z|)
<22£| 2N+e+3/‘f£ (x ’d <<Z L'(N+10+2),

which converges for |z| < 4k, again using the ratio test.
Finally, we note that

Z(zkm)f I, <Z(2kw|z|)fr(”71)

o 7o = o 2T
>0 >0

converges for all z € C because the ratio of consecutive coefficients

ork|z|C (42)  orkle| [[L+1\°
@+ DITT (50~ @+ V] (( ) *“”)

tends to zero as ¢ goes to the infinity. Here we used that for a« € R

lim L)
n—oo I'(n)n®

This completes the proof of Theorem 4.1. O
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5. Wright’s Circle Method

In a series of papers [11,12], Wright developed a simplified version of the Circle Method to obtain
asymptotic formulas for the number of combinatorial functions. In this section, by adopting this method,
we prove a general asymptotic formula, which can be applied to all functions of interest for this paper.

Suppose that a function F(q) = >, ~, a(n)g" has the asymptotic expansion

F(q) —eLTZA T]+O(|T|N+1 Elm(= ,))’ (5.1)

j=1

for some L € N, N € N, and 7 = = + iy with |z| <y — 0. Moreover, we assume that there exists € > 0 such
that for y < |z| < %

F(g) < etv @, (5.2)
Under the above two assumptions, by employing Wright’s Circle Method, we prove the following theorem.

Theorem 5.1. Suppose that F(q) = 3, 5oa(n)q" satisfies the two assumptions (5.1) and (5.2). Then, as

n — 00,
j+1
_ ) 2n N;—Q o2 /%
= 2m§ A(j (m> I_;_4 <2m/ L>+O< e ),

where I; denotes the usual I-Bessel function of order (.

To determine the main contribution to a(n), we need to evaluate a certain integral, namely for s,k € RT,
we define

The following lemma, which is an easy generalization of a lemma of Wright [12], relates P; ;, up to an error
term, to a Bessel function.

Lemma 5.2. (See Lemma 4.2 of [3].) As n — oo
Pk =I5 (W m) +0 (e%\/@) .

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. By Cauchy’s integral formula, we see that

1

2
_ 1 I(Q) _ 2mig— 2% ks 2%‘—27”'7&
aln) =55 | g dq—/f<e m)e da
C

(S

; V2 [2n _o g N2 2n _ oo
.7'-(627”%_\/%) eﬂ' T —2minx dr + }—(627rzx \/ﬁ) 671' T —2minx dx

1
Il"< \/2Ln 2Ln

— I+ 1"
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_ 2
where C := {|¢q| = e~ VZn }. The integral I’ is the main contribution and the integral I" contributes the error
term as shown in the following.

We first approximate I’. Note that since |z| < y and Im(—%) =

becomes O(yNt1eZv). Next we evaluate, with 7 = z + iﬁ,

4 < 4, the Big-O term in (5.1)

LA, Y
TSelr 2minTt de =

. (5.3)

s

( i s+1

) (“2m)p
vV 2Ln> )
o< e

By (5.1), (5.3), and Lemma 5.2, we then find that

ol 1 A [2n +2 27,/2n
I o . R ) “n Nx2 om 2
I'=-2m jg 1A(]) (m> I_;4 (27r > +0 <n e ) .

Moreover, by assumption (5.2), it is immediate that

1 <0 2 E,
yielding the statement of the theorem. 0O
6. Asymptotics for u(m,n)

In light of Theorem 5.1, to obtain an asymptotic formula for u(m, n), it suffices to investigate the asymp-
totic behavior of the generating function

Un(a) := Y u(m,n)q"

n>0

near and away from the dominant pole. These asymptotic behaviors are given in the following two lemmas
whose proofs are given at the end of this section. We start with ¢ = 1. To state the asymptotic behavior
there, we define the constants c, 2x4+1 and yap ; (k) by

(73 (1 =¢)cos(2mrmz) =: Zi&m,2k+122k+17 (6.1)
k>0
j (21€7T)2€(—1)67Tj32j+2g+1 (é)
(205125 +2¢+1)

Ve, (K) == (2K)

Lemma 6.1. For |z| <y and a positive integer N > 2, as y — 0, we have

) T r4+s(_1\s 7 J
Un(q) = etr Z am,2k+1M’Y2l,j(4) (5)

127!
k,r,5,£,52>0
2k+r+s+204+754+2<N

j jus _1
X Bayaryaep1 (0728 HH2I2 4 0 (|T|N+1661m( *)) :
The next lemma gives the behavior of U,,(q) away from ¢ = 1.

Lemma 6.2. For y < |z| < 1 and some ¢ > 0, we have

Un(q) < e,
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From the above two lemmas, the asymptotic formula for u(m,n) is immediate.

Theorem 6.3. For m € Ny and an integer N > 2, we have, as n — 0o,

r+s+1
_ 1—j ktrts+j+e+1 T
u(m,n) = ) 277 (=) Oém,zk+1WE%+27~+2£+1(0)72M(4)
k,r,s,0,j>0 o
2k+r+s+20+75+2<N

_N+2 o m
X Xoktrtst20+j+3(n) + O (” >e ”\/;) :

where Xy (n) := (2v/3n) " FI_1(27/n/3).
Proof. Using Lemmas 6.1 and 6.2, we find that U,,(q) satisfies the two assumptions (5.1) and (5.2) required

for Theorem 5.1. By applying Theorem 5.1 with L = 6 and

)" (=1)° i\7
A(M) = Z Qm 2k+1 ()1257”)725,3'(4) (2) Boperors01(0),
k,r,5,0,5>0 r:s

2k+r+s+20+5j4+2=M

we deduce the asymptotic formula for u(m,n), as claimed in Theorem 6.3. O
In particular, choosing N = 4 in Theorem 6.3 yields the following by a direct calculation.

Corollary 6.4. For m € Ny, we have, as n — oo,

7T2 3 4

u(m, n) = - Xa(n) + %X4(n) + % (59 — 36m?) X5(n) + O <n73e2”\/g) ,

Corollary 6.4 now immediately gives the inequalities for u(m,n).

Proof of (1.3). Corollary 6.4 yields that

4

u(j,n) — ulm,n) ~ %%15 <27r ﬁ) ,

which directly implies the claim since I;(z) > 0 for z € RT. O
Now we turn to proving Lemma 6.1.

Proof of Lemma 6.1. We start with noting that Cauchy’s integral formula and the symmetry u(—m,n) =
u(m,n) imply that

Un(q) = 2/U((; q) cos(2mmz)dz. (6.3)

Using (1.2), we decompose the generating function as
UG a) = Gua(Gia) + Gu2(Cia),

where
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n(n+1)
2

ZnZO(_l)n<2n+lq
(€9 oo (CT1) o ’

Gu2(q):i=(1-¢) Z( 1)ncdng n(n41) (1= g+,

n>0

Gu,l((; Q) =

We first approximate the partial theta function occurring in G, 1. By splitting into even and odds, we obtain

S0 =g (R (52) - Fa (52)) (6.4)

n>0
By Theorem 4.1, we find that for |z| < 1/16, (6.4) has the asymptotic expansion

¢ N

- Z 8mz

>0 ! i=

740 (|T|N+l) .

4m (Bajtet1 (3) = Bojgerr (7))
‘ 2j+0+1

Thus, by employing Lemma 3.2, we have for z € (0,1/16) the asymptotic expansion

ig et ("2 (1—()e = (8miz)? al (4mi)? Bajyoer1 ()
Gua (¢ q) = : 7
<1_e27‘rrzz> 77r71_z ZZZO ]XZ:O ]' 2]+2€+1
L0 ( |r| N+ RE Im (- i)) , (6.5)

where we used that By(z) = (—1)¥By(1 — ) and that z — 22 < 15/256 for z € (0,1/16).
Moreover, for 1/16 < z < 1/2, we can bound

Gun(Gig) < eFEM2) 37 =5 e BEm (1), (6.6)
n>0

where we used that y > |7| and Lemma 3.2 to estimate the contribution from the infinite product.
For G, 2 and 0 < z < 1/2, we see directly that

(1O > (~1reng™ s (12| < Y e « 7|, (6.7)

n>0 n>0

Therefore, decomposing the integral in (6.3) as

Un(q) = 2/Gu71(c;q) cos(2mmz)dz
0

+2 / Gu,1(¢; q) cos(2mmz)dz + 2 / Gu.2(C; q) cos(2mmz)dz
L 0
(

q) + Eui(q) + Eu2(q),
we observe, by (6.6) and (6.7), that

Eui(q) + Eua(q) < |r[ 2emimi=7), (6.8)
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On the other hand, by (6.5), Lemma 3.4 (i), and by expanding e~ , we deduce that M, (q) equals

L
1w (Wi)r : . . ' 2k+1+2r+2€
Zq_ﬁeg_r E Zam,QkJrl T| (_QZJ) 2_-772&j(4)7'-7—7'/ Sinih (7r_zz) dZ
k,r,l,5>0 ' 0 T
2k+r+2€+]+2<N

L0 (|T|N+16%1m(*%)>

. o\ J
I (mi)" ] 2k4r+204+5+2
=q 24 67 E Oém,2k+1 T'}’Q&j (4) (2> E2k+2r+2é+1(0)7 T J
k,r,6,j>0 '

2k+r+2£+]+2<N

) (|T|N+1e%lm(—%)> , (6.9)

where vy 2k+1 and yze,;(4) are defined by (6.1) and (6.2), respectively. Therefore, combining (6.8) and (6.9)
and expanding q_ﬁ7 gives the claimed asymptotic expansion. O

We now turn to the proof of Lemma 6.2.

Proof of Lemma 6.2. Recall that [2, Theorem 2.1]

n(n+1)
1 1 —¢
. (6.10)
(€2 (1) )% % 1-
Approximating
n(n+1) n(n+1)
e 1
“‘OZ% <<1+Z|Q| ST e sy (e
nez q n>1 n>1

n(3n+1)
DD < Y e <y

n>0 n>0

we obtain

1
[(@)ool?

U((q) <y ?

In summary, by combining the above bounds with Lemma 3.3, in the region y < |z| < %, we have

Un(q) = 2/U(C; q) cos(2mmz)dz < y 2
0

as desired. 0O
7. Asymptotics for w(m,n)

The following two lemmas give the asymptotic behavior of the generating function W,,(q) :=
>, w(m,n)q™ near and away from ¢ = 1. Firstly, we have near ¢ = 1.
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Lemma 7.1. For |x| <y and an integer N > 2, we have, as y — 0,

=i 1 (i)t 2ttt
Wn(q) = edr 3 E am,2k+1WE2k+2r+l(0)T
k,rt>0 o
Shtr it F2<N
(—l)t(Tri)TH i J (_1)5(27‘.)25
2 ALYV (A AT
* . ;»o amzii o (3) 12055
7T7 k] 757_
Gl sl 21 2< N

j ™ _1
X E2T+2k+25+28+1(0)7-]+r+t+2k+2£+23+2> +0 (|T|N+1661m( T)) .

Since the proof of the above lemma is similar to that of Lemma 6.1, we omit it here.
By using Lemma 3.3, (6.10), and proving as before that

W(¢Cq) <y +y 3,

1
(9)oo?

we deduce the following asymptotic behavior away from g = 1.

Lemma 7.2. Fory < |z| < %, we have, for some € > 0,

W (q) < et =,

From Lemmas 7.1 and 7.2, we find that W,,(q) satisfies the two assumptions required for Theorem 5.1.
Thus, by applying this theorem, we deduce that

Theorem 7.3. For m € Ny and any integer N > 2, we have, as n — oo,

,/TrthJrl

w(m,n) = Z (*1)T+t+k+1am,2k+1w
k,rt>0 o

2k+r+t4+2<N

+4 Z (_1)r+t+k+j+€+s+1am’2k+1

k,r.j,€,8,t>0
GAr+2k+204+25Ft+2< N

Eopy2r11(0) Xoktryet3(n)

arHtt2s+192s—j

sy 2@

_N+2 5o m
X Eoryopt20+25+1(0) Xoktrtt420+25+5+3(n) + O (n 2 e Tr\/g) )

In particular, N = 5 yields, by a lengthy but straightforward calculation, the following asymptotic main
terms.

Corollary 7.4. For a fized non-negative integer m, we have, as n — oo,

3 5574 5(1841 — 108m? 7y /An
w(m,n) = %X;;(n) + 2Z Xs(n) + it 59 m )Xg(n) +0 <n_%e 3 ) .

Inequality (1.4) in Theorem 1.1 is now immediate from the above corollary.
8. Asymptotics for v(m,n)

The following two lemmas, whose proof we omit, describe the asymptotic behavior of V,,(q) =
Ym0 v(m,n)q"™ near and away from the dominant pole. Near ¢ = 1, we have
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Lemma 8.1. For |x| <y and any integer N > 2, we have, as y — 0,

_ o= (=1)*(mi)™* i 2kt s+20+5+2
Vin(q) = e®r Z Qm. 2k 41~ T V26 (3)7 Eogt2r+2041(0)7
kyrys,0,§ >0 o
2k+r+s+20+j+2<N

+0 (\T|N+le%1m(_%)) .
By using Lemma 3.3, (6.10), and proving as before that

V(Gq) <y? +y e,

(@)oo |?

we deduce the following asymptotic behavior away from ¢ = 1.
Lemma 8.2. For y < |z| < %, we have, for some € > 0,
Vin(g) < %7

From Lemmas 8.1 and 8.2, we find that V;,,(q) satisfies the two assumptions in Theorem 5.1. Thus, again
using Theorem 5.1, we deduce the following result.

Theorem 8.3. For a fized non-negative integer m and a positive integer N > 2, we have as n — 0o,

r+s+1
k j+0+1 T
v(m,n) = > 2(=1)FT I g, g Soprar Lakrer2e41(0)7265(3)
k,r,s,L,7>0 o
2kt rts 20t +2<N

_Nt2 g f4n
X X2k+r+s+2£+j+3(n) + O (TL 2 eﬂ' 3 ) .
In particular, N = 4 yields the following asymptotic main terms.

Corollary 8.4. For a fixed non-negative integer m, we have, as n — oo,

72 473 7 (101 — 72m2)
= —X —X
v(m,n) 3 3(n) + 57 a(n) + 516

an
X5(n)+ 0O <77,367r 3 ) .
Inequality (1.5) in Theorem 1.1 is now immediate from the above corollary.
9. Asymptotics for v(m,n)
As the generating function of v(m, n) contains a quotient of two Jacobi theta functions, investigating its
asymptotic behavior requires more work but still fits into the general method developed in Sections 3 and 4.
The following two lemmas describe the asymptotic behavior of Vp,(q) := >, -, v(m,n)q". We start with

the asymptotic behavior near ¢ = 1. For this, let 2 ;(4) be given as in (6.2), and S, 2k is the constant
defined by

The proofs of the following two lemmas are given at the end of this section.
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Lemma 9.1. For |x| < y and a positive integer N, as y — 0,

i (mi)" e 41 j+rts+2k+20+1
Vin(q) = V2es~ E (=1)°Bm, 2k ST 2l gl Ve, (4) Bagyor 120! T
k,r£,j,s>0
]+7‘+2k+2€+1<N

=+ O (|T|N+1e§hn(—%)> )
Away from ¢ = 1, we have the following behavior.

Lemma 9.2. Fory < |z| < 1 5, we have, for some € >0,
Vinlq) < e¥17¢.

Lemmas 9.1 and 9.2 enable us to apply Theorem 5.1 to obtain the following asymptotic formula for
v(m,n).
Theorem 9.3. For m € Ny and N € N, we have
r+s+1

3 .
v(m,n) =22 > B2k Ww,] (4) (1) By o 90Y s okt2er2(n)

k,r¢,5,8>0
JHr+s+2k+20+1<N

+0 (nfye”‘/ﬂ ,
where Yy (n) := (4y/n)~FI_j(7\/n).
By expanding the first three non-zero terms, we find the following asymptotic main terms.

Corollary 9.4. We have

5m2 73 (77 — 64m?)

Now we prove Lemma 9.1.

vim,n) = Yi(n)+ O (n_%e”ﬁ) .

Proof of Lemma 9.1. As before, we write

V(¢q) =Gui1(Gq) + Gua(Ca),

where

C(_Q)OO _1\n/n %
Gun(G:4) = (14¢) (€6 6?) o (C1a:6%) o n%:o( ¢t ’

VQ(CC] 1+<Z 7L<nn+n

n>0

By splitting the partial theta function into even and odd terms, we find that

G s (6a%0°) . (% a) o (@ 07) (Fl 2 (Z; Z) Bt (z; Z)) ’

Gui(Ga) = 1+0)(€a) (C'0) e (9o
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where we used that

(G _ (68%0%) (1% 0%) 0 (6% 6
(€50%) o (1007 (€00 (1000 (0) o
By employing Lemma 3.1, we first approximate the contribution coming from the infinite product, namely,
we have
11 — 11 i omiz?
o (P P) (PP ) GrteEE G men). ay
(140 (€@ (T10)o0 (@) V2(1 + C)e= % (1+e”3)

Combining this with Theorem 4.1, we obtain that, for 0 < z < i,

)25

N - . 1
Z (4mi)? Bajroes (4)7_3' L0 (|T|N+1es%1m(—%)) .

Gua(Ga) = - G125 +2041

\/ﬁﬁ%q*ie?ﬁe@i Z (4miz
(14 (e 5 1+e"i2) = @0

Goa(Gia) < [rf7zemm2),
Finally, for 0 < z < %, we have
Gua(Gia) < 7|72
Proceeding as before, but using the second formula in Lemma 3.4, finishes the proof. O
We next bound the generating function away from the dominant pole.

Proof of Lemma 9.2. Exactly as before, one can show that all contributions other then those from the
infinite product have at most polynomial growth in 1/y, and thus it suffices to show that for y < |z| < %

(_Q)oo
(€3 0%) o (15 ¢%) o

B
35 —€
Lesy -,

for some € > 0. From (6.10) we obtain that

(71)nqn(n+1)
1— Cq2ntt

(7Q)oo o 1
) 507 (@) (Ca%5?) 2

X nez

As in (6.11), we obtain

Z (_1)nqn(n+1)

1 _ Cq2n+1

nez

To bound the remaining product, we write

1 [ 1 1
)T ()
(q)OO (q2; QQ)OO nzz:l n 1—qn 1— q2n
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which implies that

1 |q|”< 1 1 > ( 1 1 >
log (|[—————|) < S 1 + gl [ —— - —— ).
g(h@mm%fuj> > o o) M s i

n>1

The sum on n now equals

1
m(mmwmmmmmm

Moreover, as in the proof of Lemma 3.5 in [3], we may bound

)=%+ommm.

1— ¢l =2my+ O (v°),
11— q| >2v2my.

This easily yields the claim. O
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