Accepted Manuscript

Identification of unstable fixed points for randomly perturbed dynamical systems MATHEMATICAL

with multistability ANALYSIS AND
APPLICATIONS

Eelilons: s

Xian Chen, Chen Jia e

usociale Edilors:

PII: S50022-247X(16)30384-5

DOI: http://dx.doi.org/10.1016/j.jmaa.2016.07.060
Reference: YIMAA 20622

To appear in: Journal of Mathematical Analysis and Applications

Received date: 26 October 2015

Please cite this article in press as: X. Chen, C. Jia, Identification of unstable fixed points for randomly perturbed dynamical
systems with multistability, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.07.060

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers we are
providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of the resulting
proof before it is published in its final form. Please note that during the production process errors may be discovered which could
affect the content, and all legal disclaimers that apply to the journal pertain.


http://dx.doi.org/10.1016/j.jmaa.2016.07.060

Identification of unstable fixed points for randomly perturbed
dynamical systems with multistability

Xian Chen!, Chen Jia?3*
!School of Mathematical Sciences, Peking University, Beijing 100871, PR. China
2Beijing Computational Science Research Center, Beijing 100094, P.R. China
3Department of Mathematical Sciences, The University of Texas at Dallas, Richardson, Texas 75080, U.S.A.
* Author to whom correspondence should be addressed.

E-mail: chenxian@amss.ac.cn (X. Chen), jiac@utdallas.edu (C. Jia)

Abstract

Multistability, especially bistability, is one of the most important nonlinear phenomena in deterministic
and stochastic dynamics. The identification of unstable fixed points for randomly perturbed dynamical
systems with multistability has drawn increasing attention in recent years. In this paper, we provide a rigorous
mathematical theory of the previously proposed data-driven method to identify the unstable fixed points
of multistable systems. Specifically, we define a family of statistics which can be estimated by practical
time-series data and prove that the local maxima of this family of statistics will converge to the unstable
fixed points asymptotically. During the proof of the above result, we obtain two mathematical by-products
which are interesting in their own right. We prove that the downhill timescale for randomly perturbed
dynamical systems is log(1/¢), different from the uphill timescale of ¢"/¢ for some V' > 0 predicted by
the Freidlin-Wentzell theory. Moreover, we also obtain an L” maximum inequality for randomly perturbed
dynamical systems and a class of diffusion processes.
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1 Introduction

A number of deterministic and stochastic dynamical systems possess multiple stable or metastable
equilibrium states. This phenomenon is widely referred to as multistability, which is one of the
most important nonlinear phenomena in deterministic and stochastic dynamics [16]. Systems and
devices with multistability, especially bistability, have been found or used in a wide range of scientific
fields, including but not limited to mechanics, electronics, optics, thermodynamics, chemistry, biology,
ecology, and meteorology. In the recent two decades, multistability has been extensively studied in
biology. It has become increasingly clear that multistability is the key to understanding various basic
cellular functions and the onset of complex diseases [20].

Due to the stochastic effects, a multistable system in natural sciences is usually modeled by the
following randomly perturbed dynamical system:

dX; = b(X;)dt + \/eo(X;)dB, (1.1)

where B = (B;):>0 is a standard Brownian motion. For simplicity, we only consider the one-

dimensional case in this paper. A multistable system can be clearly described in terms of its potential,



which is defined as

U(z) = — /Ox 25W) 4, (1.2)

o*(y)
The potential of a multistable system has multiple local minima and any two adjacent local minima

are separated by a local maximum (see Figure 1(a)). In the language of dynamical systems, the local
minima and local maxima of the potential are the stable and unstable fixed points of the deterministic
counterpart & = b(z) of the randomly perturbed dynamical system (1.1), respectively. Let s; be all the
stable fixed points and let u; be all the unstable fixed points of the dynamical system @ = b(z). Then

s; and u; can be generally arranged as (see Figure 1(b)):
—00 <8 <UL <8 < v < S < Up—q < S < 0Q.

In recent years, the identification of unstable fixed points for multistable systems has attracted
increasing attention. Recent studies on complex diseases have shown that any disease progression can
be divided into a normal state, a pre-disease state, and a disease state [3]. The normal and disease states
correspond to the stable fixed points of a multistable system and the pre-disease state corresponds
to the unstable fixed point between them. Once the expression level of the disease-related gene in
a person is close to the unstable fixed point, we have good reasons to believe that this person is in
a pre-disease state and is at high risk of disease progression. This suggests that the identification
of unstable fixed points for multistable systems is closely related to the early diagnosis of complex
diseases.

Now that the unstable fixed points of multistable systems are of great importance, it is natural to
ask whether we can detect them in an effective way by using the experimental data. Recently, several
research groups have proposed different methods to solve this problem [3, 4, 10, 12]. In biological
experiments, it often occurs that a large number of multistable systems with the same distribution can
be observed or measured at several discrete times t1, to, - - - , t,, with time interval h(e) = t,,11 — tp,-
For example, the expression levels of some pivotal genes of a large amount of cells within an isogenic
population can be measured at several discrete times. Intuitively, if the measurement at time ¢, is
around the stable fixed point s;, then the measurement at time ¢,,,; should be also around s;. However,
if the measurement at time ¢,, is around the unstable fixed point u;, then the measurement at time
tma1 should become rather scattered. Based on this idea, Dai et al. [4] and Jia et al. [10] define the
following variance function:

D (z) = Var(X; ?

t7n+1

X5, =) = Ea | X — Eo X (1.3)

According to the above intuitive ideas, the variance function should be very small around each stable
fixed point and should be very large around each unstable fixed point. This suggests that the unstable
fixed points should be detected by seeking the local maxima of the variance function.

Although the above method has been applied to detect the unstable fixed points of multistable
biological systems based on practical time-series data, there is still a lack of a rigourous mathematical
theory of this method. In this paper, we generalize the variance function proposed earlier to the case
of any pth moment with p > 0:

VP(r) = By | X — EaXo]” -
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In the case of p = 2, the function VP (z) is exactly the same as the variance function D(z). Let mS
be the maximum point of V“?(x) between two adjacent stable fixed points, s; and s, ;. We prove that
when the time interval h(¢) satisfies appropriate conditions, we have

limm; = w;,
e—0

where u; is the unstable fixed point between s; and s, 1. This shows that when € is not very large, we
can indeed identity the unstable fixed points by seeking the local maxima of V<P (z) for any p > 0.
This is the first main result of this paper.

In order to prove the above result, we must solve two mathematical problems which are interesting
in their own right. The first problem is the downhill timescale for randomly perturbed dynamical
systems. Roughly speaking, the downhill time of a multistable system is the time for the system to
arrive at the stable fixed points along the potential gradient, while the uphill time of a multistable
system is the time for the system to arrive at the unstable fixed points against the potential gradient. It
is a classical result of the Freidlin-Wentzell theory that the uphill timescale for multistable systems is
eV/¢ for some V' > 0 [7]. In this paper, we prove that the downhill timescale for randomly perturbed
dynamical systems is log(1/¢). This result, which is the second main result of this paper, is closely
related to the previous studies on the escape of a randomly perturbed dynamical system from unstable
fixed points or limit cycles [1, 5, 6, 13, 18].

The second problem is the L.” maximum inequality for randomly perturbed dynamical systems.
In fact, the L' maximum inequalities for one-dimensional diffusion processes have been studied by
Peskir et al. by using Lenglart’s domination principle [8, 15]. However, the L maximum inequalities
for diffusion processes with p # 1 turn out to be rather difficult, even for the Ornstein-Uhlenbeck
(OU) process. As an attempt, Yan et al. [21, 22] have studied the L maximum inequalities for a class
of diffusion processes. Although their ideas are fairly nice, their detailed proofs are questionable (see
Remark 4.3). In this paper, we provide a complete proof of the L” maximum inequality for diffusion
processes with convex potential and use it to prove an L” maximum inequality for randomly perturbed
dynamical systems. This is the third main result of this paper.

The content of this paper is organized as follows. In Section 2, we develop a mathematical theory
of the previously proposed method to identify the unstable fixed points of multistable systems. In
Section 3, we study the downhill timescale for randomly perturbed dynamical systems. In Section
4, we study the I” maximum inequalities for randomly perturbed dynamical systems and a class of

diffusion processes.

2 Identification of unstable fixed points for randomly perturbed dynamical systems
2.1 Model

For any ¢ > 0, let X = (X[);>0 be a one-dimensional time-homogeneous diffusion process

solving the stochastic differential equation

dX{ = b(X{)dt + /eo (X{)dB,, @2.1)



where B = (B;);>0 is a standard Brownian motion defined on some filtered space (€2, F, {F;}, P)
satisfying the usual conditions. When € = 0, the stochastic differential equation (2.1) degenerates to
the dynamical system @ = b(x). When ¢ is small, the diffusion process X can be viewed as a random
perturbation to the dynamical system & = b(z). Therefore, X is widely referred to as a randomly
perturbed dynamical system.

In this paper, we consider the case when the dynamical system & = b(z) has a finite number of
fixed points which are either stable or unstable. This implies that the number of zeros of b(x) is finite
and the sign of b(x) changes at each zero of b(x). Thus there exists a unstable fixed point between any
two adjacent stable fixed points and a stable fixed point between any two adjacent unstable fixed points.
We further assume that the smallest and largest fixed points are stable. Under these assumptions, all

the stable and unstable fixed points can be arranged as
—00 < 81 < U < Sg < -0 < Spmy < Up—1 < S < 090,

where s; are all the stable fixed points and w; are all the unstable fixed points of the dynamical system
& = b(x) (see Figure 1(b)). When k = 2, the dynamical system @ = b(x) has two stable fixed points
and thus X € is called bistable; when k& > 2, the dynamical system & = b(x) has multiple stable fixed
points and thus X € is called multistable.

(@)

U(x)

(b)

S1 Uy S Uy S3 U3z S4

Figure 1. (a) The potential of a multiscale system. (b) The phase portrait of the deterministic counterpart of the multiscale
system.

For further reference, recall that the potential of X ¢ is defined in (1.2). Moreover, the infinitesimal

generator of X € is given by

L= b(:l:)i + 6Uz(x)

d?
dr ' 2 da?

dx?

and the scale function of X¢ is given by

se(x):/ VW edy.
0

It is easy to see that all the stable fixed points s; are the local minima of the potential U (x) and all the

unstable fixed points u; are the local maxima of the potential U(z) (see Figure 1(a)). Intuitively, a
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multistable system has multiple local minima of the potential and any two adjacent local minima are
separated by a local maximum, which can be visualized as a potential barrier between them.

Throughout this paper, we make the following technical assumptions.

Assumption 2.1. (i) The drift coefficient b(x) and the diffusion coefficient o () are locally Lipschitz

continuous, that is, for any N > 0, there exists a constant K such that for any |z| < N and |y| < N,
b(x) = b(y)| + |o(x) — o(y)| < Kn|z —yl.

(i) The diffusion coefficient o(z) is uniformly elliptic and bounded, that is, there exist constants

7 > 0and 72 > 0 such that 7 < o(z) < 7, for any z € R.

Remark 2.2. If b(x) and o(x) are locally Lipschitz continuous, the stochastic differential equation
(2.1) has a unique strong solution X ¢ with explosion time 7 [9, Page 178]. Since the potential U (z)
has a finite number of local minima, it is easy to see that U(x) is bounded from below. This implies
that the scale function s¢(x) satisfies s°(c0) = oo and s°(—o00) = —oo, which guarantee that n° = oo,
a.s. [9, Page 447, Theorem 3.1] and X°¢ is recurrent [17, Page 311, Exercise 3.21]. Thus under
Assumption 2.1, the stochastic differential equation (2.1) has a unique strong solution over the whole

time axis which is also recurrent.

Assumption 2.3. The potential U (x) satisfies:
(i) For any 1 < i < k, U(x) is convex in a neighborhood of s; and U"(s;) > 0;
(ii) For any 1 < ¢ < k — 1, U(x) is concave in a neighborhood of u; and U” (u;) < 0.

Under Assumption 2.1, U(x) must be a C' function and may not be a C? function. Thus
U"(s;) > 0 in general cannot ensure U (z) to be convex in a neighborhood of s;. However, if b(z) and
o(x) are both C'! functions, then U(x) is a C? function and thus U”(s;) > 0 is enough to ensure U (x)

to be convex in a neighborhood of s;.

2.2 Main results of this section

In biological experiments, it often occurs that a large number of multistable systems with the same
distribution can be measured at several discrete times t1, to, - - - , t,, with time interval h(€) = t,, 11 —ty,.

In this paper, we define the following function V<?(x) for any p > 0:
VL(z) = By | Xiyo) — EaXfo |- (22)

The following theorem provides a theoretical basis for the method to identify the unstable fixed

points of multistable systems proposed in previous papers [4, 10].

Theorem 2.4. For any 1 < i < k — 1, let m{ be the maximum point of V?(z) within the interval
[si,8iv1]. thatis, VP(m$) = max{VP(x) : x € [s;,S;41]}. Assume that the time interval h(e)

satisfies the following two conditions:
. -1 o
15% h(e)~" log(1/e) =0, (2.3)

11_1&1(1) elogh(e) = 0. (2.4)



Then forany 1 <i < k —1,

limm; = ;.
e—0

Remark 2.5. The above theorem shows that when the time interval h(e) is appropriately chosen, the
local maxima m§ of V<P (x) will be very close to the unstable fixed points u; when € is small. This
implies that we can indeed detect the unstable fixed points of X by seeking the local maxima of
V<P (z). This idea provides a data-driven method to identify the unstable fixed points of multistable
systems without resorting to the details of the specific model such as the forms of the drift and diffusion

coefficients.

Forany 1 <i <k —1,let7f =inf{t > 0: X; & (s;, Si+1)}. Then 7{ is the downhill time for X*
when the initial value is between the stable fixed points s; and s; 1. We further define an auxiliary
function V?(z) as

Vr(z) = Eu| Xfe — B X5

P (2.5)
The following lemma gives an upper bound of the downhill timescale.

Lemma 2.6. Forany 1 < <k —1,

sup E.7f = O (log(1/e)). (2.6)
:EE[SZ‘,SZ‘+1]
Proof. This lemma is a direct corollary of Theorem 3.1 proved in Section 3.1. [

The following lemma gives a condition under which X¢ cannot go too far within the time interval

h(e) when starting from the stable fixed point s;.

Lemma 2.7. Assume that the time interval h(e) satisfies (2.4). Then for any 1 < ¢ < k and p > 0,
limE;, sup |X;—s]"=0.
e 0<t<h(e)

Proof. This lemma will be proved in Section 4.1. L]
With the above two lemmas, we can prove the following approximation theorem.

Theorem 2.8. Assume that the time interval h(e) satisfies (2.3) and (2.4). Then forany 1 <i < k—1
and p > 0,
lim sup |VEP(z) — VEP(z)| = 0. (2.7)
€0 pelsi,sipi]
Proof. For any fixed 1 < i < k —1and z € [s;,8;41), let & = |X,i(€) — ExXﬁ(e)‘ and 7., =
| Xfe — B, Xf|. Note that for any p > 0,

Recall that for any @ > 0, > 0, and p > 0,
(a+b)P < max{2’~' 1}(a” + b"). (2.3)



If p < 1, it follows from (2.8) that
168 = ] < €w — neal”. (2.9)

If p > 1, it is readily checked from (2.8) that

1€ = 1| < (| = M| + M)’ — 1 -

Denote by |p| the integer satisfying p — 1 < |p| < p. Direct computation shows that for any p > 1

‘gzx - 77€,I| < (|£ez = e, o+ new)m (|£ew - 776,90‘ + ns,w)p_m - Uf,z
< C €,T ezm e prJ‘f’p\‘pJ /A
LPJ Lp]
|m+p LPJnLPJ + Z C[ZJ ‘é‘sw ~ n€7x|mn£;
m=1

= Z C[zj |£€,z -
m=0

|p] > 0, (2.9) and (2.10) imply that for any p > 0, |V?(z) — VP (z)|

Since 1, < s;11 — s; and p
Nez|?: ¢ > 0}. Forany ¢ > 0,

can be controlled by a finite linear combination of {E,|¢, .
q
Eo X5 = 1 X5 — E. X5 |

Efr|£e,x - 776,1:|q == E;p
[|X}€L(e) - X%‘ + |EJ:XZ(€) - EZX%@

q
< max{21!, 1} Bl X — Xe | + (Bl Xi — Xel)']

€ |q .
el
Ti

Thus for any p > 0, |[V?(x) — V?(z)| can be controlled by a finite polynomial of {E,|X¢ o—X

q > 0}. By Chebyshev’s inequality and the strong Markov property of X ¢ at ¢, for any ¢ > 0
= Xoe|"Tire<nepy

Xee| = Eo| X = Xie| "Tiresn(oy + Eol X
Xz

Ee| Xhye —
< (8ip1 = 8)"P.(7f > h(e)) + E, [0<Stl<l£)

’T+t

oBaTf
—L L By [ sup X[ — X))

< (Sit1 — 5
(8 ) h(e) ™ 0<t<h(e)
quTi € q € q
< (5i+1 - Si) Si[ sup ’Xt - Si| ] + E5i+1[ sup |Xt - Si-l-1| ]
h(e) 0<t<h(e) 0<t<h(e)

It follows from Lemma 2.6 that
= lim h(e) 'O (log(1/e€)) =

e—0

lim sup
€20 ze[si,5i41] h( )

This fact, together with Lemma 2.7, shows that
lim  sup E.|Xj) — X |?=0.

=0 S [Si ¢5i+1]

This completes the proof of this theorem.

We are now in a position to prove Theorem 2.4



Proof of Theorem 2.4. For any 1 < ¢ < k — 1, let m§ be the maximum point of f/e’p(a:) within the

interval [s;, s;+1]. Direct computation shows that
f/e’p(l’) = (8i41— 8i)" |:]P)ac<X7€—,€ = 5;)Pu(X5e = 5i41)" + Po(X5e = 5)P P (X7 = 3i+1>] .

For any a € [0,1],let g(a) = a(l — a)? + (1 — a)aP. Itis easy to verify that g(a) is strictly increasing

on [0, 7] and is strictly decreasing on [1 — r, 1], where

ro1Ap 1
1+p = 2
Therefore, m; should satisfy
Vs’p(mf’) > (sip1 — 8i)Pg(r). (2.11)

It is a classical result [11, Page 344, (5.61)] that

s€(x) — s(sy) Ja e Wiedy
P (X5 = 5,01) = = : 2.12
( = +1) 5¢(8i41) — 5°(54) fs.m eVW)/<dy ( :

Note that U/’ (u;) < 0 and w; is the unique maximum point of U (x) between s; and s;,1. By Laplace’s
method [19, Page 277], it is easy to check that

Sit1
lim/ eU(y)/Edy/ [eU(ui)/f —27re/U”(ui)} =1

e—0 s

This shows that when e is sufficiently small,

Si+1
/ eU(y)/edy > %eU(Ui)/E‘ /—QFE/U”(ui).
Thus for any n > 0, whenever x < u; — 7, we have

fsf eV W/edy Y 2(u; — 1 — s;)eUwm/e
ST eVedy = UteJ=2re U7 ()

PI(X% = 3i+1) = — 0, as e — 0.

Thus when ¢ is sufficiently small, P, (X¢ = s;41) < r/2 for any @ < u; — 7. Similarly, when € is

sufficiently small, IP:E(X% = S;41) > 1 —r/2forany = > u; +n. This shows that for any |z —u;| > 7,
Vr(z) < g(r/2)(sia — i)
By Theorem 2.8, when ¢ is sufficiently small, we have
[V = V@) < o = 00~ /) @.13)
Thus for any |z — u;| > 7,

V() < VM) b sup V() — VR@)] < S5 — 5P (90r) + g(r/2)

TE€[84,5i41]

On the other hand, it follows from (2.11) and (2.13) that

~€ TED (2 € € ~c 1
Ver(mg) = Ver(mg) — suw VEr(a) = V()] > 5 (s = 50)" (g(r) + 9(r/2)) -
TE|Si,Si+1
This implies that VP(m¢) > VP(x) whenever |x — u;| > 7. Thus when ¢ is sufficiently small, we

have |m§ — w;| < n. By the arbitrariness of 7, we obtain the desired result. O

8



We have seen that the keys to the proof of Theorem 2.4 are Lemmas 2.6 and 2.7, which are
interesting in their own right. Lemma 2.6 gives an upper bound of the downhill timescale for randomly
perturbed dynamical systems and Lemma 2.7 is closely related to the L? maximum inequality for
randomly perturbed dynamical systems. These two lemmas will be proved in the following two

sections.

2.3 A remark on the choice of the time interval /(¢)

There is an important question that has not been answered satisfactorily in the previous studies:
how should we choose the time interval h(€) between two successive measurements? In this paper, we
prove that if the interval h(e) satisfies the two conditions given in (2.3) and (2.4), then we can detect
the unstable fixed points of multistable systems by seeking the local maxima of V“?(x). However,
this raises the following question: what are the intuitive implications of these two conditions?

Intuitively, if we hope V() to be large around the unstable fixed points u;, then the interval h(e)
should be long enough to make the system arrive at the stable fixed points s; or s; 1 within the interval
h(e). This shows that h(e) should have a larger timescale than the downhill time 77. This intuitive
idea, together with Lemma 2.6, shows that i(¢) should be chosen to satisfy the condition (2.3).

On the other hand, if we hope VP(x) to be small around the stable fixed points s;, then the
interval h(e) should be short enough to ensure the system not to make transitions between different
stable fixed points within the interval h(€). According to the Freidlin-Wentzell theory [7], X will
transition between different stable fixed points at the timescale of e"/¢ for some V' > 0. This suggests
that h(€) should be chosen to satisfy the condition (2.4).

The above discussion shows that the two conditions given in (2.3) and (2.4) coincide with our
intuitive ideas perfectly. Based on numerical simulations, Jia et al. [10] suggested that the timescale of
h(e) may be chosen as 1/e. It is obvious that any polynomial timescale of 1/e must satisfy these two
conditions and thus the above mentioned method to identify the unstable fixed points of multistable

systems can be successfully applied.

3 Downhill timescale for randomly perturbed dynamical systems
3.1 Main results of this section

In this section, we shall study the downhill timescale for randomly perturbed dynamical systems.
The following theorem gives an upper bound of the downhill time for X when the initial value is

between two adjacent stable fixed points.

Theorem 3.1. Forany 1 < ¢ < k — 1, let 7f = inf{t > 0 : X7 & (s;,8;11)}. Then for any
1<i<k—1,

SupIE[Si,SZ‘+1] E‘TJT; 2 1 2 + ]_
U(si1)]’

li = —
T T log(lje) T2 |U(s)  U'(uwy)

where v, is the constant described in Assumption 2.1.



Proof. This theorem will be proved in Section 3.2. ]

The reader may ask what is the downhill timescale for X when the initial value is outside the
interval [sq, s;|. To answer this question, we make the following assumption, which is equivalent to

saying that X has an invariant distribution when ¢ is sufficiently small.

Assumption 3.2. There exists a constant 3 > 0 such that

/673U(y)dy < 0.
R

Let 70 = inf{¢ > 0 : X; = x} be the first passage time of x by X*. Then ¢, is the downhill time
for X when the initial value x < s; and 7, is the downhill time for X“ when the initial value = > sj.
The following theorem gives an upper bound of the downhill timescale for X when the initial value is
outside the interval [sq, si].

Theorem 3.3. Under Assumptions 3.2, for any x > sy,

lim sup B, < L 3.1
0 log(1/e) = U (sk)’
and for any = < s1,
lmsup oo L (3.2)
0 log(1/e) = 97U"(s1)
Proof. This theorem will be proved in Section 3.3. ]

Remark 3.4. The above two theorems show that wherever the initial value is located, the downhill
timescale for X¢ has an upper bound of log(1/¢). In fact, it can be proved that under stronger
conditions, log(1/¢) is also a lower bound. This shows that in general, log(1/¢) is the correct downhill

timescale for randomly perturbed dynamical systems.

3.2 Proof of Theorem 3.1

In order to prove Theorem 3.1, we need a lemma.

Lemma 3.5. Forany 1 <¢ <k —1,

4 wj Ui Sit1 Y
sup E,77 < —; {/ eU(y)/Gdy/ eU(Z)/Edz—i—/ eU(y)/Edy/ eU(Z)/edz] .
:EG[S,;,SH.l] 671 S Yy U; U

Proof. Forany 1 <i <k —1andx € [s;, s;11], it is a classical result [17, Page 305, Corollary 3.8]
that

1 [ T 9
E, ¢ — {/ eU(y)/edy/ 2€—U<z)/edz] P,(X5 = s5)
€ Sq Yy 9 (Z) ‘

+ 1/81.+1 eV W/eqy /y 2 e VR dz | P(XE = si41).
€ Js » 0%(2) K
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It thus follows from Assumption 2.1 that

2 [[7 ’
EzT: S — |:/ eU(y)/edy/ e_U(Z)/edZ:| Px<X7€_e = Si)
671 Si Yy '

2 Si+1 Yy
L2 { / U/ gy / e_U(Z)/edz] P, (X% = si1).

For any x € [s;, u,,

Si+1 Yy
/ U< gy / ~UEeg,
_ / " VW, / U@ g, o / T s, { / Y U@ ey 4 / ye—mz)/edz}
€T x g €T (173

0 i

Sit1 W Si41 Y
< / VW gy / UGy 4+ / Uy / U eg,

Thus it follows from (2.12) that

Sit1 Yy
{/ 6U(y)/eagy/ eU(Z)/Edz] P, (X5e = siy1)

T vwyeg, [ UGy Jo, e"Wedy T vwyeg, [1 ey
y)/€ —U(z)/€e Si y)/€ —Ul(z)/€
|:/x & dy/w‘ (& dZ:| f;ijq €U(y)/6dy + /uZ e dy /uz (& dZ

x U; Si4+1 Y
< / Ve gy / UG gy 4+ / U/egy / —Ueg,

< / " Uw/egy / Y UG e, / T U egy / UG,
S; y Uq Uq

Note that
[/x eV W/edy /z e_U(z)/edz] P, (X5 =s;) < /UI eV W/edy /W e V@/egy,
S Y Si Yy

Thus for any = € [s;, u;],

4 Uj U 2 Si41 Yy
E,ri < 2/ eU(y)/edy/ e UE/edy 4 2/ eU(y)/edy/ e UEeqy. (3.3)
€ S; Y €M Uj Uj

IN

Similarly, for any @ € [u;, s;11], one can prove that

9 Ui Ui 4 Si+1 Y
E,7; < —2/ eU(y)/edy/ e_U(Z)/Edz—l—Q/ eU(y)/Edy/ e UEeqy, (3.4)
€N S; Y €N U; Uj

Combining (3.3) and (3.4), we obtain the result of this lemma. []
We are now in a position to finish the proof of Theorem 3.1.

Proof of Theorem 3.1. By Assumption 2.3, U(x) is convex in a neighborhood of s; and is concave in

a neighborhood of u;. Thus there exists b; > s; and ¢; < w;, such that U(x) is convex on [s;, b;] and is

11



concave on [¢;, u;]. Note that

1 / v Ve gy, / Y UG,
€ Js, ”

:1/ eU(y)/edy/ eU(Z)/CdZ—l—l/ eU(y)/Edy/ e~UGR)/eg,
€ Si Yy € Si bi

L1 / " W, / Y U@ e, L / " Uti/eq / YUy,
€ Jo, Y € Je Y

=1+1I+1I0+1IV

We shall next estimate I, II, III, and IV, respectively. To estimate I, let

1 b; b;
() = = / Uy, / UG ey,
B Yy

€

Note that the value of ¢ () does not change under any translation of U(z). Without loss of generality,
we assume that U (s;) = 0. By Assumption 2.3, there exists § > 0 such that U(y) < U”(s;)(y — s;)*
for any y € [s;, s; + 0]. By Laplace’s method [19, Page 277], it is easy to check that

b;
: —U(z)/e me _
lﬂ%/&i e dz/ 0

This shows that when ¢ is sufficiently small, we have

b;
/ e U@/ edy < \/2me /U (s,).

Si

Thus when ¢ is sufficiently small, we have

1 sitvV/e b;
95(s:) — g5 (s + Ve) = / eU(y)/edy/ U@ e,
€ 8 y
1 Si+\/€ " 2
<o) ey Vo)
€ 5
207 (1)
VA VT
U”(Si) 0 Y.

Since U (x) is convex on [s;, b;], we have U’(z)/U’(y) > 1 for any s; < y < z < b;. Therefore,

1 bi b; UI(Z)
g5 (si +Ve) < / eU(y)/edy/ U@l )
€ Jsitye y U'(y)

/ " v L vy S
< e"WIet——_e7 "W 6dy:/ dy.
Si-i-ﬁ Ul(?/) sl‘-‘r\/g U’(y)

Applying L’Hospital’s rule and Assumption 2.3(i), we obtain that

b; 1
(s, e dy 1
lim sup & (si +ve) . Jorverm® . Ve

e—0 log(1/e) — e>0  log(1/e) B ei% 2U"(s; + /) = 20" (s;) 3.5)

12



Therefore,

: I . 95 (i) — g5 (si +\/€) + g5 (si ++/€) 1
1 =1 i i d < . 3.6
o log(L/e) et Tog(1/e) =207 (s,) (36)

Note that U’(z) is continuous and U’(x) > 0 for any = € [b;, ¢;]. This shows that

r:= min U'(z) > 0.
zé[bi,ci]

Direct computation shows that

1 [ U
I < =(b; — 5;)eV®)/e [ / e V&/edy 4 / e_U(Ci)/edz}
€ b; Ci
- l(bz B Si) |:/C1 ei(U(z)*U(bi))/edZ + (uz _ Ci)e(U(Ci)U(bi))/e:|
€ b;
1 “ —r(z—bj)/e 1 —(U(ci)=U(b:))/e
< —(b; — ;) e edz + —(b; — si)(u; — ¢;)e ' '
€ b; €
< b s + 1(bz — 5i)(u; — ¢;)e”Ul=UG)/e,
€

r

In analogy to the estimation of II, we have

I < 1/ eU(y)/Edy {/ e—U(Z)/edZ+/ e—U(cz-)/edZ}
y ci

€ b;

1 [« “ 1 “ i — b i — G
< / dy/ e "0 dy 4 = (uy — cz)/ eTreV/edy < < y UG

€ Jb, Yy € bs

To estimate IV, let U () = —U(x). By Fubini’s theorem, we have

1 Ui Z ~
IV = / eU(Z)/Edz/ e VWedy,

€

By Assumption 2.3, it is easy to see that u; is a local minimum point of U(z), U(x) is convex on

[¢i, u;], and U (u;) > 0. In analogy to the estimation of I, it is easy to check that

lims v < 1
11m su — .
o log(1/e) = 20" (uy)

1 g Uj
lim su / VWleg / e U@ eq,
o elog(1/e) J, '),

lim I+II+HI+IV< 1 1
= limsu — )
e—0 P log(1/€) —2U"(s;)  2U"(uy)

Therefore,

Similarly, one can show that

1 sit1 y 1 1
lims U)/eg / UG eg, < _ .
M0 clog(1/¢) / COYLT T TG T W (w)

i

Thus by Lemma 3.5, we obtain the desired result. OJ
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3.3 Proof of Theorem 3.3
In order to prove Theorem 3.3, we need a lemma.

Lemma 3.6. Let 7, = inf{¢t > 0 : X; = a}. Then under Assumption 3.2, for any z > a > s,

1 /[ 2
E. 75 = / eU(y)/Edy/ 5 e Vg, 3.7
€ Ja y 0%(2)

Proof. 1tis a classical result [11, Pages 343-344, (5.55) and (5.59)] that for any 3 > =,

E.7 A Tg

B8 T U(y)/e T
_ F / Uy, / y2e_U(z>/ed4 Jo 7y 1 / U<y / P2 vy,
€ Ja @ JQ(Z) fer(y)/Edy € Ja a 02(2)

T o) T B U(y)/e *©_2 —U(z)/¢
_ 1 / U/ gy / 2 vy, 1 / (U< gy, Jo 20y, e
2 B .
€ Ja , 0%(2) € Ja [V evw/edy

Applying Assumptions 2.1(ii), 3.2, and L’Hospital’s rule, we have

B oUW/ e 0 _2 ,-U(z)/e 0
lim sup fa c fy oM e < lim 2/ e VW/egqy = 0.
B00 17 evw)/edy “ 6200 ] Jg

It follows from Remark 2.2 that X* is non-explosive. This implies that limg_,, 7§ = o0, a.s. Thus

1 [* <2
E,75 = lim E, 75 A TE = / eU(y)/edy/ 5 e_U(Z)/Edz,
p—oo € Ja y O (Z)
which gives the desired result. OJ

We are now in a position to finish the proof of Theorem 3.3.

Proof of Theorem 3.3. The proofs of (3.1) and (3.2) are totally the same. Thus we only prove (3.1).
By Assumption 2.3, U(x) is convex in a neighborhood of s;. Thus there exists by > sy, such that
U(x) is convex on [sy, b]. It is easy to see that E,7¢, is an increasing function of 2. Without loss of
generality, we assume that © > b, and U(sy) = 0. By Assumptions 2.1(ii) and Lemma 3.6, we have

2 1 €T o0
E.m5, < — { / "Wy / eUWedz].
,71 € Sk Yy

1 / " Vg, / Y U@ gy
€ Jsi y
b b b 9]
1 / " U/, / UG g, 4 L / " U/, / U@/,
€ Sk y € Sk by

1 x x 1 x (o]
L1 / Ve gy / U gy 4k / U0/ gy / U@/ g,
€ Jb, y € Juy, T

=1+1I+ 10 +1IV.

Note that

14



We shall next estimate I, II, III, and IV, respectively. In analogy to the proof of (3.6) in Theorem 3.1, it
is easy to check that

I 1
li < .
Hﬁfélp log(1/€) = 2U"(sg)

To estimate II, we arbitrarily choose 0 < ¢ < by — s;. Note that U’(z) is continuous and U’(y) > 0
for any y € [s; + 0, x]. This shows that

r:= min U'(y) > 0.
ye[sk-‘ré,l‘]

By Assumption 3.2, when ¢ is sufficiently small,

b [e's)
n=t / “dy / ==V W) (1) (U -Uw) .,
€ Sk by

[e9) b
%eww(bk) /b U g / * e U -UW) gy

IN

k Sk
1 [e%e] Sp+0 by
L v / U 1 [ / e~ U-Uw) 2y, 4 / e—(U(bk>—U<y>)/2edy]
€ by Sk sp+o
b
1 v / U g, [56<U<bk>U<sk+6>>/2e+ / ‘
€ by, sp+6

< U / o—U() g {%—(U(bk)—U(sw&)/ze . 2} .
by, €

IN

IN

e?‘(bky)/%dy}

- r

To estimate III, note that

I = - / dy / o UE-U@) /g, < 1 / dy / erefeg, < 0
€ bk y € blc Yy r

By Assumption 3.2, when ¢ is sufficiently small,

=1 / "y / 7 B UE=U ) (1) (U () -UW)) g
€ bk x

T € r

1 oo x 2 oo
< Lowu@ / WU g / - U@-UW)/2 gy, < 2mU@ / e
T b, T

k

Thus by Lemma 3.6, it is easy to check that

i o Tay <1 2 I+0+1I+1V 1

imsup ——— < limsup — - ,

0 log(L/e) = ot of T log(L/e) — U(s)

which gives the desired result. [

4 [ maximum inequality for randomly perturbed dynamical systems
4.1 Main results of this section

In this section, we shall study the P maximum inequality for randomly perturbed dynamical
systems. The following theorem gives an L” maximum inequality for diffusion processes with convex
potential.

15



Theorem 4.1. Let X = (X;);>( be a diffusion process solving the stochastic differential equation
dX, = b(X,)dt + dB;, X, =0,

where b(x) is locally Lipschitz continuous and monotonically decreasing. Let F'(x) be the function

defined by
@ y
F(z) = 2/ eU(y)dy/ e V&2,
0 0
where U(x) = —2 fo y)dy is the potential of X. Assume that the following condition is satisfied:
F(x) /oo dz ]
su < o0 4.1
w7 b

and let H(x) = F~!(z) denote the inverse of F'(x) for z > 0. Then for any p > 0, there exists a

constant ¢, > 0 such that for any stopping time 7,

E[ sup X’ < c¢,EH(T)".

0<t<r
Proof. This theorem will be proved in Section 4.2. L]
Applying the above theorem, we can obtain an L” maximum inequality for the OU process.
Corollary 4.2. Let V' = (V});> be an OU process solving the stochastic differential equation
dVy = —aVidt + pdB;, Vi =0,

where o, 3 > 0. Then for any p > 0, there exists a constant ¢, > 0 such that for any stopping time T,

E[sup |Vi]]P < pﬂ Elogp/Z(l—i-ozT)

0<t<r

Proof. Let X; = V,/. Then X is the solution to the following stochastic differential equation:
dXt = —OéXtdt + dBt, XO = 0.

It is easy to check that the potential of X is U(x) = ax?. This shows that

v Y r 2 Y 2
F(z) = 2/ eU(y)dy/ e Uy = 2/ e dy/ e~ dz.
0 0 0 0

A successive application of L’Hospital’s rule then shows that (4.1) holds. By estimating the inverse
H(x) = F~!(x), it is easy to check that

\/la log(1+ ax) < H(x) < \\/fé

It thus follows from Theorem 4.1 that for any p > 0, there exists a constant ¢, > 0 such that for any

log(1 + ax).

stopping time 7,

E[ sup X,J” < — % Elogp/2(1 +ar). (4.2)
0<t<r
This shows that
E[ sup VP < pﬁ Elogp/2(1 +ar). (4.3)
0<t<r

By symmetry, it is easy to see that the above 1nequa11ty also holds when V; is replaced by —V;. This

completes the proof of this corollary. L]
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Remark 4.3. In fact, the L' maximum inequality for the OU process was first obtained by Graversen
and Peskir [8]. Subsequently, Yan et al. [21] stated the L” maximum inequality with p £ 1 for the
OU process. However, although their ideas are fairly nice, their detailed proofs are questionable
because they mistakenly regarded the random time 7'/ g7y} as a stopping time, where .S and 7" are two
stopping times with S < T (see [21, Page 6, Lines 2 and 10]). In this paper, we provide a complete

proof of the I.” maximum inequality for the OU process.

Based on Theorem 4.1, we can obtain an L” maximum inequality for randomly perturbed dynami-

cal systems, which is stated in the following theorem.

Theorem 4.4. Assume that the time interval h(e) satisfies (2.4). Then for any 1 <i < k and p > 0,
there exist constants a; > 0, 3; > 0, and K, > 0 such that

E,[ sup (X} —s;)]P < Kylelog(1 + a;h(e))]P/? + K,e /< [(eh(e))* + 1] (4.4)

0<t<h(e)

when ¢ is sufficiently small.
Proof. This theorem will be proved in Section 4.3. L]
The proof of Lemma 2.7 follows from the above theorem immediately.

Proof of Lemma 2.7. Fix 1 < i < k and p > 0. For any ny > 0, when ¢ is sufficiently small, we have

h(e) < €. Thus when e is sufficiently small,
elog(1 4 ash(e)) < elog(l + a;e"<) < elog(e®”€) = 2n.
By the arbitrariness of 7, we obtain that
lii%elog(l + a;h(e)) = 0. 4.5)

On the other hand, when ¢ is sufficiently small, we have

e Pi/eh(e)P/? = exp {—ﬁi + 50(1)} < e Pl
€ €

This shows that
lim e %/¢(eh(e))?? = 0. (4.6)

e—0

Thus (4.5) and (4.6), together with Theorem 4.4, show that

ImE,, [ sup (X;—s;)]f =0. 4.7)

=0 0<t<h(e)

By symmetry, it is easy to check that the above equality holds when X| — s; is replaced by s; — X}

This completes the proof of this lemma. L]
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4.2 Proof of Theorem 4.1

In order to prove Theorem 4.1, we need two lemmas. The following lemma, which gives the L*

maximum inequality for diffusion processes, can be found in [15, Theorem 2.5].

Lemma 4.5. Let X = (X;);>( be a diffusion process solving the stochastic differential equation
dX, = b(X,)dt + dB;, X, =0,

where b(x) is continuous. Assume that the condition (4.1) holds. Then there exists a universal constant

¢ > 0 such that for any stopping time 7,

E[ sup X;| < cEH(7).

0<t<r
The following useful lemma can be found in [2, Lemma 4.1].
Lemma 4.6. Let A = (A;);>0 and B = (B;);>0 be two continuous, adapted, increasing processes

with Ay = 0 and By > 0. Assume that there exist ¢ > 0 and ¢ > 0 such that for any pair of finite
stopping times S and 7" with S < 7',

E[(Ar — Ag)?] < ¢l| Br[EP(S < T).
Then for any p > 0, there exists a constant ¢, > 0 such that for any stopping time 7,
EA? < ¢, EBL.
Based on the above two lemmas, we are in a position to prove Theorem 4.1.

Proof of Theorem 4.1. For any pair of finite stopping times S and 7" with S < T, it is easy to check
that

sup X; — sup X; = sup X;V sup X;— sup X; < sup X,
0<t<T 0<t<S 0<t<S S<t<T 0<t<S S<t<T

and that

sup X; — sup X; = sup X;V (Xg+ sup (X; — Xg)) — sup X; < sup (X; — Xg).

0<t<T 0<t<S 0<t<S S<t<T 0<t<S S<t<T
Thus we have

E[ sup X; — sup X;] <E[sup X; A sup (X; — X)]

0<t<T 0<t<S S<t<T S<I<T 4.8)
<E[sup X;; Xg <0+ E[ sup (X; — Xg); Xg > 0] :=T+1L .
S<t<T S<t<T

To estimate I, let R = inf{t > S : X; = 0} and Y; = Xy,. Direct computation shows that

I[=E[sup X;;Xs<0,T<R|+E[sup X;; Xsg<0,T> R]

S<t<T S<t<T

<E[sup X;;Xs<0,7>R|=E[sup Xy;Xg<0,T > RJ
S<t<T R<t<T

<E[ sup YT >R|=E] sup Y
0<t<T—R 0<t<TVR-R
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Since R is a stopping time, Wy = Br,; — B is an { Fg.}-Brownian motion. It is easy to check that

Y is the solution to the stochastic differential equation
dY; = b(Y)dt +dW,, Y, =0.

Note that Y is an {Fg,}-adapted process and TV R — R is an {Fx, }-stopping time. By Lemma
4.5, we obtain that

I<cE[H(TVR—-R)| <c|H(T)||P(R<T)<c|]|[HT)|P(S <T). (4.9)
To estimate II, let Z; = Xg.,. Direct computation shows that

= ]E[ sup (XS+t - XS);XS Z 0]

0<t<T—S

- / E[ sup (Xss— Xs)|Xs = aJP(Xs & da) “4.10)
[0,00)

0<t<T-S

= / EaZ[ sup (Z; — a)|P(Xs € da),
[0,00)

0<t<T—S

where EZ(-) = E(:|Zy = a). Since S is a stopping time, 3; = Bgy; — Bg is an {Fg;}-Brownian
motion independent of Fg. This implies that under PZ, j3; is still an { Fg;}-Brownian motion. For
any a € R, let Z! = Z; — a and b*(x) = b(x + a). It is easy to check that under PZ, Z* is the solution

to the following stochastic integral equation:

t
Ze :/ b (Z2%)ds + B,.
0

Moreover, let L be the solution to the following stochastic integral equation under PZ:

4 b Sd t-
L /0 (Ly)ds + B3

Since b(x) is monotonically decreasing, it is easy to see that b*(z) < b(z) forany a > 0 and x € R. By
the comparison theorem [9, Page 437, Theorem 1.1], we have Z;' < L, for any ¢ > 0 with probability
one under PZ. Since L is an { Fs., }-adapted process and T'— S is an { Fs, }-stopping time, it follows
from Lemma 4.5 that
EZ[ sup (Z, —a)]=FEZ] sup Z% <EZ] sup L
0<t<T—5 0<t<T-5 0<t<T—5

< cE{[H(T - S)] < ¢| H(T)||PZ (S < T).
Thus by (4.10) we have

I < / c|[H(T)||P%(S < T)P(Xs € da)
[0,00) 4.11)

= c|[H(T)||P(S < T, X5 > 0) < [ H(T)[|P(S < T).
Combining (4.8), (4.9), and (4.11), we obtain that

E[ sup X; — sup Xy| <2¢||H(T)||-P(S <T).

0<t<T 0<t<S
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It thus follows from Lemma 4.6 that for any p > 0, there exists a constant ¢, > 0 such that for any
stopping time 7,
E[ sup X < c¢,EH(T)?,

0<t<r

which gives the desired result. [

4.3 Proof of Theorem 4.4

In order to prove Theorem 4.4, it is convenient to introduce the following definition.

Definition 4.7. Let X = (X;);>0 be a diffusion process solving the stochastic differential equation
dXt - b(Xt)dt + ﬁdBt, X() - O,

where b(x) is locally Lipschitz continuous and 5 > 0. Then X is called a unilateral OU process if
b(x) is monotonically decreasing and there exists & > 0 such that b(z) = —ax for x > 0.

The following lemma gives an I” maximum inequality for unilateral OU processes.
Lemma 4.8. Let X = (X;);>( be the unilateral OU process described in Definition 4.7. Then for any
p > 0, there exists a constant ¢, > 0 such that for any stopping time 7,

P
E[sup Xi? <¢, fpﬂElogp/Q(l + at)jas0) + ﬁpETp/QI{azo} . (4.12)

0<t<r

Proof. LetY; = X,/$3 and let b(z) = b(Bz)/S. Then Y is the solution to the following stochastic
differential equation:
dY; = b(Y,)dt + dB;, Y, =0.

Let U(z) denote the potential function of Y.
We first consider the case when v = 0. In this case, we have l;(x) =U (x) = 0 for any x > 0.

Thus for any z > 0,
z Yy ~
F(z) = 2/ eU(y)dy/ e VA dz = 22,
0 0
and H(x) = F~'(x) = y/z. It is easy to check that

R

It thus follows from Theorem 4.1 that for any p > 0, there exists a constant ¢, > 0 such that for any

stopping time 7,
E[ sup Y;]? < ¢, ErP/2

0<t<r
This shows that (4.12) holds when o = 0.
We next consider the case when o > 0. In this case, we have b(z) = —az and U(z) = az? for

any x > (. In analogy to the proof of Corollary 4.2, it is easy to prove that for any p > 0, there exists

a constant ¢, > 0 such that for any stopping time 7,

c
E[ sup Y’ < aTI;QIElog”/Z(l +arT).

0<t<r

This shows that (4.12) holds when « > 0. L]
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We are now in a position to give the proof of Theorem 4.4.

Proof of Theorem 4.4. We first give the proof of the theorem when o(z) = 1. By Assumption 2.3, for
any 1 < i <k, there exists 0 > 0 such that for any = € [s;, s; + 4],

o) = U'(x) > %U”(si)(x —s).

This shows that b(z) < —a;(z — ;) for any x € [s;, s; + d], where a; = U”(s;)/4. Since b(x) is
locally Lipschitz continuous, there exists a locally Lipschitz continuous function b;(x) such that b;(x)
is monotonically decreasing, b;(s;) = 0, and b(x) < b;(z) for any z < s;. Let

—ai(x —s;), x>,

bi(x), r < s;.

filx) =

It is easy to see that b(z) < f;(z) forany < s; + ¢ and f;(x) is monotonically decreasing. For any
1 <4 < k, let X*¢ be the unilateral OU process solving the stochastic differential equation

AXC = fi(X[)dt + edB,, Xy = s;.

Thus we have

Eeb[ sup ()(tE _Si)]p

0<t<h(e)
=E,, |[ sup (X;—s)];h(e) < 7| +Eo | wp(Xf—&n%mo>w;H] *.13)
0<t<h(e) 0<t<h(e)
=T1+1I.

Since b(z) < fi(z) for any x < s; + ¢, by the comparison theorem [9, Page 437, Theorem 1.1] and
the local property of diffusion processes, we have

I<E [[ sup (Xj—s;) AP

0<t<h(e)

—E,, [ sup (X} =) ASP

0<t<h(e)

<E,[ sup (X;—s)]".
0<t<h(e)

It follows from Lemma 4.8 that for any p > 0, there exists a constant ¢, > 0 such that

[<E,[ sup (X7 —s)]P < cplelog(l + agh(e))]P’?. (4.14)
0<t<h(e)

On the other hand, by the strong Markov property of X at 7¢ , 5, we have

+6°

Si

M=E, [[ sup (X;—s)]"h(e) > TE_+5]

| 7 s<t<h(e)
¢ e 4.1
< Es |[ sup (X —s)]"h(e) > Tsﬁ-é] 19
| 0<t<h(e) i
= Eoirsl sup (X = 8i)]"Py, (75,45 < h(e)).
0<t<h(e)
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When 1 < i < k — 1, without loss of generality, we assume that § < s; — sx_1. This shows that
s; + 0 < s3. Thus we obtain that

Es 4ol sup (Xi — ;)

0<t<h(e)
=Es15 |[ sup (Xf —s)5h(e) <75, | + Egus [ sup (Xf —s0)]"5 h(e) > T;]
0<t<h(e) ) 0<t<h(e)

< (sp — 5;)P + E;,

[ sup (Xf—si)]p]

0<t<h(e)

IN

(s — ;)P + max{2F* 1}

Es, [ sup (X —sp)]P + (sx — si)p] .

0<t<h(e)
Recall that there exists a locally Lipschitz continuous function by () such that b (x) is monotonically

decreasing, by (sx) = 0, and b(z) < bi(x) for any x < s;. Let

0, T > S,
g(x) =

be(z), < sp.

It is easy to see that b(x) < g(x) for any x € R. Let Y be the unilateral OU process solving the

stochastic differential equation
dYS = g(YS)dt + \/edBy;, Yy = si.

By the comparison theorem and Lemma 4.8, for any p > 0, there exists a constant ¢, > 0 such that

E,, [ sup (Xf—sp)]f <E[ sup (Y — s)]P < cpleh(e))?/? (4.16)
0<t<h(e) 0<t<h(e)
This shows that
Eqs] sup (X;—s)]P < (sp — ;)P + max{2°~*, 1} [c,(eh(e))P/? + (s — s:)] - 4.17)
0<t<h(e)

When ¢ = k, direct computation shows that

Eqpis] sup (X§ — sp)? <max{2"" 1, 1}E,, 45 |[ sup (X; — s, —0)]" + 67| .
0<t<h(e) 0<t<h(e)

In analogy to the proof of (4.16), we can prove that for any x > sy,

E.[ sup (Xf—2)]P < c,(eh(e))?/?. (4.18)
0<t<h(e)
Thus we have
E, 5[ sup (Xf—sp))? < max{2’"! 1} [cp(eh(e))p/2 +0%] . (4.19)
0<t<h(e)

It follows from (4.17) and (4.19) that there exists a constant K, > ¢, such that forany 1 < ¢ < k,

Es45] sup (X; —s)f <K, [(eh(e))p/2 +1]. (4.20)

0<t<h(e)

22



Furthermore, since we have assumed that o(x) = 1, it is a classical result of the Freidlin-Wentzell

theory that for any 1 < i < k, there exists a constant (3; > 0 such that
P, (Tsi--q-é < eﬁi/f) < e Pile

when ¢ is sufficiently small [14, Page 116, Remark 2.41]. By (2.4), we have h(e) < < ePi/¢ when € is

sufficiently small. This shows that when ¢ is sufficiently small,
Py, (75,5 < h(e)) < e P/, (4.21)

Combining (4.13), (4.14), (4.15), (4.20), and (4.21), we finally obtain that

B[ sup (Xf—s)]” < Kplelog(1 + ash(e))P> + Kpe P/ [(eh(e)P* +1] . (4.22)
0<t<h(e)
We next give the proof of the theorem for general o(x). Let My = fo ¢)dBs. Then the

quadratic variation process of M€ is [M¢], = fo (X¢)ds. By Assumption 2. 1(11) [M€]; is strictly

increasing and [M€],, = oo. Let ¢f = [M¢]; " be the inverse of [M¢]; and let Y} = X¢. Itis easy to

check that Y“ is the solution to the following stochastic differential equation

b(Yy)
o?(Yy)

dY; = dt + VedWs, YE =0,

where W = M & is a standard Brownian motion. By Assumptions 2.1 and 2.3, it is easy to check that

b(x)/o?(x) is locally Lipschitz continuous. Moreover, it is easy to see that

sup X;= sup Y < sup Y\
0<t<h(e) 0<t<[M€]p (e 0<t<~3h(e)

It thus follows from (4.23) that for any 1 < ¢ < £k and p > 0, there exists a constant K, > 0, o;; > 0,
and (3; > 0 such that

B[ sup (X{ —s)]? < Kplelog(l + apyzh(e)”? + Kpe ?/< [V (eh(e))”? + 1], (4.23)
0<t<h(e)

which gives the desired result. ]
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