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Existence and uniqueness for a concrete
carbonation process with hysteresis

Toyohiko Aiki* and Sergey A. Timoshin'

January 4, 2017

Abstract

A partial differential system arising in the moisture transport in
concrete carbonation modeling is considered. The system consists of
a diffusion equation for moisture and an ordinary differential equa-
tion accounting for the hysteresis effect appearing in the process. The
existence of solutions for this system supplied with suitable initial
boundary conditions and having fairly general nonlinear right-hand
sides is established. When the dimension of the space domain is one,
the uniqueness of a solution is also provided.

Keywords: evolution system, hysteresis, concrete carbonation.

1 Introduction

In the space-time cylinder Q(T) := [0, T] x Q, where Q@ C RY(N > 1) is a bounded
domain with smooth boundary 992 and 7' > 0 is a fixed final time, consider the
system

pur — div(g(u)Vu) = h(u,w) in Q(T), (1.1)
wy + 0I(u;w) 3 Fu,w) in Q(T), (1.2)
u=u, on(0,7)x 09, (1.3)
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u(0) =up, w(0) =wy onQ. (1.4)

Here, p is a given positive constant, I(u;-) is the indicator function of the interval
[fe(u), f*(w)], OI(u;-) is its subdifferential, g, h, F, f., f* are given functions with
the properties specified in the next section, uy, ug, wo are given boundary and initial
conditions.

For convenience, denote system (1.1)—(1.4) by (P). System (P) in case when
F=0and h=wf(t,x) with f € L>(Q(T)), f > 0 was studied in [1,2] as a simpli-
fied model for moisture transport appearing in concrete carbonation process when
hysteresis effects are taken into account. The unknowns u = u(t, z) and w = w(t, x)
represent then the relative humidity and the degree of saturation, respectively, p is
the density of saturated vapor and f is the quantity of water produced as a result
of chemical reactions during concrete carbonation. Eq. (1.1) is the diffusion equa-
tion for moisture and relation (1.2) models the so-called generalized play operator
generated by the curves w = f.(u) and w = f*(u), see [3-5] for details. The in-
troduction of the latter operator to the model accounts for hysteretic relationship
between u and w, playing in this case the roles of the input and output functions,
respectively. We refer the reader to [6] for more physical background on the model.
We mention also the articles [7-9], where systems related to (P) with g(u) = 1 were
considered.

The purpose of the present paper is to prove the existence of a solution to
system (P) in case of sufficiently general F' and h and, when N = 1, to establish
the uniqueness of such a solution. The reason for considering general nonlinearities
on the right-hand sides of (1.1), (1.2) is two-fold. First, in this form the proposed
system might be a better approximation of a rather complicated from the mathe-
matical investigation point of view model of the moisture transport in cementitious
materials proposed originally in [10] and then simplified in [1,2]. Second, such a
generalization often represents a challenging and interesting task from the mathe-
matical point of view.

Our approach to establish the existence for problem (P) is in some aspects
somewhat close to that used in [1]. In particular, first we construct a family of suit-
able approximate problems based on the Yosida regularization 91, (u;-), A > 0 of
the subdifferential 97 (u;-) and establish the existence of solutions for these approx-
imate problems for each A > 0. Then, we derive a priori estimates independent of A
for solutions of approximate problems. Finally, we prove existence of a solution to
problem (P) through the passage-to-the-limit procedure. We note that in contrast
to [1] we do not singularly perturb Eq. (1.2) to get suitable compactness proper-
ties. Instead, in order to legitimate the passage-to-the-limit we exploit essentially
the properties derived from the specific structure of the approximate equations for
(1.2). This also allowed us, inter alia, to treat general nonlinearities in Eqgs. (1.1),
(1.2).

At the end of the introduction we make some remarks on the uniqueness proof
for problem (P). In case when F' = 0 and h = wf (¢, x), the uniqueness of a solution
to the problem is proved for N = 3 in [11]. We note that the corresponding proof is
rather long and complicated due to the facts that the continuous dependence of the
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solution w of (1.2) on w is only valid in the topology of L (see Lemma 6.1 below)
and (1.1) is quasi-linear. Thus, in the present paper we prove the uniqueness only for
the case of N = 1. However, since in our problem F' # 0 the difficulty for the proof
of uniqueness persists. To circumvent such a difficulty, in [9] Kenmochi, Minchev
and Okazaki added u; to (1.1), applied the Hilpert inequality, and then proved the
uniqueness. The idea to overcome this difficulty in our paper is to impose some
monotonicity or smallness assumptions on F. Making use of these assumptions
we obtain the continuous dependence for (1.2) as stated in Lemma 6.1. Then, in
order to apply Lemma 6.1 to prove the uniqueness we need an estimate for the
L —norm of the difference of two solutions u; and us. Accordingly, we multiply
the corresponding difference of the equations (1.1) for u; and ug by —(u; — u2)zs
and get the required estimate. A similar argument to treat the quasi-linear equation
(1.1) is outlined in [2].

2 Preliminaries and hypotheses on the data

In this section, we recall some notions which we use in the paper, state several
known auxiliary results, and posit assumptions on the coefficients and functions
describing problem (P).

Throughout the paper we denote by H the Hilbert space L2(f)) with the
standard inner product (-, ), and by V the Sobolev space H!((2).

Let f., f* be two Lipschitz continuous functions defined on R. Recall that the
subdifferential of the indicator function I(u;-), u € H,

0 if we K(u),
400 otherwise,

rusw) = {

of the set K(u) ={w € H; fi(u) <w < f*(u) a.e. on Q} has the form:

0 it wé¢ K(u),
[0,400) if w= f*(u)> fu(u) ae. on
oI (u;w) = {0} it fi(u) <w < f*(u) ae. onQ, (2.1)
(—00,0] if w= fi(u) < f*(u) a.e. onQ,

(=00, +00) if w= fi(u)=f"(u) a.e. onQ.
For A > 0 the Yosida regularization of I (u;w) is the function
1 1
O(u;w) = Tlw = f*@)]" = S[fe(w) —w]", wweH. (22)
It is the subdifferential of the convex function

Iww) = 5 [l = P - 5 10— wl*h, wwe

Lemma 2.1. (cf. [8, Lemma 4.1]) For u,w € W%2(0,T; H) we have

d
Eh(u;w) < (O (u;w), we) g + ColOIn(u; w)|grlut|lg  a.e. on[0,T],\ >0,



where Cy := max{|fi| (), |f*/|Lt>o(]R)}.
Problem (1.1)-(1.4) is considered under the following hypotheses:

(A1) pis a positive constant;

(A2) g € C%((0,00)) and g(r) > go for r > 0, where g is a positive constant. In
addition, g(r) = G'(r) for a continuous function G : (0,00) — R;

(A3) h,F : R? — R are locally Lipschitz continuous and h is nonnegative and
bounded on R?;

(A4) f., f* € C?(R) N W2>=(R) with 0 < f. < f* < w, on R, where w, is a
positive constant;

(A5) u, € WH2(0,T;V) N L>(0,T; H*(Q)) with up > kg a.e. on Q(T) for some
positive constant kg;

(AB) ug € L>®(Q) NV, wg € L>®(Q) with ug > kg, wy > 0 a.e. on Q, ug = up(0)
a.e. on 09 and f.(ug) < wo < f*(up).

Note that these hypotheses are consistent with physically justified assumptions
on the concrete carbonation model considered in [1,2] for the case of F' = 0 and
h =wf(t,x) with a nonnegative function f € L>(Q(T)).

Next, we define a notion of solution to our problem (P).

Definition 2.1. A pair {u,w} is called a solution of system (1.1)—(1.4) if

ue W20, T; H) N L®(0,T; V) N L*(0,T); H*(Q)), u >0,
w e WI’Q(OaTQH)v

and there exists a function &€ € L2(0,T; H) such that

wy + & = F(u,w) a.e. inQ(T),
E(t) € dI(u(t);w(t))  for ace. t €0,T],
pur — div(VG(u)) = h(v,w) a.e. in Q(T),
u=up a.e on(0,T)x 0N,

u(0) =up, w(0)=wy a.e. on Q.

3 L*®-boundedness of solutions

In this section, we obtain a priori L°°-bounds for all possible solutions of system
(1.1)-(1.4). To this end, let {u,w} be an arbitrary solution to problem (P). First,
we note that in view of (2.1) Eq. (1.2) requires the following constraint:

felu) <w < f*(u) ae. onQ(T). (3.1)
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Hence, taking account of (A4) we immediately see that
0<w<w, ae. onQT).

Next, testing (1.1) by —[@ + ko] T, where @& = —u, ko is the same constant as
in (A5), (A6), from (A3) we obtain

g% |[a+ 50]4'}2 + / AGu(t)[i + ko) tdz <0 for ae. t €[0,T]. (3.2)
Q
We note that by virtue of (A45), (A2)
/ AGu(t))[it + ko]t dz = — / VG (u(t)) Vi + ko] da
Q Q
__ / () Vu(t) Vi + ro]*da
Q
= /Qg(u(t)) ‘V[a + ﬁo]ﬂz dz >0 forae. te[0,T].
From (3.2) we then infer that
u> Ky ae. onQ(T).
Let now

My := max{|uo| L= (), [ub| L= ()}
My = p~!|h|peeme),
p(t) = My + Mot.

Testing (1.1) by [u — p]™ we deduce that
pd 2
37 [[u—pI*|, + / VG(u)Vu —p|tdz
Q
= / (h(u,w) — pM>)[u —p|Tdz <0 a.e. on[0,T].
Q

Hence,
u<p<M + MT:=DMy ae. onQ(T).

Therefore, for any solution {u,w} of problem (P) we have
ko <u< My, 0<w<w,. (3.3)

Now that every solution of (1.1)—(1.4) is bounded, without loss of generality, we
may assume (cutting off outside the set {ro < u < My, 0 < w < w,}, if necessary)
that the functions h, F' are both bounded and Lipschitz continuous on R2. We
denote by L a common Lipschitz constant of h and F.



4 Approximation problem

In order to prove the existence of a solution to our problem (P), in this section, we
approximate the latter by a family of suitable problems depending on two approx-
imation parameters which we introduce next.

For A > 0 and u € H, let 0I)(u;-) be the Yosida regularization of 0I(u;-).
Furthermore, for a given m > 0 let g,, be a function on R such that g,, € C1(R),
gm (1) = g(r) for % <r <mand g, > goon R, where g is the constant from (A2).
Setting G, (r) = ff gm(s)ds for r € R, we consider the following approximate
problem denoted by (P)x m:

pur — div(VGp(u)) = h(u,w)  in Q(T), (4.1)
wy + 01\ (u;w) = F(u,w) in Q(T), (4.2)
u=u, on(0,7)x 09, (4.3)

w(0) =wup, w(0)=wy on (4.4)

A pair of functions {u,w} is called a solution to (P)x, if u € WH2(0,T; H) N
L>(0,T; V)N L2(0,T); H*(Q)), u > 0 a.e. on Q(T), w € WH2(0,T; H) and (4.1)-
(4.4) hold.

Below, we prove the existence of solutions for problems (P)x,m, A\,m > 0.
We split the proof into three steps. In the first one, we establish the continuity of
the solution operator that with a function u from an appropriate class associates
the solution w of the ODE (4.2) and derive a priori estimates for w. Then, we
obtain a similar result for the solution operator which with a function w associates
the solution u of the PDE (4.1). Finally, we use these continuity properties and
estimates to construct a solution to (P)x ,, by the Schauder fixed point theorem.

4.1 Step 1: ODE mapping
We fix A\, m > 0 and let
Ke = {z€ L*(0,T; H); |zlwr20,m:) + 2|10,y < C},

for a positive constant C' to be determined later. For a given % € K¢ consider the

following problem:
wy + 01\ (U w) = F(a,w) inQ(T), (4.5)

w(0) =wy on Q. (4.6)

Since OI(u; w) — F (@, w) is Lipschitz continuous, by general existence-uniqueness
theorem for ODEs system (4.5), (4.6) admits a unique solution w € W12(0,T; H).

Lemma 4.1. If w is a solution to (4.5), (4.6), then
lw| <R (4.7)

Jor R = w, + |F|pecw2)T, where w, is the constant from (A4).
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Proof. Let p(t) := wy 4 |F| o g2)t. Then, testing (4.5) by [w — p|* we obtain

1d L2 / ~
——|lw—p + [ O6L\(t;w)[w — p] T dx
o=t} + [ o -

= /Q (F(@,w) — |F|peem2)) [w—p]Tde <0 ae. on[0,T].

Since the second term on the left-hand side of this inequality is non-negative (cf.
(2.2)) we have

w < p < w,+ |F‘Loc(R2)T =: R.

Testing next (4.5) by —[w — p]T with 1 = —w we see that

2dt

=01}y == | (Pl + Pl w) [0 -l
Q
—l—/nal,\(ﬂ;w)[ﬁ)—p}*dx a.e. on [0, 7.

Since I (@; w)[w — p]T <0 (cf. (2.2)), from the above inequality we infer that
w>—p=>—R,
so that the claim of lemma follows. O
For C >0, let S; : Ko — L%(0,T; H) be given by
Siu=w, u€Kg,
where w is the solution of (4.5), (4.6) for @ € K¢.

Lemma 4.2. The operator Sy is continuous.

Proof. Let @;,u € K¢, i > 1, @; — @ in L*(0,T; H) as i — oo, and w; = S1;,
i > 1, w:= S1u. Then, by virtue of Eq. (4.5) we have

(w; —w)y + Oz (t;;w;) — L\ (4 w) = F(u;, w;) — Fa,w) in Q(T).

Multiplying this equality by w; — w, using the Lipschitz continuity of Iy, F' and
Young’s inequality we obtain

1d ~ -

§£|w,(t) —w(t)|% < Cylu(t) — a(t) ] + Colwi(t) —w(t)|3 for a.e. t € [0,T],
where C7,C5 are some positive constants depending on A and the Lipschitz con-
stants of f,., f* and F. The Gronwall inequality allows us to conclude now that
w; — w in L2(0,T; H). Hence, S; is continuous as claimed. O



4.2 Step 2: PDE mapping

Let
Wr:={2€ L*(0,T;H); |2| <R ae. onQ(T)},

where R is the constant from (4.7). For a given w € Wx consider the following
problem:

pur — div(VGp,(u)) = h(u,w) in Q(T), (4.8)
u=u, on(0,T)x 090, (4.9)
u(0) =up on Q. (4.10)

Define the function

o (2) = { |Y:;§{ i)fthzrfvi‘s/e’with z = Gp,(up) on 09, (4.11)

and consider the following problem:
pus + 09! (G () > h(u, @) in H, t€[0,T], (4.12)
u(0) =wp in H. (4.13)

Since G, is bi-Lipschitz continuous and h is continuous and bounded invoking the
abstract theory as developed by Kenmochi (cf. [12, Theorem 2.8.1 and Proposition
3.2.2]) we conclude that problem (4.12), (4.13) has a solution v € W%2(0,T; H)
such that ©'(G,,(u)) is bounded on [0,7]. From the bi-Lipschitz continuity of
G we then infer that u(t) € HY(Q) for every t € [0,7]. Furthermore, from
the fact that Gy, (u) = Gy (up) a.e. on (0,7) x 99 we obtain that u = up a.e. on
(0, T)x 9. Therefore, u is also a solution to (4.8)—(4.10) with u € L*°(0,T; H'(Q)).
In addition, [13, Lemma 3.7.1] implies that u € L2(0,T; H?(f2)).
Next, we establish the uniqueness result for problem (4.8)-(4.10).

Lemma 4.3. For a given w € Wg problem (4.8)—(4.10) has a unique solution.

Proof. Let u1, ug be two solutions of (4.8)—(4.10) for a given w € Wg. Then, we
have

plur —u2) — A(Gpp(u1) — G (u2)) = h(ug, W) — h(ug, ). (4.14)

We denote by sign : R — {—1,0,1} the sign function, that is, sign(z) =1 if z > 0,
sign(z) = 0 if z = 0, sign(z) = —1 if z < 0, and by sign, its regularization with a
positive parameter §, which is defined as

1 for z2>4,
signg(z) = ¢ z/0 for =z e (-4,0),
-1 for z< —0.



Existence for a concrete carbonation process 9

Testing (4.14) by signgs (G, (u1) — G (u2)) and using the Lipschitz continuity of h
we obtain

o / (ure(8) — 1y (£)) Signg (Gon(11)(8) — G (u2) (£))
Q

+/QV(Gm(U1(t)) = G (u2(t)))V signs (Gm (u1 (1)) — Gm (uz(t))) dx
< Lluy(t) — up()| 11y for ae. t € [0, 7). (4.15)

Since sign§ > 0, the second term on the left-hand side of this inequality is non-
negative. Letting d tend to zero and using the fact that sign(u; —us) = sign(G,, (u1)—
G (ug)) a.e. in Q(T'), from (4.15) we infer that

o un(t) — ua(D) s (@) < Llur(6) — us(B)l sy for ane.t € [0,7).
The Gronwall argument now implies the claim of lemma. O
Lemma 4.4. If u is a solution to problem (4.8)—(4.10) for @ € Wg, then
ko <u< My ae in Q(T),
where kg, Mo are the same constants as in Section 3.

The proof of this lemma follows the lines of the proof of a priori estimates for u
given in Section 3.
Now, let Sy : Wxr — L2(0,T; H) be given by the rule

St =u, weE Whg,
where u is the solution of (4.8)—(4.10) for @w € Wkg.

Lemma 4.5. The operator Ss is continuous.

Proof. Let w;,w € Wg, i > 1, w; — @ in L?(0,T; H) as i — oo, and u; := Se;,
i > 1, u:= Sow. Then, from Eq. (4.8) it follows that

plu; —u)y — A(Go () — G(u)) = h(ug, w;) — h(u,w) in Q(T).

Multiplying this equality by signs(Go, (u;) — G (w)), in view of the Lipschitz con-
tinuity of h we obtain

p/ (uie (t) — e (t)) signg (G () () — G (u)(t)) dx
Q
< / (Jus(t) — u(®)| + |@i(t) — B(2)]) de for ace. t € [0,T).
Q

Letting § — 0 we conclude as in Lemma 4.4 that

P%Wi(t) —u(t)|pr () < L (Jui(t) — ut)| o) + [0i(t) — 0(t)| L1 (0))
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for a.e. t € [0,7T]. The Gronwall argument then implies that
uw; —u in LY0,T; LY(Q)) asi— oo.
The claim of lemma finally follows from the inequality

1/2
‘ui - u|L2(O,T;H) < V QMO‘ui - u|L/1(0,T;L1(Q))'

4.3 Step 3: Fixed point argument

Consider the superposition of the operators S; and Sy defined in two previous
steps. Lemmas 4.1, 4.2 and 4.5 imply that this superposition S := Sy 057 : Ko —
L?(0,T; H) is continuous in L?(0,T; H). Since the set K¢ is non-empty, convex
and compact in L2(0,T; H), in order to apply the Schauder fixed point theorem
to establish the existence of a solution to problem (P)y ,, it remains to show that
S takes its values in the set Ko for an appropriate choice of the constant C. The
following lemma serves this purpose.

Lemma 4.6. If u is a solution to problem (4.8)—(4.10) for a given @ € Wg, then
[ul o 0,75v) + lulL2(0,m512(0)) < M, (4.16)

for some M independent of .
Proof. Testing (4.8) by G,,(u); we obtain

p(ue(t), G (u(t)) ) + (=AGm(u(t)), G (u(t))e) 5
= (h(u(t), B(t)), Gm(u(t)e)g  for a.e. t € [0,T].

Then, [14, Proposition 3.2] implies that

%wt(Gm(U(t))) — (h(u(t), @ (t)) — pur(t), Gm(u(t))e) n

< Slh(u(t), B(1) — pua(t)ly
+ (2_15|a/(t)|2 + |a’(t)|) (14 " (Gon (u(1)))) (4.17)

for a.e. t € [0,7] for some § > 0, where ¢ is defined by (4.11) and a(t) =

const - fg |G (up(7)) - |dr (cf. [12, Proposition 3.2.2]). From (4.17) we further
obtain

(220 — 2502 ) ()3 + i (G (2)

< My +26M, + (%w(m? + |a'(t)|)(1 + oM (G (u(t)))) (4.18)
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for a.e. t € [0, 7], where My = (||~ (r2)9:|Q/?)?/(2pg0) With g» = sup  gm(r),
ro<r<Mo

My = |h\%w(R2)|Q|. Taking & such that pgg/2 — 25p? > 0 and applying Gronwall’s
lemma to (4.18) we have

[ulwi20,1m) + 6| Lo 0,mv) < Ms, (4.19)

for some constant M3 > 0.
Finally, proceeding exactly as in [1, Lemma 7] we obtain the assertion of lemma.
O

Now, setting C' = M + Mjs, where M and Mz are the constants from (4.16)
and (4.19), respectively, we see that the operator S acts from K¢ into K¢. There-
fore, from the Schauder fixed point theorem we conclude that S has a fixed point,
which we denote by uy,, € Ko, A > 0, m > 0. This, in particular, means that
{Ux ms Wa,m}, where wy m, = Siuxm, is a solution to problem (P)y,, A > 0,
m > 0.

5 Existence for problem (P)

Reasoning as in Lemmas 4.1, 4.4 we see that for a solution {ux m, wx m} to problem
(P)a,m, A > 0, m > 0 obtained at the end of previous section the following estimates
hold

ko < uxm < Mo, lwam| <R ae. on Q(T).

Therefore, fixing m such that % < ko and My < m, we deduce that {uy m,wxm}
is also a solution to the problem consisting of Eqs. (4.1), (4.2)—(4.4) and denoted
by (P)a, A € (0,1]. Below, we derive a priori uniform estimates independent of A
for solutions {uyx,wx} to (P)x, A € (0,1] and use them to establish the existence of
a solution to problem (P) through the passage-to-the-limit procedure.

Lemma 5.1. The set {ux}ae(o,1) is bounded in Wh2(0,T; H), L>=(0,T;V) and
L2(0,T; H*()). In addition, {Gp (ux)}re(o,1] @ bounded in L?(0,T; H?(S2)).

Proof. First, as shown above, we have

ko <ux < My ae onQ(T), Ae(0,1].
Next, arguing as in Lemma 4.6 we can prove that {ux} e (0,17 is bounded in W*2(0,T; H)
and L>®(0,T;V). Then, since puxs — AGp(ux) = h(ux,wy) on Q(T), we see that
{AG 1 (ur)}re(o,1) is bounded in L?(0,T; H). Hence, [13, Lemma 3.7.1] implies that
{Gm(ux)}re(o,1) is bounded in L?(0,T; H*(Q2)). Finally, from the equality

AG (un) = gm(ur)Auy + g, (ux)[Vus?

and the fact that g,, > go we infer that {Aux}ye(0,1] is bounded in L*(0,T; H) and
thus {ux}re(o,1) is bounded in L*(0,T; H*(9)). O
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Lemma 5.2. The set {wx}re(0,1] s bounded in W20, T; H), {01 (uy; Wx) Fae(0,1]
is bounded in L?(0,T; H), and {Ix(ux;wx) }re0,1) is bounded in L>(0,T).

Proof. First, we see again that
|lwa| <R ae. onQ(T), A € (0,1].
Next, let A € (0,1]. Testing (4.2) by wy; we obtain
lwae |3 + (DI (un;wy), wae) g < |F(ux, wa)|glwxe|g  a.e. on[0,T].

From Lemma 2.1 it then follows that

d
lwae|Fr + %IA(UAQWA) < ColOIx(ux;wa) | lune|m + | F(ux, wr)|g|wae|

a.e. on [0,7]. In view of Eq. (4.2) using Young’s inequality we further obtain

d
lwae|3; + 2&I>\(u>\;w>\) < Cy (1+ |uxelfy) ae. on[0,7]
for 1 = max{2(Co + C2), (L + 2)\F|iw(R2)|Q|}. Integrating this inequality and
taking account of the facts that I(ux;wy) > 0, Ix(ug;wo) = 0 (cf. (A6)) from
Lemma 5.1 we infer that {wx}xe(o,1) is bounded in W*2(0,T; H)

Now, testing (4.2) by 0I)(ux;wy) and using Lemma 2.1 again we have

d
%Ix(ux;w) + (0L (ux; wa) |5 < [F(ux, wa) | |0Ix (ux; wr) | o

+ Co|OIx(ux; wx) | mrluae|r  a.e. on [0,7].

Applying Young’s inequality to the terms on the right-hand side of this inequality
we deduce that

d 1
ﬁﬁ(uk;w)) + 5\(9I>\(u>\;wA)|%I < Co (1+ |unl}) ace. on[0,7]

for some Cy > 0 depending on Cy, \F|2LOQ(R2> and |©2|. Then, integrating the last
inequality we see as above that {91 (ux;wx)}re(o,1] is bounded in L?(0,T; H) and
{Ix(ux; wa)}re(o,1) is bounded in L=°(0,T). O

On account of Lemmas 5.1 and 5.2, by weak and weak-star compactness results,
there exists a null sequence A;, j > 1, in (0,1] and functions u,w € W2(0,T; H),
&€ L?(0,T; H) such that

uj :=uy, —u weakly in WH2(0,T; H) N L*(0,T; H*(12)),
weakly-star in L°°(0,7;V) and in C([0,T]; H),

wj = wy, = w weakly in Wh2(0,T; H),

Oy, (uj;w;) — & weakly in L*(0,T; H).

(5.1)
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We will show below that also
w; —»w in C([0,T]; H). (5.4)
In fact, from (4.2) for any 4,j > 1, i # j, we have
wjy — wi + 0@y, (uj;w;) — 01y, (us; wi) = Fuy, wy) — F(ug, w;).

Testing this equality by w; — w;, using the Lipschitz continuity of F' and Young’s
inequality we obtain

1d
3 gplwi = wily + (O, (ug; wy) — Ol (wi; wy), wy — w;)
< 2L(|w; — wilfr + |uj — wil%). (5.5)
Set
Sij = (6IA]. (uj;wj) — (9.[,\7 (ui;wi),wj — wi)H. (56)

Then, from (2.2) it follows that
1 Lo 1 N
Sig = {3 lwi = ()" = = [Feluy) = wy]
j

i 1
s ) U ) = 0y wi)H

Next, we estimate the value of S;; from below. There are nine possible cases to
consider. First, we assume that w; > f*(u;), w; > f*(u;). Then, we have

1 . 1 .
815 = (3 s = 17 0) = 5wt = 1)
1 * 1 * * *
g 03 = (1) = Ny = £ (w) + F(05) = £ () )

7

H
> N1OIn, (ujs wy)[F 4 Nl 01, (wis wi) [3r — (Aj + M), (g wy) |01, (ui; wi)|
— (|0Lx; (ug; wy)mr + |01x, (wis wi) ) [ f* (ug) — f (wi)|m-

In the case when w; > f*(u;), fu(u;) < w; < f*(u;) we have

= (505 = )y =) = =108 Gugsw)llf* () = £ (wln
J H

If wy > f*(uy), wi < fi(u;), then

815 = (305 = £7005) + 3-(Fulw) = w0y =)

— (101x, (ujs wi) i + 101, (wis wi) [ mr ) | f*(ug) = *(ui) -

A\
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The remaining cases:

felwg) <wj < f(uy), wi = f*(ui)
Jelug) <wj < f*(uz), filus) < wi < f*(us)
Falug) < wj < f*(uz), w < fuolug)
w; < fulug), wi > f*(us)
wj < fuluy), fulwi) <wi < f*(u;)
wj < f*(u])ﬂ w; < f*(ul)

are fully symmetric and are thus treated likewise. Therefore, in all possible cases
we see that

Sij = —(Aj + X0y, (ujs wy) [ a0 (wis wi)|
= (|01, (w5 wy) [+ [OLx, (wiswi) ) (1F*(wg) — £ (wi) | + [fu(ug) — fiolwi)|m)
= 62]

Consequently, from (5.5), (5.6) we infer that

t t t
|wjfwi|%{(t)§4L/ |wjfw,-|§{(r)dT+4L/ |ujfui|%{(7')d7'+2/ 5,;(7) dr.
0 0 0

Since u; — w in C([0,T); H), invoking the Gronwall argument and Lemma 5.2 we
conclude from the last inequality that w;, j > 1, is a Cauchy sequence in the space
C([0,T); H). Hence, according to (5.2) we obtain the convergence (5.4).

Now, from the monotonicity of dp' and Eq. (4.1) via the representation (4.11)
it follows that for any v € L2(0,T; V) with v = G, (up) a.e. on (0,7) x 92 we have

T T T
/0 (b, w5) = ptges v — Gon () st < / ot (v) dt — / o (Goml(ug)) dt. (5.7)

Let z € L?(0,T; H) and 2, € C$°(Q(T)), k > 1 be such that z;, — z in L2(0,T; H)
as k — oco. Then, we have

/ (VG (1) = VGon(u), 2)srdt = / (VG (1) = VG (1), 2 — ) srdt
0 0

T
+/ (gm(uj) — gm(u), 2z Vu,) gdt —|—/ (Vu; — Vu, gm(uw)zg)gdt.  (5.8)
0 0
We note that Gy, (u;), Gy, (u) are bounded in L>(0,7; V) and 2z, Vu;, gm(u)z; are
bounded in L2(0,T; H). Letting j — oo and fixing a suitable number & we infer
from (5.1) and (5.8) that VG, (u;) — VG (u) weakly in L?(0,T; H). Hence,

e 1T
5/ \VGm(u)|§Idtg1;minf5/ VG (uy)|Fdt.
0 J—roo 0
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Therefore, passing to the limit as j — oo in (5.7) we conclude in view of (5.1), (5.4)
that h(u,w) — pur € 99" (G (u)) a.e. on [0,7], which in turn implies (1.1) as well
as the initial and boundary conditions for w.

Finally, given the convergences (5.1)—(5.4) we see that the pair {u,w} is a
solution to problem (P) provided

£ € 0l(u;w) a.e. on [0,T]. (5.9)

In order to establish this latter fact, let z be an arbitrary function from L2(0,T; H)
such that f.(u) <z < f*(u) a.e. on Q(T) and for each j > 1 let
z;j = max{min{z, f*(u;)}, fx(u;)} on Q(T).

Clearly, f.(uj) < z; < f*(u;) on Q(T), j > 1, and z; — z in L*(0,T; H) as j — oc.
Hence,

T T
/0 (O@x; (uj5w;), 25 — wy) gpdt < /0 (Ix, (ug; 25) — I, (ug;wy))dt =0, (5.10)
j > 1. On the other hand, from (2.2) we see that
[wj = 7 (u)]" = [fulug) = wi]™ = \OIL, (ug5w;) = 0

in L2(0,T; H) as j — oo. Consequently, we have f.(u) < w < f*(u) a.e. on Q(T).
Passing now to the limit as j — oo in (5.10) we conclude that (5.9) holds and {u, w}
is thus a solution to problem (P).

6 Uniqueness for problem (P)

In this section, we consider the uniqueness for problem (P) in case N = 1. Then,
(P) is given by
put — (g(u)uz)z = h(U,w) in Q(T)7 (
wy + 0 (u;w) 3 Fu,w) in Q(T), (6.
u(-,0) =bo,u(-,1) =by on (0,7, (
u(0) = up, w(0) =wp on(0,1), (

where by and by are given functions on [0, T7.
Here, we assume the following conditions for F' and b;, i = 0, 1:

(A3-1) For any u € R the function F(u,w) is nonincreasing with respect to w € R.
(A5-1) For i = 0,1 we have b; € W2(0,T) and b; > kg on [0, T].
The next theorem guarantees the uniqueness of a solution of (P).

Theorem 6.1. Under (Al), (A2), (A3), (A3-1), (A4), (A5-1), (A6) let {u1,w}
and {ug,wa} be solutions of (P). If 6 <wu; < M on Q(T) fori=1,2, where d and
M are positive constants, then u; = ug and wy = wa on Q(T).
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For the proof of Theorem 6.1 we prepare the following two lemmas.

Lemma 6.1. Under the same assumptions as in Theorem 6.1, there exist positive
constants C7 and 0 < Ty < T such that

[wy(t) — wa(t)| L0,y < Crlur — uz|poe(0,40;000(0,1)) for 0 <t <ty < Ty (6.5)

Proof. We put u = u; —ug and w = wy — wy. By Definition 2.1 for i = 1,2 there
exists & € L?(0,T; H) such that

&(t) € OI(ui(t), w;(t)) for ace. t € [0,T],
Wit + & = F(ug, w;)(=: Fy) a.e. on Q(T).
Let t; € (0,T] be fixed, and £(t1) = |u|ro(0,4,;55(0,1))
v1(t) = wi(t) — [w(t) — C(t+ 1)l(t)]"  for 0 <t <y,

where C' > C, is a positive constant, C, = max{C},Cs}, and C; and Cy are the
Lipschitz constants of f, and f*, respectively. Then it holds that

fe(ur) < o1 < fH(ua)  ae. on Q(t). (6.6)

In fact, it is clear that vy < f*(u1) a.e. on Q(t1). If w < C(t + 1)4(t1), then
v1 > fu(uy). Otherwise, we observe that

wo + C(t+ 1)L(t1)

fe(ug) + Ot + 1)£(t1)

—Cl(t1) + fulur) + C(t + 1)L(t1)
> filur).

U1

>
2

Thus we get (6.6). Similarly, we put
v (t) = wo(t) + [w(t) — C(t + 1)L(t)]"  for 0 <t < ty,

and obtain
Je(ug) <wg < f*(u2) a.e. on Q(t1).

Immediately, we see that
§Z(wz — 1)2') > 0 a.e. on Q(tl) for i = 1, 2.
Accordingly, we have

wifw = C(t+ 1)e(t)]* < Filw — C(t+ Di(t)], t
—war[w — C(t+ ()]t < —Folw — C(t + 1)0(t,)]+ } a.e. on Q(ty1),
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so that
1d ,
2 o — e+ et
§(F1 — Fy — C’f(tl))[w — C(t + 1)€(t1)]+

<(Llu| + F(uy,wi) — F(uy, we) — CE(t))[w — C(t 4+ 1)€(t1)]T ae. on Q(t),

where recall that L is the Lipschitz constant of F. Here, we take C' with C' >
max{L,C,}. Since F' is a nonincreasing function with respect to w, we have

(F(u1,w1) — F(uy,ws))[w— C(t + 1)(t1)]" <0,

so that

ld +12

3% [w—Ct+1)(t1)]T]? <0 a.e. on Q(t1). (6.7)
Then, (6.5) is a direct consequence of (6.7). O

Lemma 6.2. Fori=1,2, u;, € L*(Q(T)) N L2(0,T; L>(0,1)).

Proof. For i = 1,2 by the Gagliardo-Nirenberg inequality there exists a positive
constant M, such that

i () 140.1) < Mo ([t (8)] 5 i (8)] 5 + [wie (8) ) for ace. ¢ € [0, T).
Since u; € L>=(0,T; H'(0,1)), it is easy to see that

T
4
/0 |wiz| 14 (0,1)dt

T
< / (T P R B
0

T
<M (i e 0.1 / (i 1t + 1 020000 Ty
and u;, € L4(Q(T)).

It is clear that [u;, ()[7 g By < 2(| iz ()| % + iz (8) %) for 0 <t < T. This implies
that w;, € L2(0,T; L°°(0,1)). O

In the rest of this section, we prove Theorem 6.1.

Proof of Theorem 6.1. We put u = uy — ug, w = wy — we, hy = h(uy,wy) and
he = h(ug,w2). Easily, we get

puy — (g(ur)ury — g(uz)usg)e = h1 —he  on Q(T). (6.8)
We multiply (6.8) by —us, and integrate it. Then, we observe that
p d 1 1
77/ ‘uz|2d$+/ (g(ul)ulz 79(“2)u2z)zuzzdw
2dt J, 0

1
= —/ (h1 — ho)ugdx a.e. on [0,7],
0
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and
1
/ (g(u1)ure — g(u2)uog ) stz dr
0

1 1
- / () a2 + / (9(ur) — g(uz)uzsatiaads
0 0
1

1
4 / 0 (1) (Jurs? — fuza[?)itzad + / (6 (1) — g (2)) iz Ptz
0 0
:le + ]2 + 13 + ]4 a.e. on [O, T}

First, by (A2) we note that

1
L > go/ [z |*d a.e. on [0, T
0

Here, since § < u; < M on Q(T'), there exists a positive constant Cy such that
19/(u)| < Cys l9(ur) — g(us)| < Cylul, |9/ (1) = ¢'(ua)| < Colu] ace. on [0,7] for
i = 1,2. By elementary calculations, for instance, |u|; 1) < |uz|m, we observe
that

1
L] <C, / etz g |de
0

2
g
§§0|u¢m|%{+ g|ux|§{|“2m‘%la
o

1
L) <C, / (sl + otze )t gl de

2
9o
Sg‘umxﬁ{ + g—og(‘ulxﬁwm,l) + |u2w‘%w(o,1))|uw|§17

and

1
111 <C, [ fulluss Pluselds
0

2
g
§§0|umc|%1 + g—og|u2w‘i4(0,1)|uw‘%{ a.e. on [0,T7].

Next, we obtain
1
—/ (h1 — hg)umdx
0
1
<L / (Il + [w])|ttgslda
0

9o 2 217 2 2
<7 el + g—o(\ux\H + |w|f) a.e. on [0,77,
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where recall that L is the Lipschitz constant of h. By adding these inequalities we
have

pd
2 dt
14 2 4 2

<GE®lus(t)[F + 5Calw(®)li for ae. t €[0.7],

90
Ju (8) |7 + Z|uﬂm(t)|§{

where C5 is a positive constant and

2 (4C?
B0) =2 (%2 (ju OB o) + 100

P\ 90
202 202 92L2
+—%wam;mm+—%wmm%+——)bmemiy
do ’ do do

Then, Lemma 6.2 guarantees that F € L'(0,T).
Thanks to the Gronwall inequality, we infer that

lua(8)[3, < Coexp (/OtE(T)dT> /Ot () dr for t € [0,T].  (6.9)

Moreover, on account of Lemma 6.1 there exist positive constants C and T} satis-
fying (6.5). Next, we substitute (6.5) into (6.9) and see that

t1
‘uw(t)ﬁ{ S CICS/O |u‘%oc(0,t1;Loo(0’1))dT for 0 S tl S T1>

where C3 = Cy exp(fOT E(r)dr), and
a2 0.1y < C1C3t[ulgoe 0,012 (0,1)) for 0 < 11 < Th.

Hence, for ¢, with C1C3ty < 1t holds that |u|gee(0,¢,;15¢(0,1)) = 0. This shows that
u=0and w = 0on Q(t1). Since the choice of ¢; is independent of the initial values,

we can say that u = 0 and w = 0 on Q(7T). Thus, we have proved the uniqueness.
O
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