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EXISTENCE OF STRONG SOLUTIONS AND DECAY OF TURBULENT
SOLUTIONS OF NAVIER-STOKES FLOW WITH NONZERO DIRICHLET
BOUNDARY DATA

REINHARD FARWIG, HIDEO KOZONO, AND DAVID WEGMANN

ABSTRACT. Recently, Leray’s problem of the L2-decay of a special weak solution to the Navier-
Stokes equations with nonhomogeneous boundary values was studied by the authors, exploiting
properties of the approximate solutions converging to this solution. In this paper this result is
generalized to the case of an arbitrary weak solution satisfying the strong energy inequality.

1. INTRODUCTION

Let © c R3 be a bounded domain or an exterior domain with dQ € C*! and let us consider
the non-stationary Navier-Stokes equations with viscosity v = 1 and data f, 3, ug in the form

u—Au+u-Vu+Vp=f, divu=0
uae =B, u(0)=up

(1.1)

in the time interval [0,7T), 0 < T' < oco. To prove the existence of a weak solution to (1.1) we
assume that

f=divF, FeL?0,T;L*()), uo € L3(),

L

(1.2) B € LY0, T3 W= 4(09)) NL* (0,T; W™ 0™ (99)),
2
—+i:1,2<so<oo73<q0<oo7 n-Bdo =0,
50 q0 o

where n = n(z) denotes the exterior normal on the boundary at = € 9. The existence of weak
solutions was studied by several authors since the early 2000s, see [1,4-14,20]. The most common
way to deal with non-homogeneous boundary data is to split the problem into two parts. The
first one is to construct a solution b to the non-stationary Stokes equations

by —Ab+Vp=0, divhb=0
bao =B, b(0)=0.
Then a function w is a solution to (1.1) if and only if the function v := u — b is a solution to
v —Av+ (v+b)-Vu+b)+p=f, dive=0

vigo =0,  v(0) = ug

(1.3)

(1.4)

and we will call the equations (1.4) perturbed Navier-Stokes equations. To consider (1.4) instead of
(1.1) leads to the advantage of not dealing with non-homogeneous boundary data, at the cost of a
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more difficult non-linear term. Nevertheless, we will construct a solution to (1.1) via constructing
a solution v to (1.4). Since divv = divb = 0 the non-linear term in (1.4) can be rewritten as
(v+b) - Vo+b) =div(v+b) @ v+b) =diviouv+vb+bRv+bRDb).

Here ® denotes the dyadic product, i.e., v®b := (v;bj)1<; j<3, and the divergence is taken column-
wise. For simplicity we will omit the symbol ® and write vb := v®b. Hence, with the L*(Q)-scalar
product (-, -), we have (bv, Vw) = —(bw, Vv) since v = 0 on 99Q. To deal with the non-linear term
during the process of construction of a weak solution one needs to assume that

vb + bv + bb € L0, T; L*(Q2))
or equivalently
(1.5) be L0, T;L%(Q)) N L0, T; LY (Q)).

Since we do not need any integrability conditions for Vb, it usually suffices to deal with a very
weak solution b to (1.3) and so we just need to assume that 3 takes values in a dual space of a
trace space, ¢f. (1.2). Let us define the notion of a weak solution, a turbulent solution, and a
strong solution to (1.4).

Definition 1.1. Let b satisfy (1.5) and assume uo € L2(Q) and f = div F, F € L*(0,T;L*(Q)).
Then a vector field v on (0,7") x € is called a Leray-Hopf type weak solution to the perturbed
Navier-Stokes system (1.4) if the following conditions are satisfied:

(1) v € L=(0,T;L*(Q)), Vv € L*(0,T;L*(Q)),
(2) for each test function ¢ € C§°([0,T); C§,(€2)) the equality
(1.6) —(v,ear +(Vo, Volar — (04 6)(v +b), Volar = (uo,¢(0))a — (F, Ve)ar

is fulfilled,
(3) the energy inequality

1 ! 1 !
(17) SIoOIE+ [ IVelar < Gl = [ (F =+ b 7o) ar
holds for all ¢ € (0,7).

After a redefinition on a null set we may assume that the weak solution is weakly continuous
in time with values in L?(Q), ¢f. [32, Ch. V, 1.3.1 Theorem]. As already mentioned, (1.7) is
called energy inequality. Furthermore, we will say that a weak solution v fulfills the strong energy
inequality, if in addition to (1.7)

1 i 1 i
(18) Sl + [ 19el3ar < SIeIE - [ F - @+ b To)dr

holds for almost all s € (0,7) and all ¢ € (s,7T), and finally, a solution v fulfills the energy equality,
if

1 i 1 i
(19) SO+ [ 190l ar = Sl - [ P = @b Vo ar

holds for all ¢ € (0,7).

Definition 1.2. Let v be a weak solution to (1.4) in the sense of Definition 1.1.
(1) The solution v is called a turbulent solution to (1.4), if v fulfills the strong energy inequality
(1.8).
(2) The solution v is called a strong solution in the sense of Serrin to (1.4), if

2 3
v € L*(0,T;LY(Q)) for some 2 < s < coand 3 < ¢ < oo, where — + — = 1.
5 q
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Note that if v is a strong solution to (1.4), using a density argument one can prove that
v can be used as a test function in (1.6). Therefore, this solution fulfills the energy equality
(1.9). Furthermore, following the proof of [32, Ch. V, 1.4.1 Theorem] one can prove that after
redefinition on a null set v € C°([0,T); L*(Q)).

To state our first main theorem, let A denote the Stokes operator in a bounded or exterior
domain Q and let e=™4, 7 > 0, denote the semigroup of the Stokes operator. Let us define

T 1
fuollgge = ([ e ualzar) "

For more details to this Besov-type norm see [15-18]. Furthermore, in the Theorems 1.3, 1.5-1.7
we need to assume that b fulfills an additional integrability condition. Let us assume that
1 1 1 1 1

1.10 be L (0,00; L™ (Q)), where —+ —=—+ — =—.

(1.10) ( (€)) wtsn " wl a3

Theorem 1.3. Let Q C R® with 90 € CY' be a domain with compact boundary. Let ug € L2(Q)
such that Hu0||3%o,sr) <ooand F € L*(O,T;L%(Q)), 2 <59 <00,3<qp<00,2/s0+3/q=1
and let b satisfy (1.5) and (1.10). Then there exists a constant e, > 0 with the following property:
For any time 0 < T" < T such that

HFHL%Q (O,T';L%l(ﬂ)) + Hb”LSO(O,T’;LqU(Q)) il HUOHB,}O’SU < Exs

there exists a unique strong solution u to (1.4) with
we L0, T'; L?°(Q)).
In a second step, we will deal with a generalization of Serrin’s Uniqueness Theorem.

Theorem 1.4. Let Q C R? with 0Q € CY' be a domain with compact boundary. Furthermore,
let b fulfill (1.5) and let f =divF, F € L*(0,T; L*(Q)) and uo € L2(Q). Finally, let v be a weak
solution to (1.4) and let w be a strong solution to (1.4) in Q x (0,T). Then v = w.

Note that in our Definition 1.1 it is already assumed that the weak solution v fulfills the energy
inequality. Hence, in the case b = 0 this result reproves Serrin’s Uniqueness Theorem.

In Theorems 1.5, 1.6 and 1.7 below we will consider Leray’s problem of the L*-decay of a
weak solution to the perturbed Navier-Stokes equations (1.4). Let us remark that so far only
the existence of a special solution to (1.4) which tends to 0 is known, see [13]. This solution was
constructed using Yosida approximation and this generalized the result of Borchers and Miyakawa
[3]. Theorems 1.5-1.7 will extend the results of [13] to the case of arbitrary turbulent solutions.

Theorem 1.5. Let Q C R® be a bounded domain with 9Q € CV', let F € L*(0,00; L*(Q)),
f=divF, up € L2(Q), and let b satisfy (1.5) and (1.10). Furthermore, assume that there exists
aT >0 such that F' € LSTU(T, 00; L2 (Q)). Then every turbulent solution v to (1.4) in the sense
of Definition 1.1 fulfills

Jim [[o(t)2 = 0.

Let aw € (0,1), 5> 0, and assume in addition that
(1.11) HFH2L2(M¢;L2(Q)) + HbH%‘L(at,t;L“(Q)) 10750 (it ;190 (2)) = Olexp(=pt))  as t — .
Then it holds

[v(t)ll2 = O(exp(—ty)) ast— oo
for every turbulent solution v, where v := min{(1 — a)p, 5} and \/p denotes the largest constant
for which Poincaré’s inequality holds, i.e., p|lul|3 < ||Vul||3 for all u € WOI’Q(Q).
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Theorem 1.6. Let Q C R® be an exterior domain with 0Q € CYL. In addition to the as-
sumptions F € L*(0,00; L*(Q)), f = divF, up € L2(Q) and (1.5) and (1.10) for b suppose that
there exist ¢ <r <2 and 2 < sy < so such that F € L*(0,00; L™(Q)) and b € L*(0, 00; L*"(Q)) N
L%(0,00; L*(R2)). Furthermore, assume that there exists aT > 0 such that F' € L? (T, 00; L% (Q)).
Then every turbulent solution v to (1.4) in the sense of Definition 1.1 fulfills

Jim [[o(t)]l> = 0.

Theorem 1.7. Let Q C R? be an exterior domain with 9Q € C™', assume F € L*(0,00; L*(Q)),
f=divF, uy € L2(Q), and let b satisfy (1.5) and (1.10). Furthermore, assume that there exists
aT >0 such that F' € Lél(T,oo;L%(Q)). Assume that

. 2
Vb e L¥(0, 00; L (£2)), 8——|—qi =2, q2>2,
2 2
. . 2 3 3
be L*(0,00; L%(Q)), S—+q—::5(b), 53 <BS3,
3 3
(1.12) b- Vb e L0, 00; L*(9)),
VF e L0, 00; L*(Q)),
. 2 3 3
F e L*(0,00; L%(Q)), — + — =:S(F), §SQ4§27
S4 g4

and that
(1.13) IV r/2,4522(0)) + IV

Lo2(t/2,6,L92()) T 10 Vbl L1120, 02(0)) = Ot ) ast— oo
for some ay > 0. Moreover, suppose that
(1.14) lle=*uglls € O(t™*)

for some ay > 0. Then every turbulent solution v to (1.4) fulfills

(1.15) [o@)]]2 =0 ) ast—
where
. [3 5 5
(1.16) o= mm{i’s(b)_Z7S(F)_Z7a1’a2}'
Remark 1.8. (1) Leray’s question of the L2-decay of a weak solution was answered first by

Kato [27] and Masuda [28].

(2) Borchers and Miyakawa in [3, Theorem 1] proved a polynomial decay rate for weak
solutions in the exterior domain case. Their result was generalized to the case of f # 0 # b
in [13].

(3) In this paper, Theorem 2 in [3] is generalized to the case of f # 0 # b.

(4) Our result is closely related to the stability of solutions because the velocity fields b and
v in (1.4) may be regarded as the basic flow and its perturbation, respectively. Similarly
to the class (1.12), there are a number of results to deal with the optimal class of b which
exhibits stability. See for instance, Hishida-Schonbek [24] and Karch-Pilarczyk-Schonbek
[26].

The outline of this paper is as follows. After some preliminaries and a summary of well known
results to the Stokes equations we will prove the existence of a strong solution in Section 4 and
the uniqueness of a strong solution in Section 5. Finally, we will prove our decay results in the
last Section 6.



DECAY OF TURBULENT SOLUTIONS 5

Acknowledgements. The authors R. F. and D. W. greatly acknowledge the support by the EU
Project FLUX, International Research Staff Exchange Scheme, FP7-PEOPLE-2011-IRSES.

The second author H. K. was supported by the Japanese-German Graduate Externship on
Mathematical Fluid Dynamics funded by JSPS.

2. PRELIMINARIES

Let © C R? be a domain with compact boundary and 92 € Cb'. As usual, we will use the
Lebesgue spaces L*(Q) with norm ||-||s, 1 < s < oo and Lebesgue-Bochner spaces L (0, T'; LY(Q)),
1 < 5,q < 00, equipped with the norm [ - ||1s0,7;Le(q)) =: || - [l¢,s,7; the index T will be omitted
frequently. The pairing of functions will be denoted by (-, ) or (-, -)q 1 respectively. Furthermore,
we will use standard Sobolev spaces W#4(£) with corresponding trace spaces or dual of trace
spaces V[/sfl/q’q(aQ)7 respectively, s € R, 1 < g < oo.

To define weak and very weak solutions to (1.3) and (1.4) we need to introduce the space of
test functions C§°(§2), of solenoidal test functions C§<, (Q) := {p € C5°(Q2) | divyp = 0} and the
set

nga(ﬁ) ={p e C*Q) | dive =0, supp(p) C Qis compact and ¢ = 0 on IN}.
Finally, let L% (%) := Cgo, ()"
The existence of a projection P,: LI(Q2) — LI(Q2), the so called Helmholtz projection, is well

known for all 1 < ¢ < co. Since Py(f) =P,(f) forall1 < g <r < oo and f € L"(Q) NLY(Q) we
will omit the index ¢. Using the Helmholtz projection let us define the Stokes operator

A=Ay = —P,A: D(A,) = W>9(Q) N W, 9(Q) NLL(Q) € LL(Q) — LI(Q).

For —1 < o < 1 the fractional powers Ag: D(A) — LL(Q) are well defined, injective, densely
defined with dense range and it holds that (AZ)~' = A, . It is well known that

1
(2.1) JAdully < el Vully,1 < g < .
A converse estimate holds if 2 is bounded or, if €2 is an exterior domain, for 1 < ¢ < 3. Moreover,
1 1
it holds that ||AZul|2 = || Vul|2 for all uw € D(A2). Note that we also have

3 3
(2.2) llullg < cl|A%ully, 20+ Pl 1<y<3.

The Stokes operator —A, generates a bounded analytic semigroup {e*tAq |t >0} on LI(Q)
satisfying
[Age vy < ct™|ollg, 0 <a <1, ¢ >0,

1

(2.3) le~* a0, < et™2GD) o)y, 1< g <p<oo
[VertAsall, <t 365 ol 1< g <p <3
for all v € LL(Q), see [3,23]. Moreover, the Stokes operator admits the property of maximal
regularity, i.e., for all f € L%(0,7;L7(2)), 1 < s,¢q < oo the instationary Stokes system
v+ Aqu=Pyf, v(0)=0
has a unique solution v € C([0,T7;L%(£2)) such that v, Ajv € L(0,T;LL(2)) satisfying the a
priori estimate
(2.4) [vllg.s. 0 + 1 Agllg.sr < el fllg.s.r
with a constant ¢ independent of T'. If f = div F', this solution is given by

t
(2.5) o(t) = e Hug + A2 / e~ (=94 A= 3 Pdiv F(s) ds.
0
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We note that the formal operator A~2Pdiv is well-defined as a bounded operator from LI(Q) to
LI(Q) for each 1 < ¢ < co. For these and further properties of the Stokes operator we refer to
[21,22,29,32].

3. STOKES EQUATIONS AND WEAK SOLUTIONS

As already discussed a weak solution to (1.1) will be constructed as a sum of a weak solution
to (1.4) and a very weak solution to (1.3). Therefore, we recall the notion of a very weak solution
to the stationary Stokes equations

(3.1) —Ab+Vp=0, divb=0, bog=27

and the instationary Stokes equations

by —Ab+Vp=0, divb=0
b(0) =0, Dboo =72

for the special case of homogeneous data except for nonzero boundary values.

(3.2)

Definition 3.1. Let  C R? be a domain with compact C'!-boundary. Further, let 1 < ¢ < oo
1

and let 5 € W™ a%(9Q) such that IBQ n-fdo = 0 in an appropriate weak sense. A vector field

b € LY(Q) is called a very weak solution to (3.1) if

—(b,Ap) = —=(B,n-Vp)aa

(3.3) divb=0, bpo-n=p8-n

for all p € Cg,a(ﬁ). Here and hereafter n denotes the outer unit normal vector of €.

Note that the term (8, n-Vp)aq only prescribes the tangential part of b on 9 since div o =0
and hence n - Vo is tangential. A similar remark holds for the time-dependent case to be defined
in Definition 3.2 below. The existence and uniqueness of very weak solutions to the stationary

Stokes equations for arbitrary data 8 € Wﬁé"q(aQ) is well known, see for instance [9, Theorem
1.6]. Note that

(3.4) [0l () < CH/3HW7

with a constant ¢ independent of 3.

1
a7 (0Q)

Definition 3.2. Let Q@ C R3 be a domain with compact C''!-boundary. Let 1 < ¢ < oo and
B € L%(0, 003 Wﬁé’q(aﬂ)) such that ff)sz n - f(t)do = 0 for a.a. ¢ in an appropriate weak sense.
A function b € L*(0, 0o; LY(§2)) is called a very weak solution to (3.2) if

_<ba <Pt>Q~,OO - <b: ASD>Q,OO = _<ﬁ7n . V90>39700
div b:O7 b(O) :0, b|ag'n:5'n

is satisfied for every ¢ € C}([0,00); C3 ,(€2)).

(3.5)

Next, we will briefly discuss the construction of very weak solutions to (3.2). Let v = ~(¢)
denote the solution to

—Ay(t) +Vp=0, divy(t) =0, ~(t)an = B(t).

In [9, Lemma 4.1] it is shown that the unique very weak solution to (3.2) is given by

¢
(3.6) b(t) = / Age="AD (1) dr.

0
Combining (3.4) and (3.6) we conclude from the maximal regularity estimate that
(3.7) 1Bllq,s < cllB]

—1l4 .
L3 (0,00;W 277 (092))
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4. EXISTENCE OF STRONG SOLUTIONS

In this section, we are going to prove the existence of a strong solution to (1.4) in the sense of
Definition 1.2. Note that the existence of a strong solution in the bounded domain case is proved
in [19]. Hence, let us assume that ) is an exterior domain such that 9Q € C11. For the proof we
will follow the ideas of [19]. Let us start with an elementary lemma, see [19,32,33].

Lemma 4.1. Let X be a Banach space and F: X — X be a continuous operator such that
| F(@)| < a||z]| + B)? for all x € X and some o, B > 0, 4aB < 1, and let us assume that

(4.1) [F (@) = F()ll < alllz]l + [lyll + 26) = — o]

for all x,y € X. Then there exists anr >0 such that f(B_iC B,.; moreover, in B, there exists
a unique fized point of F. Here B, denotes the closed ball B, := {x € X | ||z|| < r}.

Proof. Let y1 := (2a)71(1— /T —4afB) = 28(1++/1 —4aB)~! € (B,28) denote the smallest root

of y —ay? — B and let r :=y; — B. Let & € B,. Then
[F@)| < allzll +B8)* <ayi =y —B=r

and hence F(B,) C B,. Furthermore, estimate (4.1) implies that F is a strict contraction and
the Banach Fixed Point Principle completes the proof. O

The main part of the proof of Theorem 1.3 will be given in the next Proposition. To fix some
notation let X = Xpr = L%(0,7;L1(Q2)) and define
t
volt) 1= =g + / A} =044~ Pdiv ) F(r) dr
0
Then we consider on X the nonlinear operator

t
]-':wH/ Aze=(=DAATZPAIv ) (w + vo + b)(w + vo + b))(7) AT
0

Proposition 4.2. Let Q be an exterior domain with 002 € CY1, let ug € B0 Furthermore,
let F e L?(0,T; L%O(Q)), 2 < sp <00, 3< qy <00, 2/s0+3/q0 =1, and let b satisfy (1.5).
Then there exists a constant e, > 0 with the following property: For any 0 < T’ < T such that

IEW 5 001, () T+ Bl 0,77, 290 ) + [[wollsag o0 < e
the operator F: Xpr — Xpo fulfills the assumptions of Lemma 4.1.

Proof. First we show that vy € X = X7/. Actually, Vy € X by definition since uy € B¥**°, and
Vollx < ||u0||5%o,sa. Concerning V; we use (2.3) and the boundedness of A~2Pdiv to get for
t € (0,T) that

t
IVi(@®)llg, < / le=(t=DA/2 43 e=(E=TA/2(A= 3 Pdiv ) F(7) | 4 d7
0
t
< c/ (t — 1)~ At e DA (A Pdiv ) F(r) | 2 dr
0
t _ .3 _ 1
<e / (t — 1) F()l]go 2
0

Then the Hardy-Littlewood-Sobolev inequality implies that

||Vl||q0780 < c||FHq0/2’50/2'
Hence vg € X and |Jvg|x < C(||U0||B;°’SU + 11 llgo/2,50/2)-
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For an arbitrary w € X we apply the estimates above to Fw(t) to get that
[Fwllge,s0 < €ll(w +vo + b)(w + vo + )[40 /2,50 /2
< cllw+ vy + ngwO.
Thus F maps X7/ into X7/ and
[F ()l x < e(llwllx + B(T))?

with B8(T") = ||vollgo,s0,77 + ||6llgo,s0,77- By analogy, for given wq,ws € X, we obtain that

[F (wi) = Flws)l|x < eflwr —wallgg,so (lwi + vo + bollgo,s0 + 1wz + vo + bollgo,s0)

< cflwr — walx (Jlwillx + llwellx +28(1")).

Choosing T" € (0,T] so small such that 4¢3(T") < 1 we complete the proof of Proposition 4.2. O

Using Proposition 4.2 we will easily prove Theorem 1.3.

Proof of Theorem 1.3. Note that v := vy + w fulfills

(4.2) o(t) = e g + /0 t Aze=(=DA(A3Pdiv )(F — (v +b)(v + b)) (7) dr

and hence v is a weak solution to (1.4) if v is in the Leray-Hopf class. Let us prove first that
Vo € L?(0,T";1%(R2)). The assumptions on F,b in (1.2), (1.5), and (1.10) implies that F :=
F —vb—bv—bb e L2(0,T;L*(Q2)). Thus, we obtain that
¢
7= e Mg +/ Az~ =DA A3 Pdiv F(7) dr

0
is a weak solution to the nonstationary Stokes equations with initial value ug and right hand side
div F, see [32, Ch. V, Theorem 2.4.1]; in particular, V& € L*(0,7”;L*(Q)). Thus @ is in the
Leray-Hopf class with

[0llgr.s0.77 < c(N0ll2,00,77 + IVOl2,2,77)
3 _3

where s1, ¢ is defined as in (1.10) and consequently satisfies % +o =3

Let J, :=(1+ %A%)*l denote the Yosida operator and let v,, = J,v. We have

n

JoPdiv (vv) = J,Pdiv (v(J;, ")) = JoP(v - V) + (%JnA%)(A_%Pdiv)(v(A%vn)).

Using the boundedness of A=3Pdiv and of In, %A% J, uniformly in n € N as well as the converse
estimate to (2.1) we obtain with £ =1 + L that
Y q0
. 1
([ JnPdiv (vv) (@) [y < cflv(®)lgol|A20n ()] l2-

Due to (2.2) with a = % — 3 and (2.3) we get for v, see (4.2), the estimate

t
|AZv, ()2 < A% Jn5(8)]|2 + ¢ / |AZFee= DA 1, Pdiv (vo)(7)||, dT
0

t
<AL+ e [ (6= 1) (o) Ao (D)) 0
0
Thus, the Hardy-Littlewood-Sobolev inequality yields the estimate

1A% v |20, < A2 Jul2270 + cllvllgo,s0,7 | A2 V0 ll2,2,7

By choosing ¢, small enough we can assume that c||v]|qy,s0,77 < % and hence by an absorption
argument we obtain that

1 37 5 O
[A2vp[l2,2,77 < 2(|A2 Jn 022,17 < €| VD|2,2,77-
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Since the last estimate is independent of n, a reflexivity argument implies AZv € L2(0,T"; L*(Q)).
As a second step let us prove that vv € L2(0,7";L?(Q)). Therefore, let

t
o(t) :== f/ e~ tDAPdiv (vv) dr
0

and choose s3, g2 such that

L1, 1 1 11
@ 2 q s2 2 so
Then we may estimate, using also g1, s1 as in (1.10),

t 3
150 < ¢ / | A5 e~ DA - Vo)) |, dr
0

t
_ 3
S‘f/ (t = 7) 7 [[0]]go | V0]l2 d7.
0

Therefore, the Hardy-Littlewood-Sobolev inequality implies that

[9llgr.50.77 < €llvllgo,s0.77 [ Vl2,2,77,

and we conclude that v = @+ v € L% (0,7'; L% (£2)). Thus,

[vvll2.2,7 < [Vllgr,o0,77 V]l g0,50, 7 < 00

As for v above we obtain that v is a weak solution to the Stokes equations with right hand side
F —vv —bv —vb—bb e L2(0,T'; L*()) and thus v fulfills the energy equality (1.9). Especially,
v € L®(0,T";1L%(2)) and hence v is in the Leray-Hopf class. In summary, we have proved
Theorem 1.3 except for the uniqueness of the strong solution. The uniqueness will be shown in
the next section. ]

5. ON SERRIN’S UNIQUENESS CONDITION

In this section we are going to prove Theorem 1.4, i.e., a version of Serrin’s Uniqueness Theorem
[31] for the equation (1.4). To prove this theorem we will follow the ideas of [32, Ch. V, 1.5].
Throughout this section let u denote a weak solution to (1.4) and let w € L% (0,7;L%(2)),
0 < T < oo, denote a strong solution to (1.4). Furthermore, let p: R — R be a mollifier, i.e.,
0 <peC(R)is even and [ p(t)dt = 1. Then we define the convolution operator in time by

ve(t) := /OT 1p(tiT)v(T)dT, e >0,

3 g

for a given v € L°(0,T;L%(9)), 1 < s,q < co. All convergence results needed in the proof are
stated in the following Lemma 5.1.
Lemma 5.1. Choose s1,q1 € (1,00) such that
5.1) L1, 1 11
' 2 s1 s @1
and let qfy, s denote the conjugate exponents of qo, so. Then
[Vue=Vull2,2 + [|[Vw: = Vwllaz + [[we — wllgo,50 + [ Fe = Fl|2,2 + [[(bu)e — bul

+[[(bw)e — bwll2,2 + +][(ww)e — wwla2 + [|div (uu). — divuulg o — 0as € —= 0.

2,2

Furthermore, for all t € (0,T), it holds that
we(t) — w(t) in L*(Q),  wue(t) — u(t) in L*(Q).
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Proof. Most of these results on convergence can be proved easily with a standard mollifier argu-
ment. Let us just mention that % + q% = % and % + i = i7 % + q% = i Hence

1div (uae)llgg,55 < Nullgys, [IVullz2 < c(flullz,c0 + [[Vull22)[Vull2,2 < o0
and

[wwllz,e < [lwllgo,sollwllgr,sn <00

1bullz,2 < [[bllgo 50 llullgs,s1 < 00

The statement of the pointwise convergence follows from the (weak) L*-continuity in time of u
or w, respectively. O

Let us start to prove Theorem 1.4.

Proof of Theorem 1.4. Let 0 < tg < t; < T and let ¢ € C§°((to,t1)). Using equation (1.6) for u
with the test function (pw.). we get an integral identity of the form

T T
- / (ul(r), (we)e)e(r)) dr = / cos (PV02)o(7)) dr

where the left-hand term may be rewritten as fttol (Orue, we ) dr since supp ¢ C (tg,t1) and p is
even. Since this identity holds for arbitrary ¢ € C§°((to, 1)), we conclude that the equality
(5:2)  (Bruc(t), we(t)) + (Vue(t), Vwe (t)) — (w4 b)(u + b))e (1), Vwe(t)) = —(Fe(t), Ve (1))

holds for all t € (to,1). Adding equation (5.2) and the corresponding equation (1.6) for w tested
with (pue)e, integrating from ty to 1, and using the simple identity

/ (Outie (), we (7)) + {ute (), Byawe (7)) dr = {use (1), we(t1)) — {ute (to) we(to)),

to

we obtain

(1 (t1), we (1)) = (te (o), we (to)) + 2 / (Ve (7), Vaoe(7)) dr

- /t:l (((u+0)(u+b))e(7), Vwe(7)) + ((w + b) (w + b))o(7), Vue(7)) d7
L /t t (F2(7), Ve () + Vo (7)) dr.
Taking the limit £ — 0 as well as to — 0 we get
(u(tr), w(tr)) + z/otl (Vu(r), Vw) dr
(5.3) - /h((u B (u + B), Veo(r) + ((w + b)(w + b), Vu) dr

to

ty
- _/ (F,Vu+ Vw) dr + [|uol|3.
0
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Note that in (5.3) the term (bu, Vw) + (bw, Vu) = 0. Adding the energy inequality (1.7) for u,
the energy equality (1.9) for w and subtracting (5.3), we see that

02 ghu(e)IB + ()l ~ (u(e).w(e)) + [ 19l + [Tl 270, Vu) dr
- /tl {(u+ b)b, Vo) + ((w + b)b, Vw) dr
0

+ /t1<(u FB)(u+ b), Vo) + ((w + b)(w + b), V) dr
0

1 b
§IIU(t1) —w(t)|3 +/O [V (u—w)lf5dr

— /0 1((u —w)b, V(u — w)) — (uu, Vw) — (ww, Vu) dr

1 t1 t1
§||W(t1)|\g -I-/ VW3 dr — / (Wb, VW) — (uu, Vw) — (ww, Vu) dr
0 0

with W := v — w. Note that
(uu, Vw) + (ww, Vuy = —(W - VW, w)

and hence
1 t1 t1
WO+ [ I9WEdr < [ s ww) - v V)
0 0
Let us define the energy norm || - ||¢, by

1 b
W7, = 5 sup HW(t)H§+/ VW (7)|3 dr.
0<t<ty 0

Using (5.1) and the estimate |W{|q, 5,6, < ¢||W]s, we get that

t1
||WH§1 < / (Wb, VW) + (w, W - VW) dr
0

< ([[bllgo,s0,¢: + 10llgo,50,t VW l2,2,8, W llgu 51,4
< C(Hb”qo,%,h + ||quo-,507t1)HWH?1'

Choosing t; such that c(|[blgo,50,¢, + [W]lgo,50,6,) < 1 we see that W,y = 0. Considering the
shifted function w(- —t1), u(-—¢1) and using an induction argument one proves easily that W =0
and hence u = w. O

6. DECAY OF TURBULENT SOLUTIONS

In this final section we will prove the decay results for turbulent solutions. The main idea for
the proofs of Theorems 1.5 - 1.7 is to construct a strong solution in some time interval (7, 00)
which coincides with the turbulent solution and to use the results in [13]. How to choose the
time 7' and a suitable initial value for the strong solution requires some considerations and will
be presented in Lemma 6.1. The proof of this lemma is based on ideas from interpolation theory,
but elementary.

Lemma 6.1. Let v € L>(0, 00; L2(Q)) such that Vv € L*(0,00; L*(2)), let T > 0 and let € > 0.
Then there exists a t > T such that

2 3
[v®)llBes @) <& 3 + . =1,3<q¢g<



12 REINHARD FARWIG, HIDEO KOZONO, AND DAVID WEGMANN

Proof. For every 6 >0 and T > 0 there exists a t > T such that |[v(t)l2 < [|v]| Lo (0,00;12(0)) and
[v(t)lle < cllv(@)llyir. < d. To control, with x = v(t), the term [[z[ s, (), fix 0 < R < co. In
the first case let ¢ > 6. Using the LP-L9-estimates of the Stokes semigroup (2.3) we obtain the

estimate
0o R o'}
/ le~"Az]|? dr g/ He_TAxHZdTJr/ e~ A3 dr
0 0 R
R 31 1 o0 31 1
SC/ 7—75(875)5Hm|‘gd7—+c/ T*z(ra)sHmH;dT
0 R
< (R |z|l§ + R™5|ll3)
since —3(§ — %)s =2_—Tland —3(1 - %)s = —4 — 1. Choosing R = (Hx||2/|\as||6)2, we arrive at

the estimate ) )
L3 1
[2llser @) < ellzll3 llzllg < Co2, 2 = v(D).
In the second case let 3 < ¢ < 6. Thus there exists « € (0,1) such that § + 1’75“ = % Then

o0

o R
/ le=Az]j? dr < e / e~ Az]| = ez ]2% dr + ¢ / i3 dr
0 0 R

1—a)s F _s
< el % (Rl|z)&* + R T||z[|5®)

The choice R\ = (||x|\2/\|:1:\|6)a6 yields the estimate

oo 5 s
/0 e~ Az||2 dr < ell2l|S ™% (2]l |z d) T < €8, @ =w(t),

g2

where § = ﬁ. This completes the proof of the lemma. O

Finally, we prove the main Theorems 1.5-1.7. The ideas of these proofs will be the same in all
three cases, so let us present the proof of Theorem 1.6 only.

Proof of Theorem 1.6. Let €, denote the constant in Theorem 1.3. Let us choose T' > 0 such that

9
£l 3

L (e oy T IVl ooitmo @) < 5

Furthermore, using Lemma 6.1 we obtain a t > 7" such that
€

()l e () < 5*
and such that w fulfills the energy inequality on [t,00). Theorem 1.3 implies the existence of
a strong solution @ in [t,00) such that u(t) = a(t) and hence w0y = @ by Theorem 1.4.
Furthermore, using [13, Theorem 1.3] we obtain the existence of a weak solution @ to (1.4) in
[t,00) with u(t) = u(t) such that u(r) — 0 as 7 — oo. Using Theorem 1.4 again we see that
Uft,00) = U. Hence Theorem 1.6 is proved. O

Note that Theorem 1.5 and Theorem 1.7 can be proved in the same way. In the case of a
bounded domain the existence of a strong solution is proved in [19] and the corresponding decay
results can be found in [13, Theorem 1.2, Theorem 1.4].

REFERENCES

[1] H. Amann, Navier-Stokes equations with nonhomogeneous Dirichlet data, J. Nonlinear Math. Phys. 10 (2003),
no. suppl. 1, 1-11, DOI 10.2991/jnmp.2003.10.s1.1. MR2063541 (2005f:35235)

[2] J. Bergh and J. Lofstrom, Interpolation spaces. An introduction, Springer-Verlag, Berlin-New York, 1976.
Grundlehren der Mathematischen Wissenschaften, No. 223. MR0482275

[3] W. Borchers and T. Miyakawa, Algebraic L? decay for Navier-Stokes flows in exterior domains. IT, Hiroshima
Math. J. 21 (1991), no. 3, 621-640.



(4]

(5]
(6]

[7]

8

9]
(10]
(11]

(12]

[13]
[14]

(15]

[16]

(17]

(18]

(19]

20]

(21]
22]
23]
[24]
25]
[26]
27]

(28]

DECAY OF TURBULENT SOLUTIONS 13

R. Farwig, G. P. Galdi, and H. Sohr, Very weak solutions of stationary and instationary Navier-Stokes
equations with nonhomogeneous data, Nonlinear elliptic and parabolic problems, Progr. Nonlinear Differential
Equations Appl. vol. 64, Birkhauser, Basel, 2005, pp. 113-136. MR2185213 (2006g:35205)

, A new class of weak solutions of the Navier-Stokes equations with nonhomogeneous data, J. Math.
Fluid Mech. 8 (2006), no. 3, 423-444, DOI 10.1007/s00021-005-0182-6. MR2258419 (2007¢:35218)

R. Farwig and H. Kozono, Weak solutions of the Navier-Stokes equations with non-zero boundary values
i an exterior domain satisfying the strong energy inequality, J. Differential Equations 256 (2014), no. 7,
2633—-2658.

R. Farwig, H. Kozono, and F. Riechwald, Weak solutions of the Navier-Stokes equations with non-zero bound-
ary values in an exterior domain, Mathematical analysis on the Navier-Stokes equations and related topics,
past and future, GAKUTO Internat. Ser. Math. Sci. Appl. vol. 35, Gakkotosho, Tokyo, 2011, pp. 31-52.
MR3288003

R. Farwig, H. Kozono, and H. Sohr, Very weak, weak and strong solutions to the instationary Navier-Stokes
system, Topics on partial differential equations, Jindfich Necas Cent. Math. Model. Lect. Notes, vol. 2, Mat-
fyzpress, Prague, 2007, pp. 1-54. MR2856664 (2012k:35407)

, Very weak solutions of the Navier-Stokes equations in exterior domains with nonhomogeneous data,
J. Math. Soc. Japan 59 (2007), no. 1, 127-150. MR2302666 (2008a:76033)

, Global weak solutions of the Navier-Stokes system with nonzero boundary conditions, Funkcial. Ekvac.
53 (2010), no. 2, 231-247. MR2730622 (2012a:76036)

, Extension of Leray-Hopf weak solutions of the Navier-Stokes equations to a class of more general
solutions admitting nonzero divergence and boundary values. (2009).

, Global Leray-Hopf weak solutions of the Navier-Stokes equations with nonzero time-dependent bound-
ary values, Parabolic problems, Progr. Nonlinear Differential Equations Appl. vol. 80, Birkhduser/Springer
Basel AG, Basel, 2011, pp. 211-232. MR3052579

R. Farwig, H. Kozono, and D. Wegmann, Decay of non-stationary Navier-Stokes flow with nonzero Dirichlet
boundary Data, Indiana Univ. Math. J. (2015). To appear

R. Farwig and T. Okabe, Periodic solutions of the Navier-Stokes equations with inhomogeneous boundary
conditions, Ann. Univ. Ferrara Sez. VII Sci. Mat. 56 (2010), no. 2, 249-281. MR2733413 (2011m:35267)

R. Farwig, H. Sohr, and W. Varnhorn, On optimal initial value conditions for local strong solutions of the
Navier-Stokes equations, Ann. Univ. Ferrara Sez. VII Sci. Mat. 55 (2009), no. 1, 89-110, DOI 10.1007/s11565-
009-0066-4. MR2506065

, Necessary and sufficient conditions on local strong solvability of the Navier-Stokes system, Appl.
Anal. 90 (2011), no. 1, 47-58, DOI 10.1080/00036811003735881. MR2763534

R Farwig, H. Sohr, and W. Varnhorn, Eztensions of Serrin’s uniqueness and regularity conditions for the
Navier-Stokes equations, J. Math. Fluid Mech. 14 (2012), no. 3, 529-540, DOI 10.1007/s00021-011-0078-6.
MR2964748

R. Farwig, H. Sohr, and W. Varnhorn, Besov space regularity conditions for weak solutions of the
Navier-Stokes equations, J. Math. Fluid Mech. 16 (2014), no. 2, 307-320, DOI 10.1007/s00021-013-0154-1.
MR3208717

, Local strong solutions of the nonhomogeneous Navier-Stokes system with control of the interval of
existence, Topol. Methods Nonlinear Anal. 46 (2015), no. 2, 999-1012.

A. V. Fursikov, M. D. Gunzburger, and L. S. Hou, Inhomogeneous boundary value problems for the three-
dimensional evolutionary Navier-Stokes equations, J. Math. Fluid Mech. 4 (2002), no. 1, 45-75. MR1891074
(2002m:35181)

Y. Giga, Analyticity of the semigroup generated by the Stokes operator in L, spaces, Math. Z. 178 (1981),
no. 3, 297-329. MR635201 (83e:47028)

Y. Giga and H. Sohr, Abstract LP estimates for the Cauchy problem with applications to the Navier-Stokes
equations in exterior domains, J. Funct. Anal. 102 (1991), no. 1, 72-94. MR1138838 (92m:35114)

H. Iwashita, Ly-Ly estimates for solutions of the nonstationary Stokes equations in an exterior domain and
the Navier-Stokes initial value problems in Lq spaces, Math. Ann. 285 (1989), no. 2, 265-288.

T. Hishida and M.E. Schonbek, Stability of time-dependent Navier-Stokes flow and algebraic energy decay,
Indiana Univ. Math. J. 65 (2016), no. 4, 1307-1346.

H. Iwashita, Lq-L, estimates for solutions of the nonstationary Stokes equations in an exterior domain and
the Navier-Stokes initial value problems in Lq spaces, Math. Ann. 285 (1989), no. 2, 265-288.

G. Karch, D. Pilarczyk, and M.E. Schonbek, L?-asymptotic stability of mild solutions to Navier-Stokes system
in R3, arXiv 1308.6667.

T. Kato, Strong LP-solutions of the Navier-Stokes equation in R™, with applications to weak solutions, Math.
Z. 187 (1984), no. 4, 471-480.

K. Masuda, Weak solutions of Navier-Stokes equations, Tohoku Math. J. (2) 36 (1984), no. 4, 623-646.




14

REINHARD FARWIG, HIDEO KOZONO, AND DAVID WEGMANN

[29] T. Miyakawa, On nonstationary solutions of the Navier-Stokes equations in an exterior domain, Hiroshima

Math. J. 12 (1982), no. 1, 115-140. MR647234 (84j:35139)

[30] T. Miyakawa and H. Sohr, On energy inequality, smoothness and large time behavior in L? for weak solu-

tions of the Navier-Stokes equations in exterior domains, Math. Z. 199 (1988), no. 4, 455-478. MR968313
(89m:35182)

[31] J. Serrin, The initial value problem for the Navier-Stokes equations, Nonlinear Problems (Proc. Sympos.,

Madison, Wis. 1962), Univ. of Wisconsin Press, Madison, Wis. 1963, pp. 69-98. MR0150444

[32] H. Sohr, The Navier-Stokes equations. An elementary functional analytic approach, Modern Birkhauser Clas-

sics, Birkhauser /Springer Basel AG, Basel, 2001, 2013. [MR1928881]. MR3013225

[33] V. A. Solonnikov, Estimates of the solutions of the nonstationary Navier-Stokes system, Zap. Nauén. Sem.

Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 38 (1973), 153-231 (Russian). Boundary value problems of
mathematical physics and related questions in the theory of functions, 7. MR0415097

FACHBEREICH MATHEMATIK, TECHNISCHE UNIVERSITAT DARMSTADT, SCHLOSSGARTENSTR. 7, 64289 DARM-

STADT, GERMANY

DEPARTMENT OF MATHEMATICS, WASEDA UNIVERSITY, TOKYO 169-8555, JAPAN

FACHBEREICH MATHEMATIK, TECHNISCHE UNIVERSITAT DARMSTADT, SCHLOSSGARTENSTR. 7, 64289 DARM-

STADT, GERMANY

E-mail address: farwig@mathematik.tu-darmstadt.de
E-mail address: kozono@waseda. jp
E-mail address: dwegmann@mathematik.tu-darmstadt.de



