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1. Introduction and main results

Let £ > 2, k € Z. We consider the Cauchy problem for the defocusing cubic nonlinear higher-order
Schrédinger equation posed on R, namely

: k — 2 > k
{ i0su(t, x) + A"u(t, x) |u(t, z)[Pu(t,z), t>0,z¢€R" (NLSy)

u(0,7) = wp(r) € H'(RY),

where A = v/—A is the Fourier multiplier by |€]. When k = 2, (NLS}) corresponds to the well-known
Schrodinger equation (see e.g. [11], [19], [18], [20], [21], [13], [16], [15], [12], [1], [2] and references therein).
When k = 4, it is the fourth-order Schrédinger equation take into consideration the role of small fourth-order
dispersion in the propagation of intense laser beams in a bulk medium with Kerr nonlinearity (see e.g. [7],
8], [3], [4))-

It is worth noticing that the (NLS) is L?-critical in the sense that if u is a solution to (NLS) on (=T, T)
with initial data ug, then

ux(t,z) = XF 2u(NTF A ), (1.1)
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is also a solution of (NLS;) on (—=A*T, \¥T') with initial data wu,(0) and

[ux(0)[| 2@y = lluoll L2 ®ry-

It is known (see e.g. [18], [22], [23]) that (NLS;) is locally well-posed in H7(R¥) when v > 0. Moreover,
these local solutions enjoy mass conservation, i.e.

(@)l L2 ey = l[uoll L2 @e), (1.2)

and H*/? solutions have the conserved energy, i.e.

B(u(t)) = / %|Ak/2u(t,x)\2 + %\u(t,x)ﬁdw ~ Bluo). (1.3)

Rk

The conservations of mass and energy combine with the persistence of regularity (see e.g. [23]) immediately
yield the global well-posedness for (NLS;) with initial data in H”(R¥) when v > k/2. Note also (see [22])
that one has the local well-posedness for (NLS;) when initial data uy € L?(R¥) but the time of existence
depends not only on the size but also on the profile of the initial data. In addition, if [jug|| ;2 (gw) is small
enough, then (NLS;) is global well-posed and scattering in L?(RF). It is conjectured that (NLS,) is in fact
globally well-posed for initial data in H”(R¥) with v > 0. This paper concerns with the global well-posedness
of (NLSy) in HY(RF) when 0 < v < k/2. Let us recall known results for the defocusing cubic Schrédinger
equation in R2, i.e. (NLSz). The first attempt to this problem due to Bourgain in [11] where he used a
“Fourier truncation” approach to prove the global existence for v > 3/5. It was then improved for v > 4/7
by I-team in [13]. The proof is based on the almost conservation of a modified energy functional. The idea
is to replace the conserved energy E(u), which is not available when v < 1, by an “almost conserved”
quantity F(Iyu) with N > 1 where Iy is a smoothing operator which behaves like the identity for low
frequencies €| < N and like a fractional integral operator of order 1 — v for high frequencies || > 2N.
Since Iyu is not a solution to (NLSy), we may expect an energy increment. The key idea is to show that
on the time interval of local existence, the increment of the modified energy E(Inyu) decays with respect to
a large parameter N. This allows to control F(Iyu) on time interval where the local solution exists, and
we can iterate this estimate to obtain a global in time control of the solution by means of the bootstrap
argument. Fang—Grillakis then upgraded this result to v > 1/2 in [24]. Later, Colliander—Grillakis—Tzirakis
improved for v > 2/5 in [15] using an almost interaction Morawetz inequality. Subsequent paper [12] has
decreased the necessary regularity to v > 1/3. Afterwards, Dodson established in [1] the global existence
for (NLS3) when « > 1/4. The proof combines the almost conservation law and an improved interaction
Morawetz estimate. Recently, Dodson in [2] proved the global well-posedness and scattering for (NLS2)
for initial data ug € L%*(R?) using the bilinear estimate and a frequency localized interaction Morawetz
estimate. We next recall some known results about the global well-posedness below energy space for the
fourth-order Schrodinger equation. In [6], the author considered the more general fourth-order Schrodinger
equation, namely

i0pu + AU+ pA%u + viu*u = 0,

. . BN/ remppeeyeurnd v T
and established the global well-posedness in HY(R™) for v > 1 + 2=+ (41;17"7L+7)2+16 under the assump-
tion 4 < mn < 4m + 2 and of course some conditions on A\, p and v. For the mass-critical fourth-order

Schrédinger equation in high dimensions n > 5, Pausader-Shao proved in [5] that the L?-solution is global
and scattering under some conditions. Recently, Miao—Wu~Zhang in [9] showed the global existence and scat-
tering below energy space for the defocusing cubic fourth-order Schrédinger equation in R™ with n = 5,6, 7.
To our knowledge, there is no result concerning the global existence (possibly scattering) for (NLSy).
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The purpose of this paper is to prove the global existence of (NLSy) with k > 3, k € Z below the energy
space H*/?(RF).

Theorem 1.1. Let k > 3, k € Z. The initial value problem (NLS,,) is globally well-posed in HY(R¥) for any

k/2 >~ >~(k) = %, Moreover, the solution satisfies

4k—1)(k—2y

(Tl ey < C(1+ T) TSR
Jor |T| — oo, where the constant C' depends only on |[uol| g~ (wr)-

The proof of this theorem is based on the I-method similar to [13] (see also [6]). We shall consider
a modified I-operator and show a suitable “almost conservation law” for the higher-order Schrédinger
equation. The global well-posedness then follows by a usual scheme as in [13].

This paper is organized as follows. In Section 2, we recall some linear and bilinear estimates for the
higher-order Schrédinger equation, and also a modified I-operator together with its basic properties. We
will show in Section 3 an almost conservation law and a modified local well-posed result. The proof of
Theorem 1.1 is proved in Section 4. Throughout this paper, we shall use A < B to denote an estimate of
the form A < CB for some absolute constant C'. The notation A ~ B means that A < B and B < A.
We write A < B to denote A < ¢B for some small constant ¢ > 0. We also use the Japanese bracket
(a) == +y/1+]al]? ~ 1+ |a|] and ax := a £ € with some universal constant 0 < € < 1.

2. Preliminaries
2.1. Littlewood—Paley decomposition

Let ¢ be a smooth, real-valued, radial function in R¥ such that (&) = 1 for [¢] < 1 and ¢(¢) = 0 for
|€] > 2. Let M = 2%, k € Z. We denote the LittlewoodPaley operators by

PoriF(6) = o(M ) f(€),
Porrf(€) == (1 — (M) f(€),
Parf(€) == (p(M€) — p(2M€)) £ (),

where * is the spatial Fourier transform. We similarly define
Py = P<pyy — Py, Poyi= Psyr + P,

and for Ml < Mg,

Py <.<my = P, — Py = E Py
My <M<M,

We have the following so called Bernstein’s inequalities (see e.g. [10, Chapter 2| or [21, Appendix]).
Lemma 2.1. Let vy >0 and 1 < p < g < 0.

|Ponrfllry S MTV|AYPonsfllre,
[ P<aa A7 flle S M| P<ns fll 12,
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[Pt AFY fl| gz ~ M| Pag f | s,
| P<nifllpe S M9 Peyy £ o,
1 Par fllpa S MEP7R9) Py f || o

2.2. Norms and Strichartz estimates

Let v,b € R. The Bourgain space X:’zb‘ T is the closure of space-time Schwartz space .#; , under the

norm

= 146 (7 — I€*)" all 2 2,

lullxe

where ~ is the space-time Fourier transform, i.e.

a(r, ) == // e Oy (¢ ) did.

We shall use X7 instead of X7 » When there is no confusion. We recall a following special property of
€]

T=

X7 space (see e.g. [21, Lemma 2.9)).
Lemma 2.2. Let v,v1,72 € R and Y be a Banach space of functions on R x RF. If
le e flly < 1f 2.
for all f € H) and all T € R, then
lully S llullxva/2+,
for all w € 7 5. Moreover, if
e fi)le* ™™ folly < I fall a1 fall e
forall fy € HY', fo € H)* and all 7, € R, then
[uruzlly S lluallxonares lugll xasre+
for all ui,us € S 4.
Throughout this paper, a pair (p,q) is called admissible in R¥ if

+ (2.4)

DN | =

(p.q) € [2,00%,  (g,p) # (2,00),

D=
Q| =

We recall the following Strichartz estimate (see e.g. [22], [3]).
Proposition 2.3. Let k > 2, k € Z. Suppose that u is a solution to
ipu(t, x) + AFu(t,z) = F(t,z), w(0,z) =uo(z), (t,z)€ R xR

Then for all (p,q) and (a,b) admissible pairs,
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lullzrrs S lluollez + IFll e -
Here (a,a’) and (b,b') are Holder exponents.
A direct consequence of Lemma 2.2 and Proposition 2.3 is the following linear estimate in X7 space.
Corollary 2.4. Let (p,q) be an admissible pair. Then
lullzrre S llull xoa/2+, (2.5)
for allu € 7 5.
We also have the following bilinear estimate in R¥.

Proposition 2.5. Let k > 2, k € Z and My, My € 2% be such that My < Ms. Then

” [eitA’C

Ak _
Pug,ul[e™ Pagyvolll 22 S (M /M) 5072 |ug] 12 [|vo || L2

Proof. We refer the reader to [11] for the standard case k = 2. The proof for k > 2 is treated similarly. For
My ~ Ms, the result follows easily from the Strichartz estimate,

” [eitAk itAP itAP

. k
Paryuol[e™ Paryvolllzre < 1€ Paryuoll g ralle™™ Pasvoll s S lluollzz llvollzz.

Note that (4,4) is an admissible pair. Let us consider the case M; < M. By duality, it suffices to prove

| [ Gl = € )Py Pasg e

Rk xRk

< (M /M) D7 Gl it 2 102 (2.6)

By renaming the components, we can assume that || ~ |£1] ~ M7 and |n| ~ || ~ Ms, where £ = (£1,§),

n = (m,n) with £,n € R*~!. We make a change of variables T = —[¢|* — |n|*, ¥ = £ + 7 and drd¥ = Jd& dn.
An easy computation shows that J = |k(|n|*2m — |€]*72&)] ~ |n|*~' ~ M5!, The Cauchy Schwarz
inequality with the fact that |{| < M then yields

Lus26) = | [[[ G0 P (@) Py () dravag]

RxRFk xRk—1

— — 1/2
<161z [ ([ Pl Prvg(mPa-2dran) " g

Rk—1 RxRFK

— _— —_— _ 1/2
<161 ME ([ P @ Prrsvn) P 2draoag)

RxRkxRF—1

_ — — B 1/2
<161 ME ([ P ©F Preston P dgan)

RxRF xRk—1

< 16212 (M /M) S0 [ Pyt 2 [ Paryo 2

This proves (2.6), and the proof is complete. O



V.D. Dinh / J. Math. Anal. Appl. 458 (2018) 174-192 179

The following result is another application of Lemma 2.2 and Proposition 2.5.

Corollary 2.6. Let k > 2, k € Z and uy,us € X%'/?% be supported on spatial frequencies |&| ~ My, Mo
respectively. Then for My < My,

uruslpzre S (My/Ma) =72 |y [| o1/t [us xo. 2 (2.7)
A similar estimate holds for Uyus or uius.
2.3. I-operator

For 0 < v < k/2 and N > 1, we define the Fourier multiplier Iy by

InJ(€) = mn () f(€), (2.8)

where m is a smooth, radially symmetric, non-increasing function such that

1 il <N

my(§) == { (N71|§|)772 if [£] > 2N. 29

For simplicity, we shall drop the N from the notation and write I and m instead of Iy and my. The
operator I is the identity on low frequencies |{| < N and behaves like a fractional integral operator of order
k/2 — ~ on high frequencies €] > 2N. We recall some basic properties of the I-operator in the following
lemma.

Lemma 2.7. Let ¢ € (1,00) and v € (0,k/2). Then

11 fllg S W f g (2.10)
£l SNLF N g S NS0 f Ll (2.11)

Proof. The estimate (2.10) follows from the fact that m satisfies the Hérmander multiplier condition. For
(2.11), we proceed as follows.

1712, < / )2 [TF(©)2de + / ()27 (N2 ®/2=0| T (€) P

[§ISN [€|>2N
s [ @ TFOPEr [ @ THOPE S 115120
[€|<N |§|>2N

This gives the first estimate in (2.11). Similarly,

116205 [ (©F1F©OPa+ [ (0" (VDM fe)Pag

[EI<N |€|>2N

< / (€272 ()77 | (6 [2de + / N2 (6927 ()| 2de

[EI<N |¢]|>2N

sk ([ ifepae s [ @ 1FOPE) S N f
[EI<N [£|>2N

The proof is complete. O
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3. Almost conservation law

As mentioned in the introduction, the equation (NLSy) is locally well-posed in H” for any v > 0. More-
over, the time of existence depends only on the H-norm of the initial data. Thus, the global well-posedness
will follows from a global Lg°H] bound of the solution by the usual iterative argument. For H” solution
with v > k/2, one can obtain easily the L H? bound of solution using the persistence of regularity and
the conserved quantities of mass and energy. But it is not the case for H” solution with v < k/2 since the
energy is no longer conserved. However, it follows from (2.11) that the HY-norm of the solution u can be
controlled by the HY2 norm of Tu. It leads to consider the following modified energy functional

B(Iu(t)) = 5 ITu®)lsrs + 1Tl (312)

Since Iu is not a solution to (NLS), we can expect an energy increment. We have the following “almost
conservation law”.

Proposition 3.1. Let k > 3, k € Z. Given k/2 > v > ~(k) := kfi‘,’j:é), N > 1, and initial data ug € C™(RF)
with E(Iug) < 1, then there exists a 6 = 6(||lug||z2) > 0 so that the solution u € C([0, 6], HY(R*)) of (NLS,)
satisfies

E(Iu(t)) = E(Tug) + O(N~0HF+), (3.13)

where yo(k) := ksﬁkk 21) for all t €[0,0].
Remark 3.2. This proposition tells us that the modified energy E(Iu(t)) decays with respect to the parame-
ter N. We will see in Section 4 that if we can replace the increment N =%+ in the right hand side of (3.13)
with N7+ for some ~v1(k) > vo(k), then the global existence can be improved for all v > m In
particular, if v, (k) = oo, then E(Iu(t)) is conserved, and the global well-posedness holds for all v > 0.

In order to prove Proposition 3.1, we recall the following interpolation result (see [14, Lemma 12.1]). Let
n be a smooth, radial, decreasing function which equals 1 for [£| < 1 and equals |¢|~! for || > 2. For N > 1
and a € R, we define the spatial Fourier multiplier J§ by

TR f(€) == (n(N71€)* f(9). (3.14)
The operator J% is a smoothing operator of order «, and it is the identity on the low frequencies || < N.

Lemma 3.3 (Interpolation [1/]). Let ag > 0 and n > 1. Suppose that Z, X1, ..., X, are translation invariant
Banach spaces and T is a translation invariant n-linear operator such that

”JIOLT(ul""v ”Z H”Jl ul Xi»
for all uy,...,u, and all 0 < a < ag. Then one has
[JRT(u1, .- un)llz S H||JNU1| X

forall uy, ..., u,, all0 < a < aqg, and N > 1, with the implicit constant independent of N.
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Using this interpolation lemma, we are able to prove the following modified version of the usual local
well-posed result.

Proposition 3.4. Let' v € (y(k), k/2) and ug € HY(R¥) be such that E(Iug) < 1. Then there is a constant
§ = 0(|luollL2) so that the solution u to (NLS}.) satisfies

~

||IU||X§/2‘1/2+ < 1. (315)

Here X s the space of restrictions of elements of XV* endowed with the norm
e T R ——" (3.16)

Proof. We recall the following estimates involving the X7 spaces which are proved in the Appendix A.
Let v € R and ¢ € C§°(R) be such that ¢(¢t) =1 for t € [-1, 1]. One has

Ak
[4(#)e™ uoll xS Nluollmz s (3.17)
t

st /e SN F)ds|| S0 (3.18)

0
where 5(t) := ¥ (6~ *t) provided 0 < § < 1 and

0<bV <1/2<b, b+l <1 (3.19)

Note that the implicit constants are independent of 4. This implies for 0 < 6 <1 and b, b’ as in (3.19) that

itAF

1€ woll xy0 < lluollrzs (3.20)

t
H /ei(th)AkF(s)dSHX%b S 617b7b'||FHX3)_b/, (321)
8
0

By the Duhamel principle, we have

t
N o+ [N I(uPu)6)as |y S ol + 80V P
5
0

|l 20 = ‘

By the definition of restriction norm (3.16),
17l b0 S I1uol gave + 82~ 1wl *w) | a2, o,
where w agrees with u on [0, 8] x R* and
Iullggrno ~ 1wl e

Let us assume for the moment that

I (lwl*w)ll k2.0 S 1wl 520 (3.22)

! See Theorem 1.1 for the definition of (k).
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This implies that
< 1-b—b’ 3
Hull ke S | Tuoll s 46 k2o
Note that
[ Luoll gre ~ [Huoll grrz + [Huollzz2 <14 [[uollzz-
As [[Iu]| yx/2 is continuous in the § variable, the bootstrap argument (see e.g. [21, Section 1.3]) yields
8
2 S 1
HIU”Xg/z,b ~
This proves (3.15). It remains to show (3.22). We will take the advantage of interpolation Lemma 3.3. Note
that the I-operator defined in (2.8) is equal to J§ defined in (3.14) with o = k/2 —~. Thus, by Lemma 3.3,
(3.22) is proved once there is oy > 0 so that
15 (JwPw) w2, -0 S w5k 20,

for all 0 < o < «p. Splitting w to low and high frequency parts |¢] < 1 and |[€] > 1 respectively and using
definition of J{¥, it suffices to show

2
lfwl w0 < w30 (3.23)

for all v € [y(k), k/2]. By duality, a Leibniz rule, (3.23) follows from

‘//“AW wy )Wowzwadtdr| S [Jwr | xv0[lwal x.0 [[ws]] x.0 [ wall 0,00 - (3.24)
RxRk

Note that the last term should be precise as |[wa[ yor  but it does not effect our estimate. Using Holder’s
T=—|¢|®
inequality, we can bound the left hand side of (3.24) as

LHS(3.24) < [[(A)" will s pallwell paps lwsl o s llwall s -
Since (4,4) is an admissible pair, Corollary 2.4 gives
A willpgrs S llwillxoes  llwellpsrs S llwellxor < flwalxq.e.
Similarly, Sobolev embedding and Corollary 2.4 yield
||w3||L§Lg S <A>k/6 wSHL?Lg S ||w3||Xk'/6,b < [lws |l x~.e-

The last estimate comes from the fact that v > (k) > k/6. Finally, we interpolate between [|wa|p2z2 =
lwal[xo0 and [Jwsllpsrs S wall xoa/2+ to get

||w4HL§7‘L§ S llwall o,
Combing these estimates, we have (3.24). The proof of Proposition 3.4 is now complete. O

We are now able to prove the almost conservation law.
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Proof of Proposition 3.1. By the assumption E(Iug) < 1, Proposition 3.4 shows that there exists § =
d(|[uollz2) such that the solution u to (NLSy,) satisfies (3.15). We firstly note that the usual energy satisfies

%E(u(t)) = Re /6tu(t,a:)(|u(t,x)|2u(t,x) + AFu(t, x))dx
Rk

= Re /@u(t, ) (Ju(t, z)|Pu(t, ©) + A*u(t, z) + idu(t, z))dz = 0.
Rk
Similarly, we have
iE(Iu(t)) = Re /I@tu(t, o) (|Tu(t, z)|*Tu(t, ©) + A¥Tu(t, z) + 30, Tu(t, z))dx

dt
RF

= Re /I@tu(t,x)ﬂ]u(t,x)|21u(t,x) — I(Ju(t, ) Pu(t, z)))dz.

Rk

Here the second line follows by applying I to both sides of (NLSj). Integrating in time and applying the
Parseval formula, we obtain

E(Iu(t)) — E(Iug) = Re

)
/ (1 m(&2 + &3+ &) )ﬁ(&l)ﬁ(fz)ﬁ(&)ﬁl(@)dt
0

-~ m(&)m(&)m(&)

Here f24 £,=0 denotes the integration with respect to the hyperplane’s measure do(&1+...+8&4)d&; .. . dy.
j=18i=
Using that i10;u = —A¥Iu — I(|u|?*u), we have

|E(ITu(t)) — E(ITug)| < Term; + Terms,

where
6 e —~
Term = | [ [ (e o, 60N Tu(6) Tuteo) Tulga) Tu(éa) it
0 Z?:l §i=0
and
9 P —
Tomy = | [ [ ptéa &€ TPl (€0 Tulee) Tulé Tu(go) e
0 23%:1 §;=0
with

m(&z + &3 + &)

w8 & ba) 1= 1 = e mies)

Our purpose is to prove

Term; + Terms < N+
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Let us consider the first term (Term;). To do so, we decompose u =Y ,,~; Pyu =: >~ up with the
convention Piu := P<ju and write Term; as a sum over all dyadic pieces. Byiche symmetry of win &s, &3, &4
and the fact that the bilinear estimate (2.7) allows complex conjugations on either factors, we may assume
that M2 > M3 > M4. ’I‘hllS7

Term1 5 Z A(Ml,M27M3,M4),
M1, Mo, Ms,Ms>1
Ma>M3z> My
where
6 —_—
A(My, Mg, M3, My) := ’/ (&2, &3, Ea) AR Tung, (1) Tung, (§2)Tung, (§3) Tung, (€4)dt|.
0 Z§=1 &=

For simplifying the notation, we will drop the dependence of My, My, Mz, My and write A instead of
A(My, My, M3, My). In order to have Term; < N7 )+ it suffices to prove

A < N7+ 0 (3.25)
To show (3.25), we will break the frequency interactions into three cases due to the comparison of N

with M. It is worth to notice that M; S M due to the fact that Z?Zl & =0.

Case 1. N > M>. In this case, we have |&], [€3], 4] < N and |§3 + €3 + 4] < N, hence

m(§2 + &3+ &) = m(&2) = m(§3) = m(&a) = 1 and p(€a, &3,84) = 0.

Thus (3.25) holds trivially.

Case 2. My 2 N > M3 > M,. Since Z?Zl & =0, we get My ~ M. We also have from the mean value
theorem that

o m&t 8| o [Vm(&e) (S48 o Ms
|1(&2,83,84) = |1 es) < n(E) S

The pointwise bound, Hélder’s inequality, Plancherel theorem and bilinear estimate (2.7) yield

M.
AS ﬁz”AkIUM1IUM3HL§L§||IUJV12IUM4||L%L§
My Ma\ (k=1)/2 7 My (k=1)/2 4
S E(E) <E) METT 17w, xo. 26
j=1
- — k/2 4
< %(%)(k 1)/2(%><k 1)/2 = Mi/2 o L1 1w ez a
Mo \ M Mo My"= (M3)™" = (M)~ " 52

Ma\1/2 Mi\NV/2 ) N\ k- -
:<WB) (ﬁ;) (E) N=EDEME [T M, [z 2
j=1

4
SNV TT s, || sz (3.26)

Jj=1

Using (3.15) and the fact that yo(k) < k —1/2 for k > 3, k € Z, we have (3.25).
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Case 3. My > M3 2 N. In this case, we simply bound

m(&1)
(Ea)m(E3)m(&a)”

Here we use that m(&1) 2 m(&2) and m(&5) < m(&4) < 1 due to the fact that My < My and M3 > My.

|N(€27€37§4)| S m

Subcase 3a. My > Mz 2 N. We see that My ~ My since ijl &; = 0. The pointwise bound, Hélder’s
inequality, Plancherel theorem and bilinear estimate (2.7) again give

m(M;) —_— -
AR iRm0 ym(ny A Tvan st gz [ Tuas T, ey
m(My) My B=1)/2 ¢ M3 (k—=1)/2 M1k/2 4
s (_) (_) 52 k)2 H [ Tung, || xcrr21/2+
m(Ma)m(Msz)m(My) \ M, Moy Mg/ M3/ <M4>k/2 o j
Thanks to (3.15), we only need to show
_ _ k/2
I R T
m(My)m(Ms)m(My) \ My M, MQI@/QM?I)c/Q <M4>k/2

Remark that the function m(A)A* is increasing, and m(X) (A\) is bounded below for any o+ — k/2 > 0
due to

(m()\))\a)/ . Oé)\oci1 if 1 S A S Na
T NE2Y (a4 — k/2)ATrR/2-1f x> 9N,

We shall shortly choose an appropriate value of «, says «a(k), so that
m(My) (M)*® > 1, m(Mz)MEP) > m(N)NE) = yok), (3.28)
Using that m (M) ~ m(Ms), we have

m(Mz) Mg F m(My) (My)**) ay 2

1 (M3>a(k)*1/2(<M4>)a(k)*1/2<M1)1/2

~ Na(k:)M;*Qa(k) E M, E

LHS(3.27) <

A

< Nf(kfoz(k))JrMQO— )

Therefore, if we choose a(k) so that vo(k) = k — a(k) or a(k) = k — v (k) = k(;kk:;), then we get (3.25).

Note that a(k) +v(k) —k/2 > 0 for k > 3, k € Z, hence (3.28) holds.

Subcase 3b. My ~ M3 2 N. In this case, we see that M; < M,. Arguing as in Subcase 3a, we obtain

m(Ml) —_— -
A 5 m(Mg)m(Mg)m(M4) ||AkIuM1]uM2||L%L§ HIuMSIuMzLHLfLi
< m(My) (%)(k—l)/Q(%)(k—l)/Q (M2 ﬁ T
~ m<M2>m(M3)m(M4) M2 M3 MZIC/QM;/Q <M4>k/2 e jIXE/2 .

As in Subcase 3a, our aim is to prove
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B _ k/2
i G G SNTOOE Y. (3.29)
m(My)m(Msz)ym(Msz) \ My Ms My My (M)t
We use (3.28) to get
m(Ml)

LHS(3.29) < —
m(Ma)m(Ms)m(May) (Mg)"/? My =/

™ m(Ma) My ® (M) Mg (My) (M) * ) dgy e

() ()"

< N—(k—a(k))+M20—_

Choosing a(k) as in Subcase 3a, we get (3.25).

We now consider the second term (Terms). We again decompose v in dyadic frequencies, u = >, ,~; unm-
By the symmetry, we can assume that M, > M3 > M,. We can assume further that My = N since
(&2, &3, &4) vanishes otherwise. Thus,

Termy < > B(My, My, Ms, My),
My, M2, M3,M4>1
Ma>Mz> My
where
5 —_—
B(My, My, M3, My) := ‘/ (€25 €35 €a) Pory (|l ?w) (1) Tunt, (§2) Tung, (§3) Tung, (€4)dt|.
0 Z?:l §;=0

As for the Term;, we will use the notation B instead of B(M7, M, M3, My). Using the trivial bound

m (M)
m(Myz)m(Mz)m(My)’

(&2, &3,64)| S

Hoélder’s inequality and Plancherel theorem, we bound

B < m(M)

P, I(|ul? I I I o
S m(MQ)m(Mg)m(M4)|| vy L(|ul*u) || 2 2 1 L uan [ papa Hunsg || o pa [ Tun, || oo na

Lemma 3.5. We have
1

1P I (JulPu) 212 < annimw, (3.30)
1
1 .
[RETSVER PRI W”IUM]‘”X’“/2’1/2+7 J=2,3, (3.31)
j
[Hursllzgeree S MHung, llxcrrzarz+. (3.32)

Proof. The estimate (3.30) is in turn equivalent to

1A Pagy I(ful*u) | p2 2 S Il 2021
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Since <A>k/ * I obeys a Leibniz rule, it suffices to prove

3
| Par, (A Tur yusus) || pare S H [T || xcrs2a /2t - (3.33)

The Littlewood—Paley theorem and Hélder’s inequality imply
LHS(3.33) < (A T | s s s s o
We have from Strichartz estimate (2.5) that
[0 Turlgns < 1A Tl oo = 1Tl xrz
Combining Sobolev embedding and Strichartz estimate (2.5) yield
lusll s S 1A uall o pors S 1A ol xorser S Musllxszare,
where the last estimate follows from (2.11). Similarly for [lus||gszs. This shows (3.33). The estimate (3.31)

follows easily from Strichartz estimate. For (3.32), we use Sobolev embedding and Strichartz estimate to
get

Tuas g ree S 1AV Tunllogerz S A2 Tung, | xonsee = [T, | xnrzno
The proof is complete. O
We use Lemma 3.5 to bound
4
B S ||Iu|| k/2,1/2+ ||I’LLM H k/2,1/2+ ,
M) m(Ms)m(Ma) (M (M) 2 ()2 X H X

with My > M3 > M, and My 2 N. Using (3.15), the estimate (3.25) follows once we have

m(Ml) 1 Yo(k)+ 00—
m(LmOL)m (L) (L) Ay (i (3.34)

We now break the frequency interactions into two cases: My ~ M3 and My ~ M since Z?Zl & =0.

Case 1. My ~ M3, My > M3 > My and My 2 N. We see that

m(My) 1 m(M;)
LHS(3.34) ~ <
( ) (m(Mz))?m(My) <M1>k/2 <M2>k N2 (k) (My) <M1>k/2 <M2>k72a(k)
! ! < 1 L < N~ k—al)+ o=

~ N2a(k) m(M4) <M2>k—2a(k) ~ N2a(k) M2k_3a(k) ~

Here we use that m(Ms) (Mz)*®) > m(N)No®) = No®) (M) < (M1)¥/? and that m(y) (2)**) > 1 for
all1 <y <z
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Case 2. My ~ My, My > M3 > My and My 2 N. We have

1 1
m(Mz)m(Ma) (M,)* (M) */?
< 1 1 1
™ m(Ms) (Ms)*® m(My) (M) *®) (M)* W) (ag) R
< N*(k*a(k))+M2O—'

LHS(3.34) <

Here we use again m(Ms3) <M3)a(k) ,m(My) <M2>a(k) 2 1. By choosing a(k) as in Subcase 3a, we prove
(3.34). The proof of Proposition 3.1 is now complete. O

Remark 3.6. Let us now comment on the choices of a(k) and vo(k). As mentioned in Remark 3.2, if the
increment of the modified energy is N=7(*) then we can show (see Section 4, after (4.39)) that the global
well-posedness holds for data in H7(R*) with v > m =: (k). We learn from (3.26) that yo(k) <

k —1/2, hence vy(k) > %. On the other hand, in Subcase 3a, we need a(k) +v —k/2 > 0 and «a(k) =

k —~o(k). Since v > v(k), we have a(k) +v—k/2 > a(k) +v(k) — k/2 > a(k) + % — £. We thus choose

2 k(2k—1 k(6k—1
a(k) = % - 41571 = (81672)7 hence yo(k) = k — a(k) = (81%2)'

4. The proof of Theorem 1.1

We now are able to show the global existence given in Theorem 1.1. We only consider positive time, the
negative one is treated similarly. The conservation of mass and Lemma 2.7 give

lu®lzry S w02 ~ 1Tu@®l e + [Hu®)Z: < ETu®) + lluollZ:- (4.35)

2
1%

By density argument, we may assume that ug € C§°(R¥). Let u be a global solution to (NLS;) with initial
data ug. As E(Iup) is not necessarily small, we will use the scaling (1.1) to make the energy of rescaled
initial data small in order to apply the almost conservation law given in Proposition 3.1. Let A > 0 and u)
be as in (1.1). We have

B(1us(0) = 5| Tux(O) /2 + {1Tr 0)]L. (1.36)
We then estimate
17O/ 5 N2 ur O)]F3 = N2 D32 gl
and
17usO)1Es S Tl = A Juolles € Aol

Note that v > (k) > k/4 allows us to use Sobolev embedding in the last inequality. Thus, (4.36) gives for
A>1,

E(Iux(0)) S (N*®270X72 4 AT8) (14 ol z)* < CoNZE2 DA (1 + Jlug|sz)*.

‘We now choose

L

k/2—~ 1 T2y 2
Ne= N (o) T o) (4.37)
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so that E(Iux(0)) < 1/2. We then apply Proposition 3.1 for uy(0). Note that we may reapply this proposition
until E(ITuy(t)) reaches 1, that is at least C; N7 (®)~ times. Therefore,

E(Tuy(CyN©HF)=§)) ~ 1. (4.38)

Now given any 7' > 1, we choose N > 1 so that

N0 (k)=
Using (4.37), we see that

20y () +k)v=k? _
2y

T ~N (4.39)

Here v > v(k) = #’:Hk)’ hence the power of N is positive and the choice of N makes sense for arbitrary
1

0
T > 1. Next, using (1.1), a direct computation shows
E(Iu(t)) = N*E(Tuy(A\Ft)).
Thus, we have from (4.37), (4.38) and (4.39) that

E(Iu(T)) = AN E(Tuy(A*T)) = AFE(Tuy (Cy N ®)~6))

k(k/2—7) k(k—2v)
~AF S NTTATT A T2kt k2T

This shows that there exists Co = Ca(|uo|| gy, 9) such that

k(k—27v) +
E(Iu(T)) < CyT20om+ky=k7 T

for T' > 1. This together with (4.35) show that
k(k—2v) +
||U(T)||H2 5 03T2(2(70(k)+k)wfk2) + Cy,

where C3, C4 depend only on |[ug|| g7. The proof of Theorem 1.1 is complete.
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Appendix A. Linear estimate in X7°® spaces

In this section, we will give the proof of linear estimates (3.17) and (3.18) which is essentially given
in [17]. The estimate (3.17) follows from the fact that

—itAF

lullxve = lle™ wllgp - (A1)

Indeed, we have
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oAk _iiAk Ak
[ ()™ ugl x-0 = le™ " p(8)e™™ ol o gy = 0]l pp 1ol sz S

For (3.18), we firstly remark that it is a consequence of the following estimate

t

Jwst® [ stexis],, < 8+ gl

0

In fact, using (A.1), it suffices to prove

t
’¢5 /G dSHHfH;’ 5 HG”H;MH;Y
0

We now apply (A.2) for g(s) = G(s,€) with ¢ fixed to have

oo / s.6s||

0

LSO YG( )

_5/7
Ht

where ~ is the spatial Fourier transform. If we denote

H(t,x):= wg(t)/G(s x)ds

then (A.4) becomes

[ ()| gy S 677Gt €)

ll -
Hy

[wol| -

(A4)

Squaring the above estimate, multiplying both sides with <§>2AY and integrating over R¥, we obtain (A.3).

It remains to prove (A.2). To do so, we write

ws(t) [ ateas =vs(o) [ ( [ emas)atryim = vuto) [
0 R 0 R
=45t ;—k, | @t — v [ 0 g

|67|<1 [67|>1

+s(t) / (im) " te"g(T)dr =: T + IT + III.

|o7|>1

Let us consider the first term. The Cauchy—Schwarz inequality gives

, 1/2
1Ty < 7 216l 6 gl / @ ar)".

k=21 |57]<1

Using that t*y5(t) = 0% px(071t) where o (t) = tF4)(t), we have

1/2
I3l = n Ol = ([ ()" PluonPar) S 86y

R
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We also have
(") dr = / (617 57N < 5
|67|<1 [7|<1

since b’ < 1/2. This implies

1 4 o L
1y < D 770°0M2 706 gl o 67270 < 817 gl o
E>1

Similarly, we have
’ 1/2
— 2b b
17g S Wallglollgoo ([ 1717202 ) £ 670 gl o,

|[67|>1

by using that ||1/)5HH§7 < 51/2—b||¢||HE < §1/27b and
7|~ <T>2b/ dr = / |6~ |2 <5_1T>2b s tdr < gt / 7|2 <T>2b' dr < s1-2v
[or|>1 |7|>1 >

Here b’ < 1/2 hence 2(1 — ') > 1 implies the last integral is convergent. We finally treat the third term as
follows. Set

J(t) == /(iT)flg(T)eitTdT.

|[67|>1

We see that

J(¢) = / (1) g(1)00(¢ — T)dr,

|67 |>1

where dq is the Dirac delta function. This yields that

1y = ([0 130Ra) " = ([ e gerar)

|67|>1

. b+b’ —b—b’
<lgll v sup |71 ()" <8 gy
toleTI>1 t
Similarly,
1712z < 0" llgll -
Thus, the Young’s inequality gives
b,r % b2 & 0 b 3 —b—b
Tl gy = [1(r)” (s % Iz S Ml dsll el ez + 195l 2o [l {7)” T2z < 677" llgll o

Here we use the fact that (1)° < |7 — ¢+ (¢)? to have the first estimate. This completes the proof.



192 V.D. Dinh / J. Math. Anal. Appl. 458 (2018) 174—192

References

[1] B. Dodson, Improved almost Morawetz estimates for the cubic nonlinear Schrédinger equation, Commun. Pure Appl.
Anal. 10 (2011) 127-140, http://dx.doi.org/10.3934/cpaa.2011.10.127.

[2] B. Dodson, Global well-posedness and scattering for the defocusing, L2-critical, nonlinear Schrédinger equation when
d =2, Duke Math. J. 165 (2016) 3435-3516, http://dx.doi.org/10.1215/00127094-3673888.

[3] B. Pausader, Global well-posedness for energy critical fourth-order Schrédinger equations in the radial case, Dyn. Partial
Differ. Equ. 4 (2007) 197-225.

[4] B. Pausader, The cubic fourth-order Schrédinger equation, J. Funct. Anal. 256 (2009) 2473-2517, http://dx.doi.org/
10.1016/j.jfa.2008.11.009.

[5] B. Pausader, S. Shao, The mass-critical fourth-order Schrédinger equation in high dimensions, J. Hyperbolic Differ. Equ.
7 (2010) 651-705, http://dx.doi.org/10.1142/S0219891610002256.

[6] C. Guo, Global existence of solutions for a fourth-order nonlinear Schrédinger equation in n 4+ 1 dimensions, Nonlinear
Anal. 73 (2010) 555-563, http://dx.doi.org/10.1016/j.na.2010.03.052.

[7] C. Hao, L. Hsiao, B. Wang, Well-posedness for the fourth-order Schréodinger equations, J. Math. Anal. Appl. 320 (2006)
246-265, http://dx.doi.org/10.1016/j.jmaa.2005.06.091.

[8] C. Hao, L. Hsiao, B. Wang, Well-posedness of the Cauchy problem for the fourth-order Schrédinger equations in high
dimensions, J. Math. Anal. Appl. 328 (2007) 58-83, http://dx.doi.org/10.1016/j.jmaa.2006.05.031.

[9] C. Miao, H. Wu, J. Zhang, Scattering theory below energy for the cubic fourth-order Schrodinger equation, Math. Nachr.
288 (2015) 798-823, http://dx.doi.org/10.1002/mana.201400012.

[10] H. Bahouri, J.Y. Chemin, R. Danchin, Fourier Analysis and Non-linear Partial Differential Equations, A Series of Com-
prehensive Studies in Mathematics, vol. 343, Springer, 2011.

[11] J. Bourgain, Refinements of Strichartz’s inequality and applications to 2D-NLS with critical nonlinearity, Int. Math. Res.
Not. IMRN 5 (1998) 253-283, http://dx.doi.org/10.1155/S1073792898000191.

[12] J. Colliander, T. Roy, Bootstrapped Morawetz estimates and resonant decomposition for low regularity global solutions
of cubic NLS in R?, Commun. Pure Appl. Anal. 10 (2011) 397-414, http://dx.doi.org/10.3934/cpaa.2011.10.397.

[13] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Almost conservation laws and global rough solutions to a
nonlinear Schrédinger equation, Math. Res. Lett. 9 (2002) 659-682, http://dx.doi.org/10.4310/MRL.2002.v9.n5.a9.

[14] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Multi-linear for periodic KdV equations and applications,
J. Funct. Anal. 211 (2004) 173-218, http://dx.doi.org/10.1016/S0022-1236(03)00218-0.

[15] J. Colliander, M. Grillakis, N. Tzirakis, Improved interaction Morawetz inequalities for the cubic nonlinear Schrédinger
equation on R2, Int. Math. Res. Not. IMRN (2007), http://dx.doi.org/10.1093/imrn/rnm090, 30 pages.

[16] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, T. Tao, Resonant decompositions and the I-method for the cubic
nonlinear Schrédinger equation on R?, Discrete Contin. Dyn. Syst. Ser. A 21 (2008) 665-686, http://dx.doi.org/10.3934/
decds.2008.21.665.

[17] J. Ginibre, Le probléme de Cauchy pour des EDP semi-linéaires périodiques en variables d’espace (d’aprés Bourgain), in:
Séminaire Bourbaki 1995, in: Astérisque, vol. 237, 1996, pp. 163—187.

[18] T. Cazenave, Semilinear Schrédinger Equations, Courant Lecture Notes in Mathematics, vol. 10, AMS, 2003.

[19] T. Cazenave, F.B. Weissler, The Cauchy problem for the critical nonlinear Schrédinger equation in H*, Nonlinear Anal.
14 (1990) 807-836, http://dx.doi.org/10.1016/0362-546X(90)90023-A..

[20] T. Kato, On nonlinear Schrodinger equations. II. H*-solutions and unconditional well-posedness, J. Anal. Math. 67 (1995)
281-306.

[21] T. Tao, Nonlinear Dispersive Equations: Local and Global Analysis, CBMS Regional Conference Series in Mathematics,
vol. 106, AMS, 2006.

[22] V.D. Dinh, Well-posedness of nonlinear fractional Schrodinger and wave equations in Sobolev spaces, preprint, arXiv:
1609.06181, 2016.

[23] V.D. Dinh, On well-posedness, regularity and ill-posedness for the nonlinear fourth-order Schrédinger equation, preprint,
arXiv:1703.00891, 2017.

[24] Y. Fang, M. Grillakis, On the global existence of rough solutions of the cubic defocusing Schrédinger equation in R2*1,
J. Hyperbolic Differ. Equ. 4 (2007) 233-257, http://dx.doi.org/10.1142/S0219891607001161.


http://dx.doi.org/10.3934/cpaa.2011.10.127
http://dx.doi.org/10.1215/00127094-3673888
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib5061757361646572s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib5061757361646572s1
http://dx.doi.org/10.1016/j.jfa.2008.11.009
http://dx.doi.org/10.1142/S0219891610002256
http://dx.doi.org/10.1016/j.na.2010.03.052
http://dx.doi.org/10.1016/j.jmaa.2005.06.091
http://dx.doi.org/10.1016/j.jmaa.2006.05.031
http://dx.doi.org/10.1002/mana.201400012
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib424344666F7572696572s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib424344666F7572696572s1
http://dx.doi.org/10.1155/S1073792898000191
http://dx.doi.org/10.3934/cpaa.2011.10.397
http://dx.doi.org/10.4310/MRL.2002.v9.n5.a9
http://dx.doi.org/10.1016/S0022-1236(03)00218-0
http://dx.doi.org/10.1093/imrn/rnm090
http://dx.doi.org/10.3934/dcds.2008.21.665
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib47696E69627265s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib47696E69627265s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib43617A656E617665s1
http://dx.doi.org/10.1016/0362-546X(90)90023-A
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib4B61746F3935s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib4B61746F3935s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib54616Fs1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib54616Fs1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib44696E68s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib44696E68s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib44696E682D666F757274682D6F72646572s1
http://refhub.elsevier.com/S0022-247X(17)30822-3/bib44696E682D666F757274682D6F72646572s1
http://dx.doi.org/10.1142/S0219891607001161
http://dx.doi.org/10.1016/j.jfa.2008.11.009
http://dx.doi.org/10.3934/dcds.2008.21.665

	Global well-posedness for a L2-critical nonlinear higher-order Schrödinger equation
	1 Introduction and main results
	2 Preliminaries
	2.1 Littlewood-Paley decomposition
	2.2 Norms and Strichartz estimates
	2.3 I-operator

	3 Almost conservation law
	4 The proof of Theorem 1.1
	Acknowledgments
	Appendix A Linear estimate in Xγ,b spaces
	References


