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1. Introduction

In 1951, the study of isometries between operator algebras began in [10]. In that paper, Kadison proved
that every complex linear surjective isometry between two unital C*-algebras can be decomposed as the
composition of a Jordan *-isomorphism and the multiplication by a unitary. Since then, linear isometries
between operator algebras have been considered in various settings by many researchers. For example, see [7]
and [20], which contain results and references concerning generalizations of Kadison’s theorem to thoroughly
different directions.

On the other hand, the Mazur—Ulam theorem states that every surjective isometry between two real
normed spaces is affine. This result attracted many mathematicians, and isometries without assuming affinity
were considered in many cases. The symbol S(X) denotes the unit sphere (i.e. the subset of the elements
with norm 1) of a Banach space X, while the notation Bx means the closed unit ball of X. What we focus
on in this paper is the following problem, which is closely related to the Mazur—Ulam theorem.

E-mail address: mmori@ms.u-tokyo.ac.jp.

https://doi.org/10.1016/j.jmaa.2018.06.050
0022-247X/© 2018 Elsevier Inc. All rights reserved.

Please cite this article in press as: M. Mori, Tingley’s problem through the facial structure of operator algebras, J. Math. Anal.
Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.06.050



https://doi.org/10.1016/j.jmaa.2018.06.050
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:mmori@ms.u-tokyo.ac.jp
https://doi.org/10.1016/j.jmaa.2018.06.050

Doctopic: Functional Analysis YJMAA:22366

2 M. Mori / J. Math. Anal. Appl. ss (ssse) sse—ses

Problem 1.1. Let X and Y be two Banach spaces and T : S(X) — S(Y) be a surjective isometry. Does T
admit an extension to a real linear surjective isometry 7: X — Y7

The first contribution to this problem dates back to 1987, and it is due to Tingley [24], so this problem
is nowadays called Tingley’s problem (or the surjective isometric extension problem). More than 30 years
have passed since the birth of this problem, but the answer in general situations is yet far from having
been achieved. Indeed, it is said that Tingley’s problem is unsolved even in the case X =Y and X is two
dimensional. However, until now, no counterexamples for Tingley’s problem have been found. Moreover, in
many cases (including the cases of most of classical real Banach spaces and some special Banach spaces),
affirmative answers have been given for Tingley’s problem. The survey [3] contains good expositions and
references on Tingley’s problem.

Tingley’s problem in the setting of operator algebras was first considered by Tanaka [22], and he later
solved Tingley’s problem affirmatively when X and Y are finite von Neumann algebras [23]. Recently,
Ferndndez-Polo and Peralta generalized this result to the cases of general von Neumann algebras [8]. On
the other side, Fernandez-Polo, Garcés, Peralta and Villanueva solved Tingley’s problem positively when X
and Y are the spaces of trace class operators on complex Hilbert spaces [6]. See Introduction of [8] for the
latest developments in this field. It is common to use the following strategy to solve Tingley’s problem for
operator algebras. First we detect some substructures of the unit spheres such as unitary groups and minimal
or maximal partial isometries. In this step, the facial structure of unit balls plays a crucial role. Second we
construct the only one candidate for the real linear extension which is determined by such substructures.
And finally we show that this linear mapping is the extension we wanted.

In this paper, applying some versions of this strategy, we give several new results concerning Tingley’s
problem in the setting of operator algebras.

In Section 2, we summarize some known results about the facial structure of operator algebras and
(pre)duals (due to Akemann and Pedersen [1]) and its application to Tingley’s problem, which are used in
the later sections.

In Section 3, we show that every surjective isometry between the unit spheres of two unital C*-algebras
restricts to a bijection between their unitary groups. In the proof, we detect the unitary group from extreme
points in the unit ball. Using the surjective isometry between unitary groups and the result due to Hatori
and Molnér [9], we construct the only one candidate for the real linear isometric extension. Although the
author does not know whether this linear mapping actually extends the original mapping, we show that
Tingley’s problem for unital C*-algebras is equivalent to Problem 6.1.

In Section 4, we give a positive answer to Tingley’s problem when X and Y are preduals, M, and N,
of von Neumann algebras M and N, respectively. In the proof, we use the structure of maximal faces,
and calculate Hausdorff distances between them to construct a surjective isometry between the unitary
groups of M and N. By the theorem of Hatori and Molnér, this mapping extends to a real linear surjective
isometry from M onto N. This linear mapping canonically determines a real linear surjective isometry from
N, onto M,, whose inverse mapping is shown to be the extension we wanted.

In Section 5, we show that Tingley’s problem has an affirmative answer when X and Y are the spaces
My, and N, of self-adjoint operators in von Neumann algebras M and N, respectively. In this case, some
techniques used in sections before cannot be applied. Instead, we use the structure of projection lattices
and orthogonality combined with a theorem of Dye [4]. We also solve Tingley’s problem positively when
X and Y are the spaces M,s, and N,g, of self-adjoint elements in preduals of von Neumann algebras M
and N, respectively. Additionally, applying some discussions in this paper, we show that every surjective
isometry T : S(M,) N M,y — S(N,) N Ny (vesp. T : By, N Moy — By, N N,;) between the normal
state spaces (resp. between the normal quasi-state spaces) of two von Neumann algebras M and N admits
a linear surjective isometric extension from My, onto Ng,.
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In Section 6, along the line of this paper, we list problems which seem to be open and new, with some
comments.

2. Facial structure of operator algebras and its use in Tingley’s problem

Recall that a nonempty convex subset F of a convex set C in a Banach space is called a face in C if
F has the following property: if ,y € C and Az + (1 — A)y € F for some 0 < A < 1, then z,y € F. It
can be easily proved by Hahn—Banach theorem that for a Banach space X, a subset F of Bx is a maximal
norm-closed proper face in By if and only if F is a maximal convex subset of S(X) (see [23, Lemma 3.2]).
In order to attack Tingley’s problem, nowadays the following geometric property is known: every surjective
isometry between the unit spheres of two Banach spaces preserves maximal convex sets of the spheres
([2, Lemma 5.1(%)], [21, Lemma 3.5]).

On the other hand, the facial structure of the unit ball of operator algebras and (pre)duals were thoroughly
studied by Akemann and Pedersen [1]. Let X be a real or complex Banach space and F C X, G C X* be
subsets. We define

F':={f €Bx-| f(z) =1 for any x € F},
G, :={zx e Bx | f(x) =1 for any f € G}.

Theorem 2.1 (Akemann and Pedersen [1, Theorem 5.3]). Let X be one of the following Banach spaces:
a C*-algebra, the space of self-adjoint operators in a C*-algebra, the predual of a von Neumann algebra,
or the space of self-adjoint elements in the predual of a von Neumann algebra. (Consider X as a complex
Banach space in the first or the third case, and real in the other cases.) Then the mapping F — F' is an
order-reversing bijection from the class of norm-closed faces in Bx onto the class of weak*-closed faces in
Bx+. The inverse mapping is given by G — G,.

Using this theorem as in the proof of Corollary 3.4 in [23] (or by Corollary 2.5 of [6], which can also be
applied in the situations of real Banach spaces), we obtain the following proposition. For the convenience
of the readers, we add a proof.

Proposition 2.2 (A version of [25, Corollary 3.4] or [6, Corollary 2.5]). Let A and B be C*-algebras, M and
N be von Neumann algebras and the pair (X,Y") be one of the following pairs: (A, B), (Asa, Bsa), (M, N)
or (Mysa, Nisq)- Suppose T : S(X) — S(Y) is a surjective isometry. Then for a subset F C S(X), F is a
norm-closed proper face in Bx if and only if T(F) is in By . In particular, x € S(X) is an extreme point in
Bx if and only if T(x) is in By.

Proof. Let F be a norm-closed proper face in Bx. By the preceding theorem and the Krein—Milman theorem,
we have

F=F)y=N{= () {3

feF’ fEext(F’)

Since F' is a face, it follows that ext(F’') C ext(Bx~). Again by the preceding theorem, for every f €
ext(Bx~), {f}s is a maximal norm-closed proper face in S(X). By the fact that T gives a bijection between
the classes of maximal norm-closed proper faces in unit balls, it follows that the set

rr=1( N Uk)= N TUm

feext(F’) feext(F’)

is a norm-closed proper face in By. 0O
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We add a little more to these results.

Proposition 2.3 (See also [24, Section 4]). Let X andY be Banach spaces and suppose that T : S(X) — S(Y)
18 a surjective isometry.

(a) Let F C S(X) be a mazimal convex set. Then T(—F) = =T (F).
(b) Suppose (X,Y) is a pair as in the preceding proposition and let F C Bx be a norm-closed proper face.
Then T(—F) = =T (F).

Proof. (a) It suffices to show that —F = {z € S(X) | |z —y|]| = 2forany y € F}. Let y1,y2 € F.
Then (y1 + y2)/2 € F. In particular, | — y1 — y2|| = ||ly1 + y2|| = 2. Thus we obtain —F C {z € S(X) |
|z —y| =2 for any y € F}. Let € S(X) and suppose ||z —y|| = 2 for all y € F. Then the open convex sets
S1:={z € X |dist(z1,F) < 1} = F+int Bx and Sg := {22 € X | |22 — 2| < 1} = x+int Bx do not have a
common element. By the Hahn—Banach theorem, we obtain a functional f € S(X*) and a real number ¢ € R
such that Re f(z1) > c for every z; € S; and Re f(z2) < ¢ for every z; € S. Since Re f(z), Re f(y) € [-1,1]
for every y € F and Re f(int Bx) = (—1,1), we have ¢ = 0, Re f(z) = —1, Re f(y) = 1 and thus f(z) = —1
and f(y) = 1. It follows that f~*(1)NBx C Bx is a norm-closed face which contains F. By the maximality
of F, we have f~}(1)NBx = F. Thusz € f~1(-1)NBx = (—f~1(1)) N Bx = —F.

(b) follows by (a) and the fact that every norm-closed face is the intersection of some maximal convex
sets in S(X) (see the proof of the preceding proposition). O

In fact, Akemann and Pedersen concretely described the facial structure of operator algebras and (pre)du-
als in order to prove Theorem 2.1.

Let A be a (not necessarily unital) C*-algebra. The partial order in the set of partial isometries in A is
given by the following: u majorizes (or extends) v if u = v+ (1 —vv*)u(1 —v*v). A projection p in the bidual
A** (considered as the enveloping von Neumann algebra) is said to be open if there exists an increasing net
of positive elements in A converging to p in the o-strong topology of A**. A projection p € A** is said to be
closed if 1 — p is open. A closed projection p in A** is compact if p < a for some norm-one positive element
a € A. A partial isometry v € A** belongs locally to A if v*v is a compact projection and there exists a
norm-one element z in A such that zv* = vv*. See [1] for more information.

Theorem 2.4 (Akemann and Pedersen [1]). Let A be a C*-algebra and M be a von Neumann algebra.

(a) For each norm-closed face F of Ba, there exists a unique partial isometry v belonging locally to A such
that F = {x € B4 | xv* = vv*}.

(b) For each norm-closed face F of Ba,,, there exists a unique pair of compact projections p,q such that
pg=0and F={zx € Ba,, |x(p—q) =p+4q}.

(¢) For each weak*-closed proper face G of Ba~, there exists a unique nonzero partial isometry v belonging
locally to A such that G = {v},.

(d) For each weak*-closed proper face G of Ba-_, there exists a unique pair of compact projections p,q such
thatp+q#0, pg =0 and G = {p — q},.

(e) For each o-weakly closed face G of By (resp. B, ), there exists a unique partial isometry (resp.
self-adjoint partial isometry) v in M such that

G={z By |av' =vv*} =v+ (1 —vv")By (1 —v™v)
(resp. G={x € B, | v =2} =v+ (1 —0vH)B,, (1 —v?).

(f) For each norm-closed proper face F of Byy, (resp. By, ., ), there exists a unique nonzero partial isometry

(resp. self-adjoint partial isometry) v in M such that F = {v},.
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See also [5] for a variant of this result in the setting of JBW*-triples.
3. On Tingley’s problem between unital C*-algebras

For a unital C*-algebra A, the symbol U (A) will denote the group of unitaries in A, and P(A) stands for
the set of projections in A. These substructures contain a lot of information about A. What we focus on in
this section is the group U(A).

In the proof of [23, Theorem 4.12], Tanaka showed that if T : S(M) — S(N) is a surjective isometry
between the unit spheres of two finite von Neumann algebras, then T restricts to a bijection between
their unitary groups, i.e. T(U(M)) = U(N). Recently, this result was extended to the case of general von
Neumann algebras by Ferndndez-Polo and Peralta [8, Theorem 3.2]. We further extend these results to the
case of arbitrary unital C*-algebras using somewhat a different method. We would like to use the notation
E(X) = ext(Bx) for the set of extreme points of Bx where X is a Banach space.

Recall that, if A is a unital C*-algebra, then

E(A) = {z € S(A) | (1 — zz*)A(1 — z*z) = {0}}

is the set of maximal partial isometries in A and in particular U(A) C E(A) (see for example [13, Theo-
rem 7.3.1]).

Lemma 3.1. Let A be a unital C*-algebra and x € E(A). Then x is in U(A) if and only if the set A, := {y €
E(A) | ||z £yl = V2} has an isolated point as a metric space.

The idea of this lemma comes from the easiest case A =C: for z € £(A) =U(A) ={z € C | |z| =1}, we
see A, = {iz, —iz}.

Proof. First realize A as a unital C*-subalgebra of some B(#) (the algebra of bounded linear operators on
a complex Hilbert space H).

Suppose z is in U(A). For y € A,, we have 2 = ||z £ y||? = |1 +y*y + (2*y + y*)||. Decompose H in the
form H = y*yH @ (1 — y*y)H. Using this decomposition, we express

0 Yy Yy
¥y = <z1 0) : &) — @ )
? Q—y'y)H  (Q-yyH

By the same decomposition, we can express

% " " 2+ (21 +2f) £z
I+y'y+(@'y+y m)=< <j:1zQ i) 12>.

Since 2 € 2E(B(y*yH)), by the norm condition we obtain z1 + 27 = 0 and 23 = 0. Since z € U(A), it follows
that a*y € £(A). Combining this with the equation

x [ Z 0 o *Zik 0
xy—(o 0)‘( 0 0)’
we have z*y € U(A) and the spectrum o(x*y) of x*y is a subset of {i, —i}. It follows that A, = iz(1l —
2P(A)) = i(1 — 2P(A))z, which has isolated points +iz.
Next suppose « ¢ U(A) and y € A,. We show y is not isolated in A,. We may assume xzz* # 1. Suppose
(1—zx*)y#0.ForceT:={ze€C||z| =1}, set y. := (za* + ¢(1 — zz*))y (€ £(A)). Then we have
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lz £ ell = [lo £ (2™ + e(1 — z2™))yl| = [[(z2" + (1 —za*))e £ y| = e £y| = V2.

Hence y/, € A,. Since y. — y(c — 1), y is not isolated in A,. Similarly, y is not isolated in A, if
(1 —a*z)y* # 0. In what follows, we assume (1 — zz*)y = 0 = (1 — 2*z)y*. Then we obtain zz* > yy* and
r¥x > y*y.

Since y € £(A), we have (1 — yy*)A(1 — y*y) = 0. Taking the closure in the sot of B(H), we also have
(1 - yy*)ZSOt(l — y*y) = 0. By the theory of von Neumann algebras, there exists a central projection
p in A% such that y1 = yp is an isometry on pH and ys := y(1 — p) is a coisometry (i.e. the adjoint
operator of an isometry) on (1 — p)H. Set x; := ap and x9 := x(1 — p). Then it follows that ziz; = yiy1,
12} > g1yt and zoxh = yous, Thae > yhys. If 2127 # y1y] or xiws # yiye, then we have V2 = ||z £ y| =
maxn=12 ||Tn £ yn|| = 2, a contradiction. It follows that zz* = yy* and z*z = y*y. The same discussion
as in the first half of this proof shows that there exists a projection ¢ in A with ¢ < zz* such that
y=1(1 —2q)x = i(xx* — 2q)x.

Suppose that g is isolated in P(xz* Axz*). Let a € (vx* Axa™)s,. Since the mapping R 3 ¢+ eifdge™e ¢
P(xz* Azz*) is norm-continuous, we obtain e“ge~% = ¢. By the Russo-Dye theorem (see for example
Exercise 10.5.4 of [13]) it follows that g is central in zz*Aza*. In this case, we have yy = yza™ + (ycos b +
sinf)(1 — zz*) € £(A) for § € R, and simple calculations show that

%(x +tyy) = %((x +y)zz + (x £ (ycosh +sinb))(1 — zz™))

are partial isometries. In particular, y; € A,. Since y; — y (6 — 0), y is not isolated in A,.
If ¢ is not isolated in P(xz*Azx*), take ¢, € P(xaz*Azz*), n € N = {1,2,...} such that ¢ # ¢, —

g (n — 00). Then we have y # i(zz* — 2¢,)x =1 y)) € Ay and y)/' — y(n — ). O

Now we can prove the main theorem of this section.

Theorem 3.2. Let A and B be unital C*-algebras and T : S(A) — S(B) be a surjective isometry. Then
T(U(A) =U(B).

Proof. We know by Proposition 2.2 that T(£(A)) = £(B) and by (b) of Proposition 2.3 that T'(—z) = —T'(z)
for every x € £(A). It follows that T'(A;) = Ar(y) for every x € £(A). Therefore the preceding lemma implies
TU(A)=U(B). O

Recall the following theorem due to Hatori and Molnar [9]:

Theorem 3.3 (Hatori and Molndr [9, Theorem 1]). Let A and B be unital C*-algebras and T : U(A) — U(B)
be a surjective isometry. Then there exists a real linear surjective isometry T : A — B which satisfies
T(ei) = T(e!) for every a € Ayq. In fact, there exists a Jordan *-isomorphism J : A — B and a central
projection p € B such that T(z) = T(1)(pJ(z) + (1 — p)J(2)*) for all z € A.

The Russo—Dye theorem shows that such a linear isometry is unique. In order to solve Tingley’s problem
between unital C*-algebras, it suffices to show that ® := T-' o T : S(A) — S(A) (in the sense of the
preceding theorems) is equal to the identity mapping on S(A). Before we end this section we give an
additional partial result. The notation A~! means the set of invertible elements for a unital C*-algebra A.

Proposition 3.4. Let A be a unital C*-algebra and ® : S(A) — S(A) be a surjective isometry such that
P(ei®) = e for every a € Asa. Then ®(x) = x for every x € S(A) N A1

Please cite this article in press as: M. Mori, Tingley’s problem through the facial structure of operator algebras, J. Math. Anal.
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Proof. First we show ®(u) = u for an arbitrary unitary u € U(A). Consider the functional calculus in A**,
and set v1 = UX{Re »>0} (1), V2 = UX{Re 2<0}(u) € A**, which are partial isometries belonging locally to A.
Take continuous functions f, g : T — {z € T | Rez > 0} which satisfy the following two properties: f(z) =
z = g(z) for every z € T with Rez > 0, and Im f(z) > Im g(z) for every z € T with Rez < 0. It follows
that v; is the maximum partial isometry in the collection of every partial isometry vy € A** which satisfies
fu)vg = vovd and g(u)vs = vovg. Thus the minimum norm-closed face in By which contains both f(u)
and g(u) is the face {x € S(A) | zv} = viv}}. Since f(u), g(u) € €=, it follows that ®({z € S(A) | zv} =
vvi}) = {z € S(4) | v = vivi}. Similarly, ®({z € S(A4) | zv; = vav3}) = {x € S(A) | zvs = vovi}.
Since {z € S(A) | zv} = vivi} N{x € S(A) | zvy = vavi} = {u}, we obtain ®(u) = u.

Next we show ®(a) = a for an arbitrary positive invertible element a € S(A) N A~ N A,. Set ¢ :=
min(o(a)) (> 0) and

S={ueld(l)|||lu—al|=1-c} ={uecld(A)|||u—2(a)||=1-c}.

We see Re A > ¢/2 for every A € o(u), u € S. Assume there exists a A € o(u) such that Re A < ¢/2.
Realizing A C B(H), we obtain unit vectors &, € H, n € N such that ||u§, — A&,|| = 0 (n — o0). Then it
follows that lim,,_, o (u&y, &) = A and (a&,,&,) > ¢ for every n € N. We have |ju — a|| > 1, a contradiction.

We consider the surjective isometry u +— u* on S. By the observation above, it follows that

« C
Ju = ull = 1= = |0 +w) @ =w)] = (1+3) 1 -

for every u € S. Since 1* =1 € S, 14+ ¢/2 > 1 and S is bounded, it follows by [25, Theorem 1.2] that
7(1) = 1 for every surjective isometry 7: S — S.

Since ||1 — ®(a)|| = ||1 — al]| =1 — ¢ < 1, the polar decomposition ®(a) = v|®(a)| satisfies v € U(A). For
u € S, we have

[vutv = @(a)|| = [lu"v = |@(a)][| = [Jv"u = [®(a)[[| = [[u = P(a)]| =1 = c.

Thus the mapping u — vu*v is a surjective isometry on S. Therefore, by the commented result in [25], it
follows that 1 = v1*v = v2. Combining this with the equation ||v* — |®(a)||| = |1 — ®(a)| = 1 — ¢, we obtain
v =1. i.e. ®(a) is positive.

Take the continuous function fo : [¢,1] — {z € T | Imz > 0} which is uniquely determined by the
condition |t — fo(t)| =14¢, ¢ € [¢,1]. Put w := fo(a). Then (a —w)/(1+ c¢) is a unitary. Assume ®(a) £ a.
Then there exist A > 0 and unit vectors n,, € H, n € N such that ||[(®(a) — a)n, — M| = 0 (n — 00). We
have

((@(a) = W), (a = w)im) = {(2(a) — a)in, (a — w)na) + (1 +0)*.

We know that lim, e {((®(a) —a — A1y, (a — w)n,) = 0. Since Re(t — fo(t)) > v + 2¢ for every t € [c, 1],
we also know that

Re/\<n’m (a— w)77n> = %<77n7 ((a —w)+ (a— w)*)nn> >AAE+2¢>0

for every n € N. We have
(14 ¢)* = ||®(a) — w|[|a — w| > lim Re((®(a) — w)n,, (a —w)n,)
n—oo

= lim ReA(nn, (@ —w)n,) + (1 +¢)* > (1 +¢)%,

n—oo

a contradiction. Therefore we obtain ®(a) < a and similarly a < ®(a).
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Lastly we show ®(x) = x for an arbitrary x € S(A4) N A~1. The polar decomposition z = wug|z| satisfies
up € U(A) and |z| € S(A)N A~1 N A,. Consider the surjective isometry ¥ : S(A) — S(A) which is defined
by U(y) := ug ' ®(uoy), y € S(A). Then the first part of this proof shows ¥(u) = u for every u € U(A). The
second part of this proof shows |z| = ¥(|z|) = uy ' ®(ug|z|), hence ®(x) = ®(ug|z|) = uplz| =2. O

4. Tingley’s problem between preduals of von Neumann algebras

In this section, we present an affirmative answer to Tingley’s problem when the two spaces are pred-
uals of von Neumann algebras. Our theorem extends the result of Fernandez-Polo, Garcés, Peralta and
Villanueva [6], in which Tingley’s problem for the spaces of trace class operators on complex Hilbert spaces
is solved affirmatively.

Let M be a von Neumann algebra. By (f) of Theorem 2.4 we know that for every norm-closed proper
face F C By, there exists a unique nonzero partial isometry v € M such that F = {v},.

Recall that for a metric space (X, d) and nonempty subsets X1, Xo C X, the Hausdorff distance between
X, and X5 is defined by

dp(X1,Xs2) := max{sup inf d(z,y), sup inf d(z,y)}.
z€X, YEX2 yeX, TEX1

Endow the space of nonzero partial isometries in M with the distance dp (v, w) := dg({v},, {w},). (It is
easy to show that dp actually satisfies the axioms of distance.)

Lemma 4.1. Let M C B(H) be a von Neumann algebra.
(a) Let wi,wa € M be nonzero partial isometries with wjw; = wiws or wiwy = wewj. Then ||wy — wa| >
O (w1, ws).

() |lu—v| = du(u,v) for every u € U(M) and every v € E(M).

Proof. (a) Suppose wjw; = wjws. Let ¢ € {w1},. Then defining (x) := p(wrwiz) (z € M), we have
¥ € {wa}, and

e =9Il = le((wiwy —wiwz) )| < [lwrwy —wiws || < flwr = ws.
Therefore we obtain  sup  inf |¢ — 9| < ||lwg — we||. Similarly we can see sup  inf |lp — 9| <
pe{w}, vE{w2}/ befws}, PELwL}l

lwy — wz||, and therefore 6 (w1, w2) < |[wy — wel|. A similar discussion can be applied in the case wiw} =
wawy, too.

(b) Suppose first that u,v € U(M). The inequality 0 (u,v) < |ju — v|| follows from (a). We may assume
u = 1. In that case, we have |lu —v|| = |[1 — v[| = supyey(y) |1 — Al. Take Ag € o(v) which attains this
supremum. Since Ag € o(v), there exist &, € H with ||| = 1, n € N such that ||[v&, — Xoén|| = 0 (n — 0).
Define ¢, 1= we,, ve,, = ( &n, v€n) (€ {v},). Then for every ¢ € {1}, we have

19 = @all 2 [¥(1) = ea(1)] = |1 = (€n, vEa)] = [L = Xo| = 1 =] (n— o0).

Therefore we obtain dg(1,v) > ||1 — v||. The proof when u,v € U(M) is completed.

Let us assume next v ¢ U(M). We may assume v = 1 and vv* # 1. In that case, it follows that
lu —v]| = ||1 —v| = 2. Take a unit vector £ € (1 — vv*)H. Since v*v(1 — vv*) = 1 — vv*, the system
{v"€}en is orthonormal. Define n, := Y p_, (—1)FvF¢ and ), :=n~'w,, vy, (€ {v},) for n € N. Then for
every ¢ € {1}, we have
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= =2 (n— o00).

n n

-1 o — 1
||<p;—w||>go;(1)—w(1)|:‘_” _1‘ n

It follows that dg(1,v) > 2. The inequality 0z (1,v) < 2 is trivial. O

Note that using the same discussion as in (b), we also gain ||w; — ws| = 05 (w1, ws) for every pair of
nonzero partial isometries wi, ws € M with wjw; = wiws and wiw] = waws.

The author does not know whether ||v—w|| = §g (v, w) holds for every pair v, w € £(M), but the following
lemma which is similar to Lemma 3.1 holds.

Lemma 4.2. Let M be a von Neumann algebra and x be in E(M). Then x is in U(M) if and only if the set
Ay = {y € E(M) | S (x,+y) < 2} has an isolated point with respect to the metric 0g.

Proof. The proof is parallel to that of Lemma 3.1.

Suppose z is in U(M). The preceding lemma shows that dy(z,y) = ||z — y|| for every y € E(M). By
the same discussion as in the proof of Lemma 3.1, we obtain A, = i(2P(M) — 1)z (C U(M)), which have
isolated points tizx.

Next suppose = ¢ U(M) and y € .,ATI We again use the argument as in the proof of the Lemma 3.1.

"

"’ have the same initial spaces as y. Hence it is not difficult to see that the

Note that the operators y.,yy,y
preceding lemma shows y is not isolated in 4, with respect to the metric . O

We state the main theorem of this section:

Theorem 4.3. Let M and N be von Neumann algebras and T : S(M,) — S(N.) be a surjective isometry.
Then there exists a unique real linear surjective isometry T : M, — N, which extends T .

We start proving.

Since T' gives a bijection between the classes of maximal convex sets in unit spheres, a bijection 77 :
E(M) — E(N) is determined by T({v},) = {T1(v)},, v € E(M) (see Proposition 2.2). We also have T} (A, ) =
.ZTI(U) for any v € £(M). By the preceding lemma and (a) of Proposition 2.3, T; restricts to a bijection
between unitary groups. Moreover, by (b) of Lemma 4.1, this is a surjective isometry between unitary groups.
By the theorem of Hatori and Molnar, there exists a unique real linear surjective isometry T: M — N
such that Ty (u) = T (u) for all u € eMse = 1{(M). Note that T} and ﬁ_l are o-weakly continuous since
they can be expressed by Jordan *-isomorphisms.

Now we can construct a real linear surjective isometry T : N* — M* which is canonically determined
by ﬁ as the following:

(o) (w) = (Re)(Ti(w)) — i(Rep)(Ti(iz), ¢ € N*,z€ M.

By the o-weak continuity of i and ﬁil, T, restricts to a real linear surjective isometry from NV, onto M,.
‘We would like to show that Tg_l : M, — N, is the extension we wanted. In order to show this, it suffices
to show that the surjective isometry ® := To o T : S(M,) — S(M,) is equal to the identity mapping on
S(M.). We know that ®({u},) = {u}, for every u € U(M).

Let v € M be a nonzero partial isometry which has a unitary extension u. Then {v}, = {u}, N {2v —u},,
and since u and 2v — u are unitaries we have ®({v},) = {v},.

Let v € M be a nonzero partial isometry which does not admit a unitary extension. Then there exist
nonzero sub-partial isometries vy, vo € M of v which have unitary extensions and satisfy v = v +vq. (Indeed,
we can take v; and vy as follows. Decompose the projection v*v to the sum of a finite projection p; and a
properly infinite projection ps. Since v does not admit a unitary extension, we have ps # 0. Decompose po
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into the sum of mutually Murray—von Neumann equivalent projections ps; and pss. Then vy = v(p1 + p21)
and vy = vpag satisfy the condition. See for example [13, Chapter 6] for information about the comparison
theory of projections.) Since {v}, is the minimum norm-closed face in Bjs, which contains both {v1}, and
{v2},, we obtain ®({v},) = {v},.

Therefore, in order to show that ® is an identity mapping, it suffices to show ®(p) = ¢ for every normal
state p on M (i.e. for every ¢ € {1}, = S(M,) N M, ). Restricting our attention to ((supp ¢)M (supp ¢))«
which can be identified canonically with a subspace of M,, we may also assume ¢ is faithful (i.e. p(a) #0
for an arbitrary nonzero positive element a in M). We need some more preparations.

Lemma 4.4. Let M be a von Neumann algebra, ¢ € M, be a self-adjoint element and p € P(M). Then

lell > \/(w(p) —@(ph))? +Allelp - ph)I1>-

Proof. Take a partial isometry v € M such that vv* < p, v*v < pt and ¢(v) = ||¢(p - p*)||. Then for every
6 € R we have pcosf — ptcos + (v + v*)sin @ € Byy,,. Take the supremum of

p(pcost — ptcos + (v +v*)sinf) = (p(p) — p(p*)) cos b+ 2||p(p - p=)| sin
with respect to # ¢ R. O

Lemma 4.5. Let M be a von Neumann algebra, ¢ be a normal state on M and p be in P(M). Suppose
0 < ¢(p) < 1. Put X := @(p). Then the following two conditions are equivalent:

(a) There exist 11 € {p}, and 1o € {p*}, such that ||¢ — 1] = 2(1 — \) and ¢ — sl = 2.
(b) o(p-pt) =0=p(p™ - p).

Proof. (b) = (a) Put ¥y := A"to(p - p) and ¥y := (1 — A\)“Lp(pt - ph).
(a) = (b) If (b) is not true, then ||p(p - pT)|| > 0. Therefore, by the preceding lemma, we have

1 — ol > \/((1 =) + (1) +4lle(p-pH)|2 > (1 - o) + (p),

llo — ol = W(m + (1= ()2 +4lle@-ph)2 > ) + (1 - o))
for every 11 € {p}, and every ¥ € {p*},. It follows that ||p — 11| + || — 2| > 2, so (a) is not true. O

We return to the proof of Theorem 4.3. Our task is to show ®(¢) = ¢ for every normal faithful state
w on M. Set @y := @(¢) (€ ®({1},) = {1},). Assume ¢ # . Consider the Jordan decomposition of
© — o (# 0). We obtain a nonzero projection p € P(M) such that ¢(p) < po(p) and

e(-p) < wolp-p), e -p) =wo(p-p), olp* - p") = @o(p™ - pr).

Put A := ¢(p). Then 0 < X\ < 1. Set

So:={v e {1} | v(p) =X v(p-p") =0=1(p" -p)}.

By the preceding lemma, Sy is equal to

{we {1} [ v =l =201 = N), ¢ — 2] = 2X for some ¥ € {p},, ¥2 € {p"}}.
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Thus the equations ®({p},) = {p},, ®({p*},) = {p*}, imply ®(Sp) = So. In particular, we have inf,cs, || —
Y| = infyes, |0 — ¥||. However, Lemma 4.4 implies

. _ _ ] 1.1 _ oL
wlggo\lw—wll =l = (e(p-p) + ol -p)|l =2lle@-pH)|

and

nt Jloo =0l = inf /(@@ — ¥(8)) — (olp*) ~ b )2 + Ao PP

= \4(e0(p) — o(0))? + 4lle(p - pH)|I%

We have a contradiction. The proof of Theorem 4.3 is completed. O

Corollary 4.6. Let A and B be C*-algebras and T : S(A*) — S(B*) be a surjective isometry. (We do not
assume A or B is unital.) Then there exists a unique real linear surjective isometry T : A* — B* which
extends T

Proof. We know that A* and B* can be considered as the preduals of the enveloping von Neumann algebras
A** and B**, respectively. Thus we can apply Theorem 4.3. O

5. Tingley’s problem between the spaces of self-adjoint elements

To solve Tingley’s problem between the spaces of self-adjoint elements in (preduals of) von Neumann
algebras, it seems to be difficult to make use of the set of self-adjoint unitaries because the theorem of
Hatori and Molnar (Theorem 3.3) cannot be applied in this case. What we use in this section is the
structure of projection lattices of von Neumann algebras, but note that in general a surjective isometry
between projection lattices cannot be extended to a linear surjective isometry. For example, every bijection
from P(¢>°) onto itself is automatically isometric.

However, combining the metric condition with a condition about orthogonality, we see that a mapping
between projection lattices can be extended linearly. We rely on the following theorem due to Dye [4]. Let
M, N be von Neumann algebras. A bijection T : P(M) — P(N) (or P(M)\ {0} — P(N)\ {0}) is called an
orthoisomorphism if for any projections p,q € P(M) (or P(M)\ {0}), pg =0 <= T(p)T(¢q) = 0.

Theorem 5.1 (Dye [}, Corollary of Theorem 1]). Let M and N be von Neumann algebras and T : P(M) —
P(N) be an orthoisomorphism. Suppose M does not have a type Iy summand. Then there exists a unique
linear surjective isometry T : Mg, — Ngo which extends ®.

The condition M does not have a Is summand is inevitable in general cases. In order to drop this
condition, we add another condition.

Proposition 5.2. Let M and N be von Neumann algebras and T : P(M) — P(N) be an orthoisomorphism.
Suppose ||p — q|| = ||®(p) — (q)|| for every pair of mazimal abelian projections p,q in the type Iy summand
of M. Then there exists a unique linear surjective isometry T : My, — Ngq which extends T'.

Proof. It suffices to show this proposition when M and N are of type Is. Since T restricts to a bijection

*

between the classes of central projections, it follows that M is *-isomorphic to N. We decompose M as

M = M5 (A) using an abelian von Neumann algebra A. Then the element T <(1) 8) is a maximal abelian

*

projection in N (2 Mjy(A)). Taking an appropriate *-isomorphism from N onto Ms(A), we may assume
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M =N =DMA),T <(1) 8) = <(1) 8> and every nonzero central projection in My(A) is fixed under 7.

r(d 9)-r((68))-r( 8) - (5 ).

Thus T restricts to a bijection from

trerosafl=(o )] === D} =12 (s 1)

onto itself. There exist uy,u; € U(A) such that

o 1) =2l ) rG () =a e 1)

We also have

ueu(A)}

Since
Jur —ui|l |11/ 1 wy L1 w\|| _[[1/1 1 1/1 i\|_ 1
2 f2\ui 1) 72 \w 1) T2\ 1) T2\ 1) T B
and
o +will [T/ w) L 1w\ L1y 11 i\ 1
2 T2 \ur 1 2 \uf 1 T2 \1 1 2\—i 1 V2’

it follows that (uy & u;)/v2 € U(A). We define a linear surjective isometry T : My(A)gq — Ma(A)sq by

~ a1 as + ast a1 asu1 + asu;
T o — ani = * N , a1,a9,a03,04 € Agq.
2 — ast ay asuy + azu; a4

1
Let ¢ € T. Consider the distance from 3 (é T) to

11 1\ 11 —1\[{_(1(1 1\\"
211 1) 92\ -1 1 “\2\1 1 ’
171 4 1/1 —
(& 1) w5 (0 1)<Z<

Then we easily obtain

T 1 c\)_1 1 uyRect+u;lme) _ &
2 1 T2 \uiRec+uiIme 1 B

A similar consideration shows that

T L (1 e _ 1 ui Rec+u; Ime
1+ 2 \2 le?)) ~ T+ \ufRec+ujIme |2

(v 5)

ol —
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for an arbitrary ¢ € C. Since T is an orthoisomorphism, we obtain
Yoo Yoo
dn Cndn ool dn Cndn
T — | = =T — | =
(7; 1+ |Cn|2 (CnQn |Cn|2Q71>> (; 1+ ‘Cn|2 <Cn(Jn |Cn|2qn)>
for arbitrary numbers cy,...,cy € C and projections {g,}Y_, C P(A) with ¢; + -+ gy = 1 € A. The set

n=1
N
Z 1 dn CnQn
1 + |Cn|2 G(Jn ‘cn|QQn

- qla"'aQNEP(A)7 Q1++QN=1€A

NEeN, ¢,...,cy €C, }

is norm-dense in the class of maximal abelian projections in P(Mx(A)), so we have T = T on this class. Let

p € M3(A). Then p can be decomposed as p = <qoo (2)) + (qol (ﬁ) po, where gg and ¢; are mutually or-

thogonal projections in A and py is a maximal abelian projection in M3(A). Since T is an orthoisomorphism,
we obtain T'(p) =T (p). O

We also make use of the following proposition, whose proof can be found in the paper of Akemann and
Pedersen [1].

Proposition 5.3 (See [1, Lemma 2.7]). Let A be a C*-algebra, p be a compact projection, q be an open
projection with p < q. Then there exist a decreasing net (ro) and an increasing net (yo) in Ay such that
P < To, Yo < q with the property x, converges to p and y, converges to q o-strongly in A**.

Using this, we obtain the following proposition.

Proposition 5.4. Let M be a von Neumann algebra and F C By, be a norm-closed proper face. Then F is
o-weakly closed if and only if there exists a unique element xx € F such that ||zx —y|| < 1 for everyy € F.

Proof. Suppose F is o-weakly closed. Then by (e) of Theorem 2.4 there exists a unique pair of projections
p,q € P(M) such that pg = 0 and

F=p—q+(1-p—¢)Bum,,(1=p—9) =p—q+B1—p-g)M1-p—q))ea-

Then = := p — q is the only element which satisfies given conditions.
Suppose F is not o-weakly closed. By (b) of Theorem 2.4, there exists a unique pair of compact projections
P, q such that pg = 0 and

F={yeMul|lyp—q)=p+qt ={y € My |2p 1<y <1-2¢q}.

Since F is not o-weakly closed, at least one of p and ¢ is not an element of P(M). Let = be in F. Then
0#xz—(p—q) € 1—p—q)M2(1—p—q). However, by the preceding lemma, there exist nets (aq), (ba) € F
such that a, \, 2p — 1 and b, / 1 — 2¢q o-strongly in M**. Hence we have z —a, — * —2p+ 1 =
(x—(p-q9)+1-p—-—qandz—by, - 2—-14+2¢ = (x—(p—q)— (1 —p—q) (o-strongly), thus
lim ||# — au|| > 1 or lim ||z — b, > 1. Therefore, there exists no element x which satisfies the given
conditions. O

Therefore, we can detect o-weakly closed faces in Byy,, from the class of norm-closed faces only by the
metric structure of them.
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Recall that Mankiewicz’s generalization of the Mazur—Ulam theorem states that every surjective isometry
between open connected nonempty subsets of real Banach spaces extends to an affine surjective isometry
between the whole spaces [15]. Now we can prove the following theorem:

Theorem 5.5. Let M, N be von Neumann algebras and T : S(Msq) — S(Nsq) be a surjective isometry. Then
there exists a unique linear surjective isometry T : My, — Ny which extends T'.

Fo i =T(F) is
a o-weakly closed proper face in By, and T(zx,) = z5,. Therefore T restricts to a bijection between the

Proof. Propositions 2.2 and 5.4 imply that for a o-weakly closed proper face 71 C Bas.,,
classes of nonzero self-adjoint partial isometries. We also have T'(—v) = —T'(v) for every nonzero self-adjoint
partial isometry v € M by (b) of Proposition 2.3.

We know that T restricts to a bijection from £(Ms,) (= {2p — 1 |p € P(M)}, which is the collection of
self-adjoint unitaries in M) onto £(Ns,). Since u € £(M,,) is central if and only if w is isolated in £(Ms,)
(see the last two paragraphs of the proof of Lemma 3.1), it follows that T'(1) is central in N.

Define T1 : S(Ms,) — S(Nso) by Ti(z) := T(1)"1T(z), x € S(Ms,). What we have to do is to show
that the mapping 77 admits a linear extension. We first show that T} restricts to an orthoisomorphism from
P(M)\{0} onto P(N)\{0}. We already know that T} restricts to an order-preserving bijection from P(M)\
{0} onto P(N)\{0}. Hence it suffices to show T1(p) = T1(p)* for an arbitrary projection p € P(M)\ {0, 1}.
Let p € P(M)\ {0,1}. Then T; restricts to a bijection from p + p B, p* onto Ty (p) +T1(p) By, Ti(p)*.
cand T (p)+Th (p)LBNsaTl (p)L with B(T(p)J_NT(p)J_)m .

sa

Identify p+p*Bas., pt with pt By pt = Bpiarpt)
It follows by Mankiewicz’s theorem that

1) = Ti (30— 5) +1) = 30— +Tl1) = §(Tio =) +1

Similarly we obtain T (p*t) = (T1(p* — p) + 1)/2. Since T1(p — p*) = —Ti(p* — p), we obtain T1(p) +
Ti(pt) = 1. ie. Ty (pt) = Tu(p)*. -

Thus Proposition 5.2 implies that there exists a linear surjective isometry T : My, — Ngq such that
T (p) = ﬁ(p) for every p € P(M) \ {0}. Let p € P(M) \ {0}. Then both T} and Ty restrict to surjective
isometries from p+p* By, pt onto T(p)+T(p)*By., T(p)*. Moreover, they coincide on {pg € P(M)\ {0} |
p < po}, which is total in B, yrpry,, identified with p+p* By, p*. Hence Mankiewicz’s theorem implies that
T (z) = ﬁ(x) for every @ € p+ pt By, pt. Similarly we have Ty (z) = ﬁ(m) for every z € —p+ptBa,,pt.
By the functional calculus, we know that the set

U  (e+r"Bu.p) U (—p+p"Bu,p"))
PeP(M)\{0}

is norm-dense in S(My,). Thus we obtain T} (z) = ﬁ(m) for every x € S(Ms,). O

Remark 5.6. In [18, Theorem 5.8], using the Bunce-Wright-Mackey—Gleason theorem instead of Dye’s
theorem, Peralta gave another way to show the preceding theorem.

In order to think about the space of self-adjoint elements in the preduals of von Neumann algebras, we
again use the Hausdorff distance as in Section 4.

Lemma 5.7. Let M be a von Neumann algebra of type Is. Then for arbitrary maximal abelian projections
p,q € M we have 2||p — q|| = du(p, q).
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Proof. As in the proof of Proposition 5.2, we can decompose M as M = M(A) using an abelian von
Neumann algebra A. We may assume p = <(1) 8) € P(Mz(A)).
Let q1,q2 € P(M2(A)). If ||g1 — g=|| is sufficiently small, for every ¢ € {q1},, it is not difficult to see that

@(Q2 “q2)

— —— ==~ is small.
(g2 - g2)|

@((12 : Q2) H
— € ¢ and
(e - q2)l] taa)s 4

Thus the mapping P(M2(A)) 3 ¢ — 0u(p,q) is continuous in the norm metric.
Hence we may also assume that g can be decomposed to the following form: there exist N € N, g1,...,qn €
P(A) and ¢1,...,cn € C such that

N N 1
dn CnQn
n = 1 = A, = _— __ S M A .
;q =2 1+ e, 2 (cnqn Icn2qn> 2(4)

n=1

In this case, we easily have

lp—qll =  Jax

Loy b (1 e N el
0 0 1+ |enl? \Cn len]? 71§nSN1/1+|Cn‘2
and

1 0

0 (p,q) = max 0y L (L e = max _ 2eal
’ 1<n<N 0 0/ T+]c,2 \%n lenl® 1SN /14 [ea 2
In particular, we obtain 2||p — ¢|| = du(p,q). O
Let us recall the following well-known fact.

Lemma 5.8. Let M be a von Neumann algebra and ¢, be normal states on M. Then we have ||¢ — || = 2
if and only if supp ¢ L supp .

Proof. Suppose ||¢ — 9| = 2. There exists a self-adjoint partial isometry v € M such that p(v) — (v) = 2.
We decompose as v = p — ¢, where p,q € P(M) are mutually orthogonal projections. Since ¢ and 1 are
states, by the equation ¢(v) — ¥(v) = 2, we have p(p) = 1 and ¥(q) = 1, thus suppy < p L ¢ > supp .
The other implication is clear. O

Now we are ready to prove the following theorem.

Theorem 5.9. Let M, N be von Neumann algebras and T : S(Myso) — S(Nisa) be a surjective isometry.
Then there exists a unique linear surjective isometry T : Mysq — Nisq which extends T'.

Proof. We know T'({1},) is a maximal convex set in S(N.s4), s0 it can be written as {u},, where u € N is a
self-adjoint unitary. Consider the space £(Mj,) endowed with the metric 5. By Lemma 4.1, this metric is
equal to the norm metric. Thus the same discussion as in the second paragraph in the proof of Theorem 5.5
shows that wu is central.

It suffices to show that the surjective isometry Ty defined by Ti(p) := (T¢)(-u), ¢ € S(M.s,) admits
a linear isometric extension. We can define Ty : P(M) \ {0} — P(N) \ {0} by T1({p})) = {Tx(p)};, p €
P(M)\ {0}.

By the preceding lemma, it is easy to see that for p,q € P(M) \ {0}, pqg = 0 < dist({p},, {¢}/) = 2. It
follows that T, is an orthoisomorphism.
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Since every orthoisomorphism restricts to a bijection between the classes of maximal abelian projections
of the type I summands, the preceding lemma implies that ||p—q|| = ||T2(p) — T2(q)|| for arbitrary maximal
abelian projections p, ¢ in the Iy summand of M. Therefore by Proposition 5.2, there exists a linear surjective
isometry Ty : My, — Naq such that T (p) = if\;(p) for every p € P(M)\ {0}. Then we can show that (’I’;*)_1
is the linear surjective isometry we wanted, using an argument similar to the proof of Theorem 4.3. 0O

Like Corollary 4.6, we have the following corollary.

Corollary 5.10. Let A and B be C*-algebras and T : S(A%,) — S(BZ,) be a surjective isometry. (We do
not assume A or B is unital.) Then there exists a unique linear surjective isometry T : A%, — B¥, which
extends T

A similar discussion can be applied to prove the next theorem.

Theorem 5.11. Let M and N be von Neumann algebras.

(a) Suppose T : S(M,) N M,y — S(N.) N Ny is a surjective isometry between normal state spaces. Then
there exists a unique linear surjective isometry T: M, sq — Nisq which extends T'.

(b) Suppose the dimension of N is larger than one and T : Bys, "M, — By, N N.t is a surjective isometry
between normal quasi-state spaces. Then there exists a unique linear surjective isometry T : Mysq —
Nisq which extends T'.

Proof. (a) For p € P(M) \ {0}, we easily see that
{p} = {p € S(M.)N Moy | [l — || = 2 for any ¢ € {p*},}.

It follows that

T({p};) ={p € S(N.)N Nuy | llo = T(¥)|| =2 for any ¢ € {p™},}
= {p € S(N.) N Ny | supp L suppT'(h) for any ¢ € {p*},}.

Thus there exists an orthoisomorphism 77 : P(M)\ {0} — P(N)\ {0} which satisfies T ({p},) = {T1(p)}, for
every p € P(M)\ {0}. Then Lemma 5.7 and Proposition 5.2 show that 77 admits a unique linear surjective
isometric extension ,ﬂ : Mgy — Ngq. Use discussions in Section 4 to show that this linear mapping is what
we wanted.

(b) First we see T'(0) = 0. By [14, Lemma 3.6], we have T(0) = 0 unless N is equal to C @ C or My(C).
It is easy to show T'(0) =0 if N =C@® C or N = M3(C). Thus T restricts to a bijection from S(M,) N M,
onto S(N.)NN,,. Hence (a) shows that there exists a unique linear surjective isometry T: M,, — Ng, such
that T(p) = T(y) for all ¢ € S(M,)N M, . It suffices to show that ® := T1oT : By, N M,y — By N M,
is equal to the identity mapping. Let ¢ € By, N M. Since ® is a surjective isometry and ®(v)) = ¢ for
every ¥ € S(M,) N M,,, the set

S ={yp e S(M)N M.y | ¢ <9}
={v e S(M.) N My | [ — ol =1 —[lell}
is equal to

Sa(p) = {¥ € S(M) N My | @(p) < 2}
={¢Y € S(M.) N My | [ = 2(p)|| =1 = [|2(p)I}-

Since {@o € By, N Moy | [|o]l = [l¢]| and ¢o < 9 for any ¢ € S} = {¢}, we obtain ®(p) =¢. O
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Note that (b) answers the question in [14, Remark 3.11] positively in the case p = 1. See also [12,
Theorem (4.5)], in which Kadison proved (@) with an additional assumption of affinity, and [16, Theorem 4],
in which the case M = N = B(H) for (a) is solved.

6. Problems

The results in this paper may be extended to Tingley’s problem between various types of Banach spaces
concerning operator algebras. In this section, we give some problems which seem to have new perspectives
for the study of Tingley’s problem in the setting of operator algebras.

In Section 3, we showed that Tingley’s problem between unital C*-algebras has a positive answer if and
only if the following problem has a positive answer.

Problem 6.1. Let A be a unital C*-algebra and ® : S(4) — S(A) be a surjective isometry. Suppose that
®(z) = z for every x € S(A) N A~L. Is @ equal to the identity mapping on S(A4)?

In Section 5, we used the projection lattice of a von Neumann algebra. Such a discussion is generally
impossible in the cases of general unital C*-algebras. So we propose the following problem.

Problem 6.2 (Tingley’s problem for the spaces of self-adjoint operators in unital C*-algebras). Let A, B be
unital C*-algebras and T : S(Asq) — S(Bsa) be a surjective isometry. Does T' admit an extension to a linear
surjective isometry T': Agq, — Bsa?

Since T'(1) is isolated in £(Bs,), we obtain that T'(1) is a central self-adjoint unitary in B. By the theorem
due to Kadison in the paper in 1952 [11, Theorem 2], if such a T exists, then the mapping T(l)‘lf(-) is
the restriction of a Jordan *-isomorphism from A onto B.

As another direction, we present the problem below.

Problem 6.3 (Tingley’s problem for noncommutative LP-spaces). Let 1 < p < oo, p # 2, M, N be von
Neumann algebras and T : S(LP(M)) — S(LP(N)) be a surjective isometry between the unit spheres of
(Haagerup) noncommutative LP-spaces (with respect to fixed normal semifinite faithful weights). Does T’
admit an extension to a real linear surjective isometry T : LP(M) — LP(N)?

See [19] for information about noncommutative LP-spaces. We mention that the noncommutative LP-space
LP(M) can be considered as the complex interpolation space between L!'(M) = M, and L>®(M) = M.

Noncommutative LP-spaces are strictly convex, so it is completely impossible to apply the facial method
which is wholly used in this paper. However, as the first step to challenge this problem, one may make use
of the following property.

Proposition 6.4 (Equality condition of the noncommutative Clarkson inequality, see [20, Theorem 2.3] for
references). Let 1 < p < oo, p# 2, M,N be von Neumann algebras and &, € LP(M). Then

1€+ n0ll” + 1€ = nll” = 2([[€]I" + lIn]]") <= &n" = 0= &™n.

Therefore, in the setting of Problem 6.3, for £&,n € S(LP(M)), &n* = 0 = &*n if and only if T(§)T(n)* =
0 = T(&)*T(n). See [20] for a result about complex linear surjective isometry between noncommutative
LP-spaces.
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Note added in proof

After the submission of this paper, the author and Ozawa announced several results on Tingley’s problem
in [17] which contain an affirmative solution of Problem 6.1.
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