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1. Introduction

Nonlinear diffusion problems with free boundary conditions are generally used to describe the expansion
and propagation of biological species or chemical substances, and the free boundary is used to represent the
frontier of this expansion. It has been a central issue in ecological research to explore the law of population
expansion of new species or invasive species in new environment. A large amount of empirical evidence
shows that many invasive species, which survived in new environment, will expand at a fixed rate after a
very short initial stage. A classic example is the rules discovered by Skellam [19] in 1951, which describes
the spreading of muskrat in Europe in early twentieth century.

One of the most successful mathematical descriptions of the propagation of species is based on the theory
of traveling wave solutions. In 1937, Fisher [11] made use of the equation

Uy — dugy = au —bu?, t>0, z € R, (1.1)

* Corresponding author.
E-mail address: wangzhch@lzu.edu.cn (Z.-C. Wang).

https://doi.org/10.1016/j.jmaa.2018.07.065
0022-247X/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmaa.2018.07.065
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:wangzhch@lzu.edu.cn
https://doi.org/10.1016/j.jmaa.2018.07.065
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2018.07.065&domain=pdf

1234 R.-H. Wang et al. / J. Math. Anal. Appl. 467 (2018) 12331257

to study the transmission pattern of advantageous genes, where the function w represents the population
density of species that carries advantageous genes. He proved that equation (1.1) admits a solution of the
form u(t,z) = w(x — ct), if ¢ > 2vad := ¢* and w satisfies

cw +dw’ +aw—bw? =0, w(—o0)=0, w(+oo)=a/b.

He also showed that there exists no such solutions if ¢ < 2v/ad. Fisher claimed that ¢* is the spreading
speed for the advantageous genes in his research. The same results were proved by Kolmogorov et al. for a
more general class of equations whose nonlinearity is now called Fisher-KPP type. In 1975, Aronson and
Weinberger [1] established a more general theory based on the traveling wave solutions. They proved that
for any € > 0, the solution of (1.1) satisfies:

lim u(t,z) = a/b, lim u(t,z) = 0.
t—o0,|z|<(c* —et) t—o00,|x|>(c*+et)
This means that if an observer travels in the direction of propagation at a speed ¢ which is smaller than c*,
then it will find that the population is close to ¢, and if his speed is bigger than c*, it would observe that
the population is nearly 0. The mathematical results have been extended to higher dimensions in [2] by
Aronson and Weinberger.

The mathematical model mentioned above have obtained lots of good results, but the reaction—diffusion
equation, which were used in these models to describe the expansion behavior, will force infinite propagation
speed. Namely, for any initial population distribution which is nonnegative and is positive somewhere, for
t > 0 the population density at any location is bigger than 0, which does not conform with the reality. To
overcome the difficulty, Du and Lin [7] first began to try to introduce free boundary conditions to study the
expansion behavior of biological populations, and they considered the following equations:

wy — dugy = u(a — bu), t>0, 0<x<h(t),
up(t,0) =0, u(t,h(t)) =0, t>0, 12)
B (t) = —pug (t, h(t)), t>0, '

h(0) = ho, uw(0,2) =wup(x), 0<z < hg,

where h(t) stands for the free boundary, the function u represents population density. The free boundary
h(t) satisfies equation h'(t) = —pu, (¢, h(t)), which is a special case of the well-known Stefan condition and
the deduction can refer to [31]. If the right side is free boundary, the left side is fixed boundary condition,
then the equation (1.2) describes the expansion behavior of new species or invasive species populations in
one dimensional environment, they got the following results:

(1) Equation (1.2) has a unique global solution;

(2) Spreading-vanishing dichotomy and its criterion: if # — oo, then either h(t) — oo and u(t,z) — %, which
we called spreading, or h(t) — heo < %\/m and u(t, x) — 0, which we called vanishing. Furthermore,
there exists a positive constant p* that describes the ability of expansion, if p > p*, then vanishing
happens; if 0 < u < p*, then spreading happens, and p* depends on ug and hyg.

(3) Some basic estimates for the asymptotic spreading speed of two fronts when spreading happens, which
means that there exists a positive constant kg that only depends on p, and

lim @ = ko, lim —@ =

t—oo t—o0 t

After this pioneering work, a more general reaction diffusion problem with free boundary conditions was
considered by Du and Lou [9]:
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Ut = Ugzg + fu), t>0,9(t) <z <h(t),
u(t,g(t)) =0, u(t,h(t)) =0, t >0,
W (t) = —pug(t, h(t)), t >0, (1.3)
g'(t) = —pus(t, g(t)), t>0,
—g(0) = h(0) = ho, u(0,2) = up(z), —ho <z < ho.

They studied the problem with general nonlinearity f(u), including general monostable, bistable and com-
bustion types of f(u). They revealed the relation but different sharp transition natures between vanishing
and spreading for these three types of nonlinearities. For instance, if f(u) is bistable or combustion types,
then under some initial values, the long-time behavior of solution will have transition state besides spreading
and vanishing, which means when ¢ — 00, then (goo, hoo) = R and u(t, ) converges to some function or some
constant locally uniformly. For bistable and combustion nonlinearities, they obtained spreading—vanishing—
transition trichotomy and the corresponding criterion, and when spreading happens, for all three kinds of
nonlinearities, they estimated the asymptotic spreading speed. Later, Du et al. [5] obtain sharp estimates for
the asymptotic spreading speed of two fronts of problem (1.3). Some related works for the single equation can
refer to [4,18,21,23,35]. Besides the study of single equation in one dimensional space, lots of free boundary
problems in biological mathematics has been studied at the same time, such as the competition model [10,
16,27,28,30], prey—predator model [20,22,26,31] in one dimensional space, single reaction—diffusion equation
in high space dimensions [6], competition model [8,33] and prey—predator model [32] in high dimensional
space for radially symmetric case.

The expansion behavior of biological populations in the environment is not just caused by simple individ-
ual random move. For example, the migration of animals are affected by the spatial distribution of food and
water, the movement of bacteria or viruses are affected by the migration of the host, so all these expansion
behaviors will have a certain direction. In mathematical models, the convection term is generally used to
describe this kind of directional movement. In 2014, Gu et al. [13,14] considered the free boundary problem
of convection reaction diffusion equations with linear convection term in one dimensional space:

Ut — Ugg + Py = u(l —u), t>0, g(t) <z < h(t),

u(t,g(t)) =0, u(t,h(t)) =0, t>0,

h'(t) = —pug(t, h(t)), t >0, (1.4)
g'(t) = —pug(t, g(1)), t>0,

—9(0) = h(0) = ho, u(0,z) =uo(x), —ho <z < ho.

They showed spreading—vanishing dichotomy and its criterion which depends on initial value, and gave an
estimation of the asymptotic spreading speed when the convection coefficient (5 is small. Later, Kaneko and
Matsuzawa [17] made a further promotion to this problem. They replaced u(1 — u) by general nonlinearity
f(u) in (1.4) and established sharp estimation of asymptotic spreading speed for monostable, bistable and
combustion types of f(u).

In 2015, Gu et al. [15] studied the long-time behavior of the solution of problem (1.4) under the condi-
tions that reaction term is Fisher-KPP type and convection coefficient 5 € (0,+00). Let ¢* represent the
asymptotic spreading speed of the solution of problem (1.3) when nonlinearity f(u) is Fisher-KPP type,
they proved that there exists a constant 5* which depends on ¢*, if 8 > *, then only vanishing happens, if
B € (c*, 5*), then the solution will have some new behaviors such as virtual spreading and virtual vanishing.
Their works also gave out the sufficient conditions for spreading or vanishing. In the same year, Wang and
Zhao [34] studied the convection reaction diffusion equations with linear convection term and mixed free
boundary conditions in one dimensional space:
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Up — Ugg + Bugy = f(u), t>0, 0<z<h(t),
Blu)(t,0) = 0, u(t,h(t)) =0, ¢>0,

N (t) = —pug (¢, h(t)), t>0,

h(0) = hg, u(0,2) = up(x), 0<z<hy.

(1.5)

The left front is represented by Blu] = au — bu,, where a,b > 0 and a + b > 0, and the nonlinearity f(u)
is Fisher-KPP type. In their paper, for the first time, the situation that the convection term coefficient 3
is negative was considered. They revealed that if 8 < ¢* then only vanishing happens, and they obtained
spreading—vanishing dichotomy and its criterion when |8| < ¢*.

In the study mentioned above, the convection term is linear and only dependent of the gradient of the
population density. However, in some cases the convection is also affected by population density, which leads
to the nonlinear convection. For example, since the total amount of food is limited in a local environment,
for a population with the greater density, the more individuals inclined to leave the place to go to a more
affluent place for food. Generally, in one-dimensional space the convection reaction diffusion equation with
nonlinear term can be written as the following general form:

U = QUgy + (b(w))s + c(u).

In this formulation, a represents the diffusion coefficient, b(u) is a nonlinear convective flux function, b'(u)
can be viewed as nonlinear velocity, ¢(u) denotes reaction term.

In this paper, we mainly study the free boundary problem of a reaction—diffusion equation with nonlinear
convection term in one dimensional space:

Ut — dUgy + vty = u(l —u), t>0, g(t) <z <h(t),

u(t,g(t)) =0, ¢ = —pu(t,g(t)), t>0,
u(t,h(t)) =0, W =—puy(t, h(t)), t>0,
—g(0) = h(0) = ho, u(0,z) =ug(z), —ho <z < hyg.

The local existence and uniqueness of the solution are proved by using the theory of parabolic equation and
the principle of contraction mapping, then the global existence and uniqueness are obtained. By using the
zero number argument, we prove the spreading—vanishing dichotomy and give its criterion by the method
of eigenvalue problem and constructing the upper and lower solutions. Finally, we use the semi-waves to
estimate the asymptotic spreading speeds of two fronts when spreading happens, and compare these speeds
with the asymptotic spreading speeds of fronts of the free boundary problem without convection term.

2. Global existence and uniqueness of solutions
In this section, we establish the existence and uniqueness of global solution of (1.6).
2.1. Local existence and uniqueness of the solution

The initial value ug belongs to X(hg), where

X(ho) = {¢ € C*([~ho, ho)) : ¢(—ho) = ¢(ho) = 0,¢'(~ho) > 0,
¢l(h0) < 0, ¢($> > O,CL‘ S (—ho, ho)},

and hg is a constant greater than 0.



R.-H. Wang et al. / J. Math. Anal. Appl. 467 (2018) 12331257 1237

Theorem 2.1. For any given ug belongs to X(ho) and any o € (0,1), there exists a T > 0 such that problem
(1.6) has a unique solution

(u,h,g) € CF14 (D) x M2 ([0, 7)) x O3 ([0, T);
moreover,
HUHCHT"‘,Ha(DT) + ||h||cl+%([0’T]) + ”gHCH%([O,T]) <C,
where D = {(t,z) € R? : z € [g(t), h(t)],t € [0,T]}, C and T only depends on hg, a and |[ugl|c2]—pg, -

Proof. The idea of this proof comes [24,25] and we only give the outline. Set

_ 2z —g(t) —h(t)
h(t) —g(t)

Then (1.6), in [0, 7], is equivalent to

- wlt,y) = ult, 5[00) ~ gy + A(E) + 9(1)).

Wt — dPZ(t)wyy - C(tay)wy + p(t)wwy = w(l - UJ), 0<t S Ta |y| < 1a

w(t, 1) =0, 0<t<T, (2.1)
w(0,y) = uo(hoy) := wo(y), lyl <1,
g/(t) = _Mp(t)wy(tv -1), h/(t) = _/’Lp(t)wy(t’ 1), 0<t<T, (2 2)
g(O) = —ho, h(O) = ho,
where
2 W(t)+4g'(t) W) —g1)
=" ((ty) = .
== YT R0 T RO e
Denote g* = —pug(—ho), h* = —pui(ho). Then g* <0 and h* > 0. For 0 < T < m =11, we

denote Ar =[0,T] x [-1,1], and

Gr ={g € CY([0,T]) : g(0) = —ho, ¢'(0) = g*, llg' — 9*llco,m < 1},
Hr = {h € C*([0,T]) : h(0) = ho, h'(0) =h*, [ = h*|comy) < 1}

Clearly, D = Gt x Hr is a closed convex set of [C1([0,7])]?. Due to the choice of T', we see that for any
given (g,h) € Dr, we can extend (g, h) to new functions, denoted by themselves, such that (g, h) € D}, =
G, X Hr, , where

Gy, ={9 € CY([0,T1]) : g(0) = —ho, ¢'(0) = g%, I — g*lco,m)) < 2},
H; = {h e C'([0,T1]) : h(0) = ho, W'(0) = h*, || —h*|c(om)) < 2}

Therefore, when (g, h) € Gp x Hr we have (g,h) € G, x Hr, and
lg(t) + ol + [h(t) — hol < Tu(llg'llc(o,mu)) + 1M leqo.y) < ho/2,
which implies

ho < h(t) — g(t) <3hy, Vte [O,Tl].
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For the given (g, h) € Dr, we first extend it to D7, , then functions p(t) and ((¢,y) are known. By the upper
and lower solutions method we can show that (2.1) with T = T} has a unique solution w = w(¢,z; g, h)
and w is positive by the maximum principle. Take p > 3. The LP theory yields that w &€ W,}’2(AT1) and
||w||W;,z(AT1) < C, where C depends only on A := {hg, h*, g*, 11, Hu0||sz(_h0,h0)}. The embedding theorem

1ta —
asserts w € C 2 *%(Ap ) and ||w||Cl+TaJM < C(T7 ', A). Therefore,

(ATl )

wy(t,%1) € CH0, T, [luy (6 =)oz o) < CTTEA).
Obviously, when 0 < T < T7, we have
Hwy(t7:l:1)HC‘2(0T]) C(Tl 7A)' (23)

Moreover, the Hopf boundary lemma gives w,(t,1) < 0 and wy(t, —1) > 0. For such a known function w,
the problem (2.2) has a unique solution, denoted by (g, ) Obviously

g, he CTE(O,T)), §'(t) <0, W(t)>0
Define F(g,h) = (§,h). Then

Using (2.3) and (2.2) we have ||g, B||Cl+c2¥ < O(Ty ', A). Thus, we have

([0,1) =
”gl - g*”C([O,T]) < ”gI”C%([O,TD % C( )T%v
||h/ h’*HC(OT) < Hh ||CQ (o, T]) % C(T A) %

If0<T <« 1, then (g,ﬁ) € Dr. That is, F' : Dy — Dy provided 0 < T < 1.
Next we prove that if T > 0 is sufficiently small, then F' is a contraction mapping on D. For (g;, h;) € Dr
(i =1,2), we set w; = w(t, x;g;, hs) and (§i, hs) = F(gs, hi). Then it follows from the discussion above that

lwillwaeagy + 136 hillos o) < G i=1,2. (2.4)
Set,
wW=w; —w2, g=49g1— g2, h:hl_h27 g:gl_,§27 iL:iLl_BQ
and
2 Ri(t) + gi(t)  hi(t) — gi(t
pilt) = Gltyy) = )+ 0ilh) | () = 0l

Then we have

wy — dpiwy, + (prws — G )wy + (Mrwiy + wy +wy — 1w

= (P% - P%) Wayy + (G — C2) way — (p1 — p2)waway, 0<t<T, |yl <1,
w(t,£1) = 0, t>0,
w(0,y) =0, lyl <1,

(2.5)
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and

J'(t) = —pprwy(t, —1) — p(p1 — p2)wzy(t, —1), ¢ >0,
B () = —pprwy(t, 1) — p(p1 — p2)way(t, 1), t>0, (2.6)
3(0) = h(0) = 0.

Notice (2.4), applying the LP theory to (2.5) we have Hw||W5,1(AT) < Cllg, hller(jo,r7), where C' depends
only on A. By similar arguments in the proof of [24, Theorem 1.1], we have

[w]C%’Q(AT)’ [wy}c%,a(AT) < CluwHWE’l(AT)

for some positive constant C; independent of T~1, here [-] % (ar) is Hoder semi-norm. Thus,

[wy]c%va(AT) < CCillg, h”Cl([O,T])-

It the follows from (2.6) that

[gl» hl]c%([oj]) < N([plwy(uil)]c%([oj]) +[(p1 — P2)w2y('vil)]c%([o7ﬂ)) < Cqllg, h||Cl([07T])'

Thus

||g7 }AL”C'l([O,T]) < CQTQ/ZH.aa }AL”C’lJr%([O,T]) < CZTQ/QHg7 h||cl([07T])-

This shows that, when 0 < T' < 1, then F' is a contraction map on Dr. Hence, the contraction mapping
theorem implies that F' has a unique fixed point (g, h) in Dr. Thus the Problem (1.6) has a unique local
classical solution (u, g,h). O

2.2. Global existence and uniqueness of the solution

To show the solution which obtained above in Theorem 2.1 can be extended to all ¢ > 0, we need the
following estimate.

Lemma 2.2. Let (u,h,g) be a solution of (1.6) defined for t € (0,Ty) for some Ty > 0, then there exist
constants Cy and Cs independent of Ty such that

0<u(t,z) <Cp, 0<h(t), —g'(t) < Oy,
for g(t) <z < h(t), t € (0,Tp).
Proof. Firstly, the maximum principle gives

u < max{l, max ug}.
—ho,ho

Defining

Qur, = {(t,x): 0<t<Ty, h(t)— M{* <z <h(t)},
O, = {(t,x): 0<t<Ty, g(t) <z <g(t)+ M}

We construct an auxiliary function wy (¢, z) := C1[2M(h(t) — ) — ME(h(t) — 2)?] on Qyy, . Clearly,
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w1t = 2MLCL R ()[1 — My (h(t) — 2)] = 0,
wi g = C1[=2M1 + 2M37 (h(t) — 7)), wime = —2M{Cy,
then

wiwy » = CE2M; (h(t) — ) — ME(h(t) — 2)?][—2M; + 2MZE(h(t) — z))]
= C?M?[—4(h(t) — x) + 6M; (h(t) — 2)? — 2ME(h(t) — x)?].

Let h(t) —x = h, then 0 < h < M; ! holds over Qy,. By wiw;, = 0, we obtain h = 0 or h =

—6M, +\/36MZ—32M7 . 2 _ 1 _
mvyve , in other words, h = 37— or h = 5-. Denote wiwi 5 = H(h), then

H'(h) = C?M?(—4 + 12Mh — 6M7h?).

By solving H'(h) = 0, we have h = —12M, £ UAME 06N} (lig)ﬁ1 Since H(h) = 0 when h = 0, &, -2

—12M12 9 M: m
Using the properties of cubic function, we know that H(h) reaches the minimum at h = (1 — @) for

0<h<M' and H(1 - ¥2) = — /302 M.
Direct calculations show that wy s — dwy 4o > 2dC1 M3, and wi (1 —wy) < C. It follows that

4
2dC1 M? — §\/§c§M1 —C, >0,
if

3VBCE+ /Bt +8dC3

4dCh

v

1

Then, we have

w1t — dwi g + wiw1 z > wi(l —wi),

wi(t,h(t) = M) = Cy > u(t,h(t) = My, wi(t, k() = 0 = u(t, h(2)).

Now if we can find M, which is independent of Ty, such that wy (0, z) > ug(z) for x € [hg — M; ', ho), then
we can apply the maximum principle to w; — u.
By the definition of wy, we have

w1 (O,JZ) = 01 [2M1(h0 — ],‘) — M12(h0 — .13)2},
if 2 € [ho — My ', ho — (2M71) Y], then w; (0,2) > 2C4; if @ € [ho — (2M1) ™1, hg), then
wLx(O, .73) = Cl[—QMl =+ 2M12(h0 — l‘)} < —CiM;.

Setting

4 2 48 4 9
4 uollcrj—ng.ng  8V3CE+ /51O +8dCH
M; = max 3

Ci ’ 4dC, ’

then wy ,(0,z) < ujy(x) for z € [ho — (2M1)~ 1, hol. Since w1 (0, ho) = ug(ho) = 0, the above inequality
implies that wy (0,z) > ug(x) for & € [ho — (2M1)~*, ho]. Moreover, for « € [hg — M; ', ho — (2M1) ], we
have
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uo(z) — ug(ho)
1 < HUUHCl[—ho,ho]’
My

then ug(z) < 2C4.

By the above discussion we know that ug(x) < wy(0,x) for € [hg— My ', hol, therefore by the maximum
principle we obtain

Uz (t, h(t)) = w2 (t, h(1)),
for (t,z) € [0,Tp] x [h(t) — My *, h(t)]. Since wy . (t, h(t)) = —2M;C}, so
B (t) = —pug(t, h(t)) < 2uM,Ch.

Define an auxiliary function we(t,x) := C1[2Ma(x — g(t)) — M2(z — g(t))?] on Qyy,, direct calculations
show that

wa = 2MaC1 (=g (t))[1 = Ma(x — g(t))] 2 0,
W2z = Cl [2M2 — 2M22(l‘ — g(t))], W2z = —2M22017

then

wawzg = CT[2Ma(z — g(t)) — M3 (x — g(t))*][2M2 — 2M3 (x — g(t))]
= CYMZ[4(z — (1)) + 6Ma(z — g(1))* +2M5 (z — g(t))°]-

Let  — g(t) = g, then 0 < g < Mgl holds over Quz,. By wowa ; = 0 we obtain ¢ = 0 or g = MLz or
9= 17;- 110 < g < 3, then waws , > 0, thus

Wa ¢ — dws zy + wWows » > 2dCy M3
holds over Q,. Since wa(1 — wy) < Cy, then
Wat — AW gz + wWowa 5z > wa(l — wa),
if M3 > 5L By the definition of wa, we have
ws(0,2) = C1[2My (2 — go) — M3 (2 — g0)?],

if © € [go + (2M2)~ ", go + M5 '], then wo(0,2) > 3Cy; and if x € [go, go + (2M3) ], then

3
4
(UQ@(QI‘) = Cl [2M2 - 2M22($L’ — g())} 2 ClMQ.

Take

4 [Juoll 1 [=ho ko) 1
M = - - - J— .
2 max{s C; V2

By the similarly discussion, we know that ug(z) < w2(0,z) for 2 € [go, g0 + M; ']. Using the maximum
principle, we have

Uy (t7 g(t)) < w2,z (ta g(t))
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for (¢t,x) € [0, Tp] x [g(t), g(t) + M2_1]. Since we 4 (t, g(t)) = 2M>C1, then
—g'(t) = pua(t, g(t)) < 2uMaCh.
Take Co = max{uM;C, uM>C1}, this completes the proof. O
Theorem 2.3. For all t € (0,00), the solution of problem (1.6) exists and is unique.

Proof. Let [0, Tiax) be the maximum time interval of solution. By Theorem 2.1 we know that Tpax > 0.
Now we show that Ty.x = 0.

Assuming Tiax < 0o, by Lemma 2.2, there exist constants C7 and Cs independent of Ty,., such that for
any t € [0, Tiyax) and x € [g(t), h(t)],

0 <ult,z) < C1, ho <h(t) < hg+Cat, 0<H (1)< Co
ho — Cat < g(t) < ho, 0< —g/(t) < Ca.

Fix 0p € (0, Timax) and M > Tiyax. Using L, theory, Sobolev imbedding theorem and the Schauder estimates
for parabolic equations, we can find a positive constant C3 which depends on &g, M, C; and Cy such that
lu(t, )|l c219(6),h(t)) < C3 for t € [00, Trmax)- It then follows from the proof of Theorem 2.1 that there exists a
7 > 0 which depends on Cy, Cy and Cj5 such that the solution of problem (1.6) with initial moment Tax — 5
can be extended uniquely to the moment Ti,.x — 3 + 7. But this contradicts the definition of Ty.x. The

proof is complete. O
3. Some estimates on solutions of (1.6)

Theorem 3.1. Let (u,g,h) be the unique global solution of (1.6). Then there exists a positive constant C,
depends only on A, goo and hs such that

u(t, e e, nep <C, YE=>1; g, |

car2(1o0)) < C- (3.1)

Proof. The proof is the same as those of [23, Theorem 2.1] and [29, Theorem 2.2]. When hy — goo < 00,
along the arguments in the proof of [23, Theorem 2.1] step by step we can get (3.1). When ho, — goo = 00,
the estimate (3.1) can be obtained by use the same method of [29, Theorem 2.2]. O

Lemma 3.2 (/29, Lemma 4.1]). Let d, C, p and mq be positive constants, w € W((0,T) x (0,m(t))) for
some p>1 and any T > 0, and w, € C([0,00) x [0,m(t)]), m € C([0,00)). If (w,m) satisfies

wy — dvg, > —Cw, t>0, 0<x<m(t),
w > 0, t>0, =0,

w=0, m'(t)>—pw,, t>0, x=m(t),
w(0,2) = wo(z) >, Z0, x € (0,mp),

m(0) = my,
and

. o . / o
tlggo m(t) = Moo < 00, tlggom (t)=0,

lw(t, e, mey <M, Vix>1
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for some constant M > 0. Then

lim max w(t,z)=0.
t—o00 0<z<m(t)

Theorem 3.3. Assume that (u, h, g) is the time-global solution of (1.6). If I is a finite interval, then
A ullesgge ny = 0- (3.2)

Proof. When I, is finite, by Theorem 3.1 and Lemma 3.2 we have lim max u(t,z) = 0. So,
=00 g(t)<e<h(t)

lim max w(t,y) = 0, where w(t,y) = u(t, 3[(h(t) — g(t))y + h(t) + g(t)]). The estimate (3.1) implies
t—oo —1<y<1

lw(t, )||cr+a(—1,)) < C for all t > 1. Using the compact arguments we can get , lirf w(t, )lerj—1,1] = 0,
—>+00
which implies (3.2). O

4. The spreading—vanishing dichotomy

We first give the sufficient conditions for spreading and vanishing.
Lemma 4.1. Let (u, h, g) be the unique solution of (1.6). If heg < 00, goo > —00, then heg — goo < TV/d.

Proof. Assume on the contrary that feo —geo > mV/d. Then there is & > 0 such that fee — oo > m\/d/(1 —¢).
Noticing (3.2), there exists T > 1 such that h(T.) — g(T.) > my/d/(1 — &) and |u,| < € for all t > T, and
g(t) < a < h(t). Thus u satisfies

U — dtgy > u(l —e — u), t>T., g(t) <z <h(t),
U(t,g(t)) =0, ¢ = _:U'uz(tvg(t))a t> T,
u(t,h(t)) =0, b =—pu.(t,h(t)), t>T.

As h(T.) — g(T.) > m\/d/(1 — £), by the comparison principle and the results of [7] we have hoo — goo = 00,
which yields a contradiction. This completes the proof. O

By [3, Theorem A.1 and Theorem A.2] and [7, Lemma 3.5 and Lemma 5.7], the following comparison
theorem holds:

Lemma 4.2. Let (u,h,g) be the unique solution of (1.6). Suppose that T € (0,00), h, g € C([0,T)), u €
C(D7) N CY2(Dr), where Dy = {(t,2) : 0 <t < T,g(t) <z < h(t)}, and

Uy — dligy + Uty > u(l —a), t>0, g(t) <z < h(t),

alt,g(t)) = alt,h(t)) =0, =0,
gl(t) < _/‘“:Lﬂﬁ(tvg(t))a t> 07
R (t) > —piig (t, h(t)), t>0.

If [=ho, ko] C [§(0), h(0)] and ug(x) < u(0,z) in [~ho, ho], then

(t) > g(t), h(t) < h(t), Yt € [0,T); wu(t,z) <a(t,z), Vte[0,T), z € [g(t),h(t)).

Q

Lemma 4.3. Assume hg < %\/E Then there exists an 0 < pp < 1, such that (geo, hoo) s finite for all
0<p< po-
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Proof. In view of hg < g\/a, there exists sufficient small § > 0 such that

2
s 4 (52h0
T 1aga 0
<h0(1+5)> N d( o % >

Obviously, there exists s > 0 such that

™

> — <zx< .
50082h0(1+5/2) > ho(146/2) <z < ho(1+d/2)

uo(x),

Let k(t) = ho(1 46 — $e~*) and
—5t T
= — > — <zx< .
w(t,x) := se”°" cos (2k(t)> , >0, —k(t) <z <k

Then w(t, £k(t)) = 0, k(0) = ho(1 + &) > ho, and for t > 0, we have ho(1 + &) < k(t) < ho(1 + 9),

E'(t) = ho%e_‘”. Direct calculations show that

et (5 (g

Thus,

— dWgy + ww, —w(l — w)

g - ) i) v
) o) )

By the formulation of w, we know that if ¢ > 0, —k(t) < z < k(t), then 0 < w < s, and

«sin (i) (38@) 2 s 7Dy

Therefore
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2
s 52}10

> - R .

= <2k(t)> ’ o

. m 5 %ho
~ \4ho(149) 2u
z <k

-1>0.

In other words, for t > 0, —k(t) <z < k(¢),
Wy — dWgy + ww, — w(l —w) > 0.

Take po = 62h3/(ws). Then we have, when 0 < p < o,

52
g (1, k(1)) = pse % =T < hoe 0 = K (1),

2k(t) =02
—pwg (t, —k(t)) = —pse ="~ > —} 2 oot _ —K'(t)
/u’w:E 9 - luse 2k(t> = 0 ) € - .

By the comparison principle (Lemma 4.2),
—ho(146) < —k(t) < g(t) < h(t) < k(t) < ho(1+9).

So I is a finite interval. O

1245

Lemma 4.4. Let C > 0 be a constant. For any given constants ho, H > 0, and any function iy € C2([0, ho))
satisfying uo(0) = tg(ho) = 0 and g > 0 in (0, hg), there exists u° > 0 so that when u > p° and (u,h)

satisfies
Uy — gy + Uiy > —C1, t>0, 0<x<h(t),
a(t,0) = u(t, h(t)) = 0, t>0,
R (t) = —piig (t, h(t)), t>0,

’l](O,CL’) = ﬁo(,@), h(O) = iLO7 O0<x< ilo,

we must have litm inf h(t) > H.

xde el

Proof. This proof is the same as that of [26, Lemma 3.2]. For the convenience to readers we shall give the

details. By the results of §2 we see that the problem

v — dUgy + V0 = —C, t>0, 0<z<r(t),
v(t,0) = v(t,r(t)) =0, t>0,
r'(t) = —pvg(t,r(t)), t>0,

v(0,2) = up(z), 7(0)=hy, 0<z<h
admits a unique global solution (v,r) and +/(¢) > 0 for ¢t > 0. By Lemma 4.2,
a(t,z) >v(t,z), h(t)>r(t), V>0, zc0,r(t)]

In what follows, we are going to prove that for all large p,

r(2) > H.

(4.1)
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To the end, we first choose a smooth function r(t) with r(0) = ho/2, r'(t) > 0 and r(2) = H. We then
discuss the following initial-boundary value problem

v, —dv,, +vv, =—Cv, t>0, 0<z<r(t),

v(t,0) = v(t,r(t) =0, t>0, (4.4)
v(0,z) = vy (), 0<x<ho/2.

Here, for the smooth initial value v,, we require

{ 0< 20(1') < 17,0((13), HARS] (Oa B0/2)a (4 5)

vo(0) = vy (ho/2) =0, v)(ho/2) < 0.

The standard theory for parabolic equations ensures that (4.4) has a unique positive solution v, and
v, (t,r(t)) < 0 for all ¢ € [0,2] due to the Hopf boundary lemma. According to our choice of r(¢) and
vy (), there is a constant p° > 0 such that, for all u > u°,

r'(t) < —pw,(t,r(t), YVO<t<2 (4.6)

On the other hand, for the problem (4.1), we can establish the comparison principle analogous with lower
solution to Lemma 4.2 by the same argument. Thus, note that r(0) = ho/2 < r(0), it follows from (4.1) and
(4.4)—(4.6) that

v(t,xz) > u(t,x), rt)>r(), Vtel0,2], ze<l0,r(t).

Which particularly implies 7(2) > r(2) = H, and so (4.3) holds true. Making use of (4.2) and (4.3) we then
obtain

lim A(t) > lim r(t) > r(2) > H.

t—o0 t—o0
The proof is complete. O
In view of Lemmas 4.4 and 4.2 we have

Corollary 4.5. Assume hg < g\/a Then there exists an p° > 0, such that (goo, hoo) = R for all u > u°.

Theorem 4.6. Assume hg < %\/E Then there exists an p* > 0 such that (goo, hoo) = R when p > p*, and
(goo, hoo) s finite when 0 < pu < p*.

Proof. Noticing Lemma 4.3 and Corollary 4.5, by use of the continuity method, we can prove this theorem.
Please refer to the proof of [7, Theorem 3.9] for details. O

5. The estimates for asymptotic spreading speeds

In this section, we estimate the spreading speeds of h(t) and g(t) when spreading happens by using upper
and lower solutions constructed by semi-waves.
If (¢, q(z)) satisfies

_ 1-
{q// —(50)q + q(fiq) =0, z € (0,+00), (5.1)

q(0) = q(+0) =1, q(z) >0, z € (0,400),
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we call ¢(z) a semi-wave with speed c. The first equation of (5.1) is equivalent to the following system:

q =p,
{p’ = Sip— 10, o2

A solution ¢(z) of (5.1) corresponds to a trajectory (g(z),p(z)) of (5.2) in the ¢ — p phase plane, such a
trajectory starts from the point (0,w) and ends at the point (1,0) when z — 400, where w = ¢'(0) > 0. For
any point satisfies p # 0, the trajectory has a slope

dp _c—q ql—q)
dq d dp

: (5-3)

For any ¢ > 0, the critical points of the system (5.2) are (0,0) and (1,0). By direct calculations, we know
that the linearized system of (5.2) at point (0,0) is

{q’=p,
p=S+gp

and the corresponding eigenvalues are

ct Ve —4d

Ao = 2d

The linearized system of (5.2) at point (1,0) is

and the corresponding eigenvalues are

A\t (c—1)+t+/(c—1)2+4d
o 2d

Therefore (1,0) is a saddle point, and (0,0) is a center if ¢ = 0, or a unstable spiral point if 0 < ¢ < 2/d, or
a unstable nodal point if ¢ > 2v/d. By the theory of ordinary differential equations, there are two trajectories
of the system (5.2) that approach (1,0) from ¢ < 1. One of them has slope e==vl(e=1)?+4d W < 0 at point
(1,0), will be denoted as T°. Some part of T lies in the set S := {(¢,p) : 0 < ¢ <1, p > 0} and contains
the point (1,0), this part expressed by a function p = P5(q), ¢ € [g., 1], where ¢. € [0,1), PS(¢) > 0 in
(g, 1), and the point (g, PS(qg.)) lies on the boundary of the set S. The function p = P¢(q) satisfies (5.3)
and (P¢(1)) = {eml)-y{em1)Piad W < 0 at the point (1,0). If ¢, > 0, then PS(¢.) = 0. When ¢ decreases
from 1, the function P¢(g) stays positive and approaches 0 if ¢ decreases to g.. According to the formulation
of (5.3), checking the sign of (P¢(q))’ we can see that this cannot happen except g. < 0, so T lies in the
set S:={(¢,p) : 0< ¢ <1, p>0} and pass through points (1,0) and (0, P5(0)), where P£(0) > 0.
Consider the dependence of the solution of the following problem on variable c:

P T e —q), g€ (),
P;(B) = Bi, i=1,2,

where 0 < a < < 1.
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Lemma 5.1. Assume there exists 6 > 0 such that f(q) > 0 if 5 — 3 < ¢ < B, Pi(q) satisfies (5.4) when
a < q< f and Py(q) is positive, then Pi(q) > Py(q) when ¢1 < ¢a, 1 > Ba.

Proof. By (5.4) we have

d(P—P)  f(9)
dq dP1P2

(Pl — PQ) = (Cl — CQ).

1
d

Multiplying two sides of the last equation by

and G(q) = (P1(q) — P2(q))h(q), we obtain

g _ %(Cl (@), g€ (o f).
Define
B
K= / dpl'é()tizb(t) 4t

Then if K is divergent, we have lim G(q) = 0. If K is convergent, then

q—B~

lim G(q) > 0; g<0, q € (o, p).

q—p~

Thus G(q) > 0, in other words, P;(q) > P»(q) for g € (o, 8). O

It follows from the Application 8.10 of the theory of nonlinear convection reaction diffusion equation [12]
that if d > i and ¢ > 2\/3, orif0<d< i and ¢ > 2d + %, then the equation

U — AUy + uu, = u(l — u),
admits a traveling-wave solution u(t,x) = U(ct — ) connecting 0 and 1 with wave speed ¢, which is unique
modulo translation.
For any d > 0, when ¢ > 2v/d, the equation
U — dtlgy — vty = u(l —u),
admits a traveling-wave solution from 0 to 1 with wave speed ¢ of the form v = U(ct — x), and the

traveling-wave solution is unique modulo translation.
Ifd> %, then define cj := 2/d. If0 < d < i, then define ¢jj := 2d + % We have the following theorem:

Theorem 5.2. The trajectory p = Pfg (¢), g € (0,1) corresponds to a solution qo(z) of the following problem
with ¢ = ¢j):
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q//_(c%.ltz)q/+Q(1d—¢Z) =0, zeR,
q(—00) =0, g(+o0) =1, q(2) >0, z € R,

and qo(z) is unique modulo translation. Moreover, for any ¢ > cfj, the above problem admits a unique
solution. However, no such solution exists if ¢ € [0, c}).

By Theorem 5.2, we know that for any ¢ > ¢o = ¢, PS(0) =0, and P¢(g) > 0in (0,1). In order to prove
the existence of a semi-wave, we need the following lemma.

Lemma 5.3. If 0 < ¢1 < ca < ¢}, then P* > P for q € [0,1), and for any ¢ > 0, lim P¢ = PS¢ uniformly
c—cC
in [0,1]. Moreover, for any ¢ > ¢y = ¢, P5(0) =0, and PS(q) > 0 in (0,1).

Proof. By (P¢(1)) = NVIem U e have (Pe1(1)) < (P22(1)) when 0 < ¢; < ¢,. Since P& (1) =
P2(1) = 0, for sufficient small 6 > 0, we can see that P (1 — ¢) > P2(1 —¢), and P (q) > P2(q) in
(1-94,1).

We claim that q., > ¢.,. Otherwise, since ¢(1 — ¢) > 0 for ¢ € (0,1), define &« = ¢q.,, 53 = 1 — 4, then it
follows from Lemma 5.1 that P (q) > Pf2(q) in (g,,1). However, by the definition of ¢., and g., we can
find that P (g.,) = 0, this contradicts to P2(g.,) > 0.

Let & = q.,, 8 =1— 4. Using Lemma 5.1, we know that P (q) > P(q) in (¢c,,1). Since g, < 0, we
have P (q) > P%(q) in (0,1). It follows from Theorem 5.2 that g., < 0 for 0 < ¢; < ¢3 < ¢, therefore,
Pei(g) > PE(g) > 0 in [0,1).

Summarizing the above results, we can see that P¢(q) is nonincreasing in variable ¢ for ¢ € [0,1], so
for any ¢ > 0, if ¢ increases to ¢, then PS(q) converges monotonically to some R(q) in [0, 1], where R(q)
represents the trajectory of (5.2) with ¢ = ¢ that approaches (1,0) from ¢ < 1, and its slope is negative at
(1,0). By the uniqueness of T, R(q) must coincides with PS(q). In a similar way, we can show that when
¢ decreases to ¢, P¢(q) converges monotonically to P¢(q) in [0,1]. O

Now we prove the uniqueness of the semi-wave.

Theorem 5.4. For any ju > 0, there exists a unique c; = c;. , € (0,cp) such that PTC: (0) = %, and the problem

o
(5.1) admits a unique solution (¢, q}) satisfying ¢'(0) = % Moreover, if ¢}, increases in variable ji, then
lim ¢, =cj.
=300 T 0

Proof. By the results of Lemma 5.3, for any ¢ € [0, ), P£(0) > 0. In particular, Py (0) is strictly decreasing
in ¢ € [0,ch] and Pr°(0) = 0.
Define a continuous function

£(¢) = &u(c) = PL(0) — ; ce[0,ch)-

We know that the function £(c) is strictly decreasing in ¢ € [0, cj], £(0) = P2(0) > 0, &(ch) = 705 < 0. Thus

. . k% T *) —

there exists a unique ¢ = ¢y, € (0, cp) such that {(c;) = 0.

* c;,p

TSR

increasing curve y = ﬁ in [0, cg], it is obviously that c; , increases to cj when p increases to oo.
!

) as the unique intersection point of the decreasing curve y = P¢(0) and the

We can view (c
For ¢ € [0,1), the curve p = Pf;(q) corresponds to a trajectory of (5.2), denoted by (¢(z),pk(2)),
z € [0,00), that connects the regular point (0, Pr"(0)) and the equilibrium (1,0). (¢}, ¢) solves (5.1) with
¢ =cand ¢(0) = % If (¢, q) is another solution of (5.1) satisfies ¢'(0) = &, then it corresponds to a
trajectory of (5.2) that connects (0, ﬁ) and (1,0) in set S. Since for each ¢ > 0, there is only one trajectory
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connecting (1,0) in S, it coincides with p = P(q) for ¢ € [0,1). Thus we have P(0) = £, and hence ¢ = ¢,
it follows that ¢ =¢F. O

To estimate the asymptotic spreading speed of the left free boundary ¢(t), we need to consider another

semi-wave

¢~ (e + 1T =0, 2 € (0, +00), (55)

q(0) =0, gq(+o0) =1, ¢(2) >0, z€(0,+00).
The first equation of (5.5)) is equivalent to the following system:

7 =p,
5.6)
_ ot (1—q) (
{p’ =St -5

For any point satisfies p # 0, the trajectory has a slope

dg d dp

For any ¢ > 0, the critical points of (5.6) are (0,0) and (1,0), by direct calculations, the linearized system
of (5.6) at (0,0) is

and the corresponding eigenvalues are

The linearized system of (5.6) at (1,0) is

and the corresponding eigenvalues are

(c+1)++/(c+1)2+4d
2d

A =

Thus, (1,0) is a saddle point, and (0,0) is a center if ¢ = 0, or a unstable spiral point if 0 < ¢ < 2v/d, or a
unstable nodal if ¢ > 2v/d. Similar to the discussion of semi-wave (5.1), let p = Pf(q) represent the part of
trajectory Ty that lies in S := {(¢,p) : 0 < ¢ <1, p > 0} and passes through (1,0) and (0, PF(0)), where
P(0) 2 0.

For any d > 0, define ¢} := 2v/d. Similarly as (5.1), we have the following propositions.

Proposition 5.5. If 0 < ¢1 < ca < ¢}, then P* > Pf* for ¢ € [0,1), and for any ¢ > 0, lim Pf = Pf
c—C
uniformly in [0, 1]. Moreover, for any ¢ > co = b, P£(0) =0, and Pf(q) > 0 in (0,1).
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Proposition 5.6. For any p > 0, there exists a unique ¢ = ¢}, € (0,ck) such that Pf*(O) = %, and
(5.5) admits a unique solution (cf,q}) satisfying ¢'(0) = % Moreover, if cj , increases in variable p, then
lim Cp= =cl.

—00

Next, we shall estimate the spreading speeds of the free boundaries h(t) and g(t).
We make some suitable perturbations of f(u) = u(1 —u), and the corresponding semi-waves can be used
to construct upper and lower solutions of (1.6). For any small £ > 0, let

£ ) = flu) = 7—u? = u(l - ),
fe(u) == f(u) + %uQ =u(l— 1i8u)

We can see that Lﬁ(u) is strictly decreasing in e, f.(u) is strictly increasing in ¢, f_(u) has exactly two zeros
0 and 1 — ¢, and f.(u) has two zeros 0 and 1 + ¢.

When f(q) = q(1 — g) replaced by f_(g), the problem (5.1) admits a unique solution (c;,¢") satisfying
1(¢7)'(0) = ¢y, where ¢ € (0,¢f). When f(g) = q(1 — g) replaced by f-(¢), the problem (5.1) admits a
unique solution (¢:, ¢¢) satisfying u(g:) (0) = &, where ¢ € (0,¢}). ¢ and ¢& depend on e.

Similarly, when f(q) = ¢(1 — ¢) replaced by f_(g), the problem (5.5) has a unique solution (¢}, q;) such
that 1(qy) (0) = ¢, where ¢ € (0,ch). When f(q) = q(1 — q) replaced by f.(q), the problem (5.5) admits a
unique solution (¢f,q;) such that u(g)'(0) = &, where ¢; € (0,ch).

Proposition 5.7. The following conclusions hold.

* * —%
c.<c.<¢c¢ lim ¢, =limer = ¢
= r TP eS0T £50

* * —x
¢ <c <¢c¢ limcf =limé =c¢f
a 1 1, mg = g 1

Proof. We first prove c; < ;. For any ¢ € [0,¢p), p = Py is a solution of (5.3) with f(q) = ¢(1 — q)
replaced by f_ (¢), it corresponds to the trajectory passing through (1 — £,0), and p > 0 in (0,1 — ).
Similarly to Lemma 5 3, we have P _(0) > 0 for ¢ € [0, ¢j). Moreover, because f_(q) < f(q) for ¢ € (0,1—¢],
Pl (1—-¢)=0and Pi(1—¢) > 07 we claim that Py _ < Py for ¢ € (0,1 — ¢]. Otherwise, there exists a
q1 € (0,1 —¢) such that Py _(q1) = Pf(q1) = Q1 and
dB,(@) _ dPr(a))
dq dg

On the other hand, by

APy (1) c—q B [ (q1) dPi(q) _c—a fla)

dg ~ d dQ dg d dQq’

we have

o 4Pc(d —q  dPe
(@) = | = - dq( U1 ) = day |© T df;m) :

it follows that f(q1) < f_(g1), however, this contradicts to the fact that f_(¢) < f(q) for any ¢ € (0,1 —¢].
Thus, Py < Pf for g € (0,1 —¢].
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Next, we prove that for any ¢ € [0, ¢f;), the following conclusion holds:
0< P2.(0) < PE(0). (5.8)

Otherwise Py _(0) = P£(0). Define 1(q) = Py (q) — Py .(q), we can see that 7 satisfies

T,

/ .
=P Z )
< Fp (P = P = o)

Since a(q) > 0 in (0,1 —¢) and n(0) = 0, we have n(g) < 0 for ¢ € (0,1 — ¢). This contradicts to P} . < P¢
for ¢ € (0,1 —¢]!
Define

¢(e) = Py .(0) —

=0

By (5.8) we have ((c) < ¢(c) for ¢ € [0, cf) and Bf,i (0) = 0. Since ¢(c) and ((c) are decreasing functions for
c€l0,c)), and

<(ch) = Clef) = — 2.

*
T

By the definitions of ¢} and c;, we have {(cf) = ((c;) = 0, and hence, ¢} < c;. In a similar way, we can

T
prove c;. < Cy.

Next we prove ;136 ci = cf. Since ig(q) is monotonically decreasing in €, by Lemma 5.1 we know that
for any ¢ € (0,1), Py _(q) is monotonically decreasing in ¢ for ¢ € [0,1 — ], and P} < Py. Therefore, for
any 0 € (0,1), Py _(q) converges to some function R(q) in [0,1 — d] as € — 0. Since p = R(q) corresponds
to a trajectory of (5.2) that lies in S and approaches (1,0), we have R(q) = P¢. Consequently, if ¢ — 0,

*

then P _(0) — P7(0), which means Elii%g;’i = c¢;. In a similar way as above, we can prove gg% ¢ o= cf,

¢ <c¢ <¢c,and limcf =lim¢ =¢f. O
e—0 e—0

Theorem 5.8. Let (u, h, g) be a solution of (1.6) for which spreading happens, then the asymptotic spreading
speed of the left free boundary h(t) is c}:

h(t
lim Q =c.
t—oo t

The asymptotic spreading speed of the right free boundary g(t) is cj :

t
lim 9t _ .

t—o00 t -

Proof. For any small € > 0, define
w(t,z) = g:(g:t —z), x€][0,ct].

Since (cj, ¢7) satisfies
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then for ¢ > 0 and z € [0, c’t], we have
wtz) <l-—e, ¢ =—pw,(tct)

Since spreading happens, we have tlim u(t,x) = 1 locally uniformly in R. Then there exists a T' > 0 such
— 00
that

u(t,0)>1—¢ fort>T.

By comparison principle, (w(t,x),cit) is a lower solution of (1.6) on {(¢,z) : € [0,c}t],t > T}, and for
{(t,z) : x € [0,c}t],t > T}, we have:

Gt <h(t+T), wlt,z) < ult+T,a).

This implies that

Solve the problem

1(0) = [luolleo + 1.

We can get

o]0 >
ty=1———¢ .
n(t) ( Tollo +1

By comparison principle we can see that u(t,xz) < n(t) in [g(t), h(t)] for ¢ > 0. Therefore, for any small
e > 0, there exists a T > 0 such that

u(t,x)§1+%, ze0,h(t)], t>T.

Recall that (¢, ) is the unique solution of (5.1) with f(u) = u(1 — u) replaced by f.(u), which satisfies
w(@*)'(0) = & and ¢*(00) = 1+ &. Therefore, there exists Z > h(T) such that

w(Tyz) <1+ g <@ @-2z), zel0,hD).
Let
w(t,x)=q (cit+z—=x), z€[0,cit+z], t>0.

We can see that (w,c't + Z) is a upper solution of (1.6) over {(t,z) : x € [0,h(t + T)], t > 0}. Thus for
{(t,z) : 2 € [0,h(t +T)], t > 0}, we have

ht+T)<eét+z, ult+T,z)<w(, ).
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This implies

h(t
lim sup % <c. (5.10)

t—o0

Because (5.9) and (5.10) hold for any small € > 0, we get

h(t
lim Q =c.
t—oo t
In a similar way as above, we can prove
t
lim _g( ) =c
t—r00 t

This completes the proof. 0O

Now we try to use phase plane analysis to compare ¢} and c;.
Let (P) represent the problem (1.6) without convection term wu,. The semi-wave corresponding to
problem (P) is

¢ —(S)g + 172 =, 2 € (0, +00),
q(0) =0, g(+o0)=1, g(z) >0, =z€ (0,+00).
Consider the problem
dp ¢ q(l—gq)
-z _ 1) =0. 11
4 d b p(1) =0 (5.11)

According to the results of [9], we know that for any ¢ € [0,2v/d), (5.11) admits a solution (¢, P.(q)), and
P.(0) decreases to P.,(0) = 0 as ¢ increases to co = 2v/d. Moreover, (5.11) has a unique solution (c*, Px(q))

satisfying P« (0) = 7*, where ¢* is the leftward and rightward spreading speed of problem (P) for which

spreading happens.
Theorem 5.9. For any 1 > 0, we have ¢ < c* < cy. Particularly, if d > %, then ¢ = c* = c; as p1 — oo.
Proof. Since P¢(0), PF(0) and P.(0) all depend on variable ¢, for ¢ € [0,2v/d) we define
() = PEO), 7(e) = PF(0), (e) i= Pu(0).
If d > 1 and ¢ = 2V/d, then P(0) = PF(0) = P.(0) = 0. If 0 < d < 1, since 2d+ 3 > 2V/d, then for ¢ = 2V/d

we have PF(0) = P.(0) = 0 and P°(0) > 0.
Denote f(q) = q(1 — q), for any ¢ € [0,2V/d), similar to the proof of Lemma 5.1, we define

¢ f(a) c q
P.(q) — Pf(q) — ———~——(P.(q) — Pf(q)) = —=.
(@) = PF@) = gy Py (Pe@) — BF(@) = =
Multiplying two sides of the last equation by
q
— Q)
h(q) := exp TXOIEI0) dt
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and defining Gi(q) = (Po(q) — Pf(q))h(q), we have

dG ¢

d7q = *ah(Q)v q€[0,1).

Fix small 6 > 0, let

According the formulation of (Px(1))" and (P£(1))" we know that P¢(q) < Pu(q) for g € [1 — 2,1). If K is
divergent, then

If K is convergent, then since —4 < 0 for ¢ € (0, 1), we have

Lm0 Gl ge01-3)
Thus G(q) > 0 for q € [0,1), which further implies that
Pe(q) > P(q), q€[0,1).

In particular, we have

P.(0) > P£(0). (5.12)

Similarly, consider
PE@) = Pa) = = g D (PE) -~ Pula)) =~

By similar discussion as above, we have

P£(0) > P.(0). (5.13)

Since (5.12) and (5.13) hold for any ¢ € [0,2V/d), we can see that if ¢ € [0,2v/d), then

Yi(e) <v(e) <r(e).

For any fixed p > 0, these three curves intersect the straight line v = ﬁ at points (cf,

=8

; ), (c*, %) and
(ct, %) Tt is clearly that for any p > 0,

 <c"<ec.
Moreover, since 7y, (2\/&) =7 (2\/3) = v (2\/&) =0if d > %, we have ¢f = ¢* = ¢ as p — oo for
d>1 O
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