J. Math. Anal. Appl. 471 (2019) 423-447

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

www.elsevier.com/locate/jmaa

Stability and moment boundedness of an age-structured model o |
with randomly-varying immigration or harvesting
Zhen Wang '

School of Mathematics, Hefei University of Technology, Hefei, Anhui 230601, PR China

ARTICLE INFO

ABSTRACT

Article history:

Received 22 March 2018
Available online 30 October 2018
Submitted by P. Yao

Keywords:

Stochastic age-structured model
Stochastic stability

Moment boundedness
Randomly-varying immigration or
harvesting

Characteristic root

In this paper we study the stability and moment boundedness of the solutions to the
linear age-structured model with randomly-varying immigration or harvesting. For
this model, we study stability and the asymptotic behavior of the first moment and
the results are identical to that of the corresponding deterministic age-structured
model and the linear age-structured model with the white noise. However, the
stability and boundedness of the second moment are complicated and depend
on the randomly-varying immigration or harvesting. For the linear age-structured
model with randomly-varying immigration or harvesting, we directly prove that
the second moment M(t,a) is bounded for 0 < ¢ < a. When t > a > 0,
using the Laplace transform in the framework of It6-Doob integral, we give the
explicit expressions of the second moments M (¢,0) and M(¢,a) and then establish
the sufficient conditions for the second moments to be bounded and unbounded,
respectively, through the supreme of the real parts of all characteristic roots. We
also study the asymptotic behaviors of the second moments M (t,0) and M (¢, a) and
give the sufficient condition for stochastically ultimately boundedness of the model.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The age-structured population model was first proposed by Sharpe and Lotka [20] in 1911 and it has

received a great deal of attention all the time. In 1926, introducing the age variable into the fertility and

mortality rates, McKendrick [15] obtained the following age-structured population model
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ou(t,a) n ou(t,a)

90— = —mau(t,a), t>0,a=0,
= Jo ™ Bla)u(t, a)da, t>0, (L.1)
= ug(a), a>0,
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where u(t,a) denotes the population at time t in the age-interval (a,a + da); p(a) > 0 is the death-rate at
age a per unit population of age a; 8(a) > 0 is the average number of newborn per unit time produced by
an individual of age a.

In 1974, Gurtin and MacCamy [8] established the first nonlinear continuous model and their model had
been extensively studied both in specific situations and in possible generalizations ([2,5,7,11,22]).

As well known, stochastic perturbations influence population dynamics. Two common methods [1] to
introduce the effect of environmental variability into a population model are: to assume that the parameters
in the model satisfy mean-reverting stochastic processes or to assume that the parameters are linear functions
of Gaussian white noise processes.

In 2001, Chowdhury and Allen [6] derived a continuous-time age-structured model perturbed by the white
noise. In 2004, for the general nonlinear age-structured model with the white noise, Zhang et al. [23] studied
the existence and uniqueness of the strong solution and obtained some criteria for the exponential stability.
We ([25,26]) also considered the stability and moment boundedness for age-structured model perturbed by
the white noise. The results of stochastic dynamics on the stochastic age-structured models driven by the
white noises can also be referred to [4,18,19,24].

Allen [1] studied the two methods of introducing the effect of environmental variability into a mathemati-
cal model analytically and computationally and showed that mean-reverting processes are more conceptually
and biologically realistic than the white noise process in modeling biological systems. The classic mean-
reverting processes are the Ornstein—Uhlenbeck processes. Thus the stochastic processes driven by the
Ornstein—Uhlenbeck processes (i.e., colored noises) are attracting much attention ([10,13,14]).

Many authors incorporated the harvesting ([9,16,17]) or immigration ([21]) of the population into linear
age-structured population model (1.1) to describe the dynamics of an age-structured population with the
extraneous gain or loss term S(¢,a). The mathematical model for this special phenomenon has the form

Ou(t,a) | Ou(t,a)

o T 7o = —u(a)u(t,a) + S(t,a), t>0,a>0,
u(t,0) = f0+oo Bla)u(t,a)da, t>0, (1.2)
(0, @) = uo(a), a>0.

In [9,16,21], this term S(¢,a) = E(t)u(t,a) is deterministic and dependent of population size u(t, a), but it
is not assumed that S(t,a) depends on u(t,a) in [17].

In model (1.2), if the term S(¢,a) is assumed that S(¢,a) = on(t), where o is a constant and 7(t) is
the colored noise (usually with zero mean and positive variance, see Section 2) modeled by the Ornstein—
Uhlenbeck process [3], then the loss or gain term S(¢,a) is independent of age a and population size u(t, a).
And S(t,a) = on(t) represents an age-independent randomly varying extraneous loss/gain term, for ex-
ample, randomly varying immigration/emigration or harvesting/propagation of the population. Thus the
special phenomenon models a very specific type of biological processes with a gain/loss term that is asymp-
totically normal with zero mean and positive variance.

Motivated by the above, in this paper, we are going to study the stochastic stability and moment bound-
edness of the solutions for the linear age-structured model with a randomly-varying gain/loss term

Oultoa) | Q) (ayu(ta) + onft), 120,020,

+o00
u(t,0) = / Bla)u(t, a)da, £>0,
0

u(0,a) = ug(a), a > 0.
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In the real age-structured model, the maximum age of the population is a positive real number a4, < +0o0,
hence u(t,0) = foa’”” B(a)u(t,a)da. But in this paper, for the convenience of study and calculation, we still
assumMe Upmqy = +00 (as in [9,16,17,21]) (the detailed reasons see Remark 2.2).

Rest of the paper is organized as follows. In Section 2, we study stabilities and the asymptotic behaviors of
the first moments Eu(¢,0) and Eu(t, a) (t > a) for the linear age-structured model with a randomly-varying
gain/loss term. The stabilities of the first moments are identical to that of the corresponding deterministic
age-structured model and the linear age-structured model with the additive white noise. However, the
stability and boundedness of the second moment are complicated and depend on the randomly-varying
gain/loss term. In Section 3, for the linear age-structured model with the randomly-varying gain/loss term,
when 0 <t < a, we can directly prove that the second moment M (¢, a) is bounded; when t > a > 0, using
the Laplace transform in the sense of It6—Doob integral [12], we first give the explicit expressions of the
second moments M (¢,0) and M (t,a), and then establish the sufficient conditions for the boundedness and
unboundedness of the second moments M (¢,0) and M (¢,a), respectively, through the supreme of the real
parts of all characteristic roots. We also study the asymptotic behaviors of the second moments M (¢, 0) and
M(t,a) and show that linear age-structured model with the randomly-varying immigration or harvesting is
stochastically ultimately bounded when the supreme of the real parts of all characteristic roots is negative
in Section 3.

2. The first moment stability of the linear age-structured model with the randomly-varying immigration
or harvesting

In this paper, we consider that the linear age-structured model with the randomly-varying immigration
or harvesting (i.e., perturbed by the additive colored noise)

Oultia) | Bultea) _ oyt a) +om(t), t20, a0,
+oo

u(t,0) = [ B(a)u(t,a)da, t>0, (2.1)
/

u(0, @) = ug(a), a>0,

where p(a) = p (0 < p < 1), B(a) = e P (8> 0), up € L' ([0, +00), [0, +00)). Here n(t) is the colored noise
modeled by the Ornstein—Uhlenbeck process, which satisfies the Langevin equation

0 — () + et (2:2)

where v > 0, p > 0 are constants and £(t) is a scalar white noise process with E(£(¢)) = 0 and E(£(¢)&(s)) =
o(t —s).
The corresponding stochastic differential equation of Eq. (2.2) is
dn(t) = —yn(t)dt + pdW(t), >0, n(0)=mno, (2.3)
where W (t) is a one dimensional Wiener process, 7y is a random variable independent of Wiener process

W (t) and E(ng) = 0, E(n2) > 0. Eq. (2.3) has a unique solution

t
n(t) = noe 7t + p/e_“’(t_s)dW(s). (2.4)
0

Thus the Ornstein-Uhlenbeck process 7(t) is stationary, E(n(t)) = E(n) = 0 and its correlation function
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E(n(t)n(s)) = (]E(ng) — %) e~ (tts) %e—v\t—s|

is exponentially decreasing.

From Theorem 2.1.1 in [2] and the characteristics, model (2.1) has a unique solution satisfying

¢
up(a —t)e Mt + a/e*”(t*‘q)n(s)ds, 0<t<a,
u(t,a) = 0 t
u(t—a,0)e ™ +o / e Pt=p(s)ds, 0<a<t,

t

hence

ug(a —t)e Ht, 0<t<a,
E(u(tva)) =
E(u(t — a,0))e ", 0<a<t.

From (2.7), we find that Eu(¢,a) depends on Eu(¢,0), thus we first compute Eu(t, 0).

+o0
Since u(t,0) = / Bla)u(t,a)da, from (2.6), we have
0

+00
u(t,0) = [ Bla)u(t,a)da + /ﬁ(a)u(t,a)da

t

B(a)u(t — a,0)e " **da + a/ﬂ(a) / e M=) (s)dsda

0 t

S . O —_

+00 T ¢
+e [ Bla)uo(a —t)da+o | Bla)da | e "=*)n(s)ds.
/ ]

Define
t t 400
J(t)y=0 [ Bla) | et =*)n(s)dsda+e " | B(a)ug(a — t)da
[ /
+oo t
+o | Bla)da [ e F=p(s)ds.
o]
Then

t
u(t,0) = / ~UrB=2)y (5 0)ds + J(£), t >0,
0

Thus we get

2.7)
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t

Eu(t,0) = / e B Ey(s, 0)ds + E(J (1)), (2.9)
0

where

+o0 oo
E(J(t) =e " / Bla)uo(a — t)da = e~ A / e Prug(a)da > 0
t 0
and tllgrnooE(J(t)) = 0.
Taking the Laplace transform on the both sides of (2.9), we have

+o00 t +oo
L (Bu(t,0)) (\) = / e M / e~ WA= Ey(s,0)ds | dt + / e ME(J(t))dt
0 0 0

= L(Bu(t,0)) WL (7Y () + L (E(I(1)) V),
that is,

“+o0

/ e Prug(a)da
LET)(N)
L (Eu(t,0)) (\) = T e — 0/\ e

The above equation implies that the characteristic equation for Eu(t, 0) is
L(e= D (N) =1, (2.10)
which is the same as the characteristic equations (2.5) and (3.6) in [26] for u(¢,0) in the deterministic and
stochastic age-structured model when p(a) = p, 8(a) = e #* and A =T = +oo.
Let

a1 = sup {Re()\) CL(e AN =1,) € (C} . (2.11)

Then oy =1 — p — f (it is identical to formula (3.7) in [26]) and

T
£ (Bu(t,0)) (\) = / =P up(a)da
A— (651)
0
By the inverse Laplace transform, we have
+o00o
Eu(t,0) = e** / e Pug(a)da, t>0. (2.12)

0

Thus we know that when oy < 0, the first moment Eu(t, 0) of the boundary u(t, 0) satisfies . li+m Eu(t,0) = 0;
—+oo

when a; = 0, the first moment Eu(t, 0) is a positive constant; when oy > 0, . lir+n Eu(t,0) = +oo.
——+o00
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From (2.7) and (2.12), we obtain

ug(a — t)e Mt 0<t<a,
E(u(t,a)) = (2.13)
+oo
e~raect [T e=Payg(a)da, 0<a<t.

Hence from (2.13), when 0 < t < a, the first moment Eu(t,a) of the solution u(t,a) of model (2.1) is
bounded. For any fixed a > 0 and ¢t > a > 0, we have the following results of the asymptotic behavior for
Eu(t,a).

Theorem 2.1. For any fized a > 0, when t > a > 0, the first moment Eu(t,a) of u(t,a) satisfies

(1) when a; <0, . lir+n Eu(t,a) = 0;
— 400
(2) when ag >0, tilinoo Eu(t,a) = 4o0;
(3) when a; =0, Eu(t,a) = e @ f0+°o e Py (a)da is bounded.

Thus the asymptotic behaviors of Eu(t,0) and Eu(t, a) are separately identical with the age-structured
model perturbed by the white noise (see Lemma 3.3 and Theorem 3.4 in [26]). Therefore for the asymptotic
behaviors of u(t,0) and u(¢,a) in the sense of the first moments, the colored noise perturbation and the
white noise perturbation have the same effect on the linear age-structured model.

When o = 0 in model (2.1), it is a deterministic equation and its stationary solution u(t;a) = 0 of
Eq. (2.1) is locally asymptotically stable if a3 = 1 — pu — 8 < 0 (see Theorem 2.4 in [26]). The result (1)
of Theorem 2.1 indicates that for any fixed a > 0, when o7 < 0, the population u(t,a) is extinct in mean
when ¢t — +00. Thus for the deterministic age-structured model, the dynamics in the sense of mean have
not been changed drastically by the randomly-varying gain/loss term (i.e., the additive colored noise).

In the end of this section, we explain the reasons that we assume the ideal maximum age a4, = +00.

Remark 2.2. In the real age-structured model, the maximum age of the population is a positive real number
Gmaz < +00, hence u(t,0) foam” B(a)u(t,a)da. Then from (2.6), when 0 < ¢ < amaz,

t

t t
u(t,0) = /67(“+B)au(t - a,O)da—Fo/e*ﬁa / e M=)y (s)dsda
0 0 t—a

Amax Amax t
e Kt / e Plug(a —t)da+ o / e_ﬁada/e_”(t_s)n(s)ds; (2.14)
t i 0
when t > amaq,
Amax Amax t
u(t,0) = / e~ WAyt —a,0)da+ o / e Pa / e M=) (s)dsda
0 0 t—a
t maz t
= / e~ WA=y (q,0)da + o / e ha / e M=) n(s)dsda
t—amazx 0 t—a

t—amax

t
= /e—(u+l3)(t—a) (a,0)da — e~ (b+B)amas / e~ (tB)(t—amaz—a) u(a,0)da
0 0
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Amax t
+o / e Pa / e P39y (s)dsda. (2.15)
0 t—a

In (2.14), the maximum of ¢ iS G4z, We can not study the asymptotic behaviors of u(t,0) and u(t, a) when
t — +o00. The first two terms of (2.15) are convolutions, thus we can apply the same method (Laplace
transform) to study E(u(t,0)) as in the case of (2.8).

Therefore for the convenience of study and calculation, we assume apq, = 400 (as in [9,16,17,21]) in
this paper.

3. Boundedness of the second moment for the linear age-structured model with the randomly-varying
immigration or harvesting

In this section, we will investigate the boundedness and the asymptotic behavior of the second moment
for the linear age-structured model with a randomly-varying gain/loss term (2.1).
From (2.6) and (2.7), we have

t
U/ef“(tfs)n(s)ds, 0<t<a,
0
u(t,a) — Eu(t,a) = < [u(t — a,0) — Eu(t — a,0)] e+ (3.1)
¢
+o / e Ht=3)p(s)ds, 0<a<t.
t—a

When 0 < ¢ < a, the second moment of the solution u(t, a) of model (2.1) is
; 2

M(t,a) 2 E(u(t,a) — Eu(t,a))* = o°E /e_“(t_s)n(s)ds . (3.2)
0

When t > a > 0, the second moment of the solution u(t, a) of model (2.1) is
M(t,a) = E(u(t, a) — Eu(t,a))?
¢

=e 2 M(t —a,0) + o’E / e Pty (s)ds

—a

t
+20e " E | [u(t — a,0) — Eu(t — a,0)] / e M=) p(s)ds | | (3.3)
—a

¢
where M(t,0) £ E [u(t,0) — Eu(t,0)]°.
3.1. The second moment M (t,a) of the solution u(t,a) when t < a

When 0 < ¢ < a, from (2.5), applying It6 integral, some calculation yields

2

t ¢ t
0< M(t,a) =E a/e_“(t_s)n(s)ds = 02/6_““_3) /e_”(t_l)E (n(s)n(l)) dlds
0 0 0
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2 t ’
=t (o) - ) [ errit-reras
77\
s g ¢
+ZL /6_”(t_s)/e_“(t_l)e_ﬂs_”dlds. (3.4)
“ 0 0

Thus when ¢t < a, we have the following results on the boundedness for the second moment M (¢, a) of model
(2.1).

Theorem 3.1. For every fixed a > 0, when t < a, the second moment M (t,a) of model (2.1) is bounded and

(1) when p # 7,

2 (e—ut . ef'yt)Q 02p2
Mt,a:JZ(E 2_p_> + +
() ) plp+7)  plp—=7) gt =y

2y)  (p—n)? 2y

1 e~ 2ut 26—(u+'¥)t‘|

(2) when p =7,

2 227 q ¢ 1
Mt,a :0’2 E 2 _p_)th—Q’Yt_‘_&|:__<_+_>e—2’yt:|.
(1) = o* () - 5 il (2
Proof. (1) When p # v, we obtain

¢ 2

t 2
—pt =t
/e—u(t—s)e—vsds — e—2ut /e(u—v)sds = w (3.5)
/ (=)
and
t S t
/ ot g—yls—1l gy _ / e (t=D) g=1(s=D) g 4 / o n(t=1) =y (1-5) g
0 0 s

s t
= e htes / eWANLG] 4 e=hi s / en=igp
0 S

273_“(t_5) e He=rs o (t—s)

+ .
7= u’ pt+y ="
Hence when p # v, we get

t t t

—u(t—s) —pt —s —(t—s)
/e*#“*s)/e*ﬂ“*l)e*ﬂ*”dms:/e*ﬂ“*s) e - — - - Te e ds
VK el m=

0 0 0

1 e~ 2mt 9¢— (nt)t
= + -—- (3.6)
plp+y)  wlp—7)  p’—v

Thus from (3.4)—(3.6), when p # v, we obtain
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1 e 2mt 9¢— (nt)t

+ )
plp+v)  plp—v) pu? =2

p2) (et — efvt)Q o2p?

M(t,a) = o (E(US) T (n—n)? + 2y

which implies that the second moment M (t) of model (2.1) is bounded for every fixed a > 0 and t < a.
(2) When p = v, we have

t 2 t 2

/e_“(t_s)e_“ds = e 21 /e(“_“’)sds = {272t — 207201 (3.7)

0 0

and

t s t
/e—u(t—l)e—vls—l\dl _ e‘“te_”ys/e(“+7)ldl+e_“tews/dl
0

0 s
—ut us —ut —s
e et —e e _
= + (t — s)e Her®
Bt
—yt s -yt —s
& (& — € & _
= +(t—s)e e,
2y

Hence when pu =, we get

t t t

—t _vs —vt _—7s
/e,u(t,s) /efu(t—l)efvlsfl\dlds — /677(,575) (e e —e e + (t — s)e”’t675> ds

2y
0 0 0

1 t 1
o (P ) e 39)

2y Y 2y

Thus from (3.7) and (3.8), when p = ~, we know that

2 2 2
1 t 1

M(t,a) = 2 (E(n2 _rr t2€*2vt+ﬂ — (X4 e 27t :
(t,a) =0 ( (15) 2y 27 272 5 toe

which indicates that the second moment M (t) of model (2.1) is bounded for every fixed a > 0 and ¢t < a.
Therefore this theorem is proved. 0O

3.2. The second moment M(t,0) of the boundary u(t,0)

When ¢t > a, from (3.3), we know that M (t,a) depends on M(t — a,0), thus we first consider the
boundedness of the second moment M (t,0) for the boundary u(t¢,0), and then study the boundedness and
the asymptotic behavior of the second moment M (¢, a) for ¢ > a.

From (2.8) and (2.9), we obtain

u(t,0) — Eu(t,0) = [ Bla)e ™" [u(t — a,0) — Eu(t — a,0)] da

o

t

e} t t
+o [ Bla)da | e " =n(s)ds+o [ Bla) | e =)y(s)dsda
t/ 0/ 0/ —/a

t
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¢
/ Bla)e" [ut — a,0) — Bu(t — a,0)] da + o F(£), (3.9)
0
where
o0 ¢ ¢ ¢
F(t)= [ Bla)da [ et =3)n(s)ds + [ B(a) —rt=3)y(s)dsda
o] []
o] t
= [ Bla)da [ e *=*)p(s)ds
o]
¢ _
+ [ Bla ( o h(t— s) e~ t— S) ds | da
oo {frmeaon
= [ Bla)da | e "=)p(s) e M=) (s)dsda
o] 0/ o/
. t t t—a
Z | emnlt=s) n(s)ds — —(pt+B)a u(tfafS)n(S)dea
Rl [
—Lawy - Bw (3.10)
B
with

t t t
At) = /e_”(t_s)n(s)ds, B(t) = /e_(“"’B)“A(t —a)da = /e_(“+'8)(t_a)A(a)da
0 0 0
In the following, we will investigate the expression of u(t,0) —Eu(t, 0) according to (3.9). For this purpose,

we first study the properties of F(t) and get the following lemma.

Lemma 3.2. The first moment of F(t) is E(F(t)) = 0 and the second moment E(F(t))? is bounded and

satisfies

2 2 Pj 1 1
B0 < (B + &) (a2 + 2o )
Proof. From the expressions of A(t) and B(t) and (3.10), we know that E(A(¢)) = E(B(t)) = 0, which
implies that E(F(t)) = 0.
From (3.10), we have
E(F(t))* = %E(AQ(t)) +E(B*(t)) — %E(A(t)B(t)). (3.11)

By (2.5), for any t,s > 0, we get
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which indicates that

2

0 < E(n(t)n(s)) < E(d) + 5

since v > 0. Thus, from (3.10) and (3.12), for any ¢, s > 0, we obtain

0 < E(A(t)A(s) = E ( / e =D 1)l / e ”)n(p)dp)

0 0
t s

= [ e t=D [ e=nE=P)E (5n(1)n(p)) dldp
[~]

S

t
2
< (E(ng) + p_) /e—u(t—l)dl/e—u(s—p)dp

(L—e )1 —e)

(E(Wo) + 27) 2
Hence
E(4%(1)) < (Em%) T %) “‘M—)

By the expression of B(t) and (3.13), we get

t

E(B*(t)) =E ( / e~ WHRE=9) A(5)ds / e_(“+5)(t_“)A(a)da>
0

0

t
:/e—w,@)(t—s)
0
2
o, PP\ L / t—
E(2) + 27) / - (HB)(t=a) g

0

e~ WHAI-IE(A(s)A(a))dads

o

u
" ) (1 _ 6*(u+ﬁ)t)
") it By

and

433

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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Thus, from (3.11) and (3.14)—(3.16), we obtain

|~

E(F(t))* < —5E(A%(t)) + E(B*(1))

ot _ o wrayt)?
(e ) = s (s o £) L )

1
B2
2 1 1
= <E(n§) - 5_7) (/fﬁQ " 1 (p+ ﬂ)Q) ’

which implies E(F(¢))? is bounded. Hence this lemma is proved. 0O

™

IN

Now we want to use the Laplace transform in the framework of It6-Doob integral [12] to study wu(t,0) —
Eu(t,0). From Lemma 3.2, we can take the Laplace transform in the sense of It6-Doob integral on F'(t).
Here we first give the properties of the Laplace transform L£(F') of F(t) for preparation.

Lemma 3.3. When Re(\) > 0, the Laplace transform L(F) of F(t) satisfies

no + PAL(W (t))(N)
BA+p+B)A+7)

L(F(t)(\) = (3.17)

Then E(L(F(t))(A)) =0 and

lim  L(F(t))(A\) =0 in probability.
|A|— 400
Re(A)>0

Proof. Taking the Laplace transform in the framework of It6—Doob integral on both sides of (3.10), when
Re(\) > 0, we obtain

L(F() = SLAMN) ~ LB (3.15)
and
LW = L)) - L)) = LHD,
LBOI) = £ ) LA = 55D, (3.19)

By It0’s formula, we get
d(e7*W(s)) = ve"* W (s)ds + e7*dW (s),

which implies that

¢ ¢
W (t)—0= 'y/e"’SW(s)ds + /e”SdW(s),
0 0

hence



Z. Wang / J. Math. Anal. Appl. 471 (2019) 423447 435

/ e AW (5) = W(t) — 7 / e 1IW (s)ds. (3.20)

From (2.4), we have

n(t) =mnoe™ " +p (W(t) — ’y/e_”(t_s)W(s)ds) :
0

Thus when Re(\) > 0,

L)) =mL(e™™) +p [LOV(E) —vL(e )LV (1))]

=t {C(W(t)) - Lc(W(t))] _ Mo+ PALIW(E)

A+ A+ Aty
Therefore when Re(A) > 0,
. _ o+ PALW (D))
LA = 5 L)) = i) (3.21)
From (3.18), (3.19) and (3.21), for Re(\) > 0, we obtain
__ At _ o+ pAL(W (D))
HEOI = 56 P = B0 A0+
thus (3.17) holds. Hence E (L(F(t))(A)) = 0 since E(ng) = E(L(W (¢))(A)) = 0.
Let A be the complex conjugate of A\. Then when Re()\) > 0, we have
“+oo +oo
E|c(W ()N =E ( e MW (t)dt e*SW(s)ds)
[ ]
+o00 +o0o
- / / e e MSE(W ()W (s))dsdt
0 0
+0o0 +oo
= / / e_’\te_;\s(t A s)dsdt
0 0
+o00 t +oo
= e M se  ds + te_/\sds) dt
[
_ 1 _ 1
COAMAFA) 2Re(V)[AP
hence when Re(\) > 0,
lim  E[L(W ()N = 0. (3.22)

|A|—~4o00

From (3.17) and Chebyshev’s inequality, for any e > 0, we obtain
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| > Eln+pAC(W ()|
P([L(F@E)N] 2 ¢) < SE[LE@)N] = ZE Ot at A1)

_ 2E(n)’ + 20 APE[LW(0))[*
292 2
I+ n+ B+

thus, by (3.22), we get

lim L(F(t))(A\) =0 in probability.
[A|—=+o0
Re(M\)>0

Therefore this lemma is proved. O

Now from (3.9), Lemmas 3.2-3.3 and [12], for A € C with Re()\) > 0, taking Laplace transform in
framework of It6—Doob integral on the both sides of Eq. (3.9) yields that

L(u(t,0) — Eu(t,0)) = L(e~“A) . L(u(t,0) — Eu(t,0)) + o L(F(t)),
which implies that when £(e~(#+8t) £ 1,

oL(F (1))

Thus L(u(t,0) — Eu(t,0))(A) only has poles, which are the roots of the characteristic equation
Le= A (N) =1 (3.24)

which is the same as the characteristic equations (2.10).

Hence, for the linear age-structured model with a randomly-varying gain/loss term (2.1), the charac-
teristic equations for the first and the second moments are identical with that of the deterministic linear
age-structured model and the linear age-structured model with the additive white noise (see model (4.2)
in [206]).

Let ag be the supreme of the real parts of all characteristic roots of Eq. (3.24), thus e =1 —p— =
is the unique and simple real solution of Eq. (3.24).

In the following lemma, using the inverse Laplace transform, we will give the expression of u(t, 0)—Eu(t, 0)

depending on e®2t,

Lemma 3.4. Let ay =1 — p— . The expression of u(t,0) — Eu(t,0) is that

(1) when ag # —v,

u(t,0) — Bu(t,0) = ﬁ (e07 — =)
t
__9%° az(t—s) _ —v(t—s) .
T Bz + ) 0/ (e e’ )dW(S), (3.25)

(2) when ag = —,

t
ult.0) = Bu(t,0) = Pt + % 0/ (£ — $)e= "W (s). (3.26)
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Proof. From (3.17) and (3.23), when Re(\) > 0, we have

_ oAt ptB) ot pALW(H))
£(u(®,0) = Bult,0)(N) = = =57 5(A0+ ptB)A+7)
_ ono + opAL(W (1))

B —a) (A )

(3.27)

(1) When ay # —v, it is easy to see that

1 ! ( 1 1)
A—a2)A+7) ax+y\A—a2 A+7

and

A 1 < @ 7 ) _
A—a)A+7) az+y\A—az A+7v)’
moreover, when Re(A\) > max{as, —7},

L (606215) (>\) = h _10[2, L (6771‘/) ()\)

- 1
A+

Thus, when Re(A) > max{0, aa, —v}, taking the inverse of the Laplace transform on both sides of (3.27),
we obtain

— 90 (est _ ot
u(t,0) — Eu(t,0) = Blos +7) ( v )

t t
ap az(t—s) / —y(t—s)
+—— |« e W(s)ds + e Wi(s)ds | .
ﬂ(az+’y)(2,o/ (s) 70 (s) )

By (3.20), we have

t t
a9 eaQ(tiS)W(S)dS _ —W(t) + ea2(t78)dW(3).
/ /
Thus
B _ 90 st oty TP
u(t, 0) ~ Eu(t, 0) = g (et — e ﬂ/)+[3(a2+’y)( w(t)

i t
+ / 2= VY () + W (t) — / e‘V(t_s)dW(s))
0 0

t
. a7o aot —t ap / az(t—s) —(t=s)
L e L + - e —e dW(s).
Bl + )\ M Bon ( Jawe)

(2) When ay = —v, from (3.27), when Re(A) > 0, we have

£(ult, 0) = Eult, ) = (AGZOW +3 (;’Twzqwu)). (3.28)
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Obviously,

A _ ~
A+7)2 A+y A +9)¥

1
(A +7)?

L(te ™) (A) = (Re(A) > —v).

Thus, when Re()\) > max{0, —y} = 0, taking the inverse of the Laplace transform on both sides of (3.28),
we obtain

¢ ¢
u(t,0) — Eu(t,0) = T 4=t 4 < e s)ds — (t— s)e_y(t_S)W(s)d(S)
g
¢ ¢
= %mte*“’t ﬁp ((1 - 'yt)O/eV(ts)W(s)ds + ’)/0/567(t5)W(s)ds). (3.29)

By It0’s formula, we get
d(se?*W(s)) = €W (s)ds + yse" W (s)ds + se7*dW (s),

which implies that

t t t
te""W(t) — 0 = /eVSW(S)dS +7/5675W(s)d8 —}—/seA’SdVV(s)7
0 0 0
that is,
t t t
v/sefw(tfs)W(s)ds =tW(t) —/er(tfs)W(s)ds—/seiW(tfs)dW(s). (3.30)
0 0 0
By (3.20), we have
t . t
/ =W (s)ds = — | W(t) — / e aw(s) |, (3.31)
0 v 0
thus from (3.30), we get
t . t t
7/5677(’575)W(5)d5 =tW(t)+ — fW(t)Jr/e*W(t*S)dW(s) —/seiW(tfs)dW(s)
0 v 0 0
. . t t
- (t - —> W)+ / e=10=5) gy (s) — / se= 1= g3/ (s), (3.32)
v v
0

From (3.29), (3.31) and (3.32), we obtain

t
u(t,0) — Eu(t,0) = %te‘”t ( (1—~t) /e_V(t W (s)ds + ’y/se‘”“‘”W(s)ds)
0 0
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t

9o, —~t | 9P _ l _ —y(t—s)
L+ 5{“ 0= (Wi / =11=5) g3/ (s)

0

1 L t —(i=s s) — tse*7 s s
+<t)W(t)+/6 (=) a1y (s) 0/ ( )dWU]

v v
0
t
= Tt Fp/ $)e Y =) aW (s).
0

Hence the lemma is complete. O

Thus, from Lemma 3.4, we have the asymptotic behavior of the second moment M (¢,0) for the boundary
u(t,0) of model (2.1).

Theorem 3.5. Let u(t,0) be the boundary of model (2.1) and aa =1 — pu— B. Then

(i) the second moment M(t,0) of the boundary u(t,0) is bounded if ag < 0, and it approaches to
2 2
o

20087y (az —
(ii) the second moment M (t,0) of the boundary u(t,0) is unbounded if ag > 0 and ay # 7, and it approaches
to +o0o exponentially as t tends to +oc.

exponentially as t tends to +oo;

Proof. When ay # —v, by (3.25), we obtain
M(t,0) = E [u(t,0) — Eu(t,0)]*

2
_ ao ast —~t az(t—s) _ ,—v(t—s)
—F|—=" — e dw
Aot @ ") ) /< )i

U2IE( 2) / 2
_ M) (pazt _ g=rty2 4 At / Oéz(t—s) _ e—v(t—s)) ds (3.33)
B (a2 +7)? O‘2+7 0

since 1) is a random variable independent of Wiener process W (t). When as # v, we get

6_7(t_5)>2 ds =

o\ﬁ
—
)
M
=
O\H_

t t
€2a2(t—s)d8 + /e—QV(t—s)dS _9 / eag(t—s)e—'y(t—s)ds
0 0

t
62a25d8+/67275d8726(a277)t/6 a2=7)$ g
0 0

Il
o—

6204275 -1 1— e—Q’yt 2 (1 — e(oQ_FY)t)

= . 3.34
209 + 2y + Qg — 7y ( )

Hence from (3.33) and (3.34), when as # £+, we have
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2E 2
M(t,0) = _7 =) () (e22t — e77h)2

B*(az +7)?
o022 Q200 1 ] _ -2t 2 <1 - e(ar“’)t)
; ; + + . (3.35)
B (g +7) 20 2y ap —

When as = —~, by (3.26), we have
2

t
M(t,0) = E [u(t,0) — Bu(t,0)]> = E %”teﬂf + %p / (t — 5)e TE=)dW (s)
0

t
2 2 2 2
_9 Eﬁ(ﬁo)t2e—2yt+ ap /826—2~,sd8
0

ﬁ2
2 (2 2 2 2
oE(15) ;2 oyt Uﬂ{l <t t 1)—2:&]
=T =)yt L TP (2 T ) et 3.36
ﬂ /82 4,_)/3 2,7 272 4,_)/3 ( )
(1) When as < 0 and ag # —7, from (3.35), we know that the second moment M (¢,0) is bounded and
2 2
-1 1 2
Jim M(t,O)—M[++ }
t—+oo B (az+7)° 22 2y  as—v
o2p? (a2 +7)? o2 p?
T2 2 - 2 (337)
B (a2 +7)* 2007(02 =) 2028%y(az2 —7)
exponentially since as < 0 and v > 0.
When as = —v, formula (3.36) implies that the second moment M (t,0) is bounded and
2 2
lim M(t,0) = —L— (3.38)
t—+o0 453%
exponentially since v > 0.
From (3.37) and (3.38), we have
o2 2

lim 2 N T 23
az=—7 2003y (ap —7y) 487y

thus if we permit ag = —v in (3.37), then the right-hand sides of (3.37) and (3.38) are the same. Therefore
when as < 0, the second moment M (¢,0) is bounded and

2 9
m M0 = TP
t—+o0 20287 y(ag — )

(7) If ag > 0, then ay # —y. Thus when 0 < ag # 7, from (3.35), we obtain
UQ]E (773) aot —yt\2 02/72
2 2 —e )+ 3 2 X

B(az +7) B(az +7)

(eo‘ﬁ [(ag —y)e*2t — 404267725] 3o + v N 1- 627’5)
20 (a2 — ) 20 (az — ) 2y ’

M(t,0) =

thus
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lim M(t,0) = +o0

t—+oo

exponentially and the second moment M (¢,0) is unbounded. Hence the theorem is completed. O
3.83. The second moment M (t,a) whent > a >0

From now on, we will study the boundedness and asymptotic behavior of the second moment M(t,a) of
the solution u(t, a) of model (2.1) when ¢ > a.

From Theorem 3.1, we know that when ¢ < a, the second moment M (¢,a) of model (2.1) is bounded
for the two cases u # v and u = -y. Here for convenience of the computation, we assume that g # v in
the following. Thus we have the following results on the boundedness and the asymptotic behavior for the
second moment M (t,a) when ¢t > a > 0 and the stochastically ultimate boundedness for the model (2.1).

Theorem 3.6. Let u(t,a) be the solution of model (2.1) and g = 1 — p — 3. Assume that p # . Then for
any fixed a > 0, when t > a,

(1) lin}J M(t,a) = M(t,0);
a—r

(2) if aa < 0, then the second moment M(t,a) is bounded and there exist two nonnegative functions
Ci(a),Ca(a) such that

C ) )
lim M(t,a)z{ e), 027 =

02(a)’ Qg = =7

exponentially and

lim Cy(a) = ilg%) Cy(a) = t_lgToo M (t,0);

a—0

moreover, the solution u(t,a) of model (2.1) is stochastically ultimate bounded.
(3) if as > 0 and ay # 7, u, then the second moment M(t,a) is unbounded and it approaches to +oo
exponentially for any fired a > 0 as t tends to +oo.

Proof. Denote that
. 2

C(t,a) 2 E / e M=) (s)ds

—a

and

D(t,a) £E | [u(t — a,0) — Eu(t — a,0)] / e Pt n(s)ds | ,

t

where t > a > 0. Thus from (3.3), when ¢ > a > 0, we know that the second moment M (¢, a) of model (2.1)
is

M(t,a) = e 2*M(t — a,0) + 0>C(t,a) + 20e " D(t, a),

where M(t,0) £ E [u(t,0) — Eu(t,0)]* (see (3.35) and (3.36)).
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Hence we first calculate the two formulas C(t,a) and D(¢,a). In the following proofs, we always assume
that p # . We need 3 steps to prove the results (1)—(3).

Step 1: computation of C(t,a). By (2.5), we get

t t

C(t,a) = /67“(’&75)/67“(t7l)]1‘3(77(s)77(l))dld8

t—a t—a
2 ! ’
- (E(né) _ 5_) / o—H(t=5) o=75 1
~
t t
2
+§— e H(E=9) / e Ht=De=s=lq1ds. (3.39)
Y
t—a t—a

When t > a and p # 7, it is easy to see that

¢ 2

2 2
t e~ 2t (1 _ e(w—u)a)
/ e HI=)er5gs | = 72 / e=Msgs | = 3 (3.40)
J J (b =)
and
t s t
/ e hlt=0) =151l gy _ / e—hlt=0 =10 gy 4 /e—u(t—Z)e—w—s)dl
t—a t—a s
s t
— e Mt / e(u+v)ldl+€*ut€v5/e(#*v)ldl
t—a s
2ye Ht=s)  r(t=s)p=(uty)a o=y(t=s)
J— — + .
7= u’ oty ="
Hence when t > a, we have
t t
/ R / o1t =151 g1 g5
t—a t—a
t
_ / (i) 276—#(15—8) B eV (t=5) o= (pt7)a N e~ V(t=3) s
2 2
7 v Mty ="
1 —2pa 92¢— (bt7)a
_ 4 _° B — (3.41)
plp+y)  wlp—v)  p—n

Thus by (3.39)—(3.41), when ¢ > a, we obtain

2 —2pa —(pt+7)a
1 " 2
+2 +— Na— (3.42)
2y \mlp+7)  wlp—2) p?—vy
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Step 2: calculation of D(t,a). When as # —v and t > a, from (3.25),

t
azt _ —t
D(t,a) = ME o / e_”(t_s)n(s)ds +L >

fBlas +7) . Blas +7)
E L/a e“(ts)n(s)dso/ (e“z(tfs) - e*W(t*S)) dW(s)} (3.43)

By (2.4), we obtain

t t
] F(r2)e (1 — e~ (B—a
E | no / e H=)n(s)ds | = E(n2)e / elh=sds = (p)e” 71 — e ) (3.44)
t—a t—a K 7
and when as # +v and ag # p,
t ¢
E / e_”(t_s)n(s)ds/e‘“(t_s)dW(s)
—a 0
t s t
=E / e P Tpge ™ 4 p / e~ 7C=Daw (1))dl| ds / e*2(=P) 1V (p)
—a 0 0
t s t
— / e MR / e 7 =Daw (1))dl / 2P aW (p) | ds
t—a 0 0
t
_, / e—u(t—s) eagt(e—ags _ e—fys)
T2
t—a
p(1 — 67(nfa2)a) pe(arw)t(l _ ef(ufv)a) ( )
= - . 3.45
(v —a2)(p — a2) (v —a2)(p =)
Similarly, when p # v, we get
/ (t—s) t (t—s) p(1 — e~ mtmay  pe=2vt(] _ g=(n=7)ay
E / e P n(s ds/e_"’ AW (s) | = — 3.46
J (e) / (s) 2y(p+7) 2y(p =) (3.46)
Hence from (3.43)—(3.46), when ay # +v and ag # u, we obtain
Dy = PR =
Bloz +7) (1 =)
N Jp2 1 — ¢~ (p—az)a e(arv)t(l _ e*(ufv)a)
Plag +7) (v — az)(p — a2) (v —az)(p =)
1 — e~ (W+Ma “2vt(1 _ o= (u—7)a
° i ) (3.47)

 2(u+1) - 2v(p =)
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When as = —v and p # v, from (3.26), we get

t

—~t
D(t,a) = Uteﬂ E | 7o / e‘”(t—s)n(s)ds
t—a
t t
—i—%ﬂi[ / e M=) (5)ds / (t — 8)e" =) qW (s) (3.48)
t—a 0
and
t t
E / e M=)y (s)ds /(t — 5)e Y dW (s)
t—a 0
t s t
= pe~ (Nt / e’ e R /e”ldW(Z) /(t—p)ede(p) ds
t—a 0 0
t s
= pe~ (Nt / e(r=7)s /(t — e dids
t—a 0
t
2
_ pe-liett / cli=)s <<2vt+ L= 2y)e  2yit 1) "
4ry 4y
p(2t + 1)(1 = ) plt — (¢ — a)e= 1]
49% (1 + 1) 2y(u +7)
p(L—e %) p(2yt 4+ e > (1 — e~ =7))
2y(n+7)° A% (=)
_ = (A4 29a)em 0] p(1 — T U p(2yt 4 1)e” (1 — em ) (3.49)
492 (n+7) 2y(n+7)? 4y (=) ' '
Thus from (3.44), (3.48) and (3.49) when ay = —v, we obtain
D(t,a) oE(n3)te > (1 —e” 71 op? {1 — (1+2ya)e” )0
,a) = el
Blu—) B Ay (1 + )
— e~ (ut7)a It + 1)e 27 (] — ¢~ (B—7)a
+1 ‘ 2 7(’)/-1-)62 U-c )] (3.50)
2y(p+7) Ay (=)

Step 3: the proofs of the results (1)—(3).
(1) From the expressions of C(t,a) and D(t,a), when t > a, we have

lim C(t,a) = lim D(¢,a) =0,
a—0 a—0
thus

lir% M(t,a) = lim [e*QWM(t —a,0) + 0?C(t,a) + 20e " D(t, a)] = M(t,0).
a—

a—0

Note that we can also obtain the result lim M (¢,a) = M(t,0) from (3.42), (3.47) and (3.50).

a—0
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(2) If ap < 0, then ag # u, when as # —v and ¢ > a, by (3.42), (3.47) and Theorem 3.5 (7), we get

lim M(¢,a) = lim [efz“aM(t —a,0) 4+ 02C(t,a) + 20e " D(t, a)]

t—+o0 t—+o0
B o2 p2e2na . o%p 1 . —2pa B 9¢e—(Bt7)a
200 y(ar — ) 2y \wlp+7)  plp—v) -
202p26—,m 1 — g~ (p—az)a 1 — e~ (Bt7)a a
- = Cy(a)
Blag+7) [(v —a2)(p—a2)  2v(u+7)

exponentially for any fixed a > 0 since v > 0, which implies that the second moment M (¢, a) is bounded
and

2,2
lim lim M(t,a) = hm Ci(a) = 2U—p = lim M(t,0).
a—0t——+oo 20[25 (a2 _ 7) t—+o00

When as = —v and p # «, by Theorem 3.5 (i), (3.42) and (3.50), we obtain

2 2 —2ua —2ua —(p+v)a
o pe o 1 2e
lim M(t,a) = éo + 22 + T T2 2
t oo 2028°y(az —) 2y \wp+y) wp—7) pF-vy
2052p2e Mo [1 — (1 + 2va)e~BtMa 1 _ g=(ut+)a
+ap [ ( 27) + 2]é02(a)
B 4y (p+1) 2y(p+7)

exponentially for any fixed a > 0 since v > 0, which indicates that the second moment M (t, a) is bounded
and
o2 p?
lim lim M(t,a) = hm Cy(a) = ———— = lim M(t,0).
a—0t—+o0 20425 ’}/(012 — ry) t——+o0

By Chebyshev’s inequality, for any § > 0, we have

P (|u(t,a) — E(u(t,a))| > 6) < Var(:;Q(t,a)) = M(;S;a))

When a3 = as < 0, for any fixed a > 0, t_1}$ E(u(t,a)) = 0, and then for any € € (0, 1), there is a positive

constant ¢ = \/max{Cl (g)’ Coa)} such that for any initial ug € L' ([0, 400), [0, +00)), the solution u(t, a)
of model (2.1) satisfies

lim P(|u(t,a)| >6) = lim P(|u(t,a) —E(u(t,a))| > 6) < lim >— <c¢,

t—+oo t—+oo

that is

lim P(|uta’<6)>1—s

t—+o0

which implies that the solution u(t,a) of model (2.1) is stochastically ultimate bounded.
(3) If ag > 0 and ag # v, i, from Theorem 3.5 (i7), (3.42) and (3.47), we have

lim M(t,a)

t——+oo

02/)2 1 e 2na 2¢~ (Ht7)a
= +o00o + + - — 5
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:+oo

exponentially for any fixed a > 0 since the last limit term is 0 when 0 < ay < 7y or +00 when ag > 7, thus
the second moment M (¢, a) is unbounded. Therefore the proof is proved. 0O

Effects of environmental fluctuations are measured in terms of the second moments, which indicates the
dynamical behaviors of stochastic model systems along with the fluctuations of population distribution
around their mean values. From Theorem 3.6, for any fixed ¢ > 0, when ¢t > a and as < 0, the second
moment M (t,a) is bounded, thus we know that the solution u(t,a) of model (2.1) is stochastically ulti-
mate bounded, which is important for stochastic population model. The finite second moment indicates
that the environmental fluctuation plays a significant role in the dynamical behavior exhibited by the lin-
ear age-structured model with randomly varying immigration/emigration or harvesting/propagation of the
population (i.e., the additive colored noise).

For the results in Sections 2 and 3, we know that the dynamics have not been changed drastically
by the randomly varying immigration/emigration or harvesting/propagation of the population when the
deterministic age-structured model is asymptotically stable. Specially, from Section 2, we know that when
a3 = az =1—p— <0, the first moment Eu(t,a) approaches to 0 as t tends to +oo for any a > 0. By
Theorem 3.6, when ¢t > a > 0 and ag = 1 — p — 8 < 0, the second moment M (t, a) is bounded. However,
M (t, a) is non-zero as ¢ tends to +oo for any a > 0, which indicates that it is the limitation of the additive
colored noise in a population model.

When the extraneous gain or loss term S(t, a) = [oo+02n(t)]u(t, @) in model (1.2) (i.e., the age-dependent
population model is perturbed by the state-dependent colored noise), where 7(t) is the Ornstein—Uhlenbeck
process, the sufficient conditions for the boundedness of the first and second moments and the dependence
of the moments on the state-dependent colored noise are not clear now. This question will be considered in
the future.
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