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1. Introduction

For the last decades Dirichlet and Neumann boundary problems associated with elliptic equations as
—Au = f(z,u) (1.1)

have been widely investigated with different nonlinearities f(x,u). In contrast, mixed Dirichlet—Neumann
boundary problems have been much less investigated. Nevertheless, some important results dealing with
mixed Dirichlet—-Neumann boundary problems associated with (1.1) have been proved over the years. See
[1,2,14,15,17-19,23,26,30] among others.
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Problems associated with (1.1), substituting the operator by the fractional Laplacian, have been exten-
sively investigated in the last years, with Dirichlet or Neumann boundary conditions (cf., e.g., [5,6,9,13,11,
20,21,27,29,31], among others), but these fractional elliptic problems, once again, have not been so much
investigated with mixed Dirichlet—Neumann boundary data, cf. [7,16,21]. Indeed, up to our knowledge, there
are no references for mixed Dirichlet—Neumann boundary problems involving the spectral fractional Lapla-
cian operator, which is the one we deal with here. Precisely, we study the Brezis—Nirenberg problem, cf. [10],
with the spectral fractional Laplacian operator associated with mixed Dirichlet—-Neumann boundary data.
A turning point in the history of elliptic boundary problems associated with (1.1) was the seminal paper
by Brezis and Nirenberg [10], where the critical power problem for the classical Laplacian with a lower-
order perturbation term and a Dirichlet boundary condition was studied. For the pure critical problem it
is well known that there is no positive solution when the domain is star-shaped due to a Pohozaev identity,
cf. [28]. Nevertheless, Brezis and Nirenberg proved, among other results, that there exists a positive solution
when the perturbation is linear, analyzing more carefully the case when the domain is a ball. Since then,
there have arisen more than one thousand papers citing [10]. In the fractional setting, Brezis—Nirenberg
problems have been also widely investigated. For brevity we just cite some related works dealing only with
the fractional Laplacian, cf., e.g., [5,31] for the spectral fractional Laplacian defined in (2.1), and [27,29]
for the fractional Laplacian defined by a singular integral in (2.8); both with Dirichlet boundary condition.
As we said above, there are no references dealing with problems involving the spectral fractional Laplacian
and mixed Dirichlet—Neumann boundary conditions. As a consequence, the main goal of this manuscript is
twofold: one is to address for the very first time problems involving spectral fractional Laplacian together
with mixed Dirichlet—-Neumann boundary conditions, and second to prove existence of a positive solution
for the Brezis—Nirenberg problem in this fractional setting with mixed boundary conditions.

The precise problem we study in this work is the following,

(=A)*u=du+u?"1 inQCRY,
u>0 in Q, (P)\)
B(u)=0 on 90 = Xp U X,

where % < s < 1, is a smooth bounded domain of RN, N > 2s, and mixed Dirichlet-Neumann boundary
conditions of the form

ou
B(u) = uxzp + 5 Xz (1.2)

where v is the outwards normal to 0f), xa stands for the characteristic function of a set A, ¥p and
Y are smooth (N — 1)-dimensional submanifolds of 9 such that ¥p is a closed submanifold of 052,
Hy-1(Ep) = a > 0 where H y_1 is the (N —1)-dimensional Hausdorff measure, SpNYy = 0, EpUX = 09
and ¥p N Yy =T is a smooth (N — 2)-dimensional submanifold.

For the Dirichlet case (Hy—1(Xx7) = 0) it can be seen ([9]) that using a generalized Pohozaev identity,
problem (Py) has no solution for A = 0 and Q a star-shaped domain. As we will see, in the mixed boundary
data case the situation is different.

The classical Pohozaev’s identity was extended to the mixed Dirichlet—-Neumann boundary data case,
involving the classical Laplace operator by Lions—Pacella-Tricarico [25]. Following that ideas, we extend
that result to our mixed fractional setting. Precisely, as in [2,14], we will show that taking the mixed
Dirichlet—-Neumann boundary conditions, in an appropriate way, problem (Py) has a solution when A = 0,
in contrast to the Dirichlet case. Thus, we can include the value A = 0 in the existence results. The main
result proved in this paper is the following.

Theorem 1.1. Assume that % <s<1and N >4s. Let A\ s be the first eigenvalue of the fractional operator
(—A)® with mized Dirichlet—-Neumann boundary conditions (1.2). Then problem (Py)
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(1) has no solution for A > A s,
(2) has at least one solution for 0 < X < A1,
(3) has at least one solution for A =0 and Hy_1(Ep) small enough.

Note that the range % < s < 1 is natural for mixed boundary problems in our fractional setting, see
Remark 2.2.

Organization of the paper. This manuscript has four more sections. In Section 2 we establish the ap-
propriate functional setting for the study of problem (P)), including the definition of an auxiliary problem
introduced by Caffarelli and Silvestre, [13], that will help us to overcome some difficulties that appear when
we deal with the fractional operator. Following the ideas of [23] and [2], we introduce two constants S(X )
and S (Xp) respectively, that play a similar role to that of the Sobolev constant in the celebrated paper of
Brezis and Nirenberg, [10]. In Section 3 we study some useful properties of that constants. Section 4 is de-
voted to prove Theorem 1.1 and it is divided into two subsections. In Subsection 4.1 we prove the statements
(1)~(2) in Theorem 1.1. In Subsection 4.2, we use the constant S(Xp) to study the existence of solution to
problem (Py) when we move the boundary conditions in an appropriate way to be specified. These results
allow us to prove statement (3) in Theorem 1.1. Finally, in the last section we prove a non-existence result
by means of a Pohozaev-type identity.

2. Functional setting and definitions

The definition of the fractional powers of the positive Laplace operator (—A), in a bounded domain
with homogeneous mixed Dirichlet—Neumann boundary data, is carried out via the spectral decomposition
using the powers of the eigenvalues of (—A) with the same boundary condition. Let (¢;, A;) be the eigen-
functions (normalized with respect to the L?()-norm) and eigenvalues of (—A) with homogeneous mixed
Dirichlet-Neumann boundary data, then (¢;, A7) are the eigenfunctions and eigenvalues of (—A)® with the
same boundary conditions. Thus the fractional operator (—A)? is well defined in the space of functions that
vanish on ¥p,

Hs () =qu= Z%"P]’ € L*(Q): HUII?{E%(Q) = Za?/\j <00
j>1 j>1

As a direct consequence of the previous definition we get

(—A)u = "a;Xe;, (2.1)

j>1
as well as
HUHHE% @ = [[(=2)2u 12(q). (2.2)

This definition of the fractional powers of the Laplace operator allows us to integrate by parts in the
appropriate spaces. A natural definition of energy solution to problem (P)) is the following.

Definition 2.1. We say that u € Hg, (€2) is a solution of (Py) if

/ (A 2u(—A)/ 2pdz = / (Au + u22*1) wdz, for all v € Hy (). (2.3)

Q Q
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The right-hand side of (2.3) is well defined because of the embedding Hy, () — L% () while
u € Hy, (Q) so Au+ u2le [¥5 o (Hs,, (Q))I The energy functional associated with problem (Py) is

2N

1 A N -2
Iw) = = [ [(=A)%u?dz — = [ u?dx — ° | uvE dg (2.4)
2 2
o 5 5

This functional is well defined in Hy, (£2) and critical points of I, defined by (2.4), correspond to solutions
of (P)\)

Remark 2.2. As it was proved in [8], for the range 0 < s < %, H§(Q) = H*(Q), and for 1 < s < 1,
H§(Q) € H*(2). As a consequence, Hy, (2) = H*(Q2) for 0 < s <
with the fraction 4 < s < 1, in which Hg () C H*(Q).

%. This is the reason why we work here

In order to overcome some difficulties that appear along several proofs in the paper we use the ideas
of Caffarelli and Silvestre, [13], together with those of [9] to give an equivalent definition of the operator
(—A)?® defined in a bounded domain by means of an auxiliary problem. Associated with the domain Q, we
consider the cylinder Co = Q x (0,00) C RY*!'. We denote with (z,y) points that belong to Co and with
O = 0 x (0, 00) the lateral boundary of the extension cylinder. Given a function u € Hy, (£2), we define
its s-extension w = E,[u] to the cylinder Cq as the solution of the problem

—div(y'=?*Vw) =0 in Cq,
B*(w) =0 on é?LCQ, (2.5)
w(z,0) = u(x) in Q x {y =0},
where
ow
B*(w) = wxs; + E

with X7, = ¥p x (0,00) and X3, = X x (0,00). The extension function belongs to the space

[RIPY
A2, (Ca) = CF ((QUEN) x [0,00) 52,
equipped with the norm,

121, o = e [ 9V ata,) Py, (26)
Ca

With that constant xs, whose value can be consulted in [9], the extension operator between Hg, () and
X3 (Cq) is an isometry, i.e.,

15[l

XED (Ca) = HQPHH%D“”’ for all p e H%D (Q) (27)

The key point of the extension function is that it is related to the fractional Laplacian of the original function
through the formula
ow 1—9s OW

o 1= = lim gt () u()

In the case © = RY this formulation provides explicit expressions for both the fractional Laplacian and the
s-extension in terms of the Riesz and the Poisson kernels, respectively. Namely,
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w(x,y) = P, *u(r) = eN sYE /

PR
A u(e) = d,Py. [ HD =10 23)
TN |z — y|NF2s
RN

We refer to [9] in order to look up the values of the constants ks, ¢y, and dy,s as well as the existent
relation between them, namely, 2sxscn,s = dn s. By the arguments above, we can reformulate our problem
(Py) in terms of the extension problem as follows

—div(y*~?*Vw) =0 in Cq,

B*(w)=0 ) on 0rCq, (P;:)
g,f‘é = w+wk"1  inQx{y=0}.

An energy solution of this problem is a function w € A3 (Cq) such that

/is/ylﬂs(Vw,V(p)da:dy = / ()\w(a:,()) +w2:71(x,0)> o(z,0)dz,
Co Q

for all p € X3 (Cq). Given w € X3 _(Cq) a solution to problem (Py) the function u(x) = Tr[w](z) = w(z,0)
belongs to the space Hy, (€2) and it is an energy solution to problem (Py) and vice versa, if u € Hy,_(Q) is
a solution to (Py) then w = Fs[u] € A3 (Cq) is a solution to (Py) and, as a consequence, both formulations
are equivalent. Finally, the energy functional associated with problem (Py) is the following,

J(w) =22 /yl‘QSIVwIdedy - %/wzdm - w? da. (2.9)

2
Ca Q Q

Plainly, critical points of J in Ay, (Cq) correspond to critical points of I in Hy, (€2). Moreover, minima of
J also correspond to minima of I. The proof of this fact is similar to the one of the Dirichlet case, see [5].
Also, in the Dirichlet case, there is a trace inequality [9, Theorem 4.4], i.e.,

r

[y et Pdsdy = ¢ ( [ls@oras | (2.10)
Ca Q

for1 <r< Nzivzs, N > 2s,z € X5(Cq), that turns out to be very useful and by the previous comments this

inequality is equivalent to the fractional Sobolev inequality,

r

/\(—A)S/%Fdx >C /|v|rdx : (2.11)
Q

Q

for1<r< N2iv28, N > 2s,v € Hj(Q).

Remark 2.3. When r = 2% the best constant in (2.10) will be denoted by S(s, N). This constant is explicit
and independent of the domain 2, and its exact value is given by the following expression,
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Since it is not achieved in any bounded domain (see Remarks 2.10-(1)) we have that

N—2s
N

/ Y|V a(z,y)Pdady > S(s, N) / (2,0 F5de |, 2 e ARV,
]RN

N+1
RY

N+1

where X3(RY 1) = C=(RY x [0, oo))”"'XS<R+ , with || + || s (gav+1) defined as (2.6) replacing Co by R+,
Indeed, in the whole space case the latter inequality is achieved when z = E;[u] and

N—2s
£ 2
u(z) = ue(r) = Wa

with arbitrary e > 0, cf., [9]. Finally, the best constant in (2.11) with Q = R¥ is given by x,S(s, N).

In the mixed boundary data case the situation is quite similar thanks to the fact that we are considering
a Dirichlet condition on Yp with 0 < Hy_1(Xp) < Hn—_1(99), hence there exists a positive constant C
such that

ullgg (@
0<C:= inf #(),
ueHzs, (@) |lull 2z g
uZ0
so in terms of the extension function,
N —2s
2N
2N
[e#5@ods ) < Cllet.Ollug, @ = CIEL-Ollxg, o (2.12)

Q

As we will see below this constant C plays an important role in the proof of Theorem 1.1. With this
Sobolev-type inequality in hands we can prove the following result.

Lemma 2.4. Assume that ¢ € A3 (Cq), then there exists a constant C' > 0 such that,

1— 2s

N

/QDN2*I\]25 (z,0)dz < C’/y1*28|Vgo|2dxdy. (2.13)
Q Ca

Proof. Thanks to (2.12) in order to prove (2.13) it only remains to show the inequality || Es[¢(-,0)]||lxz_(cq) <
D
l¢llxs (cq)- This inequality is satisfied since, arguing as in [9],
D

Il cor = [ 411V dady
Ca

- / B (B, 0)] + ¢ — Byl 0)]) Pdady
Co

=[|Esle(-, 0)]||3«5D(c9) + [l — E(e(- 0))\@;73 (Ca)

+o / Y2 (VB [p( 0)], V(g — Ealip(-, 0)]))dardy
Ca
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2 / (=) (0 0))(p(, 0) — p(x, 0))da

Q
=1 0)]1%g oy + e = BsleC 0]l (ca):

which concludes the proof. O

Consider now the following quotient

lw]%e (o) ~ )‘HUH%%Q)
Qx(w) = ZD||uS|Z|2 ’
L% (Q)
where w = E[u], and take
S\(Q) = inf w) . 2.14
MO AL (2.14)
wZ0

If the constant S» () is achieved then problem (P5) will have at least one solution, and thus problem (P)
has also at least one solution, as we will see in the proof of Theorem 1.1. To study the behavior of Qx(-) we
introduce the constants S(X) and S(3p) which are inspired in the works [23] and [2] respectively.

Definition 2.5. For xy € Xz we define the function

@)@ZN—}R

o > @)\(Z‘o),
by

Ox(0) = lim Sy (Q(0)),

where Q,(zo) = QN B,(x) and the respective infimum in Sy (Q,(zo)) is taken over the set of functions
that vanish on X4, = 99, (x)NS2.
We define the Sobolev constant relative to the Neumann boundary part as

S(En) = inf Ox(zo).
ToEX N
This constant plays a major role in the existence issues of problem (Py), similar of that of the Sobolev
constant in the classical Brezis—Nirenberg problem. The next three theorems, which are going to be proved
in Section 4, will be useful in the proof of the main result, Theorem 1.1.

Theorem 2.6. If S\(Q) < S(Sy) then the infimum (2.14) is achieved.

As we will see below, the constant g(E ) depends only on the regularity of the Neumann boundary
part, but it is independent of the Dirichlet boundary part ¥p. Since the properties of a Dirichlet problem
are quite different from those of a Neumann problem, one would expect that this fact is reflected when we
move our boundary conditions, specifically when Hy_1(Xp) = o — 0, see Lemma 4.7 below. To do so we
define the following constant.



E. Colorado, A. Ortega / J. Math. Anal. Appl. 473 (2019) 1002-1025 1009

Definition 2.7. The Sobolev constant relative to the Dirichlet boundary part is defined by

~ ||UH%1 (o)
ue u *
u;% L2 Q)
Remark 2.8. As it is noted in the proof of Lemma 2.4, the extension function minimizes the || - [[xs (cq)
D

norm along all the functions with the same trace on {y = 0}, thus we can reformulate the definition of
S(Xp) as follows,

- ||’LUHX 5 (Ca)
S(Yp)= in
(¥p) weXE ) [[w,

)II :
wZo L2 (Q

Arguing in a similar way as in [2, Theorem 2.2] we can prove the following theorem.
Theorem 2.9. If S(Sp) < 277 k,S(s, N) then S(Sp) is attained.
Remarks 2.10.

(1) This result makes the difference between the Dirichlet boundary condition case and the mixed Dirichlet—
Neumann boundary condition case. Note that, by taking A\ = 0 in (Py), we have the critical power
problem which, in the Dirichlet case, has no positive solution under some geometrical assumptions on
), for example, under star-shapeness assumptions on the domain €, see [9,28], or under some assump-
tions on the topology of the domain €2, see [4], where a non-existence result for domains  with trivial
topology is established.

(2) In the mixed case, the corresponding Sobolev constant S(Xp) can be achieved thanks to Theorem 2.9.
As we will see, the hypotheses of Theorem 2.9 can be fulfilled by moving the size of the Dirichlet
boundary part.

The next result is analogous to that of Theorem 2.6 for the constant relative to the Dirichlet part.

Theorem 2.11. If $\(Q) < S(Sp) then Sx(Q) is attained.
3. Properties of the constants S(Zar) and S(Zp)

Proposition 3.1. The constant §(ZN) does not depend on X, moreover, if ¥ s is a reqular (N —1)-dimensional
submanifold of 9, then S(Sy) = 2% kyS(s, N).

We split the proof into several Lemmas.
Lemma 3.2. The constant g(ZN) does not depend on .

Proof. Note that by the very definition of §(2N) it is enough to prove that ©y(z() does not depend on A,
that is ©x(z9) = O(zo) = liH(l) S0(Q,(20)). Since A > 0, then it is immediate that ©(z) < lin%) So(Qp(x0)).
p— p—

On the other hand, using Hoélder’s inequality and the trace inequality (2.13) jointly, we get

2s
11720, < 19, (20)| ¥ 11725 (0, (20y) < Cl2 (@) M N Es[0M s cary o)

thus
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Ox(ao) > lim (1 — AC|9,(x0) w) So(Q,(20)).

And the result follows. 0O

Bearing in mind Lemma 3.2, to prove the last assertion of Proposition 3.1, we need to estimate
So(2(z0)) = inf {Qo(w) : w € X_(Cq,(ay))}- To do so, we use the family of extremal functions of the
Sobolev inequality,

N—-2s
g 2

us(x = T o | o N—2s"

(e® + |2?) >

and its s-extension, w.(x) = Eslu.], times a cut-off function as a test function. Note that both functions

ue and the Poisson kernel (2.8) are self-similar functions, u.(x) = 5’N525u1(x), and Py (r) = yLNPf (%) SO

the extension family w. = E;[u.] satisfies
we(x) = ey (E, y) . (3.1)
Consider a smooth non-increasing cut-off function ¢o(t) € C>°(Ry.), satisfying ¢o(t) =1 for 0 < ¢ < $ and

¢o(t) =0fort > 1, and |¢}(t)| < C for any t > 0. Assume, without loss of generality, that 0 € Q, and define,
for some p > 0 small enough such that B} C Cq, the function ¢,(z,y) = qﬁo(%’) with 74, = |(z,y)] =

(J2* +y2)2.

Lemma 3.3. The family {¢,w.} and its trace on {y =0}, {$puc}, satisfy

N—2s
g
H@bpws“%cgp(cg) = ||ws\|3zgv(cﬂ) +0 <<;) > ; (3.2)

2% € N
/|¢pu€ LS22(RN>+O<</_)> ) .
Q

The proof of this Lemma is similar to the proof of [5, Lemma 3.8] for the Dirichlet boundary conditions.

and

%ide = |ue

Note that in the Dirichlet case it is not necessary to control the role of the radius of the cut-off function, on
the contrary, in the mixed case, by the very definition of the constant S (3n7), a careful analysis of the role
of that radius is needed. Now we estate the following result proved in [5, Lemma 3.7] that will be useful in
the proof of Lemma 3.3.

Lemma 3.4. [5, Lemma 8.7] The family we = we s = Eg[ue] satisfies

1
[Vws s(z,y)| < C’st_%(x,y), 5 <s< 1, (z,y) € RYTL (3.4)

Proof of Lemma 3.3. We start with the proof of (3.3),

/|¢pu5|2:dx:/|¢pua|2:dx2 / |u5|2:dm
Q RN

le|<5

2
= Hue||L2§(RN) - / e

=>4

2 dx.
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Observe that

so we get

2% € N
fao((2))

We continue with the proof of (3.2). The product ¢,w. satisfies

/|¢pu€‘2:d‘r > HUE
Q

||¢pwe\|§cgv(cu) < stH%@D(cg)

—|—/{S/y1_25|wsv¢p|2dxdy+2ns/y1_2s<wgv¢p,¢prg>dxdy. (3.5)
CQ CQ

The first term of the right-hand side in (3.5) can be estimated as follows,

, C .
/y1_25|wgv¢p|2dxdy < ? / y " widedy
Ca {%SszSP}
C
< P&_N—Qs yl_Qs’I";yQ(N_2s)d.’Edy

{gSszSP}

P
C
S —2€N_2S/81+2S_Nd8
P

L
2

()",

since 0 < wu.(z) < et |z|~(V=2%) and the extension of the function K(z) = |z|~(N=2%) is K(x,y) =
(22 +y) =55 =1y ™,
We end with the estimate of the second term of the right-hand side in (3.5). Applying Cauchy—Schwarz

inequality and using (3.1) we get,
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/ y' 72 (W V9, ¢,V )dady
Ca

C s
<= / Y 2w (2, 9) | Ve (2, )| dady

{%S"ﬁ:y <p}

c vy vy (3.6)
< ief(N728)71 / y172s|w1 (77 7) ||V’UJ1 (7, 7) |d:Edy
P e e e €
{%Srzygp}
c .
=—¢ y' " wi(z,y) [ Vws (2, y) dzdy.
Note that for (z,y) € {4z <7y < 2} we have
wi(z,y) = / Pj(z — 2)ui(2)dz + / Pj(z — 2)ui(2)dz
lzl<£ lz1>4£
c N-+2s c N-—2s
<C <_> Y2 / ui(z)dz + C <—) / P;(.T — z)dz
P P
lz]<£ |z]>£ (3.7)
c N+2s 1 c N—2s
<Cf- 28 ———dz+C (= Pi(x —2)d
- <p> Y / FREa <p> / v = 2)dz
z <£ RN

IA

c N c N—-2s c N-—-2s
p P p

Using (3.7), (3.6) and (3.4), we get

/ y' 2 (w. Vo, ¢, Vwe)drdy

Ca
N—2s N—-2(s—1/2)
] )
P P P
{ £ <rey <2}
c 2(1+N—2s) Lo c N—2s
<c|- / y dady =0 | | - .
P P
{£<ray<Lt}

And the proof is complete. O

Lemma 3.5. Suppose that X s a regular submanifold of OS), then given xy € Xar it is satisfied that
Ox(zo) = 277 KyS(s, N).

Proof. From Lemma 3.2 we know that ©,(zy) = O(zg) = liné S0(Q(20)), also since Xy is a regular
p—

submanifold of 912, given zy € YX»r we have that,

lim —/———— = —. 3.8
o0 |By(zo)] 2 %

On the other hand, since w, is a minimizer of S(s, N), we have
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y' |V *dady

N+1
Ry

S(s,N) =
Hus||2L2; (RN)

We take now a cut-off function centered at xo € s, namely, we take ¢, (z,y) = gi)o(F;’y) with 7y, =
|(x — 20,9)| = (|z — x0|? + y?)2. Note that Youe =0 on 09, N Q. Thanks to (3.2) and (3.3) we can choose
e = p® with a > 1 such that

H(bpwpngc)gp (Ca) = ||wp||3(§D (ca) T O (P(a_l)(N_zs)) ) (3.9)
and
1221 (g = Ntpl22z gy + O (6DY), (3.10)
where ¢, is the same cut-off function of Lemma 3.3. Using (3.8)—(3.10), we have that

”waPHX* C ||1/}PU}PH2X‘S C
O(z0) = lim Sy (2, (o)) < lim o) o 1TPTPIXE, (Co)
p—0 p—0 Hw‘,upHLQ*(Q (20)) p—0 Hw‘)up”LQ*(Q)

QH(ZSprHi‘S (CQ) 7T25 ) KSS(S,N)—FO([)(O‘_D(N_QS))

= lim =9 im
=0 ;f”%%HLQ*(Q) p—0 1+ 0(pla-DN)

—2s

=277 k:S(s, N).

—2s

Finally, we focus on the proof of inequality ©(zg) > 2%

ksS(s, N). To this end we assert the following.

Claim: For xy € ¥z we have

@A(ZL‘()) = @(mo) = f171—I>% So (Qp(.’EQ)) Z SQ(BT), (3.11)

where Bj is the half ball of radius 1 centered at xy with the Neumann boundary part on the flat part of
Bfr and the Dirichlet boundary part on the closure of the remaining boundary.

To prove the claim, we can argue in a similar way as in [23]. If (3.11) is not true, there exists € > 0, 7o > 0,
such that for 0 < p < rq there exists a function w, € A3 _(Cq,) with u, = Tr[w,]| such that

||wp||3(s (Ca,)
—— 2 "L < So(Bf) —e. (3.12)
HUPHLQQ(Q )

Since xg is a regular point, there exists a diffeomorfism 7}, between Q,(xo) and B (xo) such that for p
sufficiently small, T,(X%,) = B N0B(xo, p) and T, transforms 02, N ¥ into the flat part of 9B, . Then
the function v, = T}, (w,) belongs to A3, (Cp+) and

2
”UPHXX@D(CB;) ||wp||3c2‘ (Ca,)

3

va(va)Hiz;(B:r) ! HUPHL2* Q,)

where C, depends on the diffeomorfism T}, and, by the definition of regular point, it can be chosen in such
a way that C\, = 1 as p — 0. Then, for p small enough, by (3.12) we have
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prch‘iD(CBJr)
inf P g (),
WEXED(CB;) ||up||L2;(B;r)
wZ0

which is a contradiction because, due to the invariance under scaling, we have

w3 lwpll %
inf M = inf —P oo Cap) _ So(B)
weXg, (Cpyt) ||up||2L2§(B,T) weXs, (Cpt) ||Up||izg(31+)
wZ0 w#0

—2s

Finally, by (3.2)-(3.3) in Lemma 3.3 it follows that So(By) = 27~ ksS(s, N) and hence O(zy) >
2% kS(s,N). O

Proof of Proposition 3.1. As a consequence of the previous Lemmata we get that if X is a regular sub-
manifold of dQ then S(Xy) =27 k,S(s, N). O

We now turn our attention to the Sobolev constant relative to the Dirichlet part of the boundary S (Ep).

We give an estimate for §(ED) similar to that of §(ZN) in Proposition 3.1.

—2s

N ksS(s,N).

Proposition 3.6. S(Xp) < 2

Proof. To obtain this estimate we use the extremal functions of the Sobolev inequality and proceed in a
similar way as in Proposition 3.1. The lower bound in Proposition 3.1 is due to the fact that the infimum
S(X,r) is taken in the set Q,(zo), on the contrary, for the constant S(¥p), we do not have such a lower

bound by the very definition of S(Xp). O
4. Proof of main results
4.1. Proof of Theorem 1.1.(1)-(2)

In this subsection we carry out the proof of Theorems 2.6, 2.9 and 2.11 which will be useful in the proof
of Theorem 1.1.(1)—(2).
We begin with the upper bound of the parameter A, i.e., statement (1) in Theorem 1.1.

Lemma 4.1. Problem (Py) has no solution for A > A1 s, with A\ s the first eigenvalue of (—A)® with mized
boundary condition.

Proof. Assume that u is solution to (Py) and let ¢ be a positive first eigenfunction of (—A)®. Taking ¢,
as a test function for (Py) we obtain

)\17S/u<p1dac= /(—A)%u(—A)%goldxz / ()\u—l—uzz_l) prdx > )\/unpldm‘.
Q Q

Q Q

Therefore, A < A1 5. O

2s ~

Proposition 4.2. Assume that 0 < X\ < A1 5. Then Sx\(Q) < 2% £:S5(s, N) = S(Zp).

Proof. We recall the following asymptotic identities given in [5, Lemma 3.8],

Ce? + O(eN=2%) if N > 4s,

P — 41
[frtellz2 () {ngslog(l/e)JrO(Ezs) if N = 4s, 41
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for some constant C' > 0, € small enough and ¢, a cut-off function similar to the one in Lemma 3.3.
Proceeding in a similar way as in Proposition 3.1, we take a cut-off function centered at a point xg € L,
then using (3.2)—(3.3) and (4.1) jointly, we have the following:

« If N > ds,

Ko (s, N) = ACe2 Juc 2
14+ 0O(eN)

< 2% k,S(s, N) — ACe%|u||

+O(eN2)

—2s

Q)\((brws) § 2~

222 Q) + O(EN_QS)

—2s

< 27N £4S(s, N).

e If N =4s a similar procedure proves that for € small enough,

—2s

QA(¢rw€) <2~

ksS(s, N) — ACe?® log(1/6)||u€||222§(9) +0(e*) < 27TZSI€SS(S,N). O

Now we enunciate a concentration—compactness result adapted to our fractional setting with mixed
boundary conditions. The proof is a minor variation of that of the concentration—compactness result in [5,
Theorem 5.1], which is an adaptation to the fractional setting with Dirichlet boundary conditions of the clas-
sical concentration—compactness technique of P.L. Lions, [24]. For the mixed boundary data case involving
the classical Laplace operator and Caffarelli-Kohn—Nirenberg weights, [12], a concentration-compactness
theorem was proved in [2]. First, we recall the concept of a tight sequence.

Definition 4.3. We say that a sequence {y'=2%|Vw,|*},en C LY(Cq) is tight if for any n > 0 there exists
p > 0 such that

/ /y1_2s|an|2dxdy <n, YneN. (4.2)
{y>p} ©
Theorem 4.4 (Concentration-Compactness). Let {w,} C X3 _(Cq) be a weakly convergent sequence to w in

Xs_(Ca) such that {y'~2*|Vw,|*}nen is tight. Let us denote u, = Tr[wy], u = Tr[w] and let p,v be two
nonnegative measures such that

Y 2| Vwn|? =, and |un|* — v, (4.3)

in the sense of measures. Then, there exist an at most countable set I and points {z;}icr C 0 such that

(1) v=u %4 > iy, v >0,
icl
(2) p=y""*IVwl> + 3 piba;, pi >0,

icl

Using Theorem 4.4 we prove the next result that is analogous to [25, Theorem 2.2].

Theorem 4.5. Let w,, be a minimizing sequence of Sx(2). Then either wy, is relatively compact or the weak
limit, w = 0. Even more, in the latter case there exist a subsequence w,, and a point xo € S such that

341725|Vwm|2 — SA(2)0zy, and |um, % G0 (4.4)

With Up = Tr[wmn].
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Proof. Since 0 < A < Ay 5 it follows that 0 < Sy(Q2) < S(p). We distinguish two cases, depending upon if
S\(Q) < S(Ip) or Sx(2) = S(Tp):

(1) SA(©2) < S(Xp). In this case we can argue in a similar way as in [5, Prop. 4.2] which in turn is based
on the technique of Brezis—Nirenberg.

Let {wy,} C &3 (Ca) be a minimizing sequence of Sy (€2), and suppose without loss of generality that
Wy, > 0 and [|wp, (-, 0)]| 2 (o) = L. Clearly, this implies that

lwmllxg (ca) < M, (4.5)
then, there exists a subsequence (denoted also by {w,,}) verifying,

Wy, — w weakly in X5 (Cq),
Wi (+,0) = w(-, 0) strongly in L(Q2), 1 < g < 2,

Wi (+,0) = w(-,0) a.e. in Q.
Using the weak convergence we get

2 _ 2
lomlleca = lom — 0l o)

+ ||w||§r% () T 26s /yI*QS(Vw, Vwy, — Vw)dzdy
Ca

= |lwm — w||§c§D(cQ) + [Jw] igD(cQ) +o(1).
Hence,

Qx(wpm) = ||wm||?\egv(cg) — AMlwm (- 0)[|72 ()

= llwm = wlxg_(coy + 10l (cay = Mlwm (5 0)lIZz ) + o(1)
> 50 1 0) = (-, 0) 22z ) + S (D) 10(- 0) 2z g + 0(1).
Thus, because of the normalization |[wyy,(-,0)[|,2: = 1, it follows
Qx(wm) > (§(5p) — Sy () (0) — w(-0)[2: ) + Sn(2) + o(1).

Since {wy,} is a minimizing sequence of Sy (€2), we obtain

o(1) + 5x(2) = (S(p) = Sa(Q) Jwm (- 0) = w(-, 0)[[3 2 (g, + SA() + o(1).
Finally, using that S5(€) < S(Xp) it follows

Wi (+,0) = w(:,0) in L ().

By a standard lower semi-continuity argument, w is a minimizer for Q(+), so we get that the sequence is
relatively compact.

(2) SA(Q) = S(Ip). Let us consider {w,,} C X$_(Cq) as in the previous case. Thus {w,} is also a
minimizing sequence for S (¥p) and we proceed in a similar way as in [25, Theorem 2.2]. Using Theorem 4.4,
we get that either {w,,} is relatively compact or the weak limit w = 0.
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In the first case, w # 0, by Theorem 4.4 we have

iel

50) = [auz [y VuPdody + 5(50) Yo7
Co Co

as well as

1:/d1/:/|u2:d1:+21/i.

Q Q iel

By the two expressions above, we get that

2

i€l Q

oo

|

a3
|
o ¥|

2 dx

<1 /yl‘Qs\legdxdy
S(Xp)
Ca
1 (= ~ 2
<= S(Xp) — S(¥p) Vﬁ)
S(Xp) ( ;

2

:1—21/:‘ ,

iel

 ¥|

hence, v; <1 Vi € I. And therefore, by (4.6) the only possibility is ; = 0 for all ¢ € I. This leads to

/|um 2:dx—>/|u
Q Q

from which we deduce that u,, (and thus w,, = F4[u,]) is relatively compact.
Now we consider the case w = 0 (and thus u = 0). In this case by Theorem 4.4 and (4.6) we get

Zyi: 1, and Zl/ﬁ <1,

i€l i€l

% du,

then we infer that I must be a singleton, i.e.,

vV =0z, and  p=5(Zp)dz, = SA(2)dz,,

with xg € Q.

1017

To show that x¢p € ¥ we argue by contradiction. If 2o € QU Xp, we set ¢,.(x,7) as a cut-off function

centered at zy € ), and define the sequence

Wm,r = wmar (:L‘, y)

and the traces sequence {ty, -} = {Tr{wm,|}. Then for all r > 0

/ ytT2s |Vwm7r|2dxdy

lim = S(Ep).
Hum;""”iZ: (Q)
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Note that for r sufficiently small, the sequence {wy, ,} belongs to X§(Cq), then for any m € N, by Proposi-
tion 3.6,

i fcg Y 25| Vwy, |2 dzdy _ fcg Y128 |Vo|?dzdy
R T R R [T
= ksS(s,N)

> 2%RSS(S,N)
> g(ED)a

and we reach a contradiction with (4.7). Therefore, g € 9Q. If xy € Yp arguing as before we reach the
same contradiction. As a consequence, zg € L.

It only remains to prove the tightness condition (4.2) for the minimizing sequence {wn,} C &3_(Ca),
i.e., there is no evanescence. Since {w,,} is a minimizing sequence of Sx(€?) then {w,,} or a multiple will
converge to a critical point of the functional (2.9). Let {@,,} be such a sequence, then

J (W) — ¢, and J' () — 0. (4.8)

We proceed now as in [5, Lemma 3.6] which is based on ideas contained in [3]. By contradiction, suppose
that there exists 19 > 0, and mg € N such that for any p > 0 one has, up to a subsequence,

/ /y1*25|Vﬁ)m|2dxdy > 19, Ym > my. (4.9)
{y>p} @
Fix € > 0 (to be determined) and let r > 0 be such that

/ /y1*28\vw|2dxdy <e.

{y>r} Q

Let j = [M} be the integer part with M the constant in (4.5) and I = {y e Rt :r+k <y <r+k+1},
k=0,1,...,7. Then

M
Z// . 2S|Vwm|2dxdy</ TEIVB[Fdedy < = < (4 1).

k=0j, Co
Then, there exists ko € {0, ..., 7} such that, up to a subsequence,

/ /y1_25|V1Dm|2dxdy <e, Vm > my. (4.10)

Ik()

We set now a regular cut-off function

0 ify<r+ko,
x(y) = :
1 fy>r+ko+1,

and we define vy, (x,y) = x(y)Wm(x,y). Then, since v,,(x,0) = 0, it follows that
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[T (W) — T (Vm), vm)| = ns/y172s<V(u~)m — U )y VU, Ydady

Ca
= Ks / /y1725<V(”u~1m — U ), Vo, Ydxdy.
Q

Ik()

Moreover, by the Cauchy—Schwarz inequality, (4.10) and the compact inclusion of the space
H! (Ik;0 X Q,yl_zsdxdy) into L2 (IkO X Q,yl_Qsdwdy), it follows that

(T (W) = T (), Um)]

1/2
< Kg //y1_25|V(1Z)m —vm)|2dxdy //y1_25|vam|2dxdy
Q Q

IkO Iko

1/2

< Crge.

Finally, by (4.8),
‘<Jl(vm>avm>| < Ckge + 0(1)7

thus, for m big enough

!
/ /yl_Qs\Vmedxdy < //yl_zs\va\zdxdy < <J (Um)yvm> < Ck,

S
{y>r+k0+1} Q Ca Q

which contradicts (4.9). Then, the proof of Theorem 4.5 is complete. O
Remark 4.6. Note that the proof of Theorem 2.11 was done in the first part of the proof of Theorem 4.5.
Now we prove Theorems 2.6, 2.9.

Proof of Theorem 2.9. Let {w,,} C A3 (Cq) be a minimizing sequence of S(Ep) and w its weak limit. By
Theorem 4.5, {wy,} is relatively compact, and consequently the infimum is achieved, or w = 0 and

yl_gs\anF — gy, and |uy, LI 2.9

with 2o € Y. Indeed, we can assume, without loss of generality, that p = S (Xp) and v = 1. With the
same notation as in the proof of Theorem 4.5, we consider the functions

Winr = Win Gy (2, Y) (4.11)

with ¢, (z,y) a smooth cut-off function centered at xq € L. Clearly, (4.11) satisfies (4.7). Since ¥y is
smooth, for r small enough, the sequence {u,,,} C H 5%(97"), or equivalently, the sequence {w, .} C
ng (Cq,.) thus, by Proposition 3.6,

/y1_2s|Vwm,r\2dxdy

Ca —2s

> 27 kyS(s,N) > S(Ep),

||um7r Hi2§ (Q)

which contradicts (4.7). Then the only possibility is that {w,,} is relatively compact, which proves the
assertion. O
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Proof of Theorem 2.6. Let {w,,} C A3 (Cq) be a minimizing sequence for S)(Q2) and w its weak limit.
Thus, either {wy,} is relatively compact and consequently the infimum is achieved or by Theorem 4.5, (4.4)
holds up to a subsequence. For that sequence we consider the functions wy, , = wy,,(z,y), with ¢, (z,y)
a smooth cut-off function centered at x¢ € Y- as in (4.11). On the one hand, {w,,,} and its trace {u, ,}
satisfy

||wm,r||2 35 (Ca) - )\Hum,TH%’z(Q)

5 Sx\(Q), as m — oo, (4.12)
||um7"”HL2:(Q)

for any 7 > 0. On the other, by the definition of S (X)) we have

|2
L2(Q)  ~

[ wm,r s (o) = Mtim.r
£pC) > S(Zn),

lim
r—0

||um>'r ||iZ§ (Q)
which contradicts (4.12) since we are supposing S (Q2) < S(Zp). Hence {w,, } is relatively compact. O

Proof of Theorem 1.1-(2). By Theorem 2.6, it follows immediately the existence of a solution to problem
(Py) whenever we have Sy (Q) < S(Z,), which is guaranteed by Proposition 4.2 if 0 < A < Al,s. Also, there
exists a solution when Sy (Q) < S(£p) by Theorem 2.11.

Specifically, by Theorem 2.6 and Proposition 4.2, if 0 < A < Ay ; there exists a minimizer function @
with @ = Tr[w] satisfying

@1, oy = MalZa) = SOl -

Taking w = /||| ) and its trace u = /|||

2 2
L% (Q L% (Q)’

lwll%sica) = Alelzzgo) = Sx(E)- (4.13)

Thus w is a minimizer of 5x(§2) constrained to the sphere [Ju[| 2z o) = 1. Without loss of generality we can
assume w > 0, otherwise we take |w| instead. Or equivalently, w is a critical point of the functional @y

constrained to ||u/| = 1, then thanks to (2.2) and (2.7), such a critical point is a non-negative solution

2
L2 ()
to equation

(=A)*u — M= 7u® " in Q,

where 7 € R is a Lagrange multiplier. Moreover 7 = S3(€2) > 0 since A < A1 5. Thus, it follows that defining
1
v = ku, it is a non-negative solution to the equation in (Py) for k = (Sx(€2))% 2. Indeed, since by the

maximum principle, see [22, Corollary 2.3.9], we have that v > 0 in €, then v is a solution to (Py). O

To complete the proof of Theorem 1.1 it only remains to prove statement (3) in Theorem 1.1. This will
be done in the next subsection.

4.2. Moving the boundary conditions. Proof of Theorem 1.1-(3)

Let us consider the following eigenvalue problem

(—A)u = A s(@)u in QC RN,

u=20 on Ypl(a), (EP,)
% =0 on Y (),



E. Colorado, A. Ortega / J. Math. Anal. Appl. 473 (2019) 1002-1025 1021

with the following hypotheses:

By: Q C RY is a regular bounded domain.

By: ¥p(a) and Xy () are smooth (/N —1)-dimensional submanifolds of 99 such that £p(a) Uz (a) = 09,
Yp(a) N X (a) = 0, and the interphase I'(a) = Lp(a) N Epr() is a (N — 2)-dimensional submanifold.

Bs: Hy-1(Ep(a)) = «a, ¥p(a1) C Xp(az) for any 0 < ay < ag < Hy—1(090).

Following [14, Lemma 4.1] we have the next result.
Lemma 4.7. Let u,, be a positive solution to problem (EP,) and suppose hypotheses B1—Bs. Then we obtain,
Ars(@) =0, as a — 0.

Proof. By the definition of the fractional operator (—A)®, we have that the eigenvalue A s(a) = A7 ; ().
By [14, Lemma 4.1], we have that A 1(a) = 0 as Hy—1(Xp()) = a — 0. Then the result follows. O

Remark 4.8. We would like to point out Theorem 8 by Denzler; see [18], in which it is proved that

sup {M(Ep) 1 |Zp] = a} = A(]09)).
0<a<|89Q|

This means that there exist configurations of the distribution of ¥p, and ¥, such that [14, Lemma 4.1]
and hence Lemma 4.7 do not apply.

The next proposition is the analogous to [2, Proposition 2.1] for our fractional setting.

Proposition 4.9. Let Q C RY be a smooth bounded domain. Given a family {Sp(a): 0 < a < Hy_1(0Q)}

satisfying hypotheses B1-Bs, there exists a positive constant ag such that for any a < ag, S(Xp(a)) is
attained.

Proof. We only have to check that hypotheses of Theorem 2.9 are satisfied. To do so, we use the Holder
inequality together with Lemma 4.7 as follows. By Hoélder’s inequality,

- . lolikg o)
S(ED(Q)) = lnfwe/y;ﬁa)(cg) 4”1”(‘7()”2 N
w20 L% ()

kuiio cq) (4.14)
WEXT () (Ca) Tlw(-,0
wZ0

%)\1’5<a).

IA

Q¥ inf

P

—2s

Applying Lemma 4.7 into (4.14), we have that there exists ag > 0 such that S(Xp(a)) < 275 k,5(s, N) for
any a < «q. Hence, by Theorem 2.9 the result follows. O

We complete now the proof of Theorem 1.1.

Proof of Theorem 1.1-(3). Since S\(Q) = S(p) for A = 0, the existence of solution to problem (FPp) is
equivalent to the attainability of S(Xp). Thus, letting « sufficiently small, by Proposition 4.9 there exists
a minimizer function @ with @ = Tr[w] satisfying

19113 cay = SED) 122 g

and we are done. 0O
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5. A nonexistence result: Pohozaev-type identity

This last part deals with a non-existence result relying on a Pohozaev-type identity. Notice that by
Theorem 1.1-(3) we have the existence of solution to the following critical problem,

(=A)u = w1 in QCcRY,
u>0 in Q, (5.1)
B(u)=0 on 0 = YXp UX,,

provided a = Hy_1(Xp) is small enough, in contrast to the non-existence results for the Dirichlet boundary
data case and Q a star-shaped domain, see Pohozaev [28], in the classical setting or [9] for the fractional
case under the same geometrical hypotheses. Nevertheless, and in spite of Theorem 1.1-(3), proceeding
in a similar way as in [25,23] we are going to show a Pohozaev-type identity for our fractional mixed
Dirichlet—-Neumann problems that provides us a non-existence result under appropriate assumptions on the
geometry of Q, Xp, Y.

Let us consider the problem

(=A)u=f(u) n,
w0 in Q, (Py)
B(u)=0 on 0 = Xp UXy.

We have the following result.

Theorem 5.1. Suppose that u is a solution of problem (Py), w = Eslu] and f is a continuous function with
primitive F'. Then the following Pohozaev-type identity holds,

(N — 28)/uf(u)dx - QNQ/F(u)dx

Q

— ke [ WP vdoteg) ke [ 4V (@) do(e.) 52)
3 pIER

o / Fu)(z, v)do (@),
N

where v denotes the outwards normal vector to Of).

Proof. Since w = E[u] is a solution of problem

—div(y'=2Vw) =0 in Cq,

B*(w) =0 on 91Cq, (Pf)
2w = f(u) in 0,

multiplying the equation of (Pf) by ¢(z,y) and integrating by parts we get

ms/yl_%Vngodxdy:/gp(x,O)f(u)da:—&—/fs/<py1_25<Vw,V*>da(x,y). (5.3)

Ca Q E%
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With v* the outwards normal vector to 9;,Cq. We take o(x,y) = ((z,y), Vw) and note that (Vw, v*) = |Vuw|
on X7, as well that, by construction, the outwards normal vector v* to the lateral boundary 0rCq verifies
v* = (v,0) with v the outwards normal vector to 9§2. Then, we find,

2s — N

1
oo [y VP dedyt g [ 0o (o) -
0rCa

/F( (o, vydor(z N/ d:n+/<as/y1’25|Vw|2(x, vdo(z,y),

Sn S
which proves (5.2). O
As a consequence we obtain a non-existence result for problem (Py).

Corollary 5.2. Assume the hypotheses of Theorem 5.1 and suppose there exists xg € Q such that (x—xg,v) =0
on Xn and (x — xg,v) > 0 on Ep. If f and F satisfy the inequality (N — 2s)tf(t) — 2NF(t) > 0, then
problem (Py) has no solution.

This result highlights the difference between a mixed boundary condition problem and a Dirichlet one as
well as the relevance of the geometry of €2 and the decomposition of OS2 into Xp and s in the existence
issues.

As an example, let us consider the critical power problem (5.1
smooth submanifold of the unit sphere S =1 such that Hy_1(A44)
Yp={r€Q:|z|=R}and Ly = 30\29

We consider a smooth perturbatlon Q where the vertex Ty = 0 and the corners of 2 are regularized, such
that |Q2\Q] is small enough. Set ¥p = Lp and Sy = I\ Ep. Then, (z,v) = 0 on ZN\T and (z,v) #0
on Sy, = Sx NT, with T, = B,(0) U{z € RN : R — p < |z| < R} and some p > 0 small enough, as
well as (x,v) > 0 on ip. Since we can approximate the cone €2 arbitrarily by means of f~2, we can let p be

) with © defined as follows. Given A, a
=a,weset Q={tx:x € A,,0<t <R},

sufficiently small in order to obtain a contradiction with the Pohozaev identity, namely

N -2 «
I i / lu|?s (z, v)do

XN,

= Ks / y1*25|Vw|2(x,z/>d0+Rlis/y1*2S|Vw\2da.

X0 e

Thus, no solution to the problem (5.1) exists on €.

Remark 5.3. If we move the boundary conditions in the example above, letting Hy_1(Xp) — 0, by means
of Theorem 1.1-(3) we get the existence of solution to problem (5.1) on the perturbed cone Q. This is not in
contradiction with the previous arguments, because by this procedure, points that belonged to the Dirichlet
boundary part for which we had (z,v) > 0, start to contribute to the integral involving the Neumann part
of the boundary in (5.4), and hence Theorem 1.1-(3) and Corollary 5.2 agree.
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