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Abstract

Suppose that « € (0, 2) and that X is an «-stable-like process on RY. Let F be a function on R¥ belonging to the class Jy o
(see Introduction) and Af be ngl F(Xs—, Xs), t > 0, a discontinuous additive functional of X. With neither F nor X being
symmetric, under certain conditions, we show that the Feynman—Kac semigroup {S,F : t > 0} defined by

ST F ) =Ex(e™ £(X0)
has a density g and that there exist positive constants Cy, Cp, C3 and C4 such that
d

l‘é d+a d l‘é d+a
Cre @ a(1n <qt,x,y) <C3eS a1 A
[x — ¥l lx — ¥l

for all (z, x,y) € (0, 00) x RY x RY.
© 2008 Published by Elsevier Inc.
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1. Introduction

Suppose X = (X;, P;) is a Hunt process on R? with a Lévy system (N, H) given by H, =t and
N, dy) =2C (. p)lx =y~ mdy),

where m is a measure on R? given by m(dx) = M (x) dx with M (x) bounded between two positive numbers. That is
for any nonnegative function f on R? x R? vanishing on the diagonal

t
Ex<2f(Xs,Xs)> =Ex//2C(X“’y)f(x“’y)m(dy)ds
0 Rd

_ y|d+ta
s<t [ X5 — ¥l

for every x € R? and 7 > 0.
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We introduce «-stable-like processes as follows.
Definition 1.1. We say that X is an «-stable-like process if C(x, y) is bounded between two positive numbers.

In this paper, we assume that X admits a transition density p(t, x, y) with respect to m and p(¢, x, y) is jointly
continuously on (0, c0) X R? x R? and satisfies the condition

fa
lx =yl
where M| and M, are positive constants.

Here we do not assume that X is symmetric. When X is symmetric, it is called a symmetric «-stable-like process,
which was introduced in [3], where a symmetric Hunt process is associated with a regular Dirichlet form and thus
Dirichlet form method can be applied. It was also shown in [3] that the transition densities of symmetric «-stable-like
processes satisfy (1.1).

We list some examples which are «-stable-like processes and satisfy (1.1). For one-dimensional strictly o-
stable processes with Lévy measure v concentrated neither on (0, o) nor on (—o0, 0), the Lévy measure v(dx) =
c1x~ "% dx on (0, 00) and v(dx) = cox "% dx on (—o00, 0) with ¢; > 0 and ¢, > 0, which implies C(x, y) in the
Lévy system as above is bounded between two positive numbers. We set c =c1 + ¢z and 8 = (c1 —¢2)/(c1 +¢2). Let
p=04+p8)/20or=(1— ,32%"‘)/2, according to @ < 1 or > 1. Without loss of generality, we can fix the parameter ¢
and assume that ¢ equals cos( #), % or cos(nﬂ%T“) for o < 1, =1, or > 1, respectively. The following estimates
for the continuous transition density p(z, 0, x), which equals t’l/“p(l, 0, t’l/"‘x), is given in [4]:

1
o

lx — I

d+a
) . V(i x,y)€(0,00) x RT xRY,  (1.1)

d d+a J
Mlt“(l/\ ) <P(t,x,y)<lea<1/\

1. Asx — oo,

1
p(1,0,x) ~ =T(a + D (sin(mpa))x ™7, ifa#1,
T
1+8
2

p(1,0,x) ~ x_z, ifa=1.

2. Asx — 0,
1
p(1,0,x) > —T'(l/a+ (sinwra), ifa#l,
T

1
p(1,0,x) > —b;, ifa=1, >0,
T

where by is a positive constant.
See (14.37), (14.30), (14.33) and (14.32) in [4] for details. It is clear that the dual process of the one-dimensional
strictly «-stable process has the transition density p(¢, 0, —x). Thus applying the above estimates to p(z,0, —x),
we get:
3. Asx — —o0,
1 . a1 -
p(1,0,x) ~ ;F(a + D(sin(rpa)) x| 77", ifa#1,

1
p(lao’x)w%ﬁlxl_z, lfC(:l
4. Asx — 0,
1~
p(l’()?x)_)_bl’ 1f(¥=1, ﬂ<0,
g

where b is a positive constant.

One-dimensional strictly «-stable process with @ = 1 and 8 = 0 is a Cauchy process with drift 0. It is easy to see
that when x — 0, p(1, 0, x) — a positive constant.
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It is also pointed out in [4] that p(z, 0, x) is positive when the Lévy measure v is concentrated neither on (0, oo)
nor on (—o0, 0).

Therefore when the Lévy measure v is concentrated neither on (0, oo) nor on (—o0, 0), the transition density p
satisfies (1.1).

For higher dimensions, a large class of nonsymmetric strictly «-stable processes with 0 < o < 2 is considered
in [7]. It has Lévy measure v satisfying

v(B) = / A(dE) / 1g(ré)r~ 1T ar,
0

N

for every Borel set B in R?, where A is a finite measure on the unit sphere S = {x € R?: |x| =1} and is called the
spherical part of the Lévy measure v. X is assumed to have a density ¢ : S — (0, co) such that

dx 1
¢p=— and k<o) <k ", VEES,
do
where o is the surface measure on the unit sphere and « > 0 is a positive constant. The assumption on ¢ implies
the transition density p(z,0,x) > 0 for all t > 0 and all x € R4, Tt is known that p(1,0, x) is uniformly bounded

in x € R?. It is pointed out in [7] that the Lévy measure v has a density f(x) = ¢ (x/|x|)|x|~“+®) with respect to the
d-dimensional Lebesgue measure, and

K|x|—(d+06) < f(x) SK_1|x|_(d+0‘)

for every x € R4 \ {0}. Then the transition density p(t, 0, x) of the processes satisfy
p(t,0,x) <Ct %, xeR? 1>0,

and

p(1,0,x) < Ctlx|~ @), xeRI\ {0}, 1 >0,

where C is a positive constant. See (2.6) and (2.7) in [7] for these two inequalities. Thus we have

Rl

_ té d+a
p(1,0,x) <Ct™ (1/\ ) , xeR? 1>0. (1.2)

lx — ¥l
(2.12) in [7] gave the following estimate,

Elx|7 D < p(1,0,x) < Clx|~@+D | for large x,
where ¢ is a positive constant and C is the same constant as above. This implies that

— 1
x| (a+d), for large r @ x.

5|t_$x|_(a+d) < p(l,O,t_éx) < (?|t_é
Thus

d 1 — d 1 1
ct« |t_&x| (@+d) < t_&p(l, 0, t_Ex) =p(t,0,x), forlarget «x. (1.3)
1 ~
For small ¢« x, since p(1, 0, x) is positive and continuous in x € R4, there exists a positive constant ¢ such that
1
co< p(1,0,17ax),
which implies

. _d d 1 1
cot "« < t_ap(l, 0, t_ax) =p(t,0,x), forsmall ¢ «x. (1.4)

Combining (1.2)—(1.4), we can see that the transition density p satisfies (1.1). It is clear that C(x,y) =

o( é:;: Dlx — y|~@+) is bounded between two positive numbers.

Next we introduce the Kato class discussed in [2] and [3].
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We say that a function V on R? belongs to the Kato class Ky o if

11m sup //p(s X, y)|V(y)|dyds—
0 xeRrd
0 R4

and we say that a signed measure 12 on RY belongs to the Kato class Ky o if

hm sup f/p(s x, Y)lul(dy)ds =0.

0 xeRrd
Suppose that F is a function on RY x R?,

Definition 1.2. We say F belongs to J, o if F is bounded, vanishing on the diagonal, and the function
|F(x, y)
x — ylte
R4
belongs to K «.

dy

For any F € J;.o, We set

Af =Y F(X,-. X)), t>0.
s<t
We can define a non-local Feynman—Kac semigroup as follows

SE () =By (e £(X,)),

where f is a measurable function on R?. This semigroup was studied in [5] and [2].

Let F(x, y)=F(y, x), forany (x,y) € R? x R9. In this paper, we always assume both F and Fe Ji.a-

Recently, sharp two-sided estimates of the density of the semigroup {S/", 7 > 0} were established in [6]. Under
the assumption that X is a symmetric a-stable-like process, using a martingale argument and results from [2], the
following result was established in [6]: Suppose that F' € J;  is a symmetric function, the semigroup {StF ,t >0}
admits a density ¢ (¢, x, y) with respect to m and that ¢ is jointly continuous on (0, 00) x RY x RY. Furthermore, there
exist positive constants C1, Cp, C3 and Cy such that

1

to d+a J té d+o
Cie 1 (1/\ > <q(t,x,y) < C3e¥ 1w <1/\ )

lx =yl Ix =yl
for all (r, x, y) € (0, 00) x RY x R4,

The question that we are going to address in this paper is the following: can we establish the same two-sided
estimates for the density of the Feynman—Kac semigroup of nonsymmetric «-stable-like process X when F € Jg o is
nonsymmetric. The proof of the above result in [6] cannot be adapted to the case where neither F' nor X is symmetric.
It seems that, to answer the question, one has to use some new ideas. In this paper, we are going to tackle the question
above by combining the generalization of an idea of [1], which was used to deal with the estimates of the density of
continuous functionals of Brownian motion, with some results on discontinuous additive functionals.

The content of this paper is organized as follows. In Section 2, we present some preliminary results on discontinu-
ous additive functionals. In Section 3, we establish the two-sided estimates on the density of Feynman—Kac semigroup
under certain assumptions of F'(x, y).

2. Preliminary results on discontinuous additive functionals

For convenience, we use A; to denote ngz F(X;_, Xy) instead of Af . We have the following formulae for A,Z:

t t

At2=2/AsdAs —/F(Xs,,xs)dAS,

0 0
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and
t

t
A,2=2/(A, —As)dAS—i—/F(XS_,XS)dAS.
0 0

The proof is straightforward.
In general, the formulae for A} are given by the following theorem.

Theorem 2.1.
t t t
A" =C,{/A§"1dAS —C,%/Ag—zF(xS,,XS)dAS+c3/A;’—3F2(XS,,XS)dAs+..-
0 0

0
t

t
DI [ AP X dA 4 0 [ P X dA,
0 0

t t
Al =c) /(A, — A"V dAg + C? /(A, — A)"IF(Xs—, Xg) d As
0 0
t

t
4 /(A, A I (Xo_, Xy)dAs £+ C /(A, AT (XL, Xy d A + -

0 0
t

+C! f F'™N(X,_, X,) dAs,
0

n!

where Cfl = T

Proof. We use induction to show these two formulae for A} hold for all n > 1. It is clear that they are true for n = 2.
Suppose they hold for n < m — 1, we show they hold for n = m.
It follows from the integration by parts formula,

t t
A;"=fAS,dAT—1 +/A;”_1dAS
0 0

where

t t
/AS_ dA™! =/(AS — F(Xs—, X)) dAT!
0 0
t

t

fAsdA;"*‘ —/F(XS_,XS)dAQ”’l
0 0

! m—1
:/AS<Z(—1)i'Cfn_1A§”1iFi](Xs_, XS)> d A
0 i=1
! m—1 . ) o
- / F(Xs—a Xs) ( Z(_l)jilcrlnflAT_l_j Fjil(Xs—a Xs)) dAs
0 j=l
(by the first formula for A} whenn =m — 1)
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m—1 !
=Y =17, / AT (X, X)) d A,
i=1 0
t

m—1
n L
-G [ AT L X da,
j=1 0
1

m—1
= Z(—Ui—lc,;_l/Ag"—"Ff—l(xs,,xs)dAs
i=1 0
t

m
S0 [ AT X d,
i=2 0
(et j=i—1)

m—1 i
=> (-1ni7!(ci_ +c;‘;jl)/Agl*fFi*1(xs_,xs)dAs
i=2 0
t t
+c,1n_1/A;"—1dAs —(—1)’"‘2/F’”_l(XS_,Xx)dAS
0 0

m—1 !
e / APTFITN X, X,)dA,
i=2 0

1 t
+Chy f AP A — (1) / F" ' (X, Xg)dA; (by Cf_ +Co !y =Ch),
0 0

thus

t t m t
Al = f Ag_dA™ 4+ / APtdA, =) (-17'C, / AT RN (X X) d A,
0 0 i=l 0
i.e. the first formula for A} holds for n =m.
Now we go to the second formula for A, for n =m,

t
c) / (Ar — A" L d A
0

m—1 !

L om—1
= C,L/ Dol A=) AT A = Z(—l)m*“ic}nc;_lA;'/A;”*HdAs
i=0

0 i=0 0

m—1 !
— Z(_n’"—l—ic,in(m —i)A! f AT d Ay (by CLCE = CLm —1i))
i=0 0

i=0

m—1 o ! '
= Z(—D’"—l—lc;,,A;((m —i)/A;"—l—' dAs>
0
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m—1 L om—i
— Z(—l)’”“"'c,",,A§<A;"_i+f Z(—l)"c,’;_,.Ag”"'"‘F"“(Xs_,Xs)dAs>
i=0 5 =

(by the first formula for A} whenn=m — i)

m—1 m—1

_Z(_])m 1- lcl Am i /Z( ])m 1— ZZ( l)kC’lnC’],:l lA;'A?l—i—ka—l(XS_,XS)dAS,
where

m—1 m—1
Z(—l)m—l—"c;;lA;'A;"—f = (Z(—l)m—l—icjn)A;" = (1)A",

i=0 i=0

and

m—1 m—i
/Z(—l)m*I*iZ(—n Cick AlAmTiTkERET (X X ) d A

o i=0
m m—k
/Z (—nymk=imtek el ATAMTRET R (X ) d A
o0 k=2 i=0
(by C},Ch,_i = Cp Ch_y and (=1~ = (—pym k=il

t
m
=Y Cch(=D~" / (A — A" F* (X, X) d Ay

1
m
==Yk [ A= A X dA

therefore
t m t
b= agrtan =ap = Yok [ - a0 R G X da,

i.e. the second formula of A} holds forn =m. O
3. Density of Feynman—Kac semigroups given by discontinuous additive functionals

From now on we define ¢go(¢, x, y) = p(t, x, y) where p(¢, x, y) is the transition density of «-stable-like process X
and satisfies (1.1). By the second formula for A}, we have for any bounded measurable function g

t
E.[A]g(X))] Zc’ / (AI—A»""Fil(xs_,xs)g<x,>dAs]

=D _CiE: /]EX (AT~ g(Xi—y)) (ZF (Xr—, X, ))]
i=1 L

r<s

° 2C Xg, Fi(X,, i
=3 CiE, / / X5, 7) |d(+a y)Ey(A,_sgoas>)m<dy)ds].
i=1

L0 Ra
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We define g, (¢, x, z) as follows,

(. %.2) = ZG//p(s x, wym(dw )/w“’ f)jd(jj 2 it = 5.y, m(dy) ds.

= 0 Rd

Then by induction, we can show that for any n > O,

/qn(t,x,Z)g(Z)M(dZ) =E.[A]g(X))]

R4
and
2C(X VF (X, y)
E.[A7g(Xp)] Z [ / / - |d+; / Gn-i(t =5, y,2)g(2)m(dz)m(dy) ds
i=1 0 pd
2C(w, y)Fi(w, y)
=Z / / ps,x, wym(dw) / - T L Gueit =5, v, Dg@m(d2m(dy) ds.
i=1 0 R4 R4
We assume that there exist positive constants C, L, My and M such that 2C(x,y) < C, |F(x, y)| < 7 and

0 < My < M(y) < M where m(dy) = M(y)dy. Define F(w,y) = |F(w, y)| + |F(y, w)|, Wthh is symmetric and
satisfies | F(w, y)| < L. Define p(¢, x,y) = p(t,x,y) + p(t, y, x). Then p(¢, x, y) is symmetric and satisfies

1

o

[x — I

1
ta
lx =yl

d+a
) , V(. x,y) € (0,00) x R x RY,

d+a 4
2Mqt~ a(l/\ ) < pt,x,y) <2Mot™ or(l/\

Denote ( [z [Fw.p)| dy)dw by p(dw) and let C; = sup, pa fot Jra P(s,x, w)u(dw)ds. Then C; | Oas ¢ | 0. It

|w_y|d+oz
is clear that there exist two positive constants D1 and D; such that Dy < fRd p(t,x,y)m(dy) < Da, as p(t,x,y) is
comparable to p(z, x, y). Let go(t, x, z) = p(s, x, z) and define g, (¢, x, z) by

CF!
Gn(t,x,2) = ZCZ ffp(s x, w)m(dw>/| (”Tdfiqn it — s, y. m(dy) ds.
="

We can see that |g, (¢, x, 2)| < gn(t, x, 2).
Before we move on to the main results, two lemmas are needed.

Lemma 3.1. For any two positive constants K < 1 and L, there exists a constant Co(K, L) which depends on K
and L, such that
2 Li—l Ln—l

L L .
Kn—l+Kn—2_+Kn—3_+'_.+Kn—z.__}__“_’_
2! 3! i!

< Co(K,L)K", foralln>D0. (3.1)

Proof. Use the fact that there exists ig > 0, such that

Ll*l K [
Tg(;) s fOI'l)l.O. O

Remark 3.2. For any given K and L, we can choose a small 7y so that for a given constant M, C;:M1Co(K,L) < 1
for 0 < ¢ < 19, where C; is defined as sup, cga fé fRd p(s, x, w)u(dw)ds in above. Thus

L L2 Ln—l
C,M1(K”‘1+K” P G e .

2 3’ ' )gCtM1Co(K,L)K"§Kn, for0 < < 1.

Lemma 3.3. g, (¢, x, ¥) is symmetric in x and y.



946 C. Wang / J. Math. Anal. Appl. 348 (2008) 938-970

Proof. We know that

= CF' (w1, y1) _
gn(t.z,x) =) _Cl! //P(Sl z, w1)m(dw1)/ |dia Gn—i(t — 51, y1, x)m(dy)) ds)
ll—l 0 Rd
n—ij CF’l(w y ) 1—s1
1, V1
_chl ZC” 11|:[/p(s1 zZ, wl)m(dwl)/ dTa m(dy1) dsi /
i1=1 ir=1 0 Rd - o
CF2(wy, y2) _
/p(sz Yis wz)m(dwz)/ﬁqn i—ir (1 =81 =52, y2, x)m(dy2) ds2
Rd

t t—s] f—S8]1——Sk—1
= iz Ll
- Z Cn' Gy i1 C"*iI*iZ*'“*ik—l |:/ / / / /
o . g ; S g

i1+i2+-+ig=n 0

CF' (wi, y1) CF2(w, y2) _
p(s1, 2, wl)im p(s2. y1, wz)idw' o p(Sks Yk—1, W)
lwy — y1l lwz — ya|
CF* (wy, yx) —
'm p(t —s1 = =8k, Yk, X)dsy -+ -dsgm(dwy) - --m(dwy) - - -m(dyy) - - -m(dyx)

i1t+ix+-+ig=n

rt—s t—S]——Sk—1 i
o CF '(w1,y1)
_ Citenik / / / / /P(Sl Z, wy)
N Z | i |: yl|a’+oc
Rd

(52, 91, wQ)M.. Bt Vo wk)M
| 2|d+(x | _yk|d+a
<Pt —s1— =Sk, Yk, X)dsy - -dsgm(dwy) - - - m(dwy)m(dyr) "'m(dyk):|-
Putt—s) — - — sk =81,8 =582, ..., 8 = Sk+2—1, ..., 52 = Sg. It is easy to see the absolute value of the Jacobian
of this transformation is 1. Let yx = Wy, ..., Y1 = Wk—l41,-++» VI = Wk, Wk = V1, -+, W] = Yk—I+1,---, W] = Yk and
Je =015 eens JI = lk—l41s 05 J1 = k.

Thus the above equality becomes

t—81——8g_1 t—S8]——S8k_2
Gn(t,z,x) = Z Cél ’’’’’ ]k|: / / /‘/
0

Jit 2t je=n 0 R4 R4

- CFJe (i, wy) _
-pt—81—- =5k, 2, yk)ﬁp(sk,wk Yk—1)

| Yk

'éfjk’l()’kflywkfl).“ _ . . . CFI@F,w)

P52, W2, Y1)
[§1 — w4t

|Fk—1 — Wi—1 ]9+
-p(S1, Wi, x)dSg - -dsym(dYy) - - - m(dy)m(dwy) - - -m(dﬁ)l):|-

Rearranging the components of the integrand and using the fact that F(x, y) and p(t, x, y) are symmetric in x and y,
it is easy to see that the above expression for g, (¢, z, x) is equal to g, (¢, x,z). O

In the proof of the following theorem, we use an idea similar to that used in [1] for Brownian motions.
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Theorem 3.4. There exist two positive constants K < 1 and M, and there exists t| > 0 such that for 0 <t < ty,

gn(t,x,7) <n'MK"t~ Z foralln, (3.2)
and

//c]n(s,x,z)u(dz)ds<Ctn!K", for all n. (3.3)

0 R4

Proof. It is clear that when n = 0, (3.2) and (3.3) hold. We assume they hold for n < m — 1, and consider the case
n =m. Writing g, (¢, x, y) into two terms in the following way:

qm(t, x z)—ZC’ f/p(s X, w)m(dw)/ |CF (u;dii gm—i(t —s,y,2)m(dy)ds

0 Rd

+ZC’ //P(s X, w)m(dw)/ |CF (lﬁdﬁqm it —s,y, 2)m(dy)ds.

Since (3.2) and (3.3) hold for n < m — 1, we have

ZC’ //p(s X, w)m(dw)/ |CF (u;dii Gm—-i(t —s,y,2)m(dy)ds

0 R4

Q.

Z MM?>CL ™ Y(m — iK™~ ’< ) a/fp(s x, w) u(dw)ds
i=1 0 p

E

m
. —n— t
<) CCLMM*CL™ (m —i)! K"~ <5>
i=1

Similarly,

Fl
ZC’ / [ 76 wmidw) / |C (“;dff,qm it =5, v, m(dy) ds

le

d

- o CF!
<Zc:,,M(§) / / / = (wldii @W)dn_i(t — s, v, Im(dy)ds

i=1

t
m
. t .
<ZC£,,M(§> CLl"MZ//cim—i(t—s,y,z)u(dy)ds

i=1 t
5 R

Q\Q.

m
\ZCjnM( ) CL='"M2C,(m — i) K™

(by symmetry, Gu—i(t —$,y,2) =gm—i(t —s,z,y) and (3.3))

QI

m
. o A— . . t
— ZC,CjnMM2CL’_1(m — )K" (§>
i=1
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Therefore,

m m 7
~Ll_1
QW(t,xy Z) < § Cl 21+QMM CLl l(m —l)'Km l T —m!21+aMM Ct aCl‘( E Km-i : )
i=1 = i!

Let M| = 21+a M?2C. Then by Remark 3.2, we can choose a small #; such that for 0 < ¢ < 11,

m _Li—l
C: M, ZK’”_’.— < K™, forany m.

i!
i=1
Thus
Gn(t,x,y) <mIMK"1™ &,

i.e. (3.2) holds forn =m
Now we show (3.3) holds for n = m

t
//q_m(S, x,2)u(dz)ds

0 R4

//(ZCZ /f p(u,x, w)m(dw)/lcp(u;dii Gm—i(s — u,y,z)m(dy)du)u(dz)d&

0Rrd V=l 0 pe

Lets —u =v, we get

1
/ /q_m(S, x,)pu(dz)ds

0 R4

//(ZC’ //p(u X, w)m(dw)/ |CF (u;diicjm i(v,y, Z)u(dz)dv)m(dy)du
0 R4 = 0 Rd

ZZ ;n//P(u X, w)(/ /Qm i(v,y, z)u(dz)dv)/ |CF’(U;dii (dy)m(dw) du
i=1 0 pa
- CF!
Z //P(u x, w)Cy(m — i) K" | (w|dii (dy)ym(dw)du
i=1 0 p

:ZC’ C/(m—i)K"™™ ’//p(u X, w)/ |CF (u;dii (dy)ym(dw)du

0 R4

N
ngb

c;,,c,(m—i)!K'"*"GLHMZ//ﬁ(u,x,w)M(dw)du

= ORd
m

o _Li—l
< C,CIMZCm!<ZK’”_"—'>.
l!

i=1
It is clear that for the previous #1, when 0 < ¢ < 11,

m i—1
C[M26<ZK171—[L>
i!

i=1

N

K™,
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Thus

m i—1
A LT
C,C,M*Cm! ZK”H — ) <Cm!K™,
P i!
ie.

t
f/qm(s»x, Z),LL(dZ)dS < C,m!Km.
0 R4
Therefore (3.3) holds forn =m. 0O

Next we obtain a better upper bound of g, (¢, x, 7).

It is clear that for any (¢,x,y) € (0,00) x RY x R4, there exists a positive constant D, such that
Jra P(t,x, y)m(dy) < Dy.

We can also see that for the positive constants L and K < 1 given in Remark 3.2 and Theorem 3.4, and M, C,
which are the upper bounds for M (y) and 2C (x, y) respectively, there exists a constant C > 1 such that

SV |
L"_1M2C<C§n!K", Vi > 1.

Suppose that g > 0 is a bounded measurable function and g < C, mm( Dy 1), where Cg > 1 is a constant, then we
have the following:

Proposition 3.5. There exists t» > 0 such that when 0 < t < 1,

fqn(t,x,z)g(z)m(dz) <CCCin'K", Vn>1. (3.4)

R4
Proof. Whenn =1,

/él(t,x,z)g(z)m(dz)

R4

CF
[ f / Bls. x, wm(dw) / . (w|dﬁ Bt — 5.y ym(dy) ds g(2)m(dz)

R4 0 Rd

F _
//p(s X, w)m(dw)/ |C (w|d)j_)aC Mdyds <by /ﬁ(r—s,y,z)g(z)m(dz)SCg)
0 R4 R4

1
<M*CcC ¢Cr < C2KC Cc <CcC <Ci K

Thus (3.4) holds forn = 1.
Suppose it holds for n < m — 1, we show that it holds for n = m,

/f?m(t,x,z)g(Z)m(dz)

Fl
/ZC‘ //P(S X, w)m(dw)/ |C (U;dii Gm—i(t —s,y,2)m(dy)ds g(z)m(dz)

Rdll 0 Rd

= CF!
=> G //P(S X, w)rn(dw)/| (u;di)x Gm—i(t =5, y,2)g(@)m(dz)m(dy) ds
i=1

0 R4
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Zcz //p(s x, w)m(dw)/ |CFI(“;d£ (dy)ds CCyCy(m — i)IK™

0 R4

f [ 7. wmidw) / CFm(ufdﬁf m(dy)ds Cq

ORd

= Z ClCLIT'M2CCCyCy(m — i) K™~ 4+ L' M2CC,C,

)c,Mzéécgc, + L MTC,C.

Since C; | Oas ¢ | 0,3, > 0 such that when 0 <7 < 1,

Li lKnl
E <—)C,MC , Vn>2,
P i! 2

by the choice of C,
= ~1
L”_1M2C<C§n!K”, Vn > 1.
Thus
— 1 m 1 m ~ m
qm(t,x,z)g(z)dzéim!K CCgC,+§m!K CCeC, =CCyCim!K™,

]Rd
i.e. the statement holds forn =m. 0O

Forthe L, K, C and D5 given above, it is clear that there exists C2 1 such that

L" CD? 1.
z < gc2nur<”, Vn > 0.

_1
(- % —277)d+a 2
We claim that

Theorem 3.6. There exist t3 > 0 and C 1 = 1 such that when 0 <t < 13,
1

d+a
~ t
qn(t,x,z)gclnzK"t—%<1A| |> . Vn>0. (3.5)
X —Z

Proof. Since go(t, x, z) = p(t, x, 7), there exist #;3 > 0 and C1 C2 such that when 0 < ¢t <113,

. 4 lé d+o
Cfo(t,x,z)<C1t_“<l/\ ) ,

|x —z]

i.e. the statement holds for n = 0. Suppose it is true for n < m — 1. We show that it holds for n = m. We write
qm(t, x, 7) into two terms

Gnt.x. z)—ZC’ // Ps. v, w)m(dw)f |CF st =5y Oy ds

0 R4

+ZC’ /f p(s, x, w)m(dw)/ |CF (u;dfi qm-i(t =5, y,2)m(dy) ds.
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First we look at the first term. There are two cases:

1
Case 1. When |x —z| <t«,

ZC’ f/p(s X, w)m(dw)/ |CF (u;dii Gm-i(t = 5.y, 2)m(dy)ds

0 R4

Z %//P(S x, w)m(dw)/ |CF(wldﬁ)ad dsLi‘MCI(m—i)!KmiG)“

0 R4

N
[
i

Since there exists >3 > 0 and 3 < #13 such that when 0 < ¢ < f»3,

n Li—lKn—i e 1 *g 1 .

E — MCE C[<§K, Vn > 1,
1.

i=1

thus in Case 1, when 0 < t < 13,

ZC’ f/ B(s, X, w)m(dw)/ |CFI(“;diiqm it —s,y,2)m(dy)ds < lélm!K’";—%.

2
0 Rd

Case2. When |x —z| > 1. Let B; = [y e R | |y — 7] > wlx =z}, Bo={weR! | |w—x| >
By ={(w,y) eRI xR ||y —z| < f5lx —z, |w—x] <27%|x—2|}. On Bs, we have |w—y| > (1 —

ZC’ // p(s, x, w)m(dw)/ |CF (u;diicjm i(t—s,y,29m(dy)ds

0 R4

= CF'
<xe / [ 76wy f o st =53, ), () ds
=)

+ZC’ //p(s X, w)m(dw)/ |CF (u;dii Gm—-i(t —s,y,2)1p,(wym(dy)ds

0 R4

+ZCl // p(s, x, w)m(dw)/ |CF (UIdi’i gm—i(t —s,y,2)1p,(w, y)m(dy)ds

0 R4

<G /p(s x, w)m(dw)f |CF(w Y 3116 — iy podte L5
=1

|d+a |x _Z|d+a

0 R4

CF(w,y) _

951

-4 1 pm—i -4
i Av207i—1 A o m—i 5 ¢ | LK ! : o 7%
C,M2CL="'Cy(m —i)'K (2) —m;< - M'c 5) GCira

2’%|x—z|} and
__2 z)lx_Z|7

dyds

s .
+ ch //m(dw)clMZZZ(d-Hx) | — Z|d+a |w — y|d+a Gm— l(t s, y,Z)dde Ll—l
d

0 R4
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t

m—1 . Ll‘ _ 1
1 _— -
+ Zcm(l_L_2_%)d+aC//P(57X,w)m(dw)/mf]mi(f—&y,Z)
i=1 10 0 Rd Rd
Lm - 5
-m(dy)ds + CD;—2

a _%_2*%)0%0( 2|x—Z|d+°‘

t

m
< ZCZC;MzéLi_lél(m — l')!Km_ilod—‘ram

m
i A 200 i —igi—l
+Zc;nC1M C22¢ +“)Wct(m INK"L

(by symmetry of ,u—i (t — s, y, z) and Theorem 3.4)

m—
Z L CDy— EC,C m — iK™
P _ % _ 2—%)d+a |x — z|d+e &
<by symmetry of g,,—;(t — s, y, z), Proposition 3.5 and /ﬁ(s, x, wym(dw) < D2>
R4
!
L cpl__ 2
(1___2 )d+a 2|x — z[d+e

It is easy to see that there exists 33 > 0 and #33 < min(#1, #2) such that when 0 < r < f33, the first three terms in
above inequality < lC 1m!'K m%, for all m > 0. We can also have the fourth term in the above inequality <

|
%C1m!K’”m, for all m > 0, by the choice osz and C] C2 Thus in Case 2 when 0 < t < 133,

ZC’ f/P(S x, w)m(dw)/ |CFl(u;di)167m it —s,y,9m(dy)ds < ;Gm!K’"

0 R4

|x _ Z|d+°‘ :
Combining Cases 1 and 2, when 0 < ¢ < min(#23, 133),

1

ta d+a
Cim!K™t~ “ 1A .
|x —z|

Zc’ / [ 7. wmidw) / |CF1(";dfi Gnei(t 5.y, Dm(dy)ds <

0 R4

1~
2
For the second term in the expression of g, (t, x, 2):
CF!
ZC’ //p(s X, w)m(dw)/| (u;dii Gm-i(t —s,y, 2)m(dy)ds.

t R4

Letting t — s = §, the second term becomes

f f Bt —5.x. wm(dw) [ |CF (ufdif,qm /Gy, 2ym(dy) d5.

0 Rd

There are two cases.
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Case (a). When |x — z| < ta

ZC’ //p(t 5, x, w)m(dw)/ |CF (u;d_{iém i(s,y,2ym(dy)ds

0 R4
m 7 1
<chn//€1(%> m(dw )/| (“fdfi‘m iG.y. Dym(dy)ds
i=l ) pa

m -d

.o~ t o . — = ~ ~

< c;nc1<5> L"‘Mchfcim_i<s,y,z)u(dy)ds
i=1 0 Rd

QI

m —
Lo~ t A .
<> CLe <§> LI='M2CCi(m — i)' K™ (by symmetry of §,u—; (5, y, z) and Theorem 3.4)
d

Li lel 1\~ - 4
:m!Z(T)M C(z) C,Cit «.

Since there exists 73 > 0 and f>3 < min(#, #13) such that when 0 < ¢ < f3,
n_opi-lgn—iN ___/1\ "4 1
() e e v
i=1

we have in Case (a) when 0 < ¢ < f23,

CF! 1~
ZC’ f/p(t—s X, w)m(dw)f| (u;diicjm (8, y,m(dy)ds < EClm!Kmt_g,
0 R4
ie.
CF! 1-
//p(s X, w)m(dw)/| (u;diiqm it —s,y,20m(dy)ds < EClm!K'"t_g.
t Rd

Case (b). When |x—z|>t$.LetI§1={yeRd||y—z|>%|x—z|}, ézz{weRﬂ|w—x|>2—%|x—z|}and

éaz{(w,y)eRded||y—z|<%|x—z|, lw—x| <272 |x —z|}. On B3, we have [w—y| > (1 — 5 —277)[x 2],
CF'(w,y) _
ffp(r—s x, w)m(dw)/| |diaqm (G, y, Dym(dy) d§
0 R4

- CF!
<3¢ f [ 76 =5x wmiw) / - (u;diiém Gy, D)5, (Im(dy) d5
i=1

0 R4

+ZC’ //p(t—s X, w)m(dw)/ |CF (u;diiqm i(5,y,2)13 (wym(dy)ds

ORd

CF!
+ch //P(f—s x, w)’"(dw)/| (ufdiiém iy, )1, (w, yym(dy) ds

0 R4



954 C. Wang / J. Math. Anal. Appl. 348 (2008) 938-970

t

m dta=

| CF i . 10
<> c;,,//p(t—s x, w)m(dw)/%ML'—lcl(m—i)!Km—’mdydg
i=1

1—3 CF
+ZC1 //m(dw)C1M22(d+a)| ( ;{)ﬂ (w,y) Gt Goy. 2y ds L1

s lw — y|te
R
Li

+ZC T, //p(t—s X, w)m(dw)/| |d+aq’" i(5,v,2)

i=1 1___2 )+a 0 Rd

m t

-m(dy)ds + 2 2

@ (1___2 )d+a 2|x — z|d+e

m
i—1 /4 _ m—i1nd+o
Z: i CM2CLTICr(m — i)' K™ 10 e

+Zc’ C1M2C22 @+ Ci(m — iK™ i1

|x |d+a
i=1

(by symmetry of §,,—; (3, y, z) and Theorem 3.4)

m—1 ' Li .
C
i=1 " I—-1 - 2__)d+°‘

D P CCyCr(m — i) K™

(by symmetry of ¢,,—; (S, y, z), Proposition 3.5 and /ﬁ(t -5, x,wym(dw) < D2>
R4
L" 2 5
(1___2—*)d+a 2|x—Z|d+o"

It is easy to see that there exists 733 > 0 and f33 < min(#, #2) such that when 0 < ¢ < 733, the first three terms in
above inequality < lClm'K ’"%, for any m > 0. We can also have the fourth term in the above inequality

< %C‘lm!K’” I‘”“ , for any m > 0, by the choice of C2 and C1 C2 Thus in Case (b) when 0 < ¢ < f33,

t

| m
1mK 7|X—Z|d+0‘7

l\)l'd

ZC’ //p(t—s X, w)m(dw)/ |CF (u;d—);i Gm—i(8,y,2m(dy)ds <

0 R4

i.e.

CF'(w,y) _ 1~ t
ZC! //p(s X, w)m(dw)/| |d+aqm —i(t—=s5,y,29m(dy)ds < <5 lm!Kmm.
Rd

Combining Cases (a) and (b), when 0 < ¢ < min(f3, £33),

i é d+o
ZC’ f/ P(s, x, w)m(dw)/|CF (u;dfi—m (¢ —s,y, Dm(dy)ds < > CmIK"™1~ a(l/\ t ) .

2 |lx —z|
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Therefore when 0 < t < t3 = min(t23, 133, 123, 33),

= d ra \dte
Qm(l‘,X,z)éClm!K’"t_E(l/\ | |> ,
X —2Z

i.e. the statement holds forn =m. O

By the above theorem, we have for 0 < ¢ < 13,

a7 (t,x,2) e i 1
Yy S <Y GKTE =6y =
n=0 ’ n=0

QI

1-K

Since |g, (¢, x, 2)| < gnlt, x,2), Z;ﬁo(—l)"w is uniformly convergent on [¢, 3] x R? x R4, for any € > 0.
Letg(t,x,2) = Z;ﬁo(—l)"w. Then ¢(t, x, z) is well defined on (0, 13] x R¢ x R?.

Next we show that g (¢, x, z) is joint continuous on (0, f3) X R? x R,

Since ¢(t,x,z) = Zfzo(—l)"%f’@ is uniformly convergent on [e,73] x R? x R for any ¢ > 0, to show
q(t',x',2) = qt,x,2)as (', x', 7)) = (t,x,2) € (0, 13) x R? x RY, it is sufficient to show g, (t', X', 2’) = qn(t, x, 2),
i.e. g, (¢, x, z) is joint continuous at (¢, x, 7).

To obtain joint continuity, the following lemma is needed.

Lemma 3.7. For any (s, x, w) and (s, x’, w) € (0, 00) x R? x R4,

1
1. if|x' —w| > %|x —w|or|x' —w| < %|x — w| with %|x — w| < s, then there exists some constant K such that
p(s,x', w) < Kyp(s,x, w),
1
2. if Ix' — w| < $|x — w| with §|x —w| > s, then |x — x'|* > s,

where p(t, x, w) is the transition density of the a-stable-like process X.

Proof. There are three cases.

Case 1. When |x’ — w| > %|x —w|,

1 1 1
sa 25« sa
A <1A <2{1IA——).
|x" — w| [x —w| |x — w|

Combining this with (1.1), there exists a positive constant K1 such that p(s, x’, w) < K11 p(s, x, w) in this case.

. 1
Case 2. When |x' — w| < %Ix — w| with %lx —w|<se,

RI=
RI=

1
S7>_ and S—>1‘
[x —w|] = 2 [x" — w|
This implies that

1 1
1 sa sa
—<IA—<K1 and 1A—=1.
2 [x —w| |x" — w|

Combining this with (1.1), there exists a positive constant K such that p(s, x’, w) < K12 p(s, x, w) in this case.

. 1
Case 3. When |x’ — w| < %lx — w| with %|x —w|>sa,

RI=

1
IX—X'I>§|x—w|>s :

because if |x —x'| < %|x —w|, then |x — x| + |x’ — w| < |x — w|, which contradicts the triangle inequality |x — x'| +

1. . .
[x" —w| > |x —w]|. Thus |[x — x| > s2,ie. |x —x'|* > s in this case.
Define K| = max(K, K12). Then the statement holds. O
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Next we show the following property holds.
Proposition 3.8. g, (¢, x, z) is joint continuous on (0, 13) X RY x RY, foralln > 0.

Proof. We use induction.

Since p(¢, x, z) is joint continuous and go (¢, x, z) = p(t, x, 7), the statement holds for n = 0.

We assume g; (¢, x, z) is joint continuous on (0, £3) X R4 x R4, for all i <n — 1. We want to show gn(t,x,z2)is
joint continuous on (0, 73) x RY x R4,

Recall the definition of g, (¢, x, z):

qn(t,x,z) = ZC' //p(s X, w)m(dw)/ 2C(w, z)jdg:i Y) Gn-i(t —s,y,2)m(dy)ds.

= 0 Rd

Fix (¢,x,z) in (0,13) x R? x R?. Let (¢, x',7/) — (¢, x, 7). Since ' — ¢ and ¢ < t3, we can assume %t <t <ts.
The difference between gy, (¢, x, z) and g, (¢', x', Z'),

gn(t,x,2) —qn(t’ x', 7))

2C Fi
_ZC’ //P(S X, W)M(dw)/ (w, i}) |d5:5 . Y) gt — 5, v, D) liscnym(dy) ds

TS
2C(w, y)Fi (w,
_ch//P(s x', wym(dw )/ ( i) |d(+a Y qn—i(t' = 5,9, ) ls<mym(dy) ds
i=1 0 R4

2 [
_ch // pls,x,w) — p(s,x', w) m(dw)/ cw e,y Gn—i(t —5,y, ) lis<ym(dy) ds

— y|d+a
= 0 pd

2C Fi
+ch// (s, x', wym(dw )/ - i) . ) an—i(t =5, ¥, DA sy — Ysonrpm(dy) ds

yldte
=1 g
2C Fi
+ch //1’(5 x' w)m(dW)/ e i) |d(+ua) y)( n—i(t =5,9,2) = qui(t' = 5,9,2))
= 0 R4

. 1{v<mﬂ}'n(dy) ds

2C F!
+ch f/p(s x', wym(dw )/ - i) |dEr1;} y)( neit' —8,9,2) —qni(t' —5.y.2))

= 0 pd
: 1{s<tAt’ m(dy)ds

2C Fi
+ZC’ //p(s X', wym(dw )/ (w, i) |di1;) . y) i — 53,2 (Lscons) — Lig<ryym @) ds.

= 0 Rd

In the following, we check the convergence of all the five terms in the above expression.
For convenience, we need to define some sets.
For given x and x’ in R¥, define A as the set {(s,w) € (0,13) x R? | |x' — w| > %|x —w|, or |x’ —w| <

. 1
Tlx — w| with Jx —w| < 5@}

. . . 1
For given x and x’ in R?, define B as the set {(s, w) € (0,#3) x R? | |x’ — w| < %|x — w| with %|x —w|>sa}.
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For given z and 7’ in RY, define A as the set {(5, y) € (0,13) x R? | |2/ — y| > 1|z — y|, or |z — y| < 1]z — y| with
1
Sz =yl <su).

. . ~ ~ . 1
For given z and z’ in R?, define B as the set {(5, y) € (0,13) x R | |z/ — y| < %lz — y| with %|z —y| > sa}.
The first term in the expression of g, (¢, x, z) — ¢, (¢', x’, z’) can be written into two parts

2C F'
ZC! // p(s,x, w) — p(s,x’, w) m(dw)/ (w, z) |d5_';) y) n_i(t—s,y,z)l{sg%}m(dy)ds

= 0 Rd

2C F'
+ZC’ // p(s,x, w) — p(s, x', w) m(dw )/ W, i) |d5_1;) Y) n,i(t—s,y,z)l{%qgt}m(dy)ds.

= 0 Rd

The absolute value of the first part

2 Fi
f/ p(s.x, w) — p(s, x', w) m(dw)/ cu. i) |d5:5 ) qn—i(t —s,y, 2)m(dy)ds

= 0 Rd

CF!
ZC’ //|P(S x,w) — p(s,x’ w)|m(dw)/| (u;dii Gn_i(t —s,y,2)m(dy)ds

= 0 Rd

(where C, F and G,_(t, v, z) are the same ones in the proof of Theorem 3.4)

. CF!
<ZC //|p(s x,w) — p(s, x/, u))|1A(s w)m(dw)/ (u;d-)éi gn-i(t —s,y,2)m(dy)ds

i=l1 0 Rd

t
n

+ZC;//|p(s x,w) — p(s,x", w)|1p(s, w)m(dw)/%_n i(t—s,y,2)m(dy)ds

i=l1 0 Rd

ZC’ff(K1+1)p(s X, w)m(dw)/ |CF (“;di)y Gni(t —s,y,2)m(dy)ds
S

x—x'|

+ch / /p(s x,w) — p(s, x’, w)\m(dw)/ |CF (u;dii Gn-i(t —s,y,2)m(dy)ds

(Lemma 3.7 is used here)

_d
ZC’MM CL'(n— i) K"~ ’(K1+1)< > “//p(s X, w) u(dw)ds
i=1 0 Rd

x—x"|*

/ / D(s,x,w)+ p(s, x/, w)) (dw)ds

n d
o

+ZC’MM CL™'(n —i)K"™ ( )

i=1

((3.2) is used here. M, M, C, L, K and p p are the same ones in the proof of Theorem 3.4)

n p—
. —_—— . t o
<D C;MMZCL'—l(n—i)!K"—'(Kl+1)<§> C,
i=1
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+ZC MMACLI = (n — i) K"~ z( ) / /p(s x,w)+ p(s, x/, w))u(dw)ds

i=1

t
where C; = sup //ﬁ(s,x,w)u(dw)ds .
xeRd

0 Rd

d lx=x'|¢
o

Notice that C; < co and as x” — x,
lx—x"|*
/(ﬁ(s, X, w) + B(s, x'w)) u(dw) ds

0 Rd

Jx—x'|* lx—x'|*

/ /p(s x, w) u(dw)ds + / /p(s x', w) u(dw)ds — 0.

R4 R4
Thus when x” — x, by the dominated convergence theorem,

t

; CF! (w,y) _
ZC |p(s,x,w) — ps, x’, w)|La(s, wym(dw) m n—i(t —s,y,2)m(dy)ds — 0,
= 0 pd
and because of the convergent upper bound,
Fi(w,y) _
ZC’[ﬂp(s xow) = pls,x's w)| 15, w)m(dw)/| (ldﬁ Gn_i(t — 5.y, 2ym(dy)ds — 0.

i=l 0 Rd

Therefore the first part of the first term goes to 0 as x” — x.
Now we look at the second part of the first term.
The absolute value of the second part

2C (w, y) F (w,
ZCz ff (s, %, w) — p(s, x', w) m(dw)/ (ﬁ; i)yw(ﬁj y)qn_i(t—s,y,z)l{%qgt}m(dy)ds

= 0 Rd

CF!
ch //|P(S x, w) — p(s,x, w)|m(dw)/| (u;diic?n ((t—s,y, 2m(dy)ds

= th

t_

ZC’2M( ) E/// CF! (u;digm(dw)qn i(t—s,y,2m(dy)ds ((3.2)is used here)
<Zc;;2M<%)_aEL"1A_42€,(n—i)!1<”"
i=l1

(by symmetry, Gn—i (t — 5, y,2) = Gn—i(t — s, 2, y) and (3.3))
< o0.

Thus by the dominated convergence theorem, the second part of the first term goes to 0 as x’ — x.
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For the second term, its absolute value

2C Fi
/ / ps. ', wym(dw) / w, f) |d(+"; D i = 5,9, D n) — Lyonem(@y) ds
i)

ZC’ //p(s x’ w)m(dw)/ |CF (u;diiq_n it —s,y,2)m(dy)ds

t/\t’ R4

ZC’ / / p(s. X', wym(dw) / ICF it = sy mdy) ds

&

é;CéM( ) E/// CF (u;dizl m(dw)qn—i(t —s,y,z)m(dy)ds ((3.2)isusedhere)

—RR
d
o

ZC’ < )_ CL'M*C,(n—i) K"

(by symmetry, Gu—i(t —,y,2) = Gn—i(t — 5,2, y) and (3.3))
< Q.

Thus by the dominated convergence theorem, the second term goes to 0, as ' — ¢ and x” — x.
For the third term, we can write it into two parts:

2C Fi
ZC’[/P(H w)m(dw)/ O ) (it =5, 9.2) = @ai (0 = 5, 9, D) Ly (dy) i

_y|d+a
= 0 Rd

2C Fi
_Zcz // (s, x", wym(dw )/ (w, i) |d5:5 y) (Gni(t = $.3.2) — qui (€' — 5.y, 2))m(dy) ds

= 0 Rd
tAt

+ZC’ //p(s % w)m(dw)/zc(w f)ﬁd(jjj D (it = 5.9.2) — dui (' — 5. y.2))m(dy) ds.
LR

The absolute value of the first part of the third term

2C Fi
ZC’ //p(s x', wym(dw )/ (w, i)y|d$11) y)( n—i(t = 8,9,2) — qn-i(t' — 5, y,2))m(dy)ds

= 0 Rrd

2 i
ffp(s X w)AGs, w)m(dw)/ clw. f)Fld(jfj D (guitt = 5.3.2)

= 0 Rd

—gn—i(t' — 5.y, 2))m(dy)ds

//p(s w1, w)m(dw)/zc(w f)ﬁd(fj D (it = 5.3,2)

= 0 Rrd

—qn—i (t/ -5, Z))m(dy) ds
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Fl
ZC’//Klp(s X, w)m(dw)/ |C (u;d_{i Gn—i(t — s,y,z)+cjn,i(t’—s,y,z))m(dy)ds
= 0 R
lx—x"|%

ZC’ / / (s, x’ w)m(dw)/|CF (u;dil Gn—i(t —5,9,2) + Gu—i(t' —5,y,2))m(dy) ds

(Lemma 3.7 is used here)

|
B

L
n 2
<) CiMM*CL™'(n —i)!K"_iKIZ(é) //ﬁ(s,x, w) w(dw) ds
i=1 0 Rd
B a4 =
+ZC};MA726L"—1(n—i)!K"—"z(é> ’ / /ﬁ(s,x’,w),u(dw)ds ((3.2) is used here)

i=1

QI

n —
L . , t

<§ C,;MM2CLZ—1(n—i)!K"—’K12(6> C

Jx—x"|*

/ /p(s X', wypn(dw)ds.

It is clear that C; < oo and as x” — x, fo‘x_x I* Jga P(s, X', w)p(dw)ds — 0.
Thus when ' — ¢ and x’ — x, by the dominated convergence theorem,

m&

n
+Y CiMM*CL™ ' (n— )K"~ lz( )

i=1

2C Fi
ZC'//p(s X w)lAGs, w)m(dw)f w, f) |d(jfj D (it —5,7,2) = quil@’ = 5, v, )m(dy) ds
=
— 0,

and because of the convergent upper bound,

2C Fi
ZC'ffp(s X )15, w)m(dw)/ w. f) |d(+“; D (it =5, ,2) = guil@' = 5, v, D)m(dy) ds
= 0 Rd y
— 0.

Therefore the first part of the third term goes to 0 as t' — 7 and x" — x.
The second part of the third term

At

ZC' //p(s X w)m(dw)/2c(“’ ) (= 53,2 = us (= 5.y, 2))m(dy) ds

_ y|d+a

t Rd
5 R

l——

2
_ch / /P(t—s x', wym(dw )/2C(w i)F (w,y) dni Gy m(dy) d

y|d+a

t—tAY RA

ti,

_ZC’ f fp(t —5,x', wym(dw )fZC(w i)ﬁdilfx) y) dni Gy m(dy) d

t'—tAt R
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(by transformations § =¢ — s and § =t — s respectively)
y Y y

_ZCl/f p—35,x' Wy <o p(t,_E’x/’w)1{1/*1N’§5<ﬂ*%})m(dw)

i=1 0 Rd
2C(w, y)Fi(w, y) N )
/ |w_y|d+a C]n—i(S, y, Z)m(dy)ds
R4
Notice that

R

d
o

- r\
and p(t/ — S, .x/, w)l{[’—tAt/gfgt/—%} g M(—> .

., 1\~
p(t_s’x’w)l{t—mt’<s<t——} M(E) B

Thus the absolute value of the second part of the third term

Zc 2M< ) ’ / / / cr )G, . ) d5
_d

n
. t o
<ZC22M<§) CL’*‘MZf/én_i(i,y,z)u(dy)ds
i=1 0 Rd

&2

_d
a

n

. t L .

< Zc,;zM<§) CL™'"M?Cyy(n —i)! K"~
i=1

(by symmetry, Gu—i(t — s, ,2) = Gn—i(t — s, 2, y) and (3.3))
< 0.

Therefore by the dominated convergence theorem, the second part of the third term goes to 0 as ' — 7 and x’ — x.
For the fourth term, we can write it into two parts

2C Fi
ZCl //p(s X U))m(dU))/ (u) i)y|d5_l’;) y)( Il—i(t/_s’ Y, Z) _qn—i(t/_sv Y, Z/))l{sgt/\l/}m(dy)ds

= 0 Rd

2C Fi
_ch //p(s )C w)m(d )/ (w j) |dS’: Y)( n—i(l/—S,y,Z)—Qn—i(l/—S,y,z/))m(dy)ds

= 0 Rd

N

2 Fi
+ZC’ //p(s x w)m(dw)/ C(w, i) (w, )’)( n_i(l/—s,y,z)—qn—i(t/—S,y,z/))m(dy)dS,
5

y|d+o{

The absolute value of the first part of the fourth term

ZC[ //1’(‘ x w)m(dw)/ 2cw, E)F . y)( n—i(t' = 5,9,2) = qu-i(t' — 5, y,2))m(dy) ds

y|d+a
= 0 Rrd

2C(w, y)F!
//p(s X' w)La(s, wym(dw )f w, i) ldi’jj D (git' —5.7.2)

= 0 R

—qn—i (t/ -5, Z/))m(d)’) ds
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//p(s x', w)lp(s, w)m(dw)/ 2C(w, i)j;g_lg y)

= 0 Rd

— gn—i(t' =5, y,2))m(dy)ds

( nfi(f/_s,)’az)

CF!
ZC’//Klp(s X, w)m(dw)/| (w|dii Gn-i(t' =5, 9,2) + Gn-i(t' — s, y,2))m(dy) ds

= 0 Rd

lx—x'|*

ch / f (s, xs wym(dw) / |CF (“;dfi Gnei(t' = 5,9, 2) + Gui(t' =5, v, 2))m(dy) ds

(Lemma 3.7 is used here)

Q\&.

t
ZC’MM CL '(n—i)K"™ ’K12(6>
i=1

d x=x'|
@

i=1

|
RN

t
ZC’MM CL '(n—i)K"'K;2 g) C,
i=1

[x—x"|*

Rl

-
+ZC MM2CL~'(n— )K" lZ(g)
i=1

Zc’ // (5, w) 1 aCs, w)m(dw)/zc(w f)ﬁd(ﬁ: D (guei (= 5.7.2)

= 0 Rd R4

-0

)

and because of the convergent upper bound,

2 i
ZC’ // (s.x", w)1p(s, wym(dw )/ clw. f)F w, y)( n—i(t' —s.y.2)

y|d+ot
= 0 R

— 0.

Therefore the first part of the fourth term goes to 0 as ¢’ — ¢ and x’ — x.

/ p(s,x, w) u(dw)ds
0 R

/ /ﬁ(s,x’, w)p(dw)ds.
0 Rd

It is clear that C; < oo and as x’ — x, f‘x I Jga P(s, X', w)p(dw)ds — 0.
Thus when ' — ¢, x’ — x and 7’ — z, by the dominated convergence theorem,

+ZC MIF2ELI (0 — iK™ ’2<é) / /p(s X/, wyn(dw)ds ((3.2) is used here)

—Gn-i(t" =5, y,2))m(dy) ds

—qn-i(t' =5, y,2))m(dy) ds



C. Wang / J. Math. Anal. Appl. 348 (2008) 938-970 963

The absolute value of the second part of the fourth term

At

2C F!
//p(sx w)m(dw)/ w, f) |d(+’fj D (st = 5,9, 2) = @it — 5,7, 2))m(dy) ds

t Rd
;5 R

2C(w, y)Fi(w, y) N
ZC!// (=5, x", W)yt }m(dw)/ o — Y[ (gn-i5.y.2)
R4

= 0 Rd

— qn—i(5,y,2))m(dy)ds| (by transformation § =1 — s)

2C(w, y) F (w, y) .
f/p(t —S X W)l{t/ Y AtSE<t— }m(dW)/ (Qn—i(sa J’aZ)
R4

|u)—y|d+"
= 0 Rd

- qn—l‘(gs Vs Z/))IA(*;s )’)m(d)’)dg

2C Fi
//p(t —5,x, W) Ly nr<icr— r}m(dw)/ (w, i) |d£rlg y)( n—i(5,y,2)

= 0 Rd

—qn-i(3,,2))13G, y)m(dy) ds

&.

SN @ CF!
<> ( ) f// (”;dﬁm(dw)(qn 163 2) + i Gy, )15 G YIm(dy) d5

CF!
+ZC M( ) / [ [ m @) @163, + 80 G ) 156y 5

0 R4 R4

L - CF
<Zc;M<%) 1 — K ’MI/// (“;dfi @w)(pG. y.2) + pG.y. )
i=1
15, y)m(dy)ds
S i AN n—i CFl(w J’) ~ ~ ’
+;C,1M(§> Ci(n—i)'K le//lw— d+a m(dw)(p3,z,y) + pG.y.7))
135, y)m(dy)ds (by Theorem 3.6 and (1.1))
~ 0\ pn—i L =152 [ . .
<> cim 5) G-k T //(Kl—i-l)p(s,y,z).u(dy)ds
i=1 ! 0 pa

lz—=2'|*

= 1
+ZC;,M(§) Cin = iK™ CLI / fp(s y.2) + PG, y. ) n(dy) s
i=1

(by Lemma 3.7)
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n
, t ~ 1 -
< ZC,;M<§> Ci(n—i)K"™ ECL’_IMz(Kl +1)C,

QI

n _d |l==2I"
+ZC;M(%> “él(n—i)zK"—fMiléLi—lz\? / /(ﬁ(i,y,z)+1_7(§,y,z/))u(dy)d§.
0 Rd
Notice that C;; < 0o and as 7/ — z,
lz—=2'|* lz—=2'|* lz=2'|*
/(p(s y,2) + PG, y,2)) udy)ds = / /p(s ¥, 2) u(dy)ds + / /p(s y.2) u(dy)ds
0 Rd R4 0 Rd

—>O.

Thus, when ¢’ — ¢, x’ — x and 7’ — z, by the dominated convergence theorem,

2C(w, y)F'(w, y) 8
ZCt //p(t =5, x w)ly NG — z}m(dw)/ W — y| (gn—i(,y.2)

= 0 Rd
_qn—i(sa yaz )) A~(Sa Y)m(d)’)ds

— 0,

and because of the convergent upper bound,

2C F!
ZC'/fp(t — 5.2 W)y r}m(dw)/ w, f) |d(+’jj 2 (4G y.2)

i=1 0 Rd
— gqn-i(5,y,2))13G, y)m(dy)ds

— 0.

Therefore the second part of the fourth term goes to 0 as t' — 7, x’ — x and 7/ — z.
Now we look at the fifth term. We can write it into two parts

2C Fi
ZC' / / (s, %, wym(dw) / 0 D) 0 = 5.3, )y oney — Ly ds

_y|d+oz
= 0 Rd

2C Fi
_ZCZ/ / ps.x', wym(dw) / w, f) W) it = 5,9, )y ciny — Lis<rym(dy) ds

|d+ot

= O]Rd

2C(w, y)Fi(w, y)
+ZC’ / / ps.x' wym(dw) f 2 e i@ = 5. 3.2 ) A g<onry = Ls<i)m(dy) ds.

The absolute value of the first part

2C Fi
= / f p(s. x', wym(dw) / W EW.Y) =53, D) Uy coney — L<rpm(dy) ds

_y|d+oz
= 0 Rrd

2C(w, y)F' (w, y)

ZC’//P(S X w)la(s, wym(dw )/ [ Gn—i(t" —5,.2)

= 0 Rd

N
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(Msgenry — Lsgypm(dy) ds

2 Fi
ZC’// (s.x w) 15, w)m(dw)/ iV =53,

= 0 Rd

“(sginry — Lsgrypm(dy) ds

ch //Klp(s X, w)m(dw)/ |CF (u;dii Gn-i(t' —s,y,2 Yym(dy)ds
]Rd
Jx—x"|*

+ZCZ / / (s, x’ w)m(dw)/ |CFl(u;di267n ;' —s,v,7)m(dy)ds (Lemma 3.7 is used here)

af/p(s x,w) u(dw)ds

0 R4

Zc MM?*CL"'(n — i)' K" 'K,
i=1

a lx=x'1
Ta

/ /p(s x, wypn(dw)ds ((3 2) is used here)

i=1

n
<) CiMM*CL™'(n— )K" 'K,
i=1

—d lx—x"|*

+ZC’MM CL '(n—i)Kk" / /p(s x, wypn(dw)ds.

i=1 0

+) CiMM*CL™ (n—i)K"~ ’<

x—x"|%

It is clear that Ct <ooandasx’ — x, [; Jra P(s,x", w)p(dw)ds — 0.
Thus when ¢’ — ¢, x’ — x and 7’ — z, by the dominated convergence theorem,

2C Fi
ch // (s, x", w)las, w)m(dw)/ w, z)y|df:¢1¥) ) gn—i(t' = 5,9, DA s<inry — Lis<rpm(dy) ds

= 0 Rrd

—0

)

and because of the convergent upper bound,

2C F!
ZC’ / / pls.x' w) 15 (s, wym(dw) / w, f) |d(+’fj D i€ = 5.3, ) sony = Vsm(dy) ds

= 0 Rd

— 0.

Therefore the first part of the fifth term goes to 0 as # — ¢ and x" — x.
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The absolute value of the second part of the fifth term

2C Fi
ZC’ / f p(s.x', wym(dw) / w, f) W) it = 5.9, ) sinsy — Lis<rym(dy) ds

y|a’+a

2C(w, y)Fi (w, _ , .
//p(r — 5., w)l{s<ﬂ_m}m(dw)/ W E.Y) Gy, 2 mdy) ds

|w_y|d+0t

= 0 pa
(by transformatlon s=t'—s)

2C(w, y)Fi(w, e y
ZC’//p(r — 5., w)l{s<ﬂ_w}m(dw)f WD) Gy, 214G yym(dy) d5

— ), |w—y|d+°‘
- ]R
2C(w, y)F' (w, y) - . .
ZC’[/p(t -5, x )l m}m<dw>/ P Gn—i 3.y, )13, yym(dy)ds
= 0 pd

&

@ CF!
ZC’ ( ) [ f f |w_(“;d£, (dw)gn—iG. . )1 3G, yym(dy) d5

T (2\ @ CF' o B
+ZC;M(§> / / f (“;dii m(dw)gn—i G, y, )1 3G, ym(dy) ds
i=1

0 Rd R4

Q.

.

d 3
“é Y n—ii_ i—1772 — = =
1(n =K M CL'™ M Kip(s,y, 2)u(dz)s
0 R4

2
< ZCQM(y)
i=1

_ lz—2'|

(2 N 1
+ZC,’,M(§t) Cl(n—i)!K”_’ECL’_le / fﬁ(i,y,z’)m(dy)dg
. J

QU

(by Theorem 3.6 and (1.1), then by Lemma 3.7)

n
. 2 a . 1 -
<ZC,;M<§z) cl(n—i)!K”*’VCU*‘MZC,3
i=l1

1

lz—=2"|

"2 1
+§ :C;,M<§t> Ci(n—iNK"™ lM CL~'M? / /p(s v, Z)u(dy)ds.
i=1

Notice that Cy; < 0o and as 7/ — z, fo‘z_z | Jra PGy, 2 u(dy)ds — 0.
Thus, when ¢’ — ¢, x’ — x and 7/ — z, by the dominated convergence theorem,

2C (w, y)Fi(w, y) . . -
th / / P& = 5,2 w) s —eneym(dw) / i (5., )G ym(dy) dS
= "))

and because of the convergent upper bound,

2C (w, y)Fi(w, o .
ZC’// ' -5 x' w)1{5<t/,m,}m(dw)/ W, ) F (w y)qn_i(s,y,z)lé(s,y)m(dy)ds—>0.

|w_y|d+a
= 0 pd

Therefore the second part of the fifth term goes to 0 as ¢/ — ¢, x’ — x and 7/ — z.
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In conclusion, all the five terms in the expression of g, (f, x,z) — g, (t', x',7') gotoOast' — t,x’ —> x and 7' — z.
This means that g, (7, x, z) — g, (t', x’, z') goes to 0 as t’ — ¢, x’ — x and 7z’ — z. Thus the statement holds for i = n.
By induction, the statement holds forany n > 0. O

Since g(t,x,2) = Y neo(=1)" W is uniformly convergent on [e, 13] x R? x R for any € > 0, Proposition 3.8
implies that g (¢, x, z) is joint continuous on (0, #3) X R x R4,
We have the following properties for ¢ (¢, x, z):

Proposition 3.9.

@) f]Rd q(t,x,z2)g(z)m(dz) =E, [efA’g(X,)], for any g bounded measurable and any t € (0, t3),
(ii) ./Rd q(t,x, y)qu, v, z)m(dy)_: q(t+s,x,2), foranyt,s € (0, 13).
(ii)) g, x,2)| < L3p(t,x,2) < L3p(t, x, 2), fort € (0, 13),

where L3 is a positive constant depending on t3, p(t, x, z) is the transition density of the a-stable-like process X and
p(t,x,z) =p(t,x,z) + p(t, z, x).

Proof. (i) is straightforward. (ii) comes from (i), continuity of ¢(z,x,y) in x and y and the Markov property.

(iii) comes from Theorem 3.6 and the fact that |g, (¢, x, 2)| < g, (¢, x, z), and Z;O:() w is uniformly convergent

on [e,13] x RY x R4 foranye >0. O

We can extend the joint continuity of ¢ (z, x, z) to (0, c0) X R x R4, The argument is the following:
By (ii) of Proposition 3.9, for any given ¢, s € (0, 13), fRd q(t,x,y)q(s,y, z2)m(dy) =q(t + s, x, 7). Suppose (' +
s,x',7) = (t+s,x,z). Since t' — r and 7/ — z, we can assume that t' > % and |z — z|* < s for given s > 0.
The difference between g (t + s, x, z) and g(t' + s, x’, z’) can be written as the sum of three terms:
gt +s,x,2)—qt' +5,x,2)=(q@t +5,x,2) —q(t" +5,x,2) + (q(t' +5,x,2) —q(" +5,x",2))
+ (g +5,x",2) —q(t' +5,x',2)).

The absolute value of the first term

|q(l+S,X,Z)—q(l/+S,X,Z)| z'/(Q(I»st)CI(S’)’sZ)_C](I/»x’y)‘](svy»Z))m(d)’)‘
R4
= ' /(q(t,x,y) —q(t’,x,y))q(s,y,Z)m(dy){
R4

< fZ3(p(t, x,¥)+p’,x,y)|q(s, y,2)|m(dy)
R4
(by (iii) of Proposition 3.9)

_d _d
</Z32(%) |q(s,y,z)|m(dy)=lj32<%) /|q(s,y,z)|m(dy)
R4

R4
d
o

<Zgz(%> Z3/1_)(s,y,z)m(dy) < o0,

R4

Thus, by the dominated convergence theorem, ¢ (¢ +s,x,z) —q(t' + s, x,7) goesto 0 as ' — t.
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The absolute value of the second term

lgt' +5,x,2) —q(t' +5,x, 2)|

= ‘ [(q(t/,x,y)q(s,y,z)—q(t’,x/,y)q(s,y,z))m(dy)‘= ‘ /(q(t/,x,y)—q(t’,x/,y))q(s,y,z)m(dy)
]Rd

R4
</Zg(p(t,x’,y)—i—p(t’,x/,y))|q(s,y,z)|m(dy) (by (iii) of Proposition 3.9)
R4
p _d p _d
</232<§) !q(s,y,z)|m(dy)=232(§> /Iq(s,y,Z)Im(dy)
R Rd

d
_ t\ «_
< L32<§> L3/5(S,y,z)m(dy) < 00.
]Rd
Thus, by the dominated convergence theorem, g(t' +s,x,z) — g’ +5,x’,z) goesto 0 as ' — ¢ and x’ — x.
The absolute value of the third term

lqt' +5,x",2) —q(t' +5.x',2)]
- ‘ /(Q(I/,X’,y)q(s,y,z)—q(t’,x/,y)q(S»ysZ/))m(dy)‘: ‘/Q(ﬂ’x,’”(q“’yv@_‘I(S’y’z/))m(d”
R¢ R

o)

Iq(s,y,z)—q(s,y,z’)|m(dy)</fs(%) “La(p(s. y.2) + p(s. y. 2))m(dy)

QI

R4 R4
: _d
</Z3<§> L3{(K1 + D p(s,y.2) + (p(s, y.2) + p(s. ¥, 2)) (==} }m(dy)  (by Lemma 3.7)
]Rd
: _d
= / Z3<§> Ly (K| + Dp(s,y, zym(dy) (Iz —7|% < s implies L{jz—z/ | >s) :O)
Rd
_d
_ [t o _
< L3<§> L3(Ky+1) / p(s,y,2)m(dy) < oo.

R4

Thus, by the dominated convergence theorem, ¢ (' +s,x’,z) —q (' +s,x’,7') goestoOas ' — 7, x' - x and 7 — z.
In conclusion, g(t +s,x,z) —q(t' +s,x’,7') goestoOas ' — ¢, x’ — x and 7/ — z.
This shows that we can extend the joint continuity of ¢ (¢, x, z) to (0, 2#3) X R? x RY . Tt is easy to see that by (ii)
and (iii) of Proposition 3.9, |¢ (¢, x, 7)| < Z% p(t,x,z) for t € (0, 213). Repeating the above procedure, we can extend
the joint continuity of g (z, x, z) to (0, 00) x R? x R? and have the following property:

Proposition 3.10.

@) fRd q(t, x,2)g(x)m(dz) =E [e 4 g(X,)], for any g bounded measurable and any t > 0,
(i) fRd qt,x,y)q(s,y,2)m(dy)=q(t +s,x,2), forany t,s > 0,
(iii) there exist positive constants Cz and C4 such that
1

ta

4 d+a
q(t,x,z)<c3ec4’r—a<m ) . V(t,x,y) € (0,00) x R x RY.

|x —z|

Thus the upper bound of g (¢, x, z) is obtained.
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Next we look at the lower bound of ¢(z, x, z).
We consider M . By Theorem 3.6 and (1.1), there exists a large number k such that when 0 < ¢ < 13,

t
w <5p(tx.2). Vo) eR! xR (3.6)
It is clear that |q1(t x|« ql(t 2 (3.6) implies that when 0 < ¢ < 13,
1,x,2 1,x,2
p(t,x,2) — % zpt,x,2) — % z —p(t,x,2).

A
We know [ Wg(z)m(dz) = ]Ex[%g(Xt)], for any g measurable. Since 1 — 42 < e~ T, we have

k
g (1 A’) (X)) IE[—% (X0)]
B, * T A IR SRR A

Thus
Ll s (0] < ——Eu[e ¥ 15, (X))]
2 |By| " |B,| g
1 4 T/ - , _
<<|B lEx[e rIBr(X,)]> (|B| [lB,(Xz)]) (by Holder inequality).
)
Therefore
o Ex[1B, (X1)] 1 i
2\B| t <<—Ex[eAler(Xt)]> ,
(Bl (X' —E  \IBr|
ie.
1/ 1 3 1 ;
1 (X < E,[e A 1p (X :
<|B| L1 ’”) <|Br| e 1a ‘)D
i.e.
L B s (X)) < B e 15 (X))].
2k | By | ’ =By ’

Let r | 0, we have

1
P x.2) < q(t.x.2).
Therefore when 0 < 1 < 13,
1 t& d+a
M1t_3<1/\ ) <q(t,x,z).
2k lx —z|
Applying (ii) of Proposition 3.10, we have

1
o

d+a
q(t,x,2) > Cse™Col 1~ (1 A ) . V(t,x,2) € (0,00) x R? x RY,

lx —z|
where Cs and Cg are positive constants.
Combining this with (iii) of Proposition 3.10, we establish the lower and upper estimates of ¢ (7, x, z) as follows.

Theorem 3.11. There exist positive constants C3, C4, C5 and Cg such that

ta d+a B Z‘& d+a
Cse C6'¢ "(1/\ ) <q(z,x,z)<c3ec4’z—a<1/\ ) (3.7)
|x — z| lx —z]

forall (t,x,7) € (0,00) x RY x R4,
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