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1. Introduction
In this paper we are concerned with the number of nonnegative solutions of the elliptic system

1
—Au=Qqu(u,v)+ ?Hu(u, v), ing,

1 ) (P)
—Av=Qy(u,v)+ 2—*Hv(u, v), ing£2,

u=v=0, on ds2,

where £2 c RN is a bounded smooth domain, N > 4, 2* := 2N/(N —2) and Qy, Hy and Q, Hy, are the partial derivatives
of the homogeneous functions Q, H € C'(R2, R), where R2 := [0, 00) X [0, 00).

We are interested in the case that H has critical growth. More specifically, the assumptions on H = H(s,t) are the
following.

(Hp) H is 2*-homogeneous, that is,
H(®s,0t) =6> H(s,t) foreach® >0, (s,t) e R2;
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(H1) Hs(0,1) =0, He(1,0) =0;
(Hy) H(s,t) > 0 for each s, t > 0;
(H3) Hs(s,t) >0, He(s,t) >0 for each (s,t) e R2;

1/2% 4172

(H4) the 1-homogeneous function (s, t) > H(s ) is concave in Ri.

The function Q = Q (s, t) is a lower order perturbation term satisfying

(Qp) Q is g-homogeneous for some 2 < q < 2*;
(Q1) Qs(0,1)=0, Q¢(1,0)=0.

In order to present our results we introduce the following numbers

p:=min{Q(s,t): sT+t1=1, s,t >0} (1.1)

and
A:=max{Q(s,t): sT4+t1=1, s,t >0}. (1.2)

We say that a weak solution z = (u,v) € H(l)(Q) X H(l)(.Q) of problem (P) is nonnegative if u,v >0 in £2.If Y is a
closed set of a topological space Z, we denote by catz(Y) the Ljusternik-Schnirelmann category of Y in Z, namely the least
number of closed and contractible sets in Z which cover Y. We are now ready to state our first result.

Theorem 1.1. Suppose that H satisfies (Hy)-(H4) and Q satisfies (Qo)-(Q1). Then there exists A > 0 such that the problem (P) has
at least catg; (§2) nonzero nonnegative solutions provided A, u € (0, A).

In the proof we apply variational methods, Ljusternik-Schnirelmann theory and a technique introduced by Benci and Ce-
rami [3]. It consists in making precise comparisons between the category of some sublevel sets of the associated functional
with the category of the set §2. In order to overcame the lack of compactness due to the critical growth of H we use the
ideas of Brezis and Nirenberg [4], besides the paper of Morais Filho and Souto [15], where it is proved that the number

SH :=inf{/(|Vu|2+|Vv|2)dx: u,veH'(RV), /H(u+,v+)dx=1} (1.3)

plays an important role when dealing with critical systems like (P). Actually, we use the above constant and adapt some
calculations performed in Myiagaki [16] to localize the energy levels where the Palais-Smale condition fails. We would
like to mention that, as a byproduct of our arguments, we extend the existence result of [15] for any subcritical degree of
homogeneity of the perturbation Q (see Theorems 2.4 and 2.5).

Notice that condition (Q;) discards examples like Q (s, t) = s? + t9 4 st~ since, in this case, Qs(0,1) = 1. However, we
can also consider this situation if the subcritical perturbation satisfies ¢ > 2. More specifically, the following holds:

Theorem 1.2. Suppose that H satisfies (Hyp)-(H4), Q satisfies (Qq) with q > 2 and

(Q1) Qs5(0,1) > 0and Q¢(1,0) > 0.
If we set

A :=max{Qs(0,1), Q(1,0)} o

then there exists A > 0 such that the problem (P) has at least catg, (£2) nonzero nonnegative solutions provided X, ., % €(0, A).

The difference when dealing with (Q1) or (@) is just in the way we extend the function Q to the whole R2. Since we
want to apply minimax methods this extension needs to be made in a smooth way. We refer to the beginning of the next
section for more details about the possible extensions.

Concerning the class of nonlinearities we are considering, we present in Section 5 some examples of functions satisfying
our hypothesis. There, we also make some comments about the possibility of proving that the solutions are positive in £2
and we state other settings in which our results hold, including the possibility of having a sum of subcritical terms with
different degrees of homogeneity. As a final remark, we would like to mention that the theorems remain valid for N = 3 if
the degree of homogeneity of Q satisfies 4 < q < 6 (see Remark 4.5).

The starting point on the study of the system (P) is its scalar version

—Au=0uli2u+u*%u inQ2, ueHL\RQ), (1.5)
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with 2 < g < 2*. In a pioneer work Brezis and Nirenberg [4] showed that, for ¢ = 2, the existence of positive solutions is
related with the interaction between the parameter 6 with the first eigenvalue 61 (£2) of the operator (—A, H(l)(.Q)). Among
other results they showed that, if ¢ =2, the problem has at least one positive solution provided N >4 and 0 < 6 < 61(£2).
They also obtained some results for the case 2 < q < 2*.

After the paper of Brezis and Nirenberg, a lot of works dealing with critical nonlinearities have been appeared. Con-
cerning the question of multiplicity, we recall that Rey [17] and Lazzo [13] proved that, for ¢ = 2, the problem (1.5) has
at least catg (£2) positive solutions (see also the well-known paper of Benci and Cerami [3] where the subcritical case was
considered) provided 6 > 0 is small. This result was extended for the p-Laplacian operator and p < g < p* by Alves and
Ding [1]. The results presented here can be viewed as versions of the papers [17,13,1] for the case of systems.

As far as we know, the first results for homogeneous system like (P) are due to Morais Filho and Souto [15] (see also [2]).
After this work many results have been appeared (see [7-9,18,12,10,11] and references therein). Among them, the most
related with our paper is the work of Han [9], where the author considered the case Q (s, t) = o152 +at? and H(s, t) = s%t#
with a + 8 = 2*. His results were complemented by Ishiwata in [11,12], with different classes of homogeneous nonlinearities
being considered. Our paper extends and/or complements the results found in [15,2,9,11,12]. Although there are some
multiplicity results for systems like (P) via Ljusternik-Schnirelmann theory, we do not know any article that relates the
topology of §2 with the number of solutions and contains a general class of nonlinearities such as those considered here.

The paper is organized as follows. In Section 2 we present the abstract framework of the problem, we prove a local
compactness result and obtain the existence of one nonnegative solution for (P). Section 3 is devoted to the proof of some
technical results concerned the properties of sequences which minimize Sy and the asymptotic behavior of the minimax
levels associated to the problem. Theorems 1.1 and 1.2 are proved in Section 4 and we devote the last section to some
further remarks about examples and possible extensions of the results.

2. The PS condition and an existence result

We start this section fixing some notation. We denote Bg(0) := {x € RN: |x|| < R} and by C5°(A) the set of all functions
f:A— R of class C* with compact support contained in the open set A c RN. We denote by Ifllp the LP-norm of
f €LP(A). In order to simplify the notation, we write fA f instead of fA f(x)dx. We also omit the set A whenever A = 2.

We remark for future reference that, if p > 1 and F is a p-homogeneous C!-function, then the following hold:
(i) if we set Mp :=max{F(s,t): s,t €R, |s|P + |t|P =1} then, for each (s,t) € RZ, we have that
|F(s,0)] < Mg(Is|P + 1t[P); (21)
(ii) VF is a (p — 1)-homogeneous function and, for each (s, t) € R?, we have that
SFs(s,t) + tF(s,t) = pF(s, ). (2.2)

Throughout the paper we suppose that H satisfies (Hg)-(Hy4). In view of (Hq), we can extend the function H to the
whole R? by considering

H(s,t) ;= H(sT,t"), (2.3)

where st := max{s, 0}. It is easy to check that H is of class C! and its restriction to [0, c0) x [0, o) coincides with H. In
order to simplify the notation we shall write, from now on, only H to denote the above extension.

The extension of the function Q is more delicate. We first consider the case that (Q1) is assumed. In this setting we can
extend as above, that is,

QG0 :=Q(st,th). (2.4)

However, if we suppose that Q satisfies (6\1) instead of (Q1), it can be proved that the above extension is not differentiable.
Thus, with this other condition we extend Q in the following way

Q6.0 :=Q(st, ) —vQ(st,th) - (s7.t7), (2.5)
where s~ = max{—s, 0}. We can check that this extension is of class C'.

Remark 2.1. Since VQ is (g — 1)-homogeneous we can use (2.4) to get

—sQs(st.th) = { —5Qs(0,t7) = —s(t™)971Qs(0, 1), ifs <0,
’ 0, ifs >0,

for each (s, t) € R2. Hence

| =5~ Qs(s™, t4)] < @50, (sl +¢19).
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Analogously,
|—t7Qe(sT, 1) < Qe (1, 0)(Is|? + 1¢17)
and therefore it follows from (2.4) that the extension Q satisfies
Qs t%) | +[(s7.67) - vQ(sT, T
o+ (Is7 +1¢17). (2.6)

Q6. 0] <
<

for each (s, t) € R?, whenever Q satisfies (Q\l).

As before, we shall write only Q to denote the C!'-extension Q.
By using (2.1) and well-known arguments, we see that the weak solutions of (P) are precisely the critical points of the
C'-functional I , : X — R given by

1 1
@ =52l —/QA,,,,@—z—*/H(z), zeX,

where X is the Sobolev space H}(£2) x H}(£2) endowed with the norm

|, v :=/(|Vu|2+|Vv|2).

We notice that, in the definition of I, ,, we are denoting Q; ;(z) := Q(z) for z ¢ R2. We shall write Q.. instead of Q just
to emphasize that the smallness condition in the statement of the main theorems depends on the value of the parameters
u and A defined in (1.1)-(1.2).

We introduce the Nehari manifold of I, , by setting

Niw={ze X\ {(0,0)}: I, ,(2z2=0}

and define the minimax c; , as
Cr = inf I, ,(2).
K zeNu H

In what follows, we present some properties of ¢, , and N, . Its proofs can be done as in [19, Chapter 4]. First of all,
we note that there exists r =r; ;, > 0, such that

Izl >r>0 foreachze N . (2.7)

It is standard to check that I , satisfies Mountain Pass geometry. So, we can use the homogeneity of Q and H to prove
that ¢ , can be alternatively characterized by

Cy = inf max I t)) = inf maxlI tz) > 0, 2.8
BT e tel0.1] (v (©) 2€X\{0} £>0 2o (t2) (2:8)
where I, :={y € C([0,1], X): y(0) =0, I ,(y(1)) < 0}. Moreover, for each z € X \ {0}, there exists a unique t; > 0 such
that t,z € AV}, ;.. The maximum of the function t — Iy, ;(tz), for t >0, is achieved at t =t,.

Let E be a Banach space and J € C!(E, R). We say that (z,) C E is a Palais-Smale sequence at level ¢ ((PS). sequence
for short) if J(z;) — ¢ and J'(z;) — 0. We say that J satisfies (PS). if any (PS). sequence possesses a convergent subse-
quence.

Lemma 2.2. If Q satisfies (Qo) then the functional Iy, satisfies the (PS). condition for all c < %SZ/Z, provide one of the conditions
below holds

(i) 2 <q <2*and Q satisfies (Q1) or (Q1);
(ii) g =2, Q satisfies (Q1) and the parameter X defined in (1.2) belongs to (0, 61(£2)/2), where 61 (£2) > 0 denotes the first eigenvalue
of (A, Hj(£2)).

Proof. Let (z;) = ((up, vp)) C X be such that I;LM(Z”) — 0 and I; ;(zp) - c < %SZ/Z. We start by proving that (z) is

bounded in X. If the item (i) above is true it suffices to use the definition of I ; to obtain ¢; > 0 such that
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1,
c+cilzall +0n(1) 2 Iy 1 (2n) — al/\,u(zn)zn
11 , (2% —q
=z—-)lz H(z
(2 q)n A +( e / 20)
q—2
> (2—>||zn I,
q

where hereafter o,(1) denotes a quantity approaching zero as n — oo. The above expression implies that (z;) C X is
bounded. In the case that (ii) occurs, it follows from (2.4) that

_ +
/Q(z,o—/q(un, /|zn 9—(9)” 2l

and therefore we get

1
c+cillzall + 00 (1) = Iy 1 (zn) — o )\ ,L(Zn)zn

~ Lz IIZ——/Q(Z )>1(1—2—A>nz 12
TN N V7N 01(2) )"

Since 2\ < 01(£2) the boundedness of (z,) follows as in the first case.

In view of the above remarks we may suppose that z, — z:= (u, v) weakly in X and z, — z strongly in L9(£2) x LI(£2).
Moreover, a standard argument shows that I/A, M(z) =0

By setting z, := (lin, V) = (Un — U, vq — v) We can use the strong convergence in L9(£2) x L9(£2) and [15, Lemma 5] to
conclude that

/Qkﬁu(zn)zfQA./L(Z)+OH(1)» fH(Zn)=[H(Z)+/H(5-n)+0n(1)- (2.9)

This and the weak convergence of (z;) provide

1.5, 1 o 1
cton(D)=hu@ +5lzal” — 2*/H(zn) _”Zn“ 2*/H(zn) (210)

where we have used I ;,(z) > 0.
By using I,x,u(zn) — 0 and (2.9) again, we get

on(D) =1 @)z = |zl — g / Qi (zn) — / H(zn)

=1, @7+ |z —/H(En).

Recalling that Iﬁ\,ﬂ(z) =0, we can use the above equality and (2.10) to obtain

. . 5 1 11
lim [|Z,1> =b= lim /H(zn), —b= (— - —)b <c,
n—o0o n —oo

for some b > 0.
In view of the definition of Sy, we have that

2/2*
1Znll? > sH<f H(zn)) :

Taking the limit we get b > Syb%/2". So, if b > 0, we conclude that b > SZ/Z and therefore
1 N2 1 NJ2.
NSH/ <—b<c S /

which is a contradiction. Hence b = 0 and therefore z, — z strongly in X. O

Before presenting our next result we recall that, for each € > 0, the function
CyeN-2)/4

. A N
PSRN xeRY, (211)

Dp(X) =
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where Cy := N(N — 2)N=2/4 satisfies V@, |2 = |[®. |3 = SV/2, where S is the best constant of the Sobolev embedding

DV2(RNy s [2°(RN). Thus, using [15, Lemma 1] and the homogeneity of H, we obtain A, B > 0 such that

(A®e, BP)|* (A2 +B%) sN?

" (Jan H(A®e, BO))?/% — H(A, B2 |0, |2,

H

from which it follows that
_ (A’+BY
" H(A, B)?/?*

The above equality and the ideas introduced by Brezis and Nirenberg [4] are the keystone of the following result.

H (2.12)

Lemma 2.3. Suppose that Q satisfies (Qo), with 2 < q < 2*, and A,  defined in (1.1)-(1.2) are positive. Then,
1

Cou < NSH .

The same result holds ifq =2 and A, . € (0, 61(£2)/2).

Proof. We consider a nonnegative function ¢ € Cgo (RNY such that ¢=11in BR(0) C 22, =0 in RN \ B2r(0) and define

0 P(x)
lpDellr
where @, was defined in (2.11). Since ||w.||2+ =1, we can use the homogeneity of Q and H to get, for any t > 0,

We(X)

rpn(CAWe, tBwe) = Z(A + BY) well = t7Qs, (A, B)lIwe g o H(A, B).

We shall denote by h.(t) the right-hand side of the above equality and consider two distinct cases.
Casel. 2 <q<?2*

In this case there exists t, > 0 such that
he(te) = maxhg(t). (2.13)
t>0

Let

t2 2"
ge(t) := 3(A2 + B?)[|we | — S-H@A,B), >0,

and notice that the maximum value of g, occurs at the point
o [A B we? )
o H(A, B) '

So, for each t > 0,

B 1 A2 BZ e 2\ N/2
ge(0) < ge(Fe) = (w) ,

N\ H(A, B)2/2
and therefore

(A> + B?)[|we®

N/2
A BT ) —t3Q (A, BY[wa L. (2.14)

1
hE (tS) g N (
We claim that, for some ¢ > 0, there holds

t2Q; 1 (A, B) = co.

Indeed, if this is not the case, we have that t,, — 0 for some sequence &, — 0T. But it is proved in [4, (1.11) and (1.12)]
that

[well> =S + 0(™=2/2), (2.15)
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Thus,

0 < p<suply y(tAwg, , tBwg,) =1 ;i (te, AWg,, te, Bwg,) — 0,
t>0

which is a contradiction. So, the claim holds and we infer from (2.14) and (2.15) that

1
he (te) < =

( (A2 +B?)
N

N/2
ms + 0 (8(N72)/2)> —C2lwe ”g

1
< Nsﬁ/z +0(eN2/2) — ol we ]

It is proved in [16, Claim 2, p. 778] that lim,_,o+ £?~M/2|lw,||§ = +o0. Thus, we conclude from the above inequality that,
for each ¢ > 0 small, there holds

1
Gy <suply u (tAwe, BAwe) = he(te) < — SN2
>0 N

Case2.qg=2.

In this case we have that hj(t) =0 if, and only if,
(A% + B?)[|we | = 2Qu (A, B)|we |13 =t “2H(A, B).
Since we are supposing A < 01(£2)/2, we can use Poincaré’s Inequality to obtain
2Quu(A, B)|[we5 < 21(A* + B?) [ well3
< 61(2)(A* + B?)[lwe |15 < (A% + B?) [ well.
Thus, there exists t, > 0 satisfying (2.13). By using the definition of w, and [4, (1.12) and (1.13)] we get

(N-2)/4 (N-2)/2 :
e O(e if N >5,
||ws||§={ +0( ) (2.16)

eN=272|loge| + 0(eN-2/2) ifN=4.

Arguing as in the first case we conclude that, for ¢ > 0 small, there holds

N/2

1
he(te) < Sy Niz

_ 1
+0 (M) —callwell3 < Sy,
where we have used (2.16) in the last inequality. This concludes the proof. O
As a byproduct of Lemmas 2.2 and 2.3 we obtain the following generalizations of [15, Theorem 1].

Theorem 2.4. Suppose H satisfies (Hg)-(H4) and Q satisfies (Qo)-(Q1). Then the problem (P) possesses a nonzero nonnegative
solution whenever2 <q <2*and A, u > 0,0orq=2and A, u € (0,601(£2)/2).

Proof. Since I; ;, satisfies the geometric conditions of the Mountain Pass Theorem, there exists (z;) C X such that

L1 (zn) = o, Iﬁ\VM(Z”)_)O'

It follows from Lemmas 2.2 and 2.3 (with Remark 4.5 in the case N = 3) that (z;) converges, along a subsequence, to a
nonzero critical point z= (u, v) € X of I; ;. According to (2.3), (2.4) and (2.2), we have that

@727 =—|z = /(Vq(u+v+) SumvT)+ ;—*VH(u+v+) : (uﬂf)).

Since z is a critical point and the integral above vanishes, it follows that z— = 0. Hence, u,v >0 in £ and the theorem is
proved. O

Theorem 2.5. Suppose H satisfies (Hy)-(H4) and Q satisfies (Qg) and (Q\l). Then the problem (P) possesses a nonzero nonnegative
solution whenever A, i > 0.
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Proof. As before, we obtain a nonzero critical point z of I, ,. A simple calculation shows that the extension given in (2.5)
is such that Q(s,t) >0 for s <0, and Q.(s,t) > 0 for t < 0. Hence, using the extension of H and arguing as in the previous
theorem we obtain

2

0=1, @z =—|z |* - /(Qu(u, VU~ + Qyu, vvT) < =27
and the result follows. O

Remark 2.6. The two above theorems remain valid if we suppose that N =3 and 4 < q < 6. Indeed, it suffices to notice
that in this case, according to [16, p. 779], the function w, defined at the beginning of the proof of Lemma 2.3 satisfies
lim,_, o+ €@"N/2||w,||§ = +00. So, the same arguments of Case 1 in that lemma hold.

3. Some technical results
In this section we denote by M (RM) the Banach space of finite Radon measures over RN equipped with the norm
lol = sup o ()]
peCo(RY), 9lleo<1

A sequence (03) C M(RN) is said to converge weakly to o € M(RN) provided o, (¢) — o (@) for all ¢ € Co(RN). By the
Banach-Alaoglu Theorem, every bounded sequence (o) ¢ M(RN) contains a weakly convergent subsequence.

The next result is a version of the Second Concentration-Compactness Lemma of PL. Lions [14, Lemma L1]. It is also
inspired by some previous lemmas due to Chabrowski [5] and Bianchi, Chabrowski and Szulkin [6], where the terms which
measure the loss of mass of weakly convergent subsequence have firstly appeared.

Lemma 3.1. Suppose that the sequence (w,,) C D2(RN) x D1-2(RN) satisfies
wn —w  weakly in D"2(RN) x DI2(RV),
wn(x) > w(x) forae xe RN,
|V(wy — w)|2 — o weakly in M(R"),
H(wyp —w) — v weakly in M(R")

and define
Oco := lim limsup / |Vwy|?dx, Voo := lim limsup / H(wp) dx. (3.1)
R—00 n—oo R—00 n—soo
[x|>R |X|>R
Then
limsup/|an|2dx:|o| +aoo+/.|Vw|2dx, (3.2)
n—-oo
RN RN
limsup/H(wn)dx:|v| +voo~|—/H(w)dx, (3.3)
n—oo
RN RN
% <Sy'lo] and vZ* <S3'0w. (3.4)

Moreover, if w = 0 and |[v]*/?" = S},'|o |, then there exist xo, x1 € RN such that v = 8, and o = 8y,.

Proof. We first recall that, in view of the definition of Sy, for each nonnegative function ¢ € C§° (RN) we have that

2/2% 2/2* "
( /902 (X)H(Wn)dx> = ( / H((P(X)Wn)dx) <Sy'leeows|”.
RN RN
Moreover, arguing as in [15, Lemma 5], we have that

/w(X)H(wn—W)dX=/W(X)H(wn)dx—/w(X)H(W)dXJron(l),
]RN ]RN ]RN
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for each y € CSO(RN). Since H is 2*-homogeneous, we can use the two above expressions and argue along the same lines

of the proof of [19, Lemma 1.40] (see also [9, Lemma 2.2]) to conclude that (3.2)~(3.4) hold. If w =0 and |v|?/?" = S},"|o|
the same argument of [19, step 3 of the proof of Lemma 1.40] implies that the measures v and o are concentrated at single
points xg, x; € RN, respectively. O

Remark 3.2. For future reference we notice that the last conclusion of the above result holds even if w = 0. Indeed, in this
case we can define w,, := w, — w and notice that

Wp— w =0 weaklyin D"*(RN) x D13(RN),
Wn(x) > 0 forae. xeRN,
|V (W, — \7v)‘2 — 6 weakly in M(RV),
H(Wn — W) — 7 weakly in M(R").
But W, — W = w, — w and therefore 6 = ¢ and 7 = v, where ¢ and v are as in Lemma 3.1. Thus, if [v]|%?" = S;,1|a| we

also have that |7]*/?" = S;,'|6] and the result follows from the last part of Lemma 3.1.

Before stating one of the main results of this section we introduce the following notation. Given r > 0, y e RN and a
function z € X, we extend z to the whole RN by setting z(x) := 0 if x e RN \ £2 and define z¥'" € HI(RN) x H(RV) as

2T x) =rN"22z0x +y), xeRN.

Proposition 3.3. Suppose (z,) C X is such that

/H(zn)=1 and lim ||zy]|® = Sy.
n—oo

Then there exist (ry) C (0, 00) and (yn) C RN such that the sequence (z3™™) strongly converges to z # 0 in D'2(RN) x D2(RN).
Moreover, as n — oo, we have thatr, — 0 and y, — y € £2.

Proof. We first extend z, by setting z,(x) := 0 if x € RN \ £2. For each r > 0 we consider

Fu(r) := sup /H(zn).
yeRN
Br(y)

Since lim;_. o F;(r) =0 and lim;_  Fn(r) =1, there exist r, > 0 and a sequence (y’,f,)keN C RN satisfying

1

—=F = lm H(z,).

B n(Tn) kioo / (zn)
Bry (VK

Recalling that limyy|— fB (y)H(zn) =0 we conclude that (y’,i) is bounded. Hence, up to a subsequence, limy_, o y’; =
™m
yn € RN and we obtain

L / H(zp)
2 "
B, (yn)
We shall prove that the sequences (r;) and (y,) above satisfy the statements of the lemma. First notice that

%: f H(zn) = / H(Z"™) = sup / H(Z™). (35)

yeRN
Bry (¥n) B1(0) B1(y)

Yn.Tn

If we denote wy, :=z;"", a straightforward calculation provides

lim [lwal® = lim flza] = Sp. f H(wn) = 1.
n—oo n—oo

RN
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Hence, we can apply Lemma 3.1 to obtain w € H!(RV) x H'(RN) satisfying

Su=10] + 000 + W, 1=|v|+voo+fH(w>, (3.6)

RN
2/2% -1 2/2¢ -1
V] <Sy'lo]l and vy < Sy 0. (3.7)
The second equality in (3.6) implies that fRN H(w),|v], v € [0, 1]. If one of these values belongs to the open interval
(0,1), we can use (3.6), 2/2* <1, (fpn HW)¥? < S5 lw)? and (3.7) to get

SH=SH<|V| +Voo+/H(W)>

RN

i 2/2*
<SH<|v|2/2 +v3? +</H(w>) ><SH,
RN

which is a contradiction. Thus fRN H(w),|v|, veo € {0, 1}. Actually, it follows from (3.5) that f\x\>R H(wy) < 1/2 for any
R > 1. Thus, we conclude that v,, =0.

Let us prove that |v] = 0. Suppose, by contradiction, that |v| = 1. It follows from the first equality in (3.6) that Sy <|o].
On the other hand, the first inequality in (3.7) provides |o'| < Sy. Hence, we conclude that |o| = Sy. Since we are supposing
that Jv] =1 we obtain [v]?/2" = S;"|o . It follows from Remark 3.2 that v = 8y, for some xo € RN. Thus, from (3.5), we get

> lim H(wp) = / dv=|Jv|=1.
B1(xo) B1(x0)

This contradiction proves that |v| =0.
Since |v] = Voo =0 we have that [,y H(w) = 1. This and (3.6) provide

2/2%
lim ||wn||2=sH>||w||2>sH</H(w)> =Sh.
—00
N

So, |[w||®? = Sy and therefore w,, — w % 0 strongly in D2(RV) x DV2(RV) and wy(x) - w(x) for a.e. x e RN,
In order to conclude the proof we notice that

1
Wall 2 @My x 12 RNy = Z Iznllr2(2)x12(2)-
n

Since (z;) is bounded and w = 0, we infer from the above equality that, up to a subsequence, r, — rg > 0. If |y,| — o0
we have that, for each fixed x € RN, there exists ny € N such that r;,x + y, ¢ £2 for n > ny. For such values of n we have
that wy(x) = 0. Taking the limit and recalling that x € R is arbitrary, we conclude that w =0, which is absurd. So, along a
subsequence, y, — y € RN,

We claim that rg = 0. Indeed, suppose by contradiction that ro > 0. Then, as n becomes large, the set 2, := (2 — yn)/m
approaches £2¢ := (£2 — y)/rg # RN. This implies that w has compact support in RN, On the other hand, since w achieves
the infimum in (1.3) and H is homogeneous, we can use the Lagrange Multiplier Theorem to conclude that w = (u, v)
satisfies

—Au=AH,(u,v), —Av=AH,(u,v), xeRN,

for A = Sy /2* > 0. It follows from (H3) and the Maximum Principle that at least_one the functions u, v is positive in RN,
But this contradicts suppw C £2o. Hence, we conclude that ro = 0. Finally, if y ¢ £2 we obtain rpx + yn ¢ 2 for large values
of n, and therefore we should have w =0 again. Thus, y € §£2 and the proof is finished. O

We finalize this section with the study of the asymptotic behavior of the minimax level c; , as both the parameters
approach zero.

Lemma 3.4. We have that

1 N2
lim ¢ ,=coo=-—=S,".
A, pu—07F H ’ N H
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Proof. We first prove the second equality. It follows from A = u =0 that Qg0 =0. If A, B, we, g¢ and t, are as in the proof
of Lemma 2.3, we have that (t:Aw,, t:Bw;) € Np . Thus

1 (A2+BZ) ) N/2
0,0 < lo,0(ts AWe, te Bwe) = N H@A B2z Iwell

1 (A%+B?) _ N7
- N{ H(A, B)2/Z (s+0(® 2)/2))} '

Taking the limit as ¢ — 0T and using (2.12), we conclude that €0,0 < %Sz/z.

In order to obtain the reverse inequality we consider (z;) C X such that I 0(zn) — co,0 and Ié,o(zn) — 0. The sequence
(zy) is bounded and therefore Igyo(zn)zn = |lzall> — J H(zn) = 0,(1). It follows that

lim [|zy]|?> =b = lim /H(zn).

n—oo n—oo
Taking the limit in the inequality Sy (/ H(z1))%?" < ||za||> we conclude, as in the proof of Lemma 2.2, that Ncgo=b > SZ/Z.
Hence,

, (11 1 1 np2
co.0 = lim Io,o(zn) —nli)rgo<5||znll - 2—*/H(zn)> = Nb > NSH ,

and therefore cg ¢ = %Sﬁ/z.

We proceed now with the calculation of lim;_,,_.o+ Cx - Let (An), (Un) C R* be such that A,, u, — 0T, Since w, defined
in (1.1) is positive, we have that Q;, .,(2) > 0 whenever z is nonnegative. Thus, for this kind of function, we have that
Ly, un (2) < I0,0(2). It follows that

c = inf maxI tz
An,Mn 25(0,0) £30 )»nqﬂn( )

< inf max I, tz
= 2:£(0,0), 230 £30 i (£2)

< inf  maxlo,o(tz) =co,0,
2#(0,0), 220 >0

where we have used, in the last equality, that the infimum cg o is attained at a nonnegative solution. The above inequality
implies that

limsup ¢y, 4, < Co,0- (3.8)
n—oo
On the other hand, it follows from Theorem 2.4 that there exists (z;) = (un, v4) C X such that

I)Ln»lln(zn) =C}~n,lln’ I;\nsﬂn (Z”)zo'

Since ¢y, ., is bounded, the same argument performed in the proof of Lemma 2.2 implies that (z,) is bounded in X. Since
2, > 0 we obtain 0 < [ Qy,, 0, (Zn) < An [ ([unl9 + |vp|9), from which it follows that

lim /an,un (zy) =0. (3.9)
n—-oo
Let t, > 0 be such that t,z, € Ny o. Since z; € Ny, ,,» We have that
€0,0 < lo,0(tnzn) = L,y (tnzn) +tg/an,Mn (zn)
< D (20) + 13 / Qi pan (Zn)
= Cappn tg / Qi pin (Zn).
If (t;) is bounded, we can use the above estimate and (3.9) to get

co.0 < liminfc .
0,0 X > 00 An,Mn

This and (3.8) prove the lemma.
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It remains to check that (t;) is bounded. A straightforward calculation shows that

lzal2 \ /@2
th = . 3.10
<fH(Zn)> ( )

Since z, € N}, 1, We obtain

1z 12 =q/ an,un<zn>+fH(zn> <on() +S5° Pllzall?.

Hence ||z, ]|> > c1 > 0, and therefore it follows from the above expression that [ H(zyp) = ¢z > 0. Thus, the boundedness of
(zy) and (3.10) imply that (t;) is bounded. The lemma is proved. O

4. Proof of the main theorems

From now on we fix r > 0 such that the sets
2F = {xeRV: dist(x, 2) <r}, 27 :={xeQ: dist(x,32) >}
are homotopic equivalents to §2. We define the functional

1 1
I (@) :=E||Z||2_/QA,M(Z)_ 2—*/H(Z), z € X rad>

where X; g0 :={(u,v): u,ve Hé(Br(O)) and u, v are radial functions}.
We denote by M, , its associated Nehari manifold and set

my = inf au(2).
o zeMj J ,u( )

According to [15, Lemma 1] the infimum Sy can be attained by functions belonging to D:a’g(RN) X D:a’; (RN). So, arguing
as in the proof of Lemma 3.4 and Theorems 2.4 and 2.5, we obtain the following result.

Lemma 4.1. Suppose H satisfies (Ho)-(Hy4) and Q satisfies (Qo)-(Q1). Then the infimum m,_,, is attained by a positive radial
function z,_ ;€ X yq¢ Whenever2 <q <2*and i, 0 > 0,0rq=2and A, pt € (0, 61 144/2), Where 0; rqq > 0 is the first eigenvalue of
the operator (— A, Hé m[d(Br(O))). Moreover

The same result holds if Q satisfies ((/2\1) instead of (Q1) and A, ;0 > 0.

We introduce the barycenter map 8, ,, : Ny, — RN as follows

1
ﬁk,u(z) = W/H(Z)de.

This map has the following property.

Lemma 4.2. If Q satisfies (Qo) and (Q1) then there exists .* > 0 such that B, ,,(z) € .Qr*;z whenever z € N, A, b € (0, 1%) and
I, u(2) < my . The same result holds if we replace (Q1) by (G) and the parameter \* defined in (1.4) also belongs to (0, A™).

Proof. We first assume that Q satisfies (Qgp) and (Q1). Arguing by contradiction, we suppose that there exist (),

(un) CRY and (wy) C N, p, such that in, sy — 0F as n— 00, I, 11, (Wn) < Ma, p, BUL B iy (Wn) € .Qf/z.
Standard calculations show that (wy) = (uy, v,) is bounded in X. Moreover

0=1}, ., W)Wy = [wql* —q / Qiopin (W) — / H(wn).

Since A, — 0, we can use the boundedness of (wy) to get

0< / Qi (W) < xn/(wm T val?) = 0,
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from which it follows that limp_ oo |[Wnll% = limMp—co f H(wy) =b > 0. Notice that

1
Coopin S Dy g (Wn) = _||Wn|| / Qi pen (Wn) — /H(Wn) My -

Recalling that c;, ,, and my, ,, both converge to %S H/ 2

conclude that b = SN/2 that is,

, we can use the above expression and f Qi pun (Wn) — 0 again to

lim [|w,|?= SN = lim /H(wn). (4.1)
n—oo n—oo

Let t, := (f H(wy)~1/2" > 0 and notice that z, := t,w, satisfies the hypotheses of Proposition 3.3. Thus, for some
sequences (r;) C (0, 00) and (y,) C RN satisfying r, — 0, y, — ¥ € 2 we have that z;™™ — z in D2(RN) x DI-2(RN).
The definition of z,, (4.1), the strong convergence of (zJ™") and Lebesgue’s Theorem provide

72*

t
ﬁxn,un(Wn)=ﬁ/lﬂzn)xw:(1+°"(1))/H(Z”)de
H
:(1+on(1))/H(z,{”’r")(rneryn)dx

—(1 +on(1))</H(z)ydx+on<1>>.

Since y € £2 and [ H(z) =1, the above expression implies that
nll>n;>10 dlSt(ﬂkn,un (wn), Q) =0,

which contradicts Bs, u, (Wn) ¢ .Q+

We now suppose that Q satlsﬁes (Ql) Arguing by contradiction again we suppose that there exist (An) (Un), (An) c Rt
and (wp) C Ay, 4, such that Ans tns Ap — 07 as n — oo, Dot (Wn) <My DUt Bo 0 (W) ¢ ‘Qr/Z If you prove that
f Qi un(Wy) — O then we can argue as in the first case to obtain a contradiction. Notice that, in this new setting, we do
not know that the extension of Q is nonnegative. However, we can use (2.6) to get

f Qoo ()| < / | Qg (Wa)| < o+ o) / (1tnl? + [va]7) — 0

and the lemma is proved. O

According to Lemma 4.1, for each A, y > 0 small the infimum m;, ,, is attained by a nonnegative radial function z; ;. We
consider

I;r{”";’f: {zeX L2 < mxu}

and define the function y; , : 2,7 — ITL" by setting, for each y € £2,

Vau(X) =

Ziux—y) ifxeBr(y),
0 otherwise.

A change of variables and straightforward calculations show that the map y; ,, is well defined. Since z; ;, is radial, we have
that fBr(o) H(z;, ;. )xdx = 0. Hence, for each y € £27, we obtain

Brn(Van(¥) =a(r, )y,

where

1
alk, pu) = W/H(Z,\,u)-

H
If we define F ,, :[0,1] x (N;u N1, ) — RN by

1-—
Fx,u(t,Z):=<t+ a . )>ﬂw()

we have the following.
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Lemma 4.3. If Q satisfies (Qo) and (Q1) then there exists A** > 0 such that,
Fipu([0. 1] x (N N15)) € 82,7,

whenever A, i € (0, A**). The same result holds if we replace (Q1) by (@) and suppose that X also belongs to (0, A**).

Proof. Arguing by contradiction, we suppose that there exist sequences (Ay), (4n) C RT and (t, zy) € [0, 1] x WNoyn N
m)n H—n) such that Ay, itn — 0T, as n — oo, and Fy,, ., (tn, zn) ¢ £2;. Up to a subsequence t, — to € [0, 1]. Moreover, the com-
pactness of £ and Lemma 4.2 imply that, up to a subsequence, Bin,un (Zn) = Yy € Q;;z C 2;7. We claim that o (n, n) — 1.
If this is true, we can use the definition of F to conclude that Fy, ,, (th,zy) — y € £2;7, which is a contradiction.

It remains to check the above claim. It follows from Lemma 4.1 that

1 5 1 1 N2
Mo, un = EHZAYDMH ” - Q)\n-,lin (Z)Lnallfn) - 27* H(Z)tn’ﬂn) < 75H .

N
B(0) B:(0)

As before fBr(O) Qinopin @agopn) = 0. Thus, J5 ) (23,.,) = 0, the above expression and the same arguments used in the
proof of Lemma 4.1 imply that

llm /‘H(z;\n un) =

The equality above and the definition of (A, w) imply that c(Ap, tin) — 1. The lemma is proved. O

N/2

Corollary 4.4. Let A := min{\*, A**} > 0, with A* and A** given by Lemmas 4.2 and 4.3, respectively. If Q satisfies (Qg) and (Q1)
with A, u € (0, A) then

catl;rttﬂ (IT”M“) > cato (2).
The same result holds if we replace (Q1) by ((Z) and suppose that X also belongs to (0, A).
Proof. It suffices to use Lemmas 4.2 and 4.3 and argue as in [1, Lemma 4.3]. We omit the details. O
We are now ready to prove our main results.

Proof of Theoren’ls 1.1 and 1.2. Let A >0 be given by Corollary 4.4 and suppose that Q satisfies (Q1) with A, u € (0, A),
or it satisfies (Qq1) with A, u,A € (0, A). Using Lemma 2.2 and arguing as in [1, Lemma 4.2] we can prove that the

functional I, ;, restricted to Ny, .u satisfies the (PS)¢ condition for all ¢ < 5 SN/2 Since m;, ;, < lSN/2 standard Ljusternik-

Schnirelmann theory provides cat o i I, . ") critical points of the constramed functional. If z € /\/]\ w is one of these critical

points, the same argument of [1, Lemma 4.1] shows that z is also a critical point of the unconstrained functional, and
therefore a nontrivial solution of (P). As before, the obtained solutions are nonnegative in 2. The results follow from
Corollary 44. O

Remark 4.5. Theorems 1.1 and 1.2 remain valid if we suppose that N =3 and 4 < q < 6. Indeed, it suffices to argue as in
the case N >4 and recall that, by Remark 2.6, the existence results of Theorems 2.4 and 2.5 hold in this case.

5. Some further remarks

We start this last section presenting some functions which satisfy our hypotheses. We have the following example
from [15]. Let 2 < q < 2* and

k
Pg(s,t) :=aqs? + axt? + Zbis“"t‘si, s,t>0,
i=1
where ay,a3,bi € R, aj + i =q, and «;, i > 1 if ¢ > 2 and «;j = B; = 1 otherwise. The following functions and its possible
combinations, with appropriated choices of the coefficients ay, az, b;, satisfy our hypotheses on Q

P ,t
Q (s, t) = Pq(s, D), Q(s,t) =/ Prq(s,t) and Q(s,t):%,

with [ > 0. Hence, we see that our subcritical term is more general than those of [9,11,12].



784 M.E Furtado, J.P.P. da Silva / ]. Math. Anal. Appl. 385 (2012) 770-785

The form of H is more restricted due to (H4). This technical condition has already appeared in [15] and it is important
to guarantee that the constant Sy defined in (1.3) does not depend on £2. As quoted in [15], the concavity condition (Hy)
is satisfied if H € C2(R%, R) is such that H(s,t) > 0 for each (s,t) e R2.

Although we have more restrictions on the shape of H, it can have the polynomial form

H(s, t) = Py«(s,t).

Thus, differently from [9,11,12], we can deal here with functions H which possesses coupled and no coupled terms. For
example, the function

H(s, t) =a1s2 +ast? + ags®tP,

with a; € R, o, 8 > 1, a + B = 2* satisfies the hypotheses (Ho)-(H4) for appropriated choices of the coefficients a;. We
also mention that the positivity condition in (Hy) can hold even if some of the coefficients a; are negative. As a simple
example, suppose that H is as above with aj,az > 0 and a3 < 0. Since s®v# < 52" + 2", the condition (H,) holds for
as > max{—aj, —az}.

Another interesting remark is that we can obtain versions of our theorems by interchanging conditions like (Q1) and
(6\1) for the both functions Q and H. More specifically, let us consider the following assumption

(H1) Hs(0,1) >0 and H¢(1,0) > 0.

A simple inspection of our proofs shows that Theorem 1.1 is valid if we suppose (111\1) and (Qq). The same is true for
Theorem 1.2. This last theorem is also true if we suppose (I’-I'; ) and (@). The difference among these various settings relies
in the form of the possible coupled terms.

A simple inspection of our proofs shows that, instead of just one subcritical term, we can consider in (P) a subcritical
nonlinear term of the form

k

Q@)= Qils. 1),

i=1

with each function Q; being g;-homogeneous, 2 < g; < 2%, and satisfying the same kind of hypotheses of Q. In this case, for
eachi=1,...,k, we define the numbers w;, A; as in (1.1)-(1.2), and the results hold if max;—1,_kf{ui, Ai} is small enough.

With some additional conditions we can assure that the solutions obtained in this paper are positive. Indeed, if we
suppose that

(Q2) Qs(s, 1) =0, Q¢(s,t) >0 for each (s, t) e R?,

we can apply the Maximum Principle in each equation of (P). Thus, if (u,v) is a nonnegative solution, then u =0 or
u >0 in £2, the same holding for v. We need only to discard solutions of the type (u, 0) or (0, v). This can be done if we
guarantee some kind of strongly coupling for the system. In what follows, we present some situations where this can be
done.

If we are under the conditions of Theorem 1.1 we assume a stronger form of (Q) and (H1), namely that VQ (1,0) =
VQ(0,1)=VH(,0)=VH(0, 1) = (0, 0). In this way, if (u, 0) is a solution then

1
0=1} ,u,0)(u,0)=—ul* - /(Quw, O)u + 2—*Hu<u,0)u) = —lul,

and therefore u = 0. Analogously, if (0, v) is a solution then v = 0. In the setting of Theorem 1.2 and considering the solution
(u, 0) we obtain, from the second equation, that

0=Qy(u,0)+Hy(u,0)=ul"1Q,(1,0).
Since from (@) we have that Q,(1,0) > 0, it follows that u = 0. The argument for (0, v) is analogous.
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