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1. Introduction

Let # be a real Hilbert space and let T : # = J# be a maximal monotone operator. A fundamental problem is that of
designing efficient algorithms for constructing a zero of T, i.e. a solution of the inclusion

0eTx. (1)

Proximal point algorithms have been introduced by Martinet [8,9] to solve (1) in specific situations such as when T is the
subdifferential of of a proper convex lower semicontinuous function f: in this case the inclusion (1) is just the minimization
of f over J¢. The general situation of an arbitrary maximal monotone operator T was then considered by Rockafellar [16]
and Brezis-Lions [1]. See, e.g., Peypouquet-Sorin [ 13] for a survey on the topic.

When the maximal monotone operator T admits a decomposition of the form T = A+ B with A and B maximal monotone
on J, it is more efficient to use splitting methods which combine a step for A and a step for B: see, e.g., Combettes [4] for a
unified presentation of these methods. A prominent example is the forward-backward algorithm considered by Passty [12],
which consists of a forward step on B and a backward (proximal) step on A. A special case of this method is the projected
subgradient algorithm aimed at solving constrained minimization problems.

There are important examples, however, where the problem to be solved involves two maximal monotone operators A
and B whose sum A + B is not maximal monotone so that the usual splitting methods do not apply. A simple instance of such
a situation is the problem

Find x € C such that f (x) = minf(C) (2)

of minimizing a proper lower semicontinuous convex function f : # —]— 00, +00] over a nonempty closed convex subset
C of #. This problem can be rewritten as

Find x € #¢ such that 0 € 3(f + 8¢)(x), (3)
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where §¢ is the indicator of the set C. When a qualification condition is satisfied, e.g. 0 € cor (domf — C), then a(f + 6c) =
df + ddc¢, so (3) is equivalent to

Find x € # such that 0 € (3f + 38¢)(X), (4)

where df + 98¢ is maximal monotone: in this case, standard splitting methods apply. But without a qualification condition,
such a decomposition of 3(f + &¢) as the sum df + 96¢ is not admissible. However, it is always true that o (f 4 d¢) can be
split as the extended sum df +. d5¢ of the two maximal monotone operators df and dS¢c. Hence, (3) is always equivalent to

Find x € #¢ such that 0 € (3f +. 35¢)(x), (5)

where df 4. 03¢ is maximal monotone.

The aim of this paper is to present a modified forward-backward splitting algorithm to solve the inclusion (1) for a
maximal monotone operator T which can be written as the extended sum A 4+ B of two maximal monotone operators. This
includes (2) as a special case. We establish the weak convergence in average of the sequence generated by the algorithm to a
zero of T under hypotheses on the step sizes similar to those used in the classical splitting algorithms in Bruck [2], Lions [7]
or Passty [ 12] where the maximal monotone operator T is equal to the usual sum A+ B of two maximal monotone operators.

Previous extensions of splitting algorithms to treat the case of the extended sum of two maximal monotone operators
rely heavily on the assumption that the e-enlargement of one of the operators is bounded on the solution set as in
Moudafi-Théra [11]. Such a strong assumption is avoided here.

2. Tools

This section presents the main concepts and results we need in the following. Most of these tools are valid in arbitrary
Banach spaces, but we restrict ourselves to the Hilbert space setting which suffices for our purpose.

Let # be a real Hilbert space with inner product (., .). A set-valued operator T : # = J# is identified with its graph
T C #¢ x #,and its domain is the set D(T) = {x € J# : Tx # (J}. Aset-valued operator T : # = J,orasubsetT C H# x ¥,
is said to be monotone provided

(v_u5y_x>207 V(Xau)7 (V,U)ET,

and maximal monotone provided it is monotone and maximal (under set inclusion) in the family of all monotone sets
contained in # x #.

Letf : ## —] — 00, +00] be a convex lower semicontinuous function which is proper, that is, its effective domain
domf = {x € # : f(x) < 400} is nonempty. For ¢ > 0, the e-subdifferential 9.f of f at x € # is the set:

def(x) =fueH : f(X)+uy—x)<f)+e, Vye .

The case ¢ = 0 gives the subdifferential of f at x, denoted by df (x). Forevery e > 0and x € domf, the set d.f (x) is nonempty.
On the contrary, the set f (x) may be empty at some points x € dom f. The subdifferential df is a basic example of a maximal
monotone operator on # (see Moreau [10]).

The usual (Minkowski) sum df + dg of the subdifferentials of two proper convex lower semicontinuous functions
f,g : # —] — 00, +00] is a monotone operator which is not maximal monotone in general. Said differently, df + dg
is a monotone subset of d(f + g) and the inclusion is proper in general without additional assumptions. However, an exact
formula for the subdifferential of the sum can be given in terms of the sum of the e-subdifferentials of each function, namely

a(f +g)(X)=ﬂm, Vx € . (6)
e>0

This formula is due to Hiriart-Urruty and Phelps [6]. It shows that the operator on the right hand side is maximal monotone.
Letnow T : # = J be an arbitrary monotone operator. Given ¢ > 0, the g-enlargement of T is the operator T® : # = J#
defined as follows:

T’x ={ueH:{(v—uy—x)>—¢ VY@y,v) €T}

For a proper convex lower semicontinuous function f, one has 9.f(x) C (9f)®(x). For more details on this concept, see,
e.g., [3,5,14,15] and the references therein. The following useful inequality is established in [3]

Proposition 2.1. Let T : # = J¢ be maximal monotone and let e, > 0, &, > 0. Then
(v—u,y—x) > —(Je1 +/&2)% VY u) eT, (y,v) e T2,

As for the subdifferentials, the usual sum (A+ B)(x) = Ax+ Bx, x € J, of two maximal monotone operators A, B defines
a monotone operator which is not maximal monotone in general. Thus, motivated by the above formula (6), a concept of
extended sum, based on the notion of enlargement of a monotone operator, was proposed in [14,15], namely:

(A+eB)(x) = |AX+Bx Vxe . (7)

e>0
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The following result asserts that the extended sum A +. B is indeed a monotone extension of the usual sum A + B (see [5]):

Proposition 2.2. If A,B : # = J¢ are two maximal monotone operators, the extended sum A +. B is a monotone operator
containing the usual sum A + B.

It follows from Proposition 2.2 and formula (6) that for any proper lower semicontinuous convex functions f, g : # —
] — 00, +00] we have

O +g) = of +. 0g. (8)

This formula is due to Revalski and Théra [15] (see also [5]). It shows that the extended sum df +. dg is a maximal monotone
operator.

3. Extended forward-backward algorithm

In what follows, # is a real Hilbert space with inner product (., .) and unit ball By, and T : # = J# is a maximal
monotone operator which can be split as the extended sum of two maximal monotone operators A and B:

Tx = mAgx + Bex, forallx € . (9)
e>0

Our aim is to take advantage of this splitting to design a forward-backward algorithm for constructing a zero of T, i.e. a
solution x € # of the inclusion (1). The set of solutions of (1) is supposed to be nonempty and is denoted by 4.

Let (A,) be a sequence of positive real numbers defining the step sizes of a discretization scheme, and let o, := ZL] Ak
denote the step length at stage n. As usual, o, is supposed to grow to 400 as n — oo. Given a sequence (x,) in J together
with a sequence of step sizes (A,), we define the sequence (x,) of weighted averages by:

_ 1
Xp = — Zkkxk. (10)

Given a sequence of step sizes (1) and a sequence of extension parameters (&, ), we study the extended forward-backward
algorithm defined by the iteration:

{xo € D(B%)

Xnt1 = (I + AnB) "V (Xy — Aqun)  withu, € B®"x,, Vn € N. ()

Our main result is as follows:

Theorem 3.1. Assume D(A) C N..o D(B?) and let (x,) be the sequence generated by (11), with (A,) and (e,) any sequences of
positive real numbers verifying

an:oo, ZA;‘/3<OO, en = A3,

Assume further that:

(H1) The sequence (eyuy) is bounded,
(H2) Forevery x € & thereis M > 0 such that 0 € (1), A»x + Bénx N (M/&5)By.

Then, the sequence (x,) of weighted averages given by (10) weakly converges to a point in §.

Proof. The argument relies on Passty’s variant of Opial’s lemma (see [12,13]):

Opial-Passty’s Lemma. Let (1,) be a sequence of positive numbers such that Y A, = 00, (x,) a sequence in a Hilbert space
J and (x,) its associated sequence of weighted averages given by (10). Let 8§ C J be a nonempty closed subset. Assume

(i) Every weak sequential cluster point of (x,) belongs to 4,
(ii) lim ||x, — x|| exists for every x € 4.

Then, the sequence (x,,) converges to a point in .

The theorem is proved by showing that (i) and (ii) hold.
(i) Let (x,y) € T, thatis,y € Aéx + B¢x for every ¢ > 0.Fix ¢ > 0, and take y, = y1 . + ¥, withy; . € A®x, y, . € B’x
and [ly — yell < e.Asu, € Bx, and y, . € B®x, Proposition 2.1 yields:

(Un — Y20, %0 — X) = —(Ven + /6)* = —2(en + ©). (12)
Since X, — Aqlp € Xpt1 + ApAxpiq by (11) and yq . € A, we get

<Xn - }‘-nun — Xn+1

— Vi, Xnt1 —X) = —€,
An
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equivalently:

2(Xp — Xnt1, Xnp1 — X) > 2X0(Un + V165 Xnt1 — X) — 2A4€. (13)
By using the equality, valid for all a, b, c € #:

la—cl?> =lla=bl*> + lIb —c|* + 2{a = b, b —c),
we see that (13) is equivalent to

X0 = X1 = IXn1 = XII* = [1%0 = Xnp1]1> + 220 (Un + V1.6, Xng1 — X) — 2hne. (14)
Now, combining the facts that:

2hn(Un +Y1e. Xnr = %) = —[Xne1 = Xal® = AZllutn + yre )%,
and

(Un + Y160 X0 = X) = (Un — Y26, Xn — X) + Ve, Xn — X),
we derive from (14) that:

X0 = XII* = [Xnp1 = XI1* = %0 = Xag1I* = [Xnp1 = Xall* = A2 l1n +y1e 112

4+ 2X0(Un — Y260 Xn — X) + 210 (Ve, Xn — X) — 2Ap€E. (15)

Then, injecting (12) into (15) we obtain

2hn(Ve, X0 = %) < % = X[1* = [Xns1 = XI* + A7 lun + Y1.l|* + 6Ane + dAnen. (16)
Summing up these inequalities for n going from 1 to k € N*, and then dividing by o}, = Zﬁ:l An, We get:

LI R k
s — 12 ng])\nnun +y1ell ;An(& + 4e,)

2(Ye, X — X) < + + . (17)
Ok O Ok

It follows from ¢, = ,11/ *and (H1) that there exists a constant M > 0 such that

2 2 4/3 2 2 4/3n12
Alunll* = A33el |uall* < 13°M2,

. 4/3
hence, since Y. Ar° < oo,

k k k
li 22 2 <21 A3 m2 A2 2 .
Jfim D 3l +y1el” <2 lim (Z M 4D 1l ) < oo

n=1 n=1

Finally, since oy — 400, we conclude that

k
> A2 un 4 Y112

. =1
lim e — 0.
k— 00 Ok

On the other hand, since ¢, N\ 0, there is N € N such that ¢, < € forn > N, hence, for k large enough:

k N
3 hn(6e +4ey) > An(6e + 4ey)

n=1 < n=1

+ 10¢,

Ok Ok

from which we derive that

k
> kn(6e + 4ey)

. -1
limsup = < 10¢.
k—o00 Ok

Consequently, if x is any weak sequential cluster point of the sequence (x,), letting k — oo on both sides of (17) yields:
Ve, X —x) < Se, (18)
and then letting ¢ — 0 gives:

(y,x—X) > 0. (19)
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Thus, every weak sequential cluster point x of (x,) satisfies (19) for every (x,y) € T. The maximal monotonicity of T then
implies that 0 € Tx, thatis, x € 4.

(ii) Let x € 4. It follows from (H2) that there exist M > 0 and sequences y; , € A**x and y, , € B"x with e, ||y2nll < M
and |[y1,n +Y2.0ll < €n/(1 4 ||x, — x]||). Without loss of generality, we may also assume that &,||y1,»|| < M and, by (H1), that
enllunll < M for all n.

Proceeding as above withy = 0, ¢ = ¢, and y,, = y1,n + ¥2.n, We arrive at (16), hence

2o Wens Xn = X) < %0 = XI1* = [xae1 = XII* + 225 ([unl® + 1y1.0]1%) + 104nen. (20)
Then, using &, = A;/ *and taking the above upper bounds into account, we get:

2k Ve X0 = X) < [Ixn — 21> — [[xpr — xII* +425°M? + 10377, (21)
and, since ||y, || < e,/(1+ [Ix, — x|,

=247 = —2hnen < =20allYe, |l %0 — X1l < 200 Ve, X0 — %), (22)
so, putting (21) and (22) together,

%1 = XII? < llx — x| + 237 (4M? + 12). (23)
Since ) )\;1/3 < oo, we derive from (23) that lim ||x, — x||? exists, hence also lim [|x, — x||. O

A useful special case of Theorem 3.1 is as follows:

Corollary 3.2. Assume D(A) C N,~o D(B?) and let (x,) be the sequence generated by (11), with (1,) and (e,) any sequences of
positive real numbers verifying

an:oo, Z)\;‘/3<oo, en = A3,

Assume further that:

(H1) The sequence (eyuy) is bounded,
(H2') 8 = (A+B)~1(0).

Then, the sequence (x,,) of weighted averages given by (10) weakly converges to a point in .

Proof. We claim that assumption (H2') implies assumption (H2). Indeed, let x € 4. Then, we can find v € Ax N (—Bx), so
for every small ¢, > 0, 0 € Ax + Bx N (J|v]|/€n)Bs. Hence (H2) holds. The result therefore follows from Theorem 3.1. O

Remark 3.3. Examples of sequences (1) and (e,) verifying the assumptions in the above results are A, = 1/n and
e, = (1/n)'/3. As was pointed out by the referee, the proof remains valid for any sequences () and (&,) verifying the
relations

an = 00, Z(kn/sn)z < 00, ansn <00, & \(O0.
Clearly, the optimal combination for these relations to be satisfied is when (A,/e,)? = Aney, thatis, e, = ;/3.

Remark 3.4. Assumption (H1) is of course satisfied if, as in [12, Theorem 2], the sequence (u,) is supposed to be bounded.
Simple examples show that (H1) may hold while (u,) is not bounded, see Example 3.7 below.

Remark 3.5. Assumption (H2') is of course satisfied if, as in Passty’s result [ 12, Theorem 2], the usual sum A + B is maximal
monotone. In the aforementioned theorem, the assumptions are

an = 00, Z)‘le < 00, Uy € Bx,, (u,) bounded.

Passty’s result and our results are therefore not comparable. However, simple examples exist where (H2) is satisfied whereas
(H2') is not, see Example 3.7 below.

Remark 3.6. Assumption (H2') is satisfied if, as in [11, Theorem 2] (dealing with the double-backward scheme), for every
x € 4 there exists & > 0 such that A®x is bounded. Indeed, let x € §. Since

0¢ ﬂ Aénx + Benx,
n

there is a sequence (V1 5, Y2.n) € A*x x B®x such thaty; ,+¥2., — 0.From the boundedness of A°x and A*"x C A®x for large
n, we derive that (y1,,) is bounded, hence we may assume that (y; ,) weakly converges to some point y and (y, ) weakly
converges to —y. Since the sets A°"x and B*"x are weakly closed, we derive that y € A*"x and —y € B®"x for every n. From
the maximal monotonicity of A and B, we conclude thaty € Ax N (—Bx), that is, x € (A 4+ B)~1(0). Thus, § = (A + B)~1(0),
hence (H2') holds.
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Example 3.7. In # = R,letf : R — R be given by f(x) = —/xforx > 0, f(x) = 400 otherwise, and let C = {0}.
We consider the problem (2) of minimizing the proper lower semicontinuous convex function f over the nonempty closed
convex set C. As already seen in the introduction, this problem amounts to the inclusion (1) where T = 93¢ 4. df is maximal
monotone by (8). Clearly, the set of solutions of this problem is the nonempty set § = {0}. Putting A = d5¢ and B = df, the
algorithm (11) becomes the projected approximate subgradient algorithm, noting that (I+38¢) " is the projection Pc onto C:

Xo € domf (24)
Xn1 = Pc(Xy — Anuy)  withu, € (0f)*"(x,), Vn € N.

We show that the assumptions of Theorem 3.1 are satisfied.

First, note that D(A) = {0} and for every ¢ > 0, D(3,f) = domf = [0, 400, hence D(A) C (),., D(B®).

Next, we have to check the assumptions (H1) and (H2). Easy computations show that for every ¢ > 0, 9,6¢(0) =
] — 00, +o0[ and 9.f (0) =] — oo, —1/4¢].

For (H1), observe that x, = O foreveryn = 1, 2, ..., since C = {0}. We may therefore choose u, = —1/4¢, € 9,,f(0)
so that e u, = —1/4. Assumption (H1) is satisfied.

For (H2), observe that the only point in 4 is x = 0. Since d.f (0) N [—1/4¢, 1/4¢] = {—1/4¢}, we have

0 = 1/4¢ — 1/4¢ € 3,5¢(0) + d.f(0) N (1/4¢)Bg

for every ¢ > 0. Assumption (H2) is satisfied.

Thus, we may apply Theorem 3.1 to derive the convergence in average of the sequence generated by the algorithm (24)
to the point minimizing f over C. We point out that no sequence u, € 9,,f (x,) is bounded, the set 9f (x,) = df(0) is empty,
hence the operator d8¢ + df is empty, a fortiori the set (35¢ + 3f)~'(0) is also empty, the sets 9,5¢(0) and 9,f (0) are not
bounded. So none of the previous algorithms in [2,7,12,11] is applicable.
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