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An estimate of the second moment of a sampling of the
Riemann zeta function on the critical line

Jo, Sihun?, Yang, Minsuk®*

“School of Mathematics, Korea Institute for Advanced Study, 85 Hoegi-ro Dongdaemun-gu, Seoul
130-722, Republic of Korea

Abstract

We investigate the second moment of a random sampling £(1/2 + iX;) of the Rie-
mann zeta function on the critical line. Our main result states that if X; is an in-
creasing random sampling with gamma distribution, then for all sufficiently large
t3

El£(1/2 + iX)I* = log 1 + O(4flogtloglog ).
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1. Introduction

This paper is concerned with the behaviour of the Riemann zeta function {(s)
along the critical strip s = 1/2 + it by modelling the variable ¢ with a random sam-
pling. As is well known, the Riemann zeta function £(s) is defined as an analytic
continuation of the function initially defined for all complex numbers s = o + it
with real part greater than 1 by the absolutely convergent series

(]

OEDI

n=1

Lifshits and Weber [1] studied the behaviour of the Riemann zeta function
£(1/2 + it), when ¢ is sampled by the Cauchy random walk. They used Cauchy
distribution because the necessary moment expressions for Cauchy distribution are
by far more explicit than in other cases. They remarked that they believe that the
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results similar to theirs are valid for sampling with a large class of random walks
with discrete or continuous steps.
Here is our main result.

Theorem 1. Letr X, denote the gamma process with parameters a = b = 1. Then
for all sufficiently large t,

ElZ(1/2 + iX,)l2 =logt + O(+/logtloglogt).

The gamma process has two positive parameters a and b. We seta = b = 1 for
notational convenience. We note that the gamma process is increasing, its average
value is ¢, and its variance is 7. So, we use it to describe the situation how J(1/2+ir)
behaves as ¢ tends to infinity. In the next section, we recall the definition and basic
properties of the gamma process. We will extensively use the Landau notation
f = O(g), which means that |f(x)| < Cg(x) for some unspecified constant C. We
also use the Vinogradov notation f < g; it is equivalent to f = O(g).

We now give a few remarks.

Remark 1. Theorem 1 is a probabilistic analog of the famous result obtained by
Hardy and Littlewood; as T — oo,

T
% f 12(1/2 + in)Pdt = log T + O(1).
0

Remark 2. Jutila [2] obtained the following estimate for value distribution of the
Riemann zeta function

1 log? v logV
—meas(M7(V)) < exp - 87 1+0 BV ,
T loglog T loglogT

where T >2, 1 <V <logT,and My(V)={0<t<T:|{(1/2+it)| >V}

Remark 3. From Chebyshev’s inequality, it is easy to see that the random sam-
pling W converges to zero in probability. It is also a probabilistic analog of

Jutila’s result with V- = log T, although his result is much stronger.

Let us explain our method of proof. We begin by analytically extending the
zeta function with suitable form, and then investigate the moment of the sampling
{(o + iX;). Taking expectation is equivalent to considering the Fourier transform
of probability measure of gamma process. The resulting equation is a type of
oscillatory integrals. It is easy to estimate the first moment by applying repeated
integration by parts. However, it is not so easy to estimate the second moment.
The key idea in our strategy is divide and conquer algorithm based on recursion
and iteration. We decompose sums and integrals into several pieces and then use a
refined version of van der Corput’s method to estimate each terms. The argument
is technically elementary, but delicate.



2. Preliminaries

2.1. Gamma process

The gamma process Xf’b plays a role as a natural continuous time analogue
of independent and identically distributed sequence of positive increasing random
variables. It is a pure-jump increasing Lévy process with independent gamma dis-
tributed increments with two positive parameters a and b. The law of Xf’b is given
by

bat
['(ar)

The parameter a controls the rate of jump arrivals and the scaling parameter b
inversely controls the jump size. From now, we fix the parameter a = b = 1
for convenience and denote by X; the corresponding gamma process. A calculation
shows that its average value is E(X;) = j:o xdPx,(x) = t, and its variance is E|X,[>-
|[EX;|> = t. The characteristic function of X; is defined by the Fourier transform of
the law Py, that is,

xat— 1 e—bxdx‘

dPX;l,b(x) = 1(0,00)(-x)

E(e™X) = (1 — iu)™. (1)

2.2. Van der Corput’s lemmas
The proof of the following lemmas can be found, for example, in [3].

Lemma 2. Let f(x) be a real-valued function with f”'(x) > 0 on the interval [a, b]
and let g be any smooth function [a, b]. Then

b
> smexp@rifm) = f £(x) exp(2ri(f(x) — mx))dx

a<n<b a—e<m<f+e V4

+ O(G(e™! +10g(B — a +2))),

where a,f3 and € are any numbers with @ < f'(a) < f'(b) < fand 0 < € < 1,
G =|gb)| + fa b g’ )|dy, and the implied constant is absolute.

Lemma 3. Let f(x) be a real function with |f'(x)] < 1 — 68 and f”(x) # 0 on [a, b].
Then

b
> gmexprif(n) = f g(x) exp2ri f(0))dx + OGO,

a<n<b

where G = |g(b)| + fa b |2’ ")|dy and the implied constant is absolute.

The following lemma is a modification of Lemma 2.



Lemma 4. Let f(x) be a real-valued function with f”(x) > 0 on the interval [a, b]
and let g be any smooth function [a, b], where b —a > 2. Then

b

> smexplrifm) = ) f g(x) exp(2ri( f(x) — mx)dx

a<n<b a-n<m<p+n 4

+ O(Gl(n_l + log(l +

B_a))+G2(B—C¥+U)),
n
4 / b ’
where a = f'(a) < f/(b) =B, n> 1, G| = |gb)| + L lg’MIdy, G2 = max{|g(x)| :
x €la,a+ 11U [b - 1,b]} and the implied constant is absolute.
3. Proof of Theorem
We begin by proving an analytic continuation of the Riemann zeta function.

Lemma S. Let {u} denote the fractional part of u. For 0 < o < 1,

1 0o d
l(s)=1 —f u’du +f {u}—u" du.
0 1 du
Proof. Foro > 1,

) =1+ f"" u'dlu] =1+ foo udu — foo u" d{u}.
1 1 1

An integration by parts yields an analytic continuation of {(s) into the half-plane
o > 0, that is,

(o1 =1 ok [
Since o > 0, we have ﬁ = fol u%du. O
We estimate the mean value of the sampling of the Riemann zeta function.
Lemma 6. For all N € N and all sufficiently large t,
EZ(1/2 +iX) =1+ 0@™).

Proof. By Lemma 5 and the fact Eu=%' = (1 + ilogu)™,

1 00
E((1/2+iX) = 1 - f u2(1 +ilog u)du+ f (0 (21 + ilog ) ) du
0 1 du



The last integral becomes
* d -1/2 . —t
fl {u}d—u(u (1+ilogu)™) du
2 d
:f(u—1)—(u-‘/2(1+ilogu)-')du+0(e-°")
1 du

2
= - f w21 + ilogu)'du + O(e™")
1

for some positive real number c. Therefore

2
E(1/2+iX) =1~ f w (1 + ilogu) " du + O(e™").
0

Since

iu d
w —(1 +ilogu)™*,

1+ilogu)™ = —
(I+ilogu) t—1du

an N-fold integration by parts gives

2
f u ' 2(1 + ilogu)~'du
0
3 i/2)N
T -D@E-2)--
The result follows. O

2
-1/2 . —t+N —ct
u (1 +ilogu) du+ O(e™ ).
(-N) fo ¢

We now ready to prove our main theorem.
[Step 1] We claim that

EIS(1/2 + iX)PP = 1t + 1) f f P a2 (1 +ilog %)2 dudv + O(1), (2)
R

log 1
R(t):{(u,v):l<u<t4,1<v<t4,|1og5|<2,/%}. 3)
\%

To see this, using Lemma 6 we have

where

ElZ(1/2 +iX))? = El¢(1/2 +iX,) — 1 + 0(1).

1 )
f u—l/Z—iX[du _ f {u}iu_l/z_ix‘du
0 1 du

= A1(1) = 2R A1) + A3(0),

Using Lemma 5 we expand

2
El¢(1/2+iX) -1 =E




where

1 pl
Ai(r) = f f w2y PE vy dudy,
0 0

00 1
Ax(f) = f {v}di(v—”2 f u_l/zE(u/v)_iX’du)dv,
1 v 0

As(f) = f m{v}i(v_l/z f m{u}iu_l/zE(u/v)_iX’du) dv.
1 dV 1 du

It is easy to see that A;(¢) + A2(¢) = O(1). Indeed,

<1

9

[y =] (1 +ilog E)ft
2%

and a change of variables shows

00 1 1
Az(t)zf {v}i(v_l/zf _1/2(1+110g ) du)dv
1 dv 0
0o d 1/v
=f {v}a(f u1/2(1+ilogu)’du)dv
1 0

- f w{v}v_3/2(1 —ilogv)dv
1
= o(1).

A direct calculation shows

— -1/2foo d 1/2 )
A3(f)—f1 {V}d (v {u}du (u +110g

—t(z+1)f f{v 324 3/2(1+zlog )l dudv + O(1).

We observe that -
f 13 dx < 172
I

log
“"=2 =£ then

-2 t log ¢
|(1 +ilog E) | < exp (—— log(l + 4£)) <r?
v 2 t

So we can reduce the domain of integration and this proves the claim.




[Step 2] We claim that

mwnfﬁwwwmw”@+n%§f4wwz > (Fun® = Gun(0)+0(D),

(m,n)eR(t)
4
where
—~ 1 1 m+1 1 m+1
Fon(t) = —t|il + = log? 5
SR R B B TN PR
and
— +1 1 +1
Gun(t) = \/_ exp( (ilogmv +§10g2mv ))dv. (6)

To see this, we write

-2
t(r+1)ff{v}v*3/2{u}u*3/2(1+ilog f)t dudy =1 +1) Y Crat) +O(1)
R v

(m,n)eR(t)

where m,n € N and

n+1 m+1 )
v—n u—m
Con(t) = f 7 f — (1 +ilog — ) dudv.
n m

Applying an integration by parts to the inner integral yields

1 ntly,_p o om+1 -1
Cun(t) = t+1\/W T (1+zlog . ) dv

n+ 1

i -n m+1 —1
—m Wf 1/2(1+110g ) dudy
n m

i2 ("yv—n ™ yu—m ou\ el
+ t+1£ a7 fm i (1+zlog;) dudv.

If we denote

m+1\""!
Dy y(1) = \/Wf NI (l +llog ) dv

n+1 v—n m+1 —t—1
E,,,,,,(z):f 3_/2f 1/2(1+zlog ) dudv,
n % m

then we rewrite the above identity as

Conl) = ——Dpun(t) = —— Eppn(t) + -2

1 X mcm’n(l‘ — 1)



Because we can iterate this relation, we have

u —t-2
i+ 1) f f {v}v*3/2{u}u*3/2(1 +ilog —) dudy
R 1%

Z (Dm,n(t) - Em,n(t)) + 0(1)

(m,n)eR(t)

Now, we show that it 3, myer() Emn(?) is an error term. By making the change
of variables we have

3 Bl < Zf ron f
/2 u 0,
(m,n)eR(t) l<n<t v [log 4]<2+/ L;é’
et

_ exp(2 4/ =
E f i f 1 w2 (1 + ilogu) ™! dudv.
e )

I<n<t* xp(=2

1 oyl
u (1 +ilog —) dudv
v

Using the identity
iu d
(1 +iloguw)y™ = L L +iloguy™,
t du

we perform an integration by parts to obtain that

PENT uM2 -1, 3
(1 +ilogu)™ du=0("").

So we have }
t

1
Ena() < f —13dv < 1 logt.
(mmeR(D) v

Similarly, an integration by parts yields

. . 2
mn(t) - _g mn(t) + Gm n(t) / m n(t )
where
Fon(t) = — ( +ilo ’"“)_t
\/ﬁ \/,,7 ot

Gm,n(t) =




From this identity, we then obtain

A= D (Fun(®) = Gua0) + O(1).

(m,n)eR
Finally, in the region R(f), we can approximate the exponential function (1 + z)™,

logt
t b

that is, for |z] < 2
(1 +2)7" = exp(—t(z — 22/2))(1 + O(tlz])).

This proves the claim.
[Step 3] We claim that

Z (Fm,n(t) - Gm,n(t)) = 0(1)9 (7)

t<n<t* meR(n,1)

1 log ¢
R(n,t)z{meN:'log’:z:1|<2w/%}.

We only prove the sum for ﬁn,n(t) because the case for Em,n(t) is almost the
same. We have

~ 1 1 t m m
F,.(1) < — —ex (——10 2—)ex (—tilo —).
Z Z mn(1) Z \/ﬁm;;m\/ﬁ P\7y 08 7 )exP &

t<n<t* meR(n,t) t<n<t*

where

If we set n = log ¢ in Lemma 4, then

t

1 o m . m
— exp( log —) exp (—tz log —)
2 n n

meR(n,t) \/%
7 exp(2 10751) t
= Z f x 2exp (— — log? f) exp (—ti log T 27rikx) dx
—log t<k<logs ¥ "eXP(=2 RE 2 n n
1 log ¢
+0 + .
( Vnlogt  ~ni? )

It is easy to see that

ZL( ! +10gt)<<1
Vi \~nlogr — ~n?)

t<n<t*



In order to estimate the main term, we change variables to get

nexp(2 20 "
f x 12 exp (— — log2 f) exp (—ti log T 27rikx) dx
nexp(~2 %84 2 n n

—logt<k<logt

) o
= n Z Iz\/@ exp(x/2) exp (—t(ix +x2/2) - 27rikne") dx.

—log t<k<logt
Using the identity

exp (—t(ix + x*/2) - 2mikne")
1

d 2
=- — —1(i 2) — 2nikne* ),
t(i + x) + 2mikne* dx exp( (ix+x7/2) = 2ni ne)

we can integrate by parts to obtain

logt

2N
»[2\/@ exp(x/2) exp (—l‘(ix + x2/2) —_ Zﬂiknex) dx

logt
2 N
- exp(x/ ) exp (—t(ix +x°/2) - 27riknex)
t(i + x) + 2mikne* _p flogt

+

2y d( exp(x/2)

. 2 .
Ly e dx \1i+ x) + 27rikne") exp (~t(ix +/2) = 2nikne*) dx.

1 1
o <

1
< 1,;- So the

Notice that for all sufficiently large ¢, 2 lngt < %. If k = 0, then

1
If £ # 0, then we have [2rkne*| > 2t and so we have FresEs o
exp(x/2)

function Frxronfnet i and its derivatives are bounded by a constant uniformly on
the domain of integration. Hence we can repeat the integration by parts so that the
main term comes from the boundary values

logt
2 N 11
- expx/ ) exp (—t(ix +x2/2) - 2m'kne") <min<{ —, — .
t(i + x) + 2nmikne* _p Jloer 3 knt?

Therefore the main term becomes

1 Z 1 loglog ¢
— — < .
2
\/i_l O<k<logt knt t2 \/;

t<n<t*

10



This proves the claim.
[Step 4] It is easy to see that

D (Fun(d = Guu(®) = logt + O(1). (8)
1<n<t

Indeed, we have

_ 1
ZFn,n(t): Z ntl

1<n<t 1<n<t
and
- 1 ol +1 1 +1
Z Gun() = Z f v 12 exp (—t (i log 1 + = log? € )) dv
1<n<t e Y+ 1 Jn v 2 v

1+1/n 1
= Z f v_3/zexp(—t(ilogv+ zlog2 v))dv.
1

I<n<t

An integration by parts shows that the last sum is bounded by a constant.

Because the summing on {m eN:-2 lo—,gt < log ’;’Tﬂl < O} has the same es-

timates, we need to estimate the sum

Z Z (Fm,n(t) — Em,n(l)) s

1<n<t meR(n,t)

1 1
R+(n,t)={meN:O<logm+ <2 &t}
n+1 t

Moreover, since G, ,(?) is Riemann integrable, we may consider the sum

Z Z 1 1 (it m+1+11 2m+l
exXpl|— (o) — 10, 5
. Vm+1Vn+6 P ! gn+6 2 & n+a

1<n<t meR‘i n,

where

where 0 < 6 < 1 and

1 1
Ri(n,t):{meN:1<m+ <142 &t}.
n+o t

Finally, we observe that the Taylor expansion shows

1 k-0 k-0
Z exp|—t|ilog|l + — +log2 1+ —
n+k n+o n+o

0<k—6<2(n+5) /22!

- Z 1 (_t(k—5)2) (_,t(ﬂ_(k—é)z
¢ ik P arer )P \nvs " 20+ 02

0<k—6<2(n+6) /&

))(1 + 0@ ).

11



[Step 5] We now consider the sum

e e
o ik P\ mror )P v T 2w o))

3\ log <nto<ftlogt 0<k—6<2(n+6) A/ 22!

©))
We claim that the order of the above sum is O( y/log ¢loglog 7).
To see this, we apply Lemma 2 so that the inner oscillatory sum becomes
2 (x — 52 (x=6  (x-0) ,
exp|— exp|—it| —— — ——— | — 2mirx|dx
s n+x (n+0)2 n+d6  2n+0)>?

a—1/2<r<p+1/2
+ O(G(log(B — a + 2))),

where @ = —5 and § = m (2 lngt - 1). It is easy to see that the error
term is dominated by
Gllog(f — a +2)) < 2&log!
—a i
Vn+o

and that the main term is dominated by

+2(n+d) lngl 1 t(x _ 5)2
exp|-— 57 dx
a-1/2<r<p+1/2 0 n+x (n+90)

1 n+o - ylogt
N+ 6 oy Sepeie Vi

<

S
+
%)

. \/tlogt
since B —a < — 5g . Therefore

1 ylog?
Z £ < y/logtloglogt.

1 ) Vn+6 Vn+9
3 llo’?<n+é<whlogt

[Step 6] We now consider the sum

Y% Aol (- )
Vniovnik P\ v )P\ uxs T 2mv0))

Vtlog t<n+6<t )< f—5<2(n+6) }]"Tg’
(10)

We claim that the order of the above sum is O(log log 7).

12



We denote

t (k=067 k-6
19= 5 (st~ vv0)
and
. 1 1 1k — 8)*
0 = ==
We then change the order of summation to obtain that
>, > slmexp@rifin)

Vilogisn+6<t 0 cf—5<2(n+6) ,lngt
= D > glmexp@rifi(n)

0<k-0<2logt \/@<n+6<t

* Z Z g, (n) exp(2mifi(n)) + 0% \log 1)

2log t<k—6<2 [tlogt i o7 (k=8)<n+o<t

=: S1(1) + S2(1) + O * \flog 1).

We shall show that S,(f) = O(loglogt). By Lemma 3

1~
Z g (n) exprifi(n)) = f - g1.(x) exp(2ri f{(x))dx + O(G),
3 @(k*5)<n+6<t 3 ik k=0)-5
where
d t k=0 k=96
= — _ 6 — 2 NE 1 _ ’
0= T fl=6)= = ( : )

_dpfL [T s\ 2loer (| floe
ﬁ_dJJZ ogr "~ % %"nm—ab : t}

1 1 L
G:nmx&(zJﬂgﬂk—ﬁ—éyg(ﬁw—é%%ﬂ£0—®)«‘ﬁ@_éf

since we have -1 < a—€ < B+¢€ < 1 for2logt < k—6 < 24/tlogt. By the change

13



of variables
(=6

t . ot
& (x) exp(2rif, (x))dx
%\/%(kﬂs)ﬂs k k

# 70 1 (k=6 (k-0)? t(k — 5)?
< exp|—it|—— — — || exp|— dx
Nit=d) s x+ 0 xX+6 2x+0)? (x +6)?
34/logt

3 4/logt

)
- f el (—it ((k &) — M)) exp (~1(k - 6°%) dx
% X 2

Using

2.2
exp (—it ((k — &) — (k%) - 6)2x2)

1 d : (k — 6)*x*
T2tk —o)x + itk — o)1 — (k— o)) dx P (_”((k mox- T )

—t(k - 6)2x2)
we integrate by parts and then estimate the resulting terms. We did this type of

estimates many times so we omit the details and give the results. If k — ¢ < /Ttgt’
then it is dominated by

exp(—n(k - 6)i) 1
7k N ((k—é)logt)+

S
—_—
~
ek
o L

aQ
~
N————

andifk —6 > /; o then it is dominated by O(klé) + 0( \/;_l) Therefore,
og
exp(ind) (= 1)k 1 1
SH(h) < Z [ + +
s k—0 (k—0)logt \/tlog ¢t
2 log t<k—6< /@ 8

1 1
+ Z (— + = O(log log 7).
k=6 i1 t]
lﬁ’gt<k—6<2 tlogt g
By Lemma 3

=0
Y, dmexpenifon = [ gwexpaifidr+0G),
Vtlog t<n+d<t tlog=0

14



where

d k-6( k-6
= — — = —|1 - —
“ dxfk(t 2 2nt ( t )’
d k-6 k-6
= — A/ 1 — = 1 -
ﬁ dxfk( togt 6) 27T10gt[ 1[l‘logl‘)’

1 1
G = max(g(\/tlogt—6),g(\/f(k—6)—5),g(t—6)) < max[ \/@, \/E(k—é)]’

since we have -1 <@ —e <f+e€ < 1 for0 < k-9 <3logt. Thus, it suffices to
estimate

jﬁ% 1 .;%E:f_ @-5?) _Kk—&zd
Visgio x+0 PN YY" 2Gror)) TP\ T o2 |

Changing variables and then integrating by parts shows that the main term is dom-

inated by
exp(—m(k — 6)i) ( 1 ) vlogt
(0] o|————|.
ak-0) \k-02)" [\ﬁ(k_(;)
Therefore,
; 1k
1) < (exp(mé)( [DASP N Jlogt ]:0(1).
o<k si0g N T k=0 (k=06 ik -0o)

This complete the proof of Theorem.
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