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1. Introduction

In this article we generalize the atomic decomposition theorem for 2-microlocal Besov and Triebel—-
Lizorkin spaces B;‘E,%q(,)(R”) and F;‘(’,)’q(_)(R") and present an application to pointwise multipliers.

The 2-microlocal function spaces initially appeared in the book of Peetre [20] and have also been studied
by Bony [2] in connection with pseudodifferential operators. Later on, they were investigated by Jaffard [9]
as well as Jaffard and Meyer [10]. In [16] and [17], Lévy Véhel and Seuret showed that they are a useful tool
to measure local regularity and to describe the oscillatory behavior of functions near singularities.

Spaces of variable integrability, also known as variable exponent function spaces L,.)(R™), can be traced
back to Orlicz [19] 1931, but the modern development started with the papers [15] of Kovac¢ik and Rékosnik as
well as [3] of Diening. The spaces Ly,.)(R™) have interesting applications in fluid dynamics, image processing,
PDE and variational calculus, see the introduction of [6]. For an overview we refer to [5].

The concept of function spaces with variable smoothness and the concept of variable integrability were
firstly mixed up by Diening, Hésté and Roudenko in [6]. They defined Triebel-Lizorkin spaces F:((:){q(,)(R")
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and from the trace theorem on R"~! it became clear why it is natural to have all parameters variable.
Due to

: n $()= 505 (mon— . 1 1
Tr F;((,iq(')(R )= Fp(,),p("’ﬁ J(R™1Y), with s(-) — o0 > (n — 1) max (m - 1,0) ,

(Theorem 3.13 in [6]) we see the necessity of taking s and ¢ variable if p is not constant. A similar interplay
between smoothness and integrability has also been observed by Vybiral in [27] by proving Sobolev embed-
dings for variable exponent spaces. Moreover, Almeida and Hést6 also introduced Besov spaces B;E&q(.) (R™)
with all three indices variable in [1].

The scale we consider here — mixing 2-microlocal weights with variable integrability — was introduced
in [12,13] and provides a unified approach that covers many spaces related with variable smoothness and
generalized smoothness. Many results have been studied regarding these spaces, in particular the possibility
of decomposing functions f € ;‘E,)yq(R") or F;‘(’_m(.)(R”) as linear combinations of smooth atoms, which
are the building blocks for atomic decompositions.

The study of smooth atomic decompositions for Besov spaces with p and ¢ variable was firstly done
by Drihem in [7], where he proved the result for Besov spaces with variable smoothness and integrability
B;E&q(_)(R”). Following the same ideas, we present in Section 2 the smooth atomic decomposition result
for 2-microlocal Besov spaces By, . (R").

In Section 3 we develop non-smooth atomic decompositions for 2-microlocal Besov and Triebel-Lizorkin
spaces B;o%), q(_)(R”) and F| ;‘(’_), () (R™). We show that we can replace the usual atoms used in smooth atomic
decompositions by more general ones, whose assumptions on the smoothness are relaxed and, nevertheless,
we keep all the crucial information compared to smooth atomic decompositions. This modification appears
in [26], where Triebel and Winkelvofl suggested the use of these weaker conditions to define function spaces
intrinsically on domains.

In this direction, recently Schneider and Vybiral in [23] and Scharf in [22] proved some results about
non-smooth atoms for the classical Besov space stv,q(Rn)’ but using different approaches. For the case of
function spaces with variable exponents this is the first work concerning non-smooth atomic decompositions.
Our approach follows Scharf in [22] and generalizes and extends the smooth atomic decomposition results
previously referred.

In Section 4, we use the non-smooth atomic representation theorem to deal with pointwise multipliers
in the function spaces Bi{)  (R™) and FY)  (R"). Our result covers the corresponding results obtained
in [23] and [22] for classical Besov spaces B,  (R").

2. Notation and definitions

We shall adopt the following general notation: N denotes the set of all natural numbers, Ng = NU {0},
Z denotes the set of integers, R™ for n € N denotes the n-dimensional real Euclidean space with |z|, for
x € R™, denoting the Euclidean norm of x. For a real number a, let a4 := max(a,0).

If s € R, then there are uniquely determined |s|~ € Z and {s}* € (0,1] with s = [s]~ + {s}*.

Definition 2.1. Let s > 0. Then the Holder space with index s is defined as

C° = {f eclsl” e = Z sup |D“f(x)| + Z sup 1) = Fly)l < oo}.

n n el {s}+
laj<[s) - TR o[ - TweRr oy [T =]

If s =0, then we set C°© = L.
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For ¢ € (0,00], £, stands for the linear space of all complex sequences f = (f;)jen, endowed with the
quasi-norm

ad /a
171 el = (15",
§=0

with the usual modification if ¢ = oo. By ¢, ¢1, co, etc. we denote positive constants independent of
appropriate quantities. For two non-negative expressions (i.e., functions or functionals) A, B, the symbol
A < B (or A 2 B) means that A < ¢B (or ¢ A > B), for some ¢ > 0. If A< B and A 2 B, we write A ~ B
and say that A and B are equivalent.

In order to define 2-microlocal Besov and Triebel-Lizorkin spaces with variable integrability, we start by
recalling the definition of admissible weight sequences. We follow [13].

Definition 2.2. Let o > 0 and oy, a2 € R with a7 < ay. A sequence of non-negative measurable functions
in R w = (w;);en, belongs to the class W, ,,(R") if the following conditions are satisfied:
(i) There exists a constant ¢ > 0 such that
0 < w;(x) < cwi(y) (1+2 |z —y[)* forall j €Ny and all z,y € R™.
(ii) For all j € Ny it holds

2% wj(z) < wjtp(x) < 2% wji(z) for all z € R™.

Such a system (w;);jen, € WS, a,(R") is called admissible weight sequence.

Properties of admissible weights may be found in [11, Remark 2.4].

Before introducing the function spaces under consideration we still need to recall some notation. By S(R™)
we denote the Schwartz space of all complex-valued rapidly decreasing infinitely differentiable functions on
R™ and by S§’'(R™) the dual space of all tempered distributions on R™. For f € §'(R™) we denote by fthe
Fourier transform of f and by fV the inverse Fourier transform of f.

Let ¢g € S(R™) be such that

wo(z) =1 if ||/ <1 and supp po C {x € R": |z| < 2}. (2.1)

Now define ¢(z) := ¢o(z) — ¢o(2z) and set ¢;(x) := p(277z) for all j € N. Then the sequence (¢;);en,
forms a smooth dyadic partition of unity.

By P(R™) we denote the class of exponents, which are measurable functions p : R" — (¢, 00| for some
¢ > 0. Let p € P(R™). Then, p* := ess-sup,cg.p(x), p~ := ess-infyernp(x) and L,y (R™) is the variable
exponent Lebesgue space, which consists of all measurable functions f such that for some A > 0 the modular
QLPH(Rn)(f/)\) is finite, where

or,., & (f) = / |f () [P@) da + ess-Sup,epn | f(2).
Ry
Here R™ denotes the subset of R™ where p(z) = co and R} = R™\ RZ . The Luxemburg norm of a function

[ € Lpy(R™) is given by

n : f
171 Ly @) = {35 0501, e (§) <1}
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In order to define the mixed spaces £4(.)(Lyp.)), we need to define another modular. For p,q € P(R") and
a sequence (fy,),en, of complex-valued Lebesgue measurable functions on R", we define

ZOO : Jv
qu(-)(Lp(-))(fV) = inf {)\y >0: Qp() <W S 1;. (22)
v=0 v

If ¢ < oo, then we can replace (2.2) by the simpler expression

Qeq()(Lm)) (fv) ZH|fV|q ) |LP<>H (2.3)

The (quasi-)norm in the £4.)(L,(.)) spaces is defined as usual by

||fl, | éq()( () (R"))H = inf {/1* >0: 00,05 (L) (f > < 1} (2.4)

For the sake of completeness, we state also the definition of the space L,.)({4(.)). At first, one just takes
the norm £y of (f,(z)),en, for every 2 € R™ and then the L, -norm with respect to z € R", i.e.

o] 1/q(z)
1fo | Ly (bg(y R = (Z fu(fc)q(m)> | Ly (R™)
v=0

We introduce now the Hardy-Littlewood maximal operator M, which is defined for a locally integrable
function f € L{¢ and for 0 <t < 1 by

1/t

Mu(f)(w) = sup/|f W)
and M(f)(z) = M1(f)(z). In order to guarantee the boundedness of M, in L,.)(R") for non-constant

exponent p(-) we require certain regularity conditions on p € P(R™). Let us define the important classes.

Definition 2.3. Let g € C(R"). We say that g is locally log-Hélder continuous, abbreviated g € C’;ch(]R”) if
there exists ciog(g) > 0 such that

9(@) — gly)] < —— 1280

f 11 R™. 2.5
< ogler 1l —yp Al @yE (25)

We say that g is globally log-Holder continuous, abbreviated g € C'°8(R™), if g is locally log-Holder contin-
uous and there exists g, € R such that

Clog n
— < —— 11 R™. 2.6
lg(z) goo\ = Tog(e + [2]) orall x € (2.6)

We use the notation p € P°8(R") if p € P(R") and 1/p € C'°8(R™). It was proved in [4] that the maximal
operator M is bounded in Ly .)(R™) provided that p € P'°¢(R") and 1 < p~ < pT < o0.

The definitions of the spaces below were given in [14]. The restriction ¢* < oo in the F-case comes from
the use of Lemma 3.8, which is essential for studying Triebel-Lizorkin spaces with variable exponents.
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Definition 2.4. Let (¢;);en, be a partition of unity as above, w = (wj)jen, € Wg, o,(R") and p,q €
Plog(R").

(i) The space By{,) (R") is defined as the collection of all f € S'(R") such that

1 1 B3y ) Rl 1= 11(w; (95 )seno | Lagy (Lp(y (R™))]

is finite.
(ii) If p™,q* < oo, then the space E3) o) (R™) is defined as the collection of all f € S'(R") such that

1F 1 ER ay Rl = 1l (wj (25 H)")sen | Ly (Lg(y (R™)]]
is finite.

Remark 2.5. These spaces include very well-known spaces. For p = const and w;(z) = 27¢ we get back to
the classical Besov and Triebel-Lizorkin spaces B, ,(R") and F};  (R").
Also the spaces of generalized smoothness are contained in this approach (see [8,18]) by taking

w;(x) = 2750 (277), or more general w;(z) = o;.

Here, {0} ,cn, is an admissible sequence, which means that there exist do,d; > 0 with dyo; < 041 < dy0o;
and ¥ is a slowly varying function.

Moreover, these 2-microlocal spaces also cover the spaces of variable smoothness and integrability 3;)8 )
and F;(()) 4(y» introduced in [6] and [1]. If s € C’llgf(]R") (which is the standard condition on s(-)), then

w = (w;(x))jen, = (27°@),en, belongs to W3 an(R") with a; = 57, az = sT and a = ciy(s), where

Clog(s) is the constant for s(-) from (2.5).

For p,q € P(R™), we put

1 1
o, =n|——1 and o, =n|—m——1].
P <p‘ )+ P (mln(l,p‘, q7) )

2.1. Smooth atomic decompositions of By, ,\(R") and Fi, (R")

In [13] it was presented the atomic decomposition theorems for F;‘(") q(.)(]R") and, with ¢ = const,
for B;‘E.) q(R"). The case of having both parameters p and ¢ variable in the Besov scale was studied by

Drihem in [7], where the atomic decomposition of Besov spaces with variable smoothness and integra-
bility B;E:;q(.)(R”) was stated. Here we present the atomic decomposition for 2-microlocal Besov spaces
By 4y (R™), whose proof follows mainly from [7] using Remark 2 in [14].

At first, we shall introduce some notation. Let Z™ stand for the lattice of all points in R™ with integer-
valued components, @, denotes a cube in R™ with sides parallel to the axes of coordinates, centered at
27"m = (27Ymy...,27Ym,) and with side length 27, where m = (my,...,m,) € Z" and v € Ng. If Q is
a cube in R™ and r > 0 then r@ is the cube in R™ concentric with @ and with side length r times the side
length of . By X, we denote the characteristic function of the cube Q, .

We define now smooth atoms, which are the building blocks for atomic decompositions.
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Definition 2.6. Let K, L € Ny and let d > 1. A K-times continuously differentiable complex-valued function
a € CK(R") is called [K, L]-atom centered at Q, ., for all v € Ny and m € Z", if

(i) supp a C dQu.m,
(i) [DPa(x)] < 297 for |8] < K,
(ii) /xﬁa(as)dx =0for 0<|f| < Landv>1.

Rn

Remark 2.7. If an atom a is centered at Q, n, i.e., if it fulfills (i), then we denote it by a,,. If L = 0 or
v = 0, then no moment conditions (iii) are required.

We shall now introduce the sequence spaces b ), and v 20),a()? whose use will become clear in the

a(-
following.

Definition 2.8. Let w = (wy, ), en, € WS

1,02

(R™) and p,q € P(R™).

(i) The sequence space b;‘z% q(')(R”) consists of those complex-valued sequences A = (A, m)veNy,mez» Such
that

I 8500 R = | (0 Pl w27 m)xm) o (L (R)|

meZ"

is finite.
(ii) If p*,¢" < oo, then the sequence space f;‘(’_) q(_)(R”) consists of those complex-valued sequences A\ =
(Av,m)veNy,mezn such that

Nty ®DI = ([ (D2 Pl w0 (27m) X

mezn

v, | Lp<->(fq<->(R”))H

is finite.

We present now the atomic decomposition results for the scale of 2-microlocal spaces with variable p
and ¢. While for the Triebel-Lizorkin space F*/ 0, q(.)(R") the result was stated in [13], the equivalent result
for Besov spaces BY )a() (R") is new. However we do not present the proof here, since the idea goes back

)
to [7] where the atomic decomposition was stated for B o( g o (R™), see also Remark 2 in [14].

Theorem 2.9. (See Corollary 5.6 in [13].) Let w = (w,)ven, € WG, o, (R™) and p,q € P5(R™) with

0<p <pt<ooand0 < q <q" < oco. Furthermore, letd > 1, K,L € Ny with K > ag and L > 0, ;—
be fizred. Then every f € S'(R™) belongs to F;z’,)yq(i)(R") if and only if it can be represented as

f= Z Z Av.m @um,  convergence being in S'(R™), (2.7)

v=0meznr

for (av.m)veny,mezn [ K, L]-atoms according to Definition 2.6 and X € o0), q(‘)(R”). Moreover,

1f1 ;‘(’.m()(R”)||~1nf||/\| p()q (Rn)H:

where the infimum is taken over all possible representations of f.
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Theorem 2.10. Let w = (w,),en, € W2 .. (R™) and p,q € P2(R"). Furthermore, let d > 1, K, L € Ny

aq,02

with K > ag and L > o, — ay + ciog(1/q) be fiwed. Then every f € S'(R") belongs to By . (R") if and

only if it can be represented as

(o)
f= Z Z Av.m Gum, convergence being in S'(R™), (2.8)
v=0mezZn

for (ay,m)veny,mezn [K, L]-atoms according to Definition 2.6 and A € b;"(‘),q(.)(]R"). Moreover,
11 Bpy,q() R~ i [[A | b3y o) (R,

where the infimum is taken over all possible representations of f.

3. Non-smooth atomic decompositions

3.1. Non-smooth atoms

At first, we present the concept of non-smooth atoms, slightly adapted from [22] to our scale. Note that
the usual parameters K and L are now non-negative real numbers instead of natural numbers.

Definition 3.1. Let K, L >0, d > 1 and ¢ > 0. A function a : R — R is called a non-smooth [K, L]-atom
centered at @), m, for all v € Ny and m € Z", if

(i) supp a C dQum,
(i) fla@27) [CK®RM)| <,
(iii) and for every ¥ € CF'(R™) it holds

’ / Y(z)a(z)de| < c27"E[ | CHR™).

dQu,m

Remark 3.2.

(a) As in the smooth case, if L = 0, then condition (iii) can be ignored since it follows from conditions (i)
and (ii) with K = 0. If K = 0, then by Definition 2.1 we only require a to be suitable bounded.

(b) The modification of condition (ii) here was suggested in [26] (with some minor adjustments) and one
can see that the usual formulation as in Definition 2.6(ii) follows from this one if K is a natural number,
since CX(R") — CE(R").

(¢) Regarding condition (iii), the modification here was suggested by Skrzypczak in [24] for natural numbers
L+ 1 (replacing CL(R™) by CE(R™)). Here, as in [22], we extended this definition to general positive
numbers L.

3.2. Local means

Let us recall the characterization of B;‘E_)’q(_)(]R") and F;‘(’_),q(.) (R™) by local means, proved in Theorem 6
of [14] and Theorem 2.2 of [12], respectively. For each system (Uy)ren, C S(R™), for each distribution
f € §'(R™) and to each number a > 0, we define the Peetre maximal operator by

v
(9% f)a(z) = sup %, where k € Ny and z € R”.
yER™ —

Please cite this article in press as: H.F. Gongalves, H. Kempka, Non-smooth atomic decomposition of 2-microlocal spaces and
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We start with two given functions g, ¢ € S(R™). We define
Yj(z) =¢(277z), forz € R" and j € N. (3.1)
Furthermore, for all & € Ng we write W, = Qﬁk

Remark 3.3. Before presenting the results, we would like to highlight that a careful look into the proof of
the Theorem 6 in [14] shows that the condition a > ngii(l/q) + a should be replaced by

n
a> ]F + clog(1/q) + .

Proposition 3.4. Let w = (wi)ren, € WS . (R"), p,q € PPI(R™) and let a > 0, R € Ny with R > as.

a1,02

Further, let 1o, ¥ belong to S(R™) with

DP(0) =0, for0<|B| <R, (3.2)

and
[o(x)] >0 on {zeR":|z|<ce} (3.3)
|Y(z)] >0 on {zeR":e/2<|z|< 2} (3.4)

for some € > 0.

(i) Fora> = + cog(1/q) + a and for all f € S'(R") we have

11 Bptya(y R~ (k5 Flwn | Loy (Lpey RO~ (W5 Fawr [ Loe) (Lpe) (R))]

(ii) If p*,q" < oo, then for a > 5+ and for all f € S'(R™) we have

min(pn*,q*
1 T EpCyq(y R~ I1(Pr * flwe | Lpey Loy R~ [[(Lef)aw | L) Loy (R™))]]
Remark 3.5.

(a) This result shows that the definition of the 2-microlocal spaces of variable integrability given in Defini-
tion 2.4 is independent of the resolution of unity used.

(b) The conditions (3.2) are usually called moment conditions, while (3.3) and (3.4) are the so-called
Tauberian conditions.

(¢) If R =0, then no moment conditions (3.2) on ¢ are required.

(d) The notation cjog(1/g) stands for the constant from (2.5) with 1/¢(-).

8.2.1. Helpful lemmas

Before presenting the main theorem of this section, we provide some technical lemmas which will be
useful later on. The first result is an adaptation of Lemma 3.8 in [22] and it shows that local means are
related to non-smooth [K, L]-atoms.

Lemma 3.6. Let j € Ny. If; = ¥(277-) is a local mean as in Proposition 5./, then 2797 1 15 a non-smooth
[K, L]-atom centered at Qo for arbitrary large K > 0 and for L < R+ 1 with R from (3.2).

Please cite this article in press as: H.F. Gongalves, H. Kempka, Non-smooth atomic decomposition of 2-microlocal spaces and
application to pointwise multipliers, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2015.10.007




Doctopic: Functional Analysis YJMAA:19868

H.F. Gongalves, H. Kempka / J. Math. Anal. Appl. e e o (e e e 0e) e 0 0—00e0 9

The next result can be obtained following the steps of the proof of Theorem 3.12 in [22] with our
normalization. The idea is to use the fact that not only a, ,, but also ¥; can be understood as atoms in the
sense of Definition 3.1. In this way, we can use estimates of the type (ii) and (iii) of Definition 3.1 in both
functions and get this result.

Lemma 3.7. Let j € Ny, 1; = ¢(277-) be a local mean as in Proposition 3.4 and let (ay.m)veNy,mezn be
non-smooth [K, L|-atoms. Then

/‘I’j(y)ay,m(x —y)dy| < c27UIEN(cQ,m)(x), forj>v
R‘!L

and

/\Ifj(x —y)aym(y) dy| < 02_(”_j)(L+”)X(C 2”_]4Q,,$m)(ac), for j <.
Rn

Since the maximal operator is of no use in the case when ¢ is a variable function (see [1] and [6]), we
have to work with another tool. We use convolution inequalities from [6] and [14] for FT)  (R") and
B;‘E,) q(_)(R"), respectively. Therefore, we introduce the functions

( ) 27’7,1/
vR(T) = == >
B = (A ava)R

for v € Ng and R > 0.

Lemma 3.8. (See Theorem 3.2 in [6].) Let p,q € C9(R™) with 1 < p~ <pt < oo and 1 < ¢~ < ¢+ < 0.
Then the inequality

nv,r * fu | Lp() (Lg(y DI < el fy | Ly (Lgy R™))]]
holds for every sequence (f,)ven, of Li°¢(R™) functions and constant R > n.

Lemma 3.9. (See Lemma 10 in [14].) Let p,q € P(R™) with p(-) > 1. For all R > n+ ¢j04(1/q), there exists
a constant ¢ > 0 such that for all sequences (f,)ven, € £q(.)(Lp)(R™)) it holds

70,5 % fur | gy (Lp(y RN < e[l fo | €q0) (Lpgy (R™))]]-

Lemma 3.10. (See Lemma 9 in [1}].) Let p,q € P(R™) and § > 0. Let (gi)rez be a sequence of non-negative
measurable functions on R™ and denote

Gy(z) = 227‘”7’“‘5%(1), forx e R" and v € Z.
keZ

Then there exist constants Cy,Cy > 0, depending on p(-), q(-) and 0, such that
G | gy (Lpy (R )| < Crllgn | ¢y (Lpcy (R™)) ]|
and

G | Lpy (Lq(y RN < Callg | Ly (€qy (R™))]-
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Remark 3.11. Naturally, Lemma 3.10 holds true also if the indices k and v run only over natural numbers.

Lemma 3.12. (See Lemma 5.5 in [15].) Let 0 <t < 1,7, v € Ng and (hy m)ven, mezn be non-negative real
numbers. Then we have for R > 0 and x € R™ that

1/t
> hom(1+ 2w —27m|) ™ < ¢ max(1, 207D me * ( > hgmxy,m(-)ﬂ (z)) .

mezn meznr

3.83. A more general atomic representation theorem

In this section we shall prove the more general atomic decomposition theorem. We will follow the approach
of the proof of Theorem 3.12 in [22]. But first we will prove the convergence of the atomic series in S’(R™).

Theorem 3.13. Let w = (wj)jen, € W, 0, (R") and p,q € PYI(R"). Let K,L > 0 with K > ay and
L >0, —ay. Then

33 Mmum (3.5)

v=0mezn

converges unconditionally in S'(R™), where a, ., are non-smooth [K, L]-atoms located at Q,m and \ €
b, yorAE fU L.
p(),a() p(-),a(-)

Proof. According to [1] and [13] (see also the explanation before Proposition 3.9 in [13]), for ¢ < min(1,p™)
we have the following sequences of embeddings

4 4
p()a() 7 Vo0 oy T Vo
and

w o o
fp(‘),q(~) - f@ = b#po,

a(-)
where g;(z) = wj(:c)27jﬁ‘”. Since 277 7 =; 2735(®)9¢ i3 again a 2-microlocal weight sequence with
s(+) € C9(R™) and 0 < s(z) < 1, then g is also an admissible weight sequence and it can be shown that
o€ Wgrat’az (R™) with § > 0 large enough. In fact, it can be shown that 8 = a +t 04 ¢io9(1/p), where the
constant cjoq(1/p) comes from (2.5).
Let ¢ € S(R™). We can assume that A € b‘@ . having in mind the above embeddings. From the
i

conditions (i) and (iii) of the Definition 3.1 we obtain

[ 3 At heta)| < c277EH T Pl o002 —m) | CHERY)L (3.6)

Rn MEZL™ mezn

where ¢ € C*°(R"™), ¥(z) =1 for z € dQo,o and supp ¥ C (d + 1) Q0. Since ¢ € S(R™), we can estimate
the norm in (3.6) from above in the following way:

lp(-) (27 - =m) | CHR™)| < Cyr 1+ 127"m)) ™ ~ Car L+ gD, y € Qum,

where M € Ny is at our disposal and Cj; does not depend on v and m. According to the properties of the
admissible weight sequence (3.6) becomes
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| / > Avmtn,, @)e(@)da] < 27 S0 0,(y) (14 )™ () 00 (1)

Rn MELR mezn

<2 ST N, Ll 0, (277 m) (14 2]y — 27V ml]) P 2/ (14 )My, ()
mez™

~ et [N N 0, (277 m) (14 2%e — 27 ml) ™ (L4 Jal) M vy (2) da
R™ mez™

We estimate now the integral and from Holder’s inequality for L,.)(R") with p(-)/t > 1 and choosing M
large enough we get

[ 3 Pl au@m) (1420 =27 m) ™ (1 [al) ™4 o, (0) da
R mez"

Y Pumlen@7m) (142" —27m)) ™% | Ly (R")
mezn

Finally, we use Lemma 3.7 of [13] with > % and the boundedness of the maximal operator and obtain

’/ > Ama,, (@)p(x)] < 27t

R mez"

M < Z |)‘V,m| Qu(2_ym) Xu,m(')> | LP(T‘)(Rn)

mezn

< 2= | S™ A 10,27 m) Youn () | Loca (RY)

mez"

Summing up over v € Ny and since L > o, — a1 > 0p — a1, we arrive at
ZZ / vy, ()¢ ()dx<CH)\|bp(> s
v=0meZ" {yn
from which the absolute convergence of (3.5) and the unconditional convergence in §'(R") follow. O
Now we state the atomic decomposition result.
Theorem 3.14. Let w = (w;)jen, € WS, o, (R™) and p,q € P*9(R™).

(i) Let K,L >0 with K > ay and L > op — a1 + cio9(1/q). Then f € S'(R") belongs to By \(R") if
and only if it can be represented as

(oo}
f= Z Z Av.m Qum, convergence being in S'(R™), (3.8)

v=0mezZ"

Jfor (av,m)veny,mezn non-smooth [K, L]-atoms according to Definition 3.1 and X € byt . (R™). More-
over,

1T Bty q(y R~ mf AT O3 oy (R,

where the infimum is taken over all possible representations of f.

Please cite this article in press as: H.F. Gongalves, H. Kempka, Non-smooth atomic decomposition of 2-microlocal spaces and
application to pointwise multipliers, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2015.10.007




Doctopic: Functional Analysis YJMAA:19868

12 H.F. Gongalves, H. Kempka / J. Math. Anal. Appl. e e o (e e e0e) e 6 0—00e0

ii) Let K,L >0 with K > ag and L > 0,4 — a1. If ptT,q" < o0, then f € S'(R™) belongs to F¥,  (R"
p,q p().q(+)
if and only if it can be represented as

o0
f= Z Z Av.m Qu.m,  convergence being in S’ (R™),

v=0meZ"

Jfor (av,m)veny,mezn non-smooth [K, L]-atoms according to Definition 5.1 and X € fi) . (R™). More-
over,

11 Ep(y gy R~ inf (A £58) o) (R,
where the infimum is taken over all possible representations of f.

Proof. We rely on the proof of Theorem 3.12 in [22].

There are two directions we shall prove. Observing that every smooth [K, L]-atom is a non-smooth
[K, L]-atom one direction follows directly from Theorems 2.10 and 2.9 (see the proof of Theorem 3.12 in [22]).
We will focus on the other direction, which is the main part of the proof. We need to show that, even with

weaker conditions on the atoms, we still get an element of B;‘E,) q(.)(R”) or F;‘(") q(')(R”) when considering a

linear combination of these non-smooth atoms. For this, we will use the equivalent characterization by local
means given in Proposition 3.4. As usual, we divide the following summation in dependence on j € Ny into
two parts

[eS) j oo
F=Y Mmavm =3 > Mmumt D > Mmaum = fi+ 1.

v=0mezn v=0mezZn v=j+1mezZnr

‘We have

11 Bty ar RN ¢ (1651 Bty a0y R+ 17 | Bty o) R
= c[l(P; * f)w; | Loy (Lpey RN+ e[(¥5 % I w; | ooy (Lpey (R™))]

—I+1L (3.9)

In both parts of the summation, the crucial part is the estimate of

/\I/j (y)au,m(x - y) dy 3

Rn

which we already have from Lemma 3.7. As stated before, we use that not only a, ., but also ¥; can be
interpreted as non-smooth atoms and admit estimates as (ii) and (iii) in Definition 3.1.
Let us first consider the case j > v. We have, from Lemma 3.7, the estimate

/ U (9)tym( — ) dy| < 270K\ (e Qum)(2),
]Rn

and from the properties of the weight sequence in Definition 2.2,

wji(z) < C 2072y, (27Vm)(1 4 2V |z — 27V m|)%.
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Putting both together, we have

(25 % fi) (@) wi(@) < e D w2707 0, (27m) X(c Qum) (),

v=0megzn

using that |z — 27"m| < 27" for x € ¢Q, . Further, using Lemma 3.10 with § = K — as > 0 we get

J
I<c¢ ZQ*(]*V)(K,O@) Z o] 0, (277m) X (¢ Q) | Lo ( )(Rn))H
v=0 mezZm"
</ Z |/\,,7m|w,,(27l'm) X(CQv,m) | gq(-)(Lp()(Rn))H
mezn
— CI )\ | b;u()’q()G:Rn)H .

Now, let j < v. Lemma 3.7 gives us the estimate

/ Ui (z — y)aym(y) dy| < c27C=DEEM\(cov=iQ,, ) ()

Rn
and using the properties of the weight sequence again, we get
wi(z) < C27 W=Dy, (277 m) (1 + 27 |z — 27Vm|)*.

Note that the following assertion is true: for every = € R™ and every M > 0, there exists a constant C' > 0
such that

X(c2”7jQ,,7m)(a:) <C(1+ 2j\x — 27”m|)7M

Combining the last three estimates, we have

[(T; % f7)(x) | <c Z S Pl 2T EE ) (27 m) (14 2] — 27V m[)* M,
v=j+1mezZn

We can now estimate II. Let 0 < ¢ < min(1,p~). By Lemma 3.12 with M — « > 0 we get

M<c| > > Puml2 DTy, (27 m) (1 + 2w — 27m])* M | £y0) (Lyy (R™))
v=3+1mezn

1/t
<c Z 9~ (v=i)d [mw o) (Z [Aum |t w), (27 m)xum()ﬂ | Loy (Lp(y (R™))

v=j+1 mezn
with § ;== L+n+a; — M + a and by Lemma 3.10 with 6 > 0 we obtain

1/t
<d |j7u (M—a) (Z |)‘u m‘ w (2 m)Xum( )>‘| Mq(~)(Lp(‘)(Rn))

mez"
1/t

= No,(M—a)t * < Z |>\1/ m|t 2 m)XV M( )) | f# (L#(Rn))

meZ"
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This can be further estimated using Lemma 3.9 with M —a > % 4 ¢j04(1/q) (note that we are applying the
result for £4¢) (Lo (R™)))
t t

1/t

< Z Amlt wh (27 m)xom (4) | €aey (Lpey (R™))
mez" ! !

=c" Z |)\V,m| wu(2_ym)XV,m(') ‘ f ( )(Rn))H
mez”

—C” )\lbp()q (Rn)H

In the F-case we do the same estimates as above, use the second part of Lemma 3.10 and apply, instead
of Lemma 3.9, Lemma 3.8 for L) (€q)) with t <min(l,p~,¢7) and R= (M —a)t >n. O
t t

4. Pointwise multipliers

Let ¢ be a bounded function on R™. The question is under which conditions the mapping f — ¢ - f
makes sense and generates a bounded operator in a given space By . )(R ) or F¥ pO)al. )(R ).

For the classical spaces By (R") and F};  (R"), Triebel studied this problem in Section 4.2 of [25], where
two different approaches were followed: via atoms and via local means. The first idea of taking an atomic
decomposition of f required the non-existence of moment conditions as in Definition 2.6(iii) since the moment
conditions are in general destroyed by multiplication with ¢. A more general result was then obtained by
Triebel using local means. A good overview on pointwise multipliers in constant exponent spaces By q(R”)
and F; (R") can be found in Chapter 4 in [21].

Recently, Scharf has shown in [22] that it is possible to get a very general result on pointwise multipliers
using atomic decomposition but now with the non-smooth atoms.

Our aim in this section is to extend this result for variable exponent spaces B}, (R") and F ¢, (R").
Following [22], we take an atomic decomposition of f as in Theorem 3.14, multiply it by ¢ and prove that
the resulting sum is still a sum of non-smooth atoms. We start by referring two helpful results.

Lemma 4.1. (See Lemma 4.2 in [22].) Let s > 0. There exists a constant ¢ > 0 such that for all f,g € C*(R™),
the product f - g belongs to C*(R™) and it holds

1f-g 1 CCRM < cllf [C*RM - [lg [ C*R™)].
The next result shows that the product of a non-smooth [K, L]-atom with a function ¢ € C*(R") is still
a non-smooth [K, L]-atom. It is a slight normalization of Lemma 4.3 in [22] and so the proof will not be

presented here.

Lemma 4.2. There exists a constant ¢ with the following property: for all v € Ng, m € Z™, all non-smooth
[K, L]-atoms ay, m with support in d Q. and all ¢ € CP(R™) with p > max(K, L), the product

clle | PRI ¢ avm
is a non-smooth [K, L]-atom with support in dQy,m.

We are now in the position of proving the main result.
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Theorem 4.3. Let w = (w;)jen, € WS, o, (R™) and p,q € P*9(R™).
(i) Let p > max (o, 0p — a1 + Ciog(1/q)). Then there exists a positive number ¢ such that
o+ £ 1 Bty o R S ell | ORI -1 | By RV
for allp € CP(R™) and all f € B7,) \(R").
(ii) Let p*,q"t < oo and p > max(ag,0p,4 — a1). Then there exists a positive number ¢ such that
- f 1 Eplya(y RO < clle [CPRM-IIf | 5ty o) (R
for all o € CP(R™) and all f € POl )(]R”).

Proof. We will prove (i), since (ii) follows similarly. Let f € By, . (R"). By Theorem 3.14, there exist
A€ byl 4y(R™) and non-smooth [K, L]-atoms (au,m)veny,mezr such that f can be represented as

f:Z Z )\V,mau,m

v=0mezr

and

AT 030,00 RO < el 1 By g9 (RO,

where the constant ¢ is independent of f € B ) q(.)(]R"). By Lemma 4.2 we know that

o f=le lCP@®DID D A (I [CPRMIT - - avm)

v=0meZ"

=55 v (lo [ PRI 0 aym)

v=0mezn

is still a linear combination of non-smooth [K, L]-atoms with coefficients p,, ,,, := ||¢ | C?(R™)|| Ay, which
means that we obtained an atomic decomposition for the product ¢ - f. Using now the other direction of
the Theorem 3.14, we know that ¢ - f belongs to By, q(,)(R") and it holds

o 1 Bpiy.ay R < cllo | COR™)-IA bty gy R <l | CPR™ -1 | By ) R
which completes the proof. O
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