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1. Introduction

We study a class of piecewise-deterministic Markov processes (PDMPs) which we call semiflows with
jumps. As defined in [10,11] a PDMP without active boundaries is determined by three local characteristics
(m,p,P), where 7 is a semiflow describing the deterministic parts of the process, ¢(x) is the intensity of a
jump from x, and P(z,-) is the distribution of the state reached by that jump. The problem of existence of
invariant measures for Markov processes is of fundamental importance in many applications of stochastic
processes [11,18,24].

We consider semiflows that arise as solutions of ordinary differential equations

a'(t) = g(a(t)), (1.1)

where g:R? — R? is a (locally) Lipschitz continuous mapping. We assume that F is a Borel subset of R?
such that for each 2y € E the solution x(t) of (1.1) with initial condition x(0) = x( exists and that z(t) € F
for all ¢ > 0. We denote this solution by m;x. Then the mapping (¢,z¢) — mxo is Borel measurable
and satisfies mox = x, sz = m(msx) for x € E, s,t € Ry. As concerns jumps we consider a family of
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measurable transformations Ty: E — E, § € O, where © is a metric space which carries a Borel measure v,
and a family of measurable functions pg: E — [0,00), 6 € O, satisfying

/pg(x)u(d@) =1, z€kE,
)

so that the stochastic kernel P is of the form

Pz, B) = /1B(Tg(x))p9(x)u(d9), ve B (1.2)
©

for B € B(E), where B(E) is the Borel o-algebra of subsets of E. This roughly means that if the value of
the process is x then we jump to the point Ty(x) with probability ps(x).
The following standing assumptions will be made. The intensity function ¢ is continuous and

t

lim [ ¢(msx)ds =400 forallz € E. (1.3)

t—o0
0

The mappings (6, ) — Ty(z) and (6, x) — pg(x) are measurable so that the stochastic kernel in (1.2) is well
defined. We assume also that each mapping m;: E — FE as well as each Ty: F — FE is nonsingular with respect
to a reference measure m on E. Recall that a measurable transformation T: F — F is called nonsingular
with respect to m if the measure m o T~! is absolutely continuous with respect to m, i.e., m(T~1(B)) =0
whenever m(B) = 0.

Let us briefly describe the construction of the PDMP {X (¢) };>0 with characteristics (m, ¢, P) (see e.g. [10,
11] for details). Define the function

F.(t)y=1- exp{—/go(wsac)ds}7 t>0, z€F, (1.4)
0

and note that the assumptions imposed on ¢ imply that F}, is a distribution function of a positive and finite
random variable for every x € E. Let to = 0 and let X (0) = Xy be an E-valued random variable. For each
n > 1 we can choose the nth jump time t,, as a positive random variable satisfying

PI‘(tn — tn—l < t|Xn_1 = .13) = Fw(t), t> O7

and we define

7thtn,l()('nfl) for tnfl S t < tn7
X, for t =t,,

x(0 - {
where the nth post-jump position X, is an E-valued random variable such that
Pr(X, € B|X(t,—) = z) = P(x, B),

and X (t,—) = limyy, X(¢) = -+, (Xn—1). In this way, the trajectory of the process is defined for
all t < too := lim, o t, and to, is called the explosion time. To define the process for all times, we set
X(t) = A for t > to, where A ¢ E is some extra state representing a cemetery point for the process. The
PDMP {X(¢)}+>0 is called the minimal PDMP corresponding to (7, ¢, P). It is said to be non-ezplosive if
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P, (too = 00) =1 for m-almost every (m-a.e.) © € E, where P, is the distribution of the process starting at
X (0) = 2. We denote by E, the expectation operator with respect to P,.
Our main result is the following.

Theorem 1.1. Assume that the chain (X (t,))n>0 has only one invariant probability measure . absolutely
continuous with respect to m. If the density f. = du./dm is strictly positive a.e. then the process {X (t)}+>0
is non-explosive and it can have at most one invariant probability measure absolutely continuous with respect
to m. Moreover, if

/IEgc(tl)f*(m)m(dx) < 00, (1.5)

E

then the process {X (t)}1>0 has a unique invariant density and it is strictly positive a.e.

The problem of existence and uniqueness of an invariant probability measure for the process {X(t)}i>0
with comparison to the similar problem for the chain (X (¢,))n>0 was studied in [7] in the context of general
PDMPs with boundaries and under some technical assumptions. We also refer the reader to [8,13] for the
study of equivalence between stability properties of continuous time processes and yet another discrete time
processes associated with them. Here we concentrate on the existence of absolutely continuous invariant
measures and we make use of the results from [34]. That is why we need to assume that the semiflow
{m }1>0 satisfies m(E) C E for all ¢ > 0 (this implies that there are no active boundaries) and that the
stochastic kernel P describing jumps gives rise to a transition operator P on L' (see (2.1)) so that we
can use [34, Theorem 5.2|. In particular, the kernel P as in (1.2) has the required property and covers
many interesting examples. However, any refinements entail considerable mathematical difficulties and are
currently under research.

We study the continuous time process with the help of a strongly continuous semigroup of positive
contraction operators {P(t)}:>0 (substochastic semigroup) on the L'-space of functions integrable with
respect to the measure m. The semigroup can be obtained from the Kato—Voigt perturbation theorem for
substochastic semigroups on L'-spaces and this functional analytic framework is recalled in Section 3 as
Theorem 3.1. Using results from [34], this gives that the chain (X (¢,))n>0 has the property that there exists
a unique linear operator K (stochastic operator) on L' which satisfies: if the distribution of the random
variable X (0) has a density f, i.e.,

Pr(X(0) € B) = / f(z)m(dz), B e B(E),
B

then X (¢1) has a density K f. Hence, the density f. in Theorem 1.1 is invariant for the operator K.
Sufficient conditions for the existence of only one invariant density for stochastic operators are described
in Section 2 and are based on [28,29]. Section 3 presents relationships between invariant densities for the
semigroup { P () }+>0 and for the operator K. Here the most important results are obtained in Theorems 3.3
and 3.10 and give Corollary 3.12 which is our main tool in the proof of Theorem 1.1. Theorems 3.3 and 3.10
together with Corollaries 3.9 and 3.11 should be compared with [7, Theorems 1 and 2] and [25, Theorem 5].
However, we need not to assume that the process is non-explosive and we look for absolutely continuous
subinvariant measures. Moreover, in [25] a perturbed substochastic semigroup is obtained with the help of
Desch’s theorem [12], which in our setting becomes a particular case of Theorem 3.1.

If for some t > 0 and for = from a set of positive Lebesgue measure the absolutely continuous part
in the Lebesgue decomposition of the measure P,(X(¢) € -) is nontrivial, then the semigroup {P(t)}+>0
is partially integral as in [27]. This allows us to combine Theorem 1.1 with [27, Theorem 2|, recalled in



64 W. Biedrzycka, M. Tyran-Kaminska / J. Math. Anal. Appl. 435 (2016) 61-84

Section 2 as Theorem 2.4, to obtain asymptotic stability of the semigroup {P(t)}>0, i.e., the density of
X (t) converges to the invariant density in L! irrespective of the density of X (0). In that case condition (1.5)
appears to be not only sufficient but also necessary for the existence of an invariant density for the process,
see Corollary 3.16.

In Section 4 we provide sufficient conditions for existence of a unique invariant density for the Markov
chain (X(t,))n>0 in terms of the local characteristics of the semiflow with jumps. We also show that
dynamical systems with random switching evolving in R? x I with a finite set I, as in [2,5,27], can be studied
with our methods. Section 5 contains a detailed study of a two dimensional model of gene expression with
bursting illustrating applicability of our results. Our framework can be used to analyze biological processes
described by PDMPs; see e.g. [14,20-22] for gene regulatory dynamics with bursting and [6,19,30,31,38] for
dynamics with switching.

2. Asymptotic behavior of stochastic operators and semigroups

Let (E,E,m) be a o-finite measure space and L' = L'(E, £, m) be the space of integrable functions. We
denote by D(m) C L! the set of all densities on E, i.e.

D(m)={fe L) :|f]=1}, where L} ={f € L': f >0},

and || - || is the norm in L!. A linear operator P: L' — L! such that P(D(m)) C D(m) is called stochastic
or Markov [18]. It is called substochastic if P is a positive contraction, i.e., Pf > 0 and [|Pf| < | f]| for all
felLl.

If T: E — FE is nonsingular then there exists a unique stochastic operator T:L' — L satisfying

[Tr@man = [ f@

B T-1(B)

for all B € £ and f € D(m). The operator T is usually called [18] the Frobenius—Perron operator corre-
sponding to 7. In particular, if T: E — F is one-to-one and nonsingular with respect to m, then

TF (@) = Lo (@) (T () 22T )

- (x) for m-ae. z € E,

where d(m o T~1)/dm is the Radon-Nikodym derivative of the measure m o T~! with respect to m.
Let P: Ex & — [0, 1] be a stochastic transition kernel, i.e., P(z,-) is a probability measure for each z € F
and the function z +— P(z, B) is measurable for each B € £, and let P be a stochastic operator on L!. If

[ P B)s@midn = [ Pr@miis) (2.1)
E B

for all B € &, f € D(m), then P is called the transition operator corresponding to P. A stochastic operator
P on L' is called partially integral or partially kernel if there exists a measurable function p: E x E — [0, 00)
such that

/ / p(z,y) m(dz)m(dy) >0 and Pf(z) > / p(,y) F(y) m(dy)

E

for m-a.e. x € E and for every density f.
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We can extend a substochastic operator P beyond the space L! in the following way. If 0 < f,, < fn11,
fn € LY, n € N, then the pointwise almost everywhere limit of f,, exists and will be denoted by sup,, fn.
For f > 0 we define

Pf=supPf, for f=supf,, fn€ L}r.

(Note that Pf is independent of the particular approximating sequence f,, and that Pf may be infinite.)
Moreover, if P is the transition operator corresponding to P then (2.1) holds for all measurable nonnega-
tive f. A nonnegative measurable f, is said to be subinvariant (invariant) for a substochastic operator P
if Pf. < fo (Pf« = f«). Note that if f, is a subinvariant density for a stochastic operator P then f, is
invariant for P.

A substochastic operator P is called mean ergodic if

1
lim N Z P"f exists for all f € L'

If a substochastic operator has a subinvariant density f. with f. > 0 a.e., then it is mean ergodic (see
e.g. [16, Lemma 1.1 and Theorem 1.1]). We say that a stochastic operator is uniquely mean ergodic if there
is an invariant density f. such that

N-1
: 1 nge 1
NIEHOON;P f=Fflf]l forall felLl. (2.2)

In particular, if P has a unique invariant density f. and f. > 0 a.e. then P is uniquely mean ergodic (see e.g.
[18, Theorem 5.2.2]). Moreover, an operator with this property can not have a non-integrable subinvariant
function as the following result shows. For any measurable f the support of f is defined up to sets of measure
m zero by

supp f = {z € E': f(z) # 0}.

Proposition 2.1. Suppose that a stochastic operator P is uniquely mean ergodic with an invariant density fy.
If f. is subinvariant for P and m(supp fx N{z : fu(x) < 00}) > 0, then f. € L'.

Proof. It is a direct consequence of (2.2) and the fact that the measure m is o-finite. 0O

To prove that an operator has a unique strictly positive invariant density we use the approach from
[28,29]. A stochastic operator P is called sweeping with respect to a set B € & if

ILm P f(x)m(dz) =0 for all f € D(m).
B

From Lemma 2 and Theorem 2 of [28] we obtain the following result.

Theorem 2.2. Let E be a metric space and € = B(E) be the o-algebra of Borel subsets of E. Suppose that
P is the transition operator corresponding to the stochastic kernel P satisfying the following conditions:

(a) there is no P-absorbing sets, i.e., there does not exist a set B € £ such that m(B) > 0, m(E\ B) >0
and P(x, B) > 1g5(z) for m-a.e. x € E,
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(b) for every xg € E there exist 6 > 0, a nonnegative measurable function n satisfying [ n(y)m(dy) > 0,
and a positive integer n such that

P (2, B) > 1pans)(®) / n(y)m(dy)
B

for m-a.e. x € E and all B € B(E), where B(xg,0) is the ball with center at xo and radius ¢.

Then either P is sweeping with respect to compact sets or P has an invariant density f.. In the latter case,
[+« is unique and f, >0 a.e.

In order to exclude sweeping we can use a Foster—Lyapunov drift condition [24,26]. For the proof of the
following see e.g. [32].

Proposition 2.3. Let P be the transition operator corresponding to a stochastic transition kernel P. Assume
that the following condition holds:

(c) there exist a set By, two positive constants c1, ¢, and a nonnegative measurable function V satisfying
m(z:V(z) <o0) >0 and

/V(y)P(w, dy) <V(z) —c1 +c2lp,(x), z€E. (2.3)
E
Then
N-1 .
o L " S a
1}\%515 ZO /P f(z)m(dx) > . >0
n=0p

for all f € D(m) such that [,V (x)f(x)m(dx) < oo. In particular, P is not sweeping with respect to the
set Byg.

We conclude this section with the notion of stochastic semigroups and a general result from [27] concerning
possible asymptotic behavior of such semigroups. A family of substochastic (stochastic) operators {P(t)}1>0
on L' which is a Cy-semigroup, i.e.,

(1) P(0) = I (the identity operator);
(2) P(t+s) = P(t)P(s) for every s,t > 0;
(3) for each f € L' the mapping t — P(t)f is continuous: for each s > 0

lim [[P(6)f ~ P(s)f] =0

is called a substochastic (stochastic) semigroup. A nonnegative measurable f, is said to be subinvariant
(invariant) for the semigroup {P(t)};>o if it is subinvariant (invariant) for each operator P(t).

A stochastic semigroup {P(t)}:>0 is called asymptotically stable if it has an invariant density f,. such
that

tlim |1P#)f — f«||=0 forall fe D(m)

and partially integral if, for some s > 0, the operator P(s) is partially integral.
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Theorem 2.4. (See [27].) Let {P(t)}1>0 be a partially integral stochastic semigroup. Assume that the
semigroup {P(t)}i>0 has only one invariant density f.. If fv > 0 a.e. then the semigroup {P(t)}i>0 is
asymptotically stable.

Note that if the semigroup {P(t)}+>0 is asymptotically stable then, for each s > 0, the operator P(s) is
uniquely mean ergodic. Thus, Proposition 2.1 gives the following.

Corollary 2.5. Suppose that a stochastic semigroup {P(t)}i>0 is asymptotically stable with an invariant
density f.. If f. is subinvariant for {P(t)}+>0 and m(supp f. N {z : fu(x) < 00}) >0, then f. € L'.

3. Existence of invariant densities for perturbed semigroups

In this section we study the problem of existence of invariant densities for substochastic semigroups
on L. We first recall some notation and a generalization of Kato’s perturbation theorem [15].

Let {S(t)}+>0 be a substochastic semigroup on L. The infinitesimal generator of {S(t)}¢>0 is by definition
the operator A with domain D(A) C L! defined as

D(A) = {f € L sl %(S(t) f— f) exists},
Af =lim $(S(0)f = 1), feD(A),

The operator A is closed with D(A) dense in L. If for some real A the operator A— A := A\ — A is one-to-one,
onto, and (A — A)~! is a bounded linear operator, then ) is said to belong to the resolvent set p(A) and
R(A\, A) := (A — A)~ ! is called the resolvent at A of A. If A is the generator of the substochastic semigroup
{S(t)}+>0 then (0,00) C p(A) and we have the integral representation

RO\ A f = /e_/\SS(s)fds for f € L',
0

The operator AR(A, A) is substochastic and R(p, A)f < R(A\,A)f for p > X >0, f € L.
We assume throughout this section that P is a stochastic operator on L', ¢: E — [0, 00) is a measurable
function, and that {S(¢)}:>0 is a substochastic semigroup with generator (A4, D(A)) such that

D(A) C Li, and /Af(x) m(dz) = —/gp(x)f(x) m(dx) (3.1)
for f € D(A)y = D(A) N L., where
LL={f et [ ola)lf@)m(ds) < oc).
E

Our starting point is the following generation result [1,3,4,15,35] for the operator
Gf=Af+ P(ef) for f € D(A). (3.2)

Theorem 3.1. There exists a substochastic semigroup {P(t)}+>0 on L' such that the generator (G, D(G)) of
{P(t)}+>0 s an extension of the operator in (3.2), i.e.,
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D(A) CD(G) and Gf=Gf forfeD(A),

the generator G of {P(t)}+>0 is characterized by

R(\,G)f = lim R\, A)Y (P(eR(NA)Ff, felL', A>0, (3.3)
k=0

n—oo

and the semigroup {P(t)};>o s minimal, i.e., if { P(t)}¢>0 is another semigroup with generator which is an
extension of (G, D(A)) then P(t)f > P(t)f for all f € LY.
Moreover, the following are equivalent:

(1) {P(t)}i>0 is a stochastic semigroup.
(2) The generator G is the closure of the operator (G, D(A)).
(3) There is f € LY, f >0 a.e. such that for some X\ >0

lim [[(P(pR(A, A))" f] = 0. (3.4)

n—oQ

Remark 3.2. Note that (see e.g. [33]) the generator of {P(t)};>¢ is the operator (G, D(A)) if and only if for
some A > 0

T |(P(pR(, )" = 0.
In particular, if ¢ is bounded then this condition holds.
We also need the substochastic operator K: L' — L' defined by

Kf= 1&% P(eR(\, A))f for fe L. (3.5)

It follows from [34, Theorem 3.6] that K is stochastic if and only if the semigroup {S(¢)}:>0 generated by
A is strongly stable, i.e.,

lim S(t)f =0 forall f € L. (3.6)
—00

Moreover, if K is mean ergodic then the minimal semigroup {P(¢)};>o from Theorem 3.1 is stochastic.
We study relationships between invariant densities of the operator K defined by (3.5) and invariant
densities of the minimal semigroup {P(t)};>0. Our first main result in this section is the following.

Theorem 3.3. Suppose that the operator K has a subinvariant density f. and let

Fe =sup R\, A)f.. (3.7)
A>0

Then f. is subinvariant for the semigroup {P(t)}4>0. In particular, if f. € L' and the semigroup {P(t)}+>0
is stochastic, then it has an invariant density.

Proof. Let f = R(\, A)f, for A > 0. Since R(A, A) is the resolvent of a substochastic semigroup, we have
fr >0, fA 1 fs, and f. is nontrivial. From (3.5) it follows that P(oR(\, A))f. < Kf. < f.. We have
D(A) CD(G) and Gf = Af + P(¢f) for f € D(A). Hence
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for every f € L', which implies that G/fx < Afy for all A > 0. The semigroup e #!P(t) has the generator

(G — 1, D(G)), thus

foe Pl = [P - G)ds
0

for all ¢, > 0 and f € D(G). Since (u— G)fx > (1 — A) fa > 0 for every u > A > 0, we conclude that
fx—eMP(t)fx =20
for all uw > A > 0 and ¢t > 0. Consequently,
P(t)fx < et fr < et fo,

and taking pointwise limits of both sides when A | 0 and then y | 0 shows that f, is subinvariant for P(t).
Finally, if P(t) is stochastic and f, € L' then || f.| > 0 and f./|f.|| is an invariant density for P(t). O

We now give a useful observation.

Corollary 3.4. If the operator K has a subinvariant density f. and f. > 0 a.e., then the semigroup {P(t)}1>0
is stochastic and f. as defined in (3.7) satisfies f. > 0 a.e.

Proof. Since Kf, < f. and f. > 0 a.e., the operator K is mean ergodic. Thus {P(t)};>¢ is stochastic. We
have f. > R(X\ A)f. for A > 0. Since R(), A) is a positive bounded operator with dense range, we get
R(MNA)fe>0ae O

Remark 3.5. Note that if { P(t)}¢>0 has an invariant density f with f > 0 a.e. then {P(t)};> is stochastic.
To see this we check that condition (3) of Theorem 3.1 holds. By [34, Remark 3.3], we obtain that
IR, G)f]l = lim [[R(1,A) Z (R, A)))*fIl = lim (£l = [(P(oR(1, A))"* £l)
— n—oo
for any f € L%. On the other hand, we have R(1,G)f = f, which shows that there is f € L}, f > 0 a.e.,
satisfying (3.4).

Remark 3.6. The assumption in Theorem 3.3 that the subinvariant function f, is integrable is essential,
as the following example shows [15, Example 4.3]. Let E be the set of integers and let m be the counting
measure on E = Z so that L' = [}(Z). Consider Af = —pf where ¢ is a positive function such that

1
Zm<oo.

keZ

The semigroup generated by Af = —¢f, f € L}O, being of the form

S(t)f(z) = e W f(a),
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has the resolvent operator R(\, A)f = f/(A+ ¢), A > 0. Let P be the Frobenius—Perron operator corre-
sponding to T'(z) = x + 1 so that Pf(x) = f(x —1). We have K = P and K f, = f. for f, = 1. Thus
fe=supyoo RO\, A)f. =1/p and f. € I1(Z). Since the operator

Gf(x) = —p(x)f(x) +px—1)f(z - 1),

with the maximal domain Dpax = {f € I}(Z) : Gf € I1(Z)} is an extension of the generator G of the
semigroup {P(t)}i>0 (see e.g. [15, Theorem 1.1]), we have f. € Dpax and Gf. = 0. It follows from [15,
Example 4.3] that {P(t)};>¢ is not stochastic. Thus f. ¢ D(G), because otherwise f. is a strictly positive
invariant density for the semigroup {P(t)}:>0, implying that {P(t)};>0 is stochastic, by Remark 3.5.

We next also discuss the problem of integrability of f, given by (3.7).

Corollary 3.7. Let f. be defined as in (3.7). If 0 € p(A) then f, € L'. In particular, if the function ¢ is
bounded away from 0 then f, € L'.

Proof. If 0 € p(A), then R(0,4) = —A~! is a bounded operator and R(0, A) = sup,-, R(}\, 4), which
implies that f, € L'. Suppose now that there is a positive constant i such that ¢ > @. It follows from (3.1)
that

/ Af(z)m(dz) < —g| f]

E

for all f € D(A),. Thus the operator (A+, D(A)) is the generator of a substochastic semigroup {7'(%) }+>0
(see e.g. [33, Lemma 4.3]). On the other hand T'(t) = e2!S(t) for every t > 0, which shows that ||S(¢)f]| <
e 2| f|| for all f € L* and ¢ > 0. Hence, 0 € p(4). O

The generator A might not have a bounded inverse operator, but if the semigroup {S(¢)}:>¢ is strongly
stable, then A has always a densely defined inverse operator. We next recall its definition and properties.
Let the operator Ry: D(Rg) — L' be defined by

Rof = [ S(s)fds:= tlggo S(s)f ds,

/ /

D(Ry) =A{f € le/S(s)f ds exists}. (3.8)
0

The mean ergodic theorem for semigroups [36, Chapter VIIL.4] (see also [9, Theorem 12]) together with
additivity of the norm in L! and the characterization [17, Theorem 3.1] of the range of the generator of a
substochastic semigroup gives the following.

Proposition 3.8. Let (Ry, D(Ry)) be defined by (3.8). Then Im(Ry) C D(A), ARof = —f for f € D(Ry),
and

D(Ry) CIm(A) = {f e L' iggH/S(s)f ds|| < oo},
=0

where Im(A) = {Af : f € D(A)} is the range of the operator A.
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Moreover, if the semigroup {S(t) }1>0 is strongly stable then D(Ry) is dense, Im(A) C D(Ry), RoAf = —f
for f € D(A), and

Rof =1m R\ A)f. | € D(Ro).
We can now prove the following simple fact.

Corollary 3.9. Let (Ro, D(Rp)) be defined by (3.8). Suppose that K is stochastic. Then K is the unique
bounded extension of the densely defined operator (P(¢Ro), D(Rp)). Moreover, if f is an invariant density
for K then f. = supy-q R(\, A)f. € L' if and only if f. € D(Ry), in which case f. = Rof. and f. € D(A).

Proof. We have Im(Ry) € D(A) and D(A) C L. Let f € D(Rp)4. From (3.1) it follows that

loRof|| = / (@) Rof (x)m(dx) = — / ARy f (z)m(dz).

Since ARof = —f, we obtain that ||¢Rof|| = ||f||. The multiplication operator M,: L], — L' defined by
Myf = of for f € D(M,) = L}O is closed. Since Rof = limy o R(\, A)f and Rof € L., we obtain that

23]

limy 0 pR(A, A)f = ¢Rof. Hence, K f = P(¢Ryf) and the result follows from Proposition 3.8. O
We next prove a partial converse of Theorem 3.3.

Theorem 3.10. Suppose that the semigroup { P(t)}s>0 has a subinvariant density f. € D(G). Then P(pf.) <
oo a.e. and P(gof*) is subinvariant for the operator K. Moreover, if of, € L' then f. € D(A).

Proof. Let A\ > 0 be fixed and let fo = Af, — Gf.. Since e_’\tP(t)f* < f, for every ¢t > 0, we obtain that
Gf* < )\f*. Thus fy € Li. Define
fo=> (P(eR(\A))ffo and  f, =R\ A)fn, n>0.

k=0

From (3.3) it follows that

lim f, = lim R(\, A)fn = R\, G)(fo) = f..

n—oo

We have 0 < f, < foy1 € LY, n > 0, and sup, f,, < oo a.e. (see e.g. [4, Lemma 6.17]). Moreover,
0< fn < fn+1 € D(A), n >0, and sup,, fn = f* € L}r. Thus, we obtain that

P(‘an) = P(‘:OR(/\’A))fn = fn+1 - fO € L}H

which gives
P(pf.) = sup P(pfn) = sup fn — fo. (3.9)

Consequently, P(¢f.) < 0o a.e. Since AR(), A) is substochastic, the operator R(\, A) can be extended to
the space of nonnegative measurable functions by setting

RN A)f =supR(\, A)frn, if f=sup fp,
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which implies that
R\, A)P(pf.) < ROAf = fo
Since @R(\, A)P(¢f,) < @R(N, A)P(¢fni1) € L%, we conclude that

P(pR(X, A))(P(ef.) = sup P(eR(\, A)P(¢fn)) < Pef.),

which gives K(P(¢f.)) < P(¢f.) and completes the proof of the first part. Suppose now that ¢f, € L.
This implies that P(¢f,) € L and that f € L', by (3.9). Hence, f. = R(\, A)f € D(A). O

Corollary 3.11. Suppose that the semigroup {P(t)}i>0 has an invariant density fe. Then P(pf.) is subin-
variant for the operator K. Moreover, if of, € L' and K is stochastic, then ||of.| > 0 and P(of.)/||lof:|
is an invariant density for K.

Proof. Recall that f, is a fixed point of each operator P(t) if and only if f. € ker(G) = {f € D(G) : Gf = 0}.
Thus, f. € D(G) and Gf, = 0. From Theorem 3.10 it follows that f, € D(A), thus Gf, = Af.+P(¢f.) = 0.
Suppose that ||P(¢f.)|| = 0. Then Af, = 0, which implies that f, € ker(A). Since the operator K is
stochastic, condition (3.6) holds. Recall that A is the generator of the semigroup {S(¢)}+>0. Thus ker(4) =
{0} and we infer that f, = 0, which contradicts the fact that ||f.|| = 1 and completes the proof that f, is a
density. Because K is stochastic, the subinvariant f, is invariant. O

We establish the following useful result when combined with Theorem 2.4.

Corollary 3.12. Assume that the operator K is stochastic and uniquely mean ergodic with an invariant
density f.. Then the semigroup {P(t)}+>0 is stochastic, it can have at most one invariant density, and
of. € L' for any invariant density f.. Moreover, if Rof. € L', where Ry is as in (3.8), then Rof/||Rof.|
is the unique invariant density for the semigroup {P(t)}i>0.

Proof. From Theorem 3.10 it follows that if f is an invariant density for {P(¢)};>0 then P(¢f) < oo a.e. and
K(P(pf)) < P(pf). We have P(of) € L', by Proposition 2.1, implying that ¢f € L. Hence, f € D(A)
and f. = P(of)/ll¢f| is an invariant density for K, by Corollary 3.11. Suppose now that the semigroup
{P(t)}+>0 has two invariant densities fi, fo. We have Gfi = 0= Gfs and Gf = Af + P(pf) for f € D(A).
Since fy is the unique invariant density for the operator K, we obtain that

P(pf1)  P(pfa)

llofall B ||%0f2”7
which implies that

Afr _ Af

lefill e fal

The operator K is stochastic thus ker(A) = {0} by (3.6). Consequently

N
lefill  llefall

and f1 = fa, because || f1|| = || f2|| = 1. The last part follows from Theorem 3.3. O
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Remark 3.13. Observe that if the function ¢ is bounded then the assumption that K is mean ergodic is not
needed in Corollary 3.12, since then automatically the semigroup is stochastic and P(pf) € L' for every
f € L% Instead we can only assume that K has a unique invariant density fx.

Before we give the proof of Theorem 1.1, we recall the relation established in [34, Section 5.2] between
minimal PDMPs and the minimal semigroups. Let {X (¢)};>0 be the minimal PDMP on E with character-
istics (, o, P) and let m be a o-finite measure on & = B(E). We assume that P: L' — L' is the transition
operator corresponding to P and that the semigroup {S(t)}:>0, with generator (A4, D(A)) satisfying (3.1),
is such that

/ o= I elmea)dry | (o £ () m(da) = / SO f(x) m(dz) (3.10)
B

E

for all t > 0, f € LY, B € £. Observe that if ¢ satisfies condition (1.3) then the semigroup {S(t)}:>0 is
strongly stable. The semigroup {P(¢)}:>¢ will be referred to as the minimal semigroup on L' corresponding
to (m, ¢, P). The following result combines Theorem 5.2 and Corollary 5.3 from [34].

Theorem 3.14. (See [34].) Let (t,) be the sequence of jump times and too = lim,_,o0 tn, be the explosion time
for {X(¢)}+>0. Then the following hold:

(1) The operator K as defined in (3.5) is the transition operator corresponding to the discrete-time Markov
process (X (t,))n>0 with stochastic kernel

K(z,B) = /P(ﬂsw,B)go(ﬂ'sx)e_ lo e(mn)drgs e B, B e B(E). (3.11)
0

(2) For any B € B(E), a density f, and t >0

/ P(t) f()m(dz) = / Po(X(t) € Byt < to0)f(2)m(dz).
B

E

(3) The semigroup {P(t)}i>0 is stochastic if and only if
m{zr € E: Py(te < o0) >0} =0.
In that case if the distribution of X(0) has a density fo then X (t) has the density P(t)fo for allt > 0.

Theorem 1.1 is a direct consequence of the following result. Observe also that it follows from condition (3)
of Theorem 3.14 that the process X is non-explosive.

Theorem 3.15. Let K be the transition operator corresponding to the stochastic kernel given by (3.11).
Suppose that K has a unique invariant density f. and that f. > 0 a.e. Then the minimal semigroup
{P(t)}s>0 corresponding to (m, ¢, P) is stochastic and it can have at most one invariant density. Moreover,
if condition (1.5) holds, then the semigroup {P(t)}+>0 has a unique invariant density and it is strictly
positive a.e.

Proof. Since the stochastic operator K has a unique invariant density f. and f, > 0 a.e., K is uniquely
mean ergodic. Thus the first assertion follows from Corollary 3.12. If, moreover, condition (1.5) holds then
Rof. € L, where Ry is defined by (3.8), since
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IRofull = [ IS(t)felldt = e~ Jo #m)dr £ (1 m(da)dt = | Ey(t) f.()m(dz).
[rsoria=]] /

E

In that case f. = Rof./ ||Rof.|| is the unique invariant density for {P(t)};>0. O

We conclude this section with the following characterization of asymptotic behavior of the minimal
semigroup.

Corollary 3.16. Assume that the minimal semigroup {P(t)}i>0 is partially integral. Suppose that K has a
unique invariant density f. and that f. > 0 a.e. Then {P(t)}i>0 is asymptotically stable if and only if
condition (1.5) holds.

Proof. The semigroup {P(t)}:>0 is stochastic. If condition (1.5) holds then Theorems 1.1 and 2.4 imply
asymptotic stability. To get the converse we show that we can apply Corollary 2.5 to Rgf,. Since P is the
transition operator corresponding to P, we obtain, by approximation, equation (3.10), and Fubini’s theorem,

/ (pRof)(x)m(dx) /PxB x)Ro f(x)m(dx) /ICJ:B m(dz)

B

for all B € B(E) and f € D(m). Substituting f = f. and B = E gives

/()%ﬁ m(dz) /ﬂ =1,

E

which implies that ¢(z)Rof«(z) < oo for m-a.e. x € E. Hence suppp C {z : Rof.(x) < oo}. From
Corollary 3.12 it follows that ¢f, € L! for any invariant density f, for the semigroup {P(t)}+>0, which,
by Corollary 3.11, implies that m(supp f. N supp ©) > 0. From Theorem 3.3 it follows that f, = Rgf. is
subinvariant for the semigroup {P(t)}s>0. Consequently, m(supp f. N {z : Rof.(z) < co}) > 0 and if the
semigroup is asymptotically stable then Corollary 2.5 implies that Ry f. € L! giving condition (1.5). O

4. Sufficient conditions for existence of a unique invariant density

Let the standing hypothesis from Introduction hold and let L' = L'(E, B(E), m), where m is the Lebesgue
measure on RZ. The transition operator P corresponding to P, as in (1.2), is of the form

Pf= [Tpafytdo). fe L,
S}
where Tj is the Frobenius—Perron operator for Ty. The stochastic kernel K in (3.11) is given by
(o)
K(z,B) = //lB(Tg(Wsac))pg(wsx)u(dﬁ)go(ﬂsx)e_ Jo e(mra)dr g

for x € E, B € B(FE), and can be represented as

]C(x,B) = / 1B(T(9)S)($))k’(975) (I)V(d@)ds, (4.1)

©x(0,00)
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where
Tipo)(x) = Ty(mew) and ki o) () = po(mew)p(moa)e Jo #rrm)dr (4.2)
for all (6,s) € © x (0,00), x € E. The transition operator K on L' corresponding to K becomes
Kf= / T(p.s) (ko0 [)v(d)ds, fe L.
©x(0,00)

Given 0™ = (01,...,0,) € O™ and s" = (s1,...,8,) € (0,00)™ we denote by (6™,s™) the sequence
(0™,5") = (On, 5n, .- .,01,51). We define inductively transformations T(gn 4ny for n > 1, by setting

Tior,51) (@) = Tg, 5, (@),
Tign+1,5n+1) () = L0 11,5011) T(0m,57) (7)),

and nonnegative functions kgn ¢n) by

ko1 sy () = kg, ,51)(2),

>

k(gn+1,sn41)(2) = k(0,1 1,50 11) (T(0m,57) (@) on 5m) (@)

Consequently, the nth iterate stochastic kernel K™ is of the form

K (@, B) = / L5 (Tign s (2)hgn oo (2)0 (07 )ds™,
67 x(0,00)"

where v = v X - -+ X v denotes the product of the measure v on ™.

In the rest of this section we assume that both mappings (0, z) — Ty(x) and (6, ) — pe(z) are continuous
as well as the intensity function ¢. Furthermore, for every x € E and 0" € ©" let the transformation
5" = T(gn sny(x) be continuously differentiable and let %T (6n,sn) () denote its derivative.

Lemma 4.1. Let xo € E. Assume that there exists (0", 5") € ©" x (0,00)" such that kgn sny(70) > 0 and the
rank of %T(Qn’sn)(xo) is equal to d. Then there exist a constant co > 0 and open sets U, Uy, containing
xo and yo = T(gn sn)(T0), respectively, such that for all B € B(E) and x € E

K"(x, B) > coly,, (x)m(B N U,y,).

Proof. We adapt the proof of Lemma 6.3 in [5] to our situation. If the rank of %T(gn,sn) (z9) is equal to d,
then we can choose d variables s;, ,...,s;, from s™ = (s1,...,s,) in such a way that the derivative of the
transformation (s;,,...,si,) = T(gn sn)(20) is invertible. In that case, we write u = (s;,,...,5:,) and we
take v as the remaining coordinates of s™, so that, up to the order of coordinates, we denote s™ by (u,v).
We also write w for 0. By assumption, there exists (u,v,w) such that kg, (a,s))(0) > 0 and the rank of
%T(m(u)v))(xg) is equal to d for u = w, v = v, w = w so, in what follows, we identify every s" with
this particular choice of coordinates u and v. Since the rank is a lower semicontinuous function, the rank of
%T(w’(u,v))(x) is equal to d in a neighborhood of u, v, w, xy. For (u,v) we define the mapping Q = Qg
by the formula

Q(U, U) = (T(w,(u,v)) (l’), ’U).

Consequently, the determinant of [%Q} is nonzero in a neighborhood of w, v, w, xg.
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We can rewrite K" in the form

K"(x,B) = / 1B (0,004 (Q(1, V) K (w, (u,0)) (2)V" (dw) dudv
7 x(0,00)™

for all x € F and B € B(FE). Using continuity, we can find a positive constant ¢ and open sets U,, C E,
Uz C (0,00)4, Uy C (0,00)"¢ and Uz C O™ such that Ew,(u,0)) ()] det[%@“‘l > cforz e Uy, u € U,
v € U, w € Ug. We write U, to indicate that the point z belongs to U.. Moreover, for yo = T, (a,5))(To0)
we can find an open set Uy, C E such that Uy, x Uy C Q(Uyz x Uy). Hence, for all x € Uy, and for every set

B € B(E) we have

oQ
d(u,v)

K™(2, B) > ¢ / / Lo, (Q(u, v))

Up UgxUs

det [ ] ’ dudvv™ (dw).

Substituting 21 = T{uw,(u,0))(7) and 22 = v we obtain

K"(x,B) > c/ / 1p(21)1y, (22)dz1dzov™ (dw).

Us Q(Ug xUs)

By the choice of the set Uy, we get

K"(z,B) > c/ / 15(z1)1y, (22)dz1dzev"™ (dw) = ¢ / Ly, (y)m(dy),
Uw Uy() XUy

where ¢g = emy,—q(Us)v™(Ug) and m,,_q(Usp) is the n — d dimensional Lebesgue measure of the set Uz when
d < n, and it is 1, otherwise. O

To apply Lemma 4.1 we have to calculate the rank of %T (6n,sm)(x0), which is the most difficult part.
We next describe two possibilities how to make these calculations easier.

Remark 4.2. Using the continuity of derivatives with respect to si,..., s, and taking the limit when each
s; goes to zero from the right, the limit of the derivative G%T(97L757L)(.’E0) becomes of the form

[Té" (yn—l) s Tell (yo)g(yo) ’Tén (yn—l) cee TéQ (yl)g(yl)’ T ‘Tén (yn—1)9(yn—1)] ) (4-3)

where yo = xo and y; for i = 1,2,...,n is given inductively by y; = Tp,(y;—1). Since the transformations
Ty, 0 € ©, and the mapping g are explicitly defined, the rank of the matrix in (4.3) can be obtained much
easier than the rank of %T(Qnﬁsn) (x0). Moreover, lower semicontinuity of the rank allows us to find s™ with
positive coordinates.

Remark 4.3. Suppose that © is an open subset of R* for some positive & and v is the Lebesgue measure.
Assume also that transformations (6", s™, ) = T(gn sn)(z) are continuously differentiable. Then, for a given
x € I we can consider the derivative of the transformation (6", s™) = T(gn 4ny(x), which can be written as

8T(‘9n)sn) (JC)
6(92, 82)

8T(.9n)sn)(x) _ aT(gn)Sn)(l‘)
8(9”, Sn) 8(91, 81)

o aT(O",s")(‘T)
O(On,sn) |

Lemma 4.1 remains true under the assumption that the rank of the matrix %T(gn7sn)($), instead of

%Twn’sn)(aj), is equal to d. As in [23], we can introduce the notation
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a,—Zﬂ(G,s) (y)
oy y=T(on sny(z)

0=0r41,5=5n41
9.5 ()
2(0, ) y=Tion am) (=)

=0n+1,5=8n+1

En = En(‘r? (en-&-l’ Sn+1)) - |:
i 0o (64 5) = | (4.4

where the derivatives are evaluated at T{gn ¢ny(x) and for 6 = 0,41,5 = s,41. Here Tign ony(x) = 2 for

n = 0. Then the matrix WT(gmsn)(x) can be rewritten in the form
aT gn _gn (1’) — — —_ —_ —_
W =[Ep-1-E1V0[Ep—1 - E2Va ] o1 Wya| Wy 1]

Now we provide sufficient conditions for which the assumptions of Theorem 2.2 are satisfied for the
transition operator K corresponding to K as defined in (4.1). For each x € FE we define the set

Ot (z) = {T(gn sn)(x) : the rank of is d and

aT(gn’Sn)(x)
as™
kon sny(w) > 0 for (0",5") € ©" x (0,00)", n > 1}. (4.5)

Corollary 4.4. Assume that OF(x) # 0 for every x € E. Suppose also that there is no K-absorbing sets.
Then either K is sweeping with respect to compact subsets of E or K has a unique invariant density fi. In
the latter case, f. > 0 a.e.

Remark 4.5. Observe that if there is a non-trivial K-absorbing set, then there is a non-trivial set B such
that

U U Tign sny(B) C B.

n>1(6m,sm)e0On” x(0,00)™

This may be rewritten as

U o@) c B,

rEB

where O(z) = J,,5; On(z) and
On(.’t) = {T(O”,s")(x) : (anvsn) € 0" x (0,00)"}, n=>1

Once we know that a unique invariant density exists for the operator K, we can use Corollary 3.16 to
prove asymptotic stability of the semigroup {P(t)}:>0. We need to check that the semigroup {P(t)}:>0 is
partially integral. Our next result gives a simple condition for that.

Lemma 4.6. Let g € E, t > 0 and n > 1. Define
A} ={s" =(s1,...,8n) € (0,00)" : s(n) ;=81 + -+ s, <t}

and assume that there exists (0",s") € O" x A} such that kn gny(vo) > 0 and the rank of
a%ﬁt_s(n)T(ng7va)(x0) is equal to d. Then there exist a constant cg > 0 and open sets Uy, Uy, containing
xo and Yo = Ty—s(n)L(on sn)(T0), respectively, such that for all B € B(E) and x € E

P.(X(1) € B) > colu,, (x)m(BNT,,). (4.6)

In particular, the semigroup {P(t)}+>0 is partially integral.



78 W. Biedrzycka, M. Tyran-Kaminska / J. Math. Anal. Appl. 435 (2016) 61-84

Proof. Observe that if  is such that P, (s < 00) = 0, then

P.(X(t) € B) =Y Pu(X(t) € B,tx <t < trs1).
k=0
Thus, to check whether condition (4.6) is satisfied, it is sufficient to prove that
Py (1, X(tn) € Bty <t <tni1) > coly,, (x)m(BNUy,). (4.7)

Since we have

Paj(ﬂ’tftnX(tn) c B,tn S t < tn+1)

= / 1A'{L (Sn)lB(ﬂ-tfs(n)T(G",S")(x)>d}t78(’n) (T(0n7sn)(.'L'))k(gn7sn)(x)yn(den)d8n7
07 x (0,00)™

where ¢ is a positive continuous function defined by ¢;(z) = e~ Jo elmm)dr for o E, t > 0, we can
obtain (4.7) in an analogous way as in the proof of Lemma 4.1. O

As in Remarks 4.2 and 4.3, we can simplify the calculation of the rank of %ﬂt,s(n)T(gn7sn)(xo).

Remark 4.7. Analogously to Remark 4.2, the limit of the derivative %Wt_s(n)T(gnysn)(on) when s1,...,8,,t
go to zero, is of the form

[T, (Yn—1) - - Tp, (0)9 (o) — 9(yn) |- | Tp, (Yr—1)9(yn—1) — 9(ym)] , (4.8)

where yo = z¢ and y; = Ty, (y;—1) for ¢ = 1,2,...,n. A similar approach to check this “rank condition” is
used in [27, Proposition 3.1] and [29] as well as in [2] and [5].
In the case when © is an open subset of R* and we can take derivative with respect to # € © we have

87Tt_s(n)T(9n ,8™) (l')
9(0n, sn) ’

aﬂt_s(n)T(9n7sn)($) _ 87Tt_s(n)T(9n75n)(.’I:)
8(9", Sn) 8(01, 31)

for z € E. Using the notation as in (4.4) and defining additionally the derivatives

omsy
8(0k, Sk) s=t—s(n)

y=T(on sn)(T)

T e T, (67, 57), k) — [ = 01 = 9(Tgon ) (2))]

omsy

o) :| s=t—s(n) ’
Y =T sy @)

Yo :=TYgn(z, (0", ")) = [

we have

O s(m) Lo sm) ()
oo™, sm)

= [Tn + T:c,nEn—l e E1\I’0| e |Tn + Tac,nEn—lan—Q‘Tn + T:c,n\IJn—l] . (49)

We will show how our results can be applied in one particular example in the next section. We conclude
this section with the idea how to write dynamical systems with random switching as studied in [2,5,27], in
our framework. Given a finite or countable set I, consider a family of locally Lipschitz functions g*: R — R,
1 € I, and the differential equation
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(4.10)

(1) = ¢"D(a(t)),
i'(t) = 0.

We assume that there exists a set M C R? such that for every ig € I and 2y € M the solution z(t) of
2'(t) = g*(x(t)) with initial condition x(0) = z( exists and that z(t) € M for all t+ > 0. We denote this
solution by 7i°(zo). Then, the general solution of the system (4.10) may be written in the form

(20, 10) = (71°(20),40),  (T0,0) € M x I.

This gives one semiflow on £ = M x I which is generated by the differential equation

where the function ¢g: R x I — Rt is of the form
g(z,7) = (¢'(x),0), zecRY icl

Let m be the product of the Lebesgue measure my on R? and the counting measure v on © = I. We define
the transformation 7}: R*x T —R*x1I,j€l, by

Tj(x,i) = (z,§), z€R’ ijel.
Each transformation is nonsingular with respect to m since

mq(B)v({j if i = 7,
= { OV =5

We assume that ¢;(z,7), j # ¢, are nonnegative continuous functions satisfying Z#i g;(z,i) < oo for all
i € I, x € R% Then we can define the intensity function ¢ by

90(1'71) = ZQj(xvi)

J#i

and the densities p;, j € I, by pi(x,7) = 0 and

(2,4) 1, o(x,i) =0, j#1,
Pj\x,1) = i (x,1 . ) )
j LED i) £0, j .

As a particular example of dynamical systems with random switching, one can consider a standard birth—
death process by taking ¢;y1(z,7) = b;, ¢i—1(x,i) = d; and g;(x,i) = 0 for j <i—1or j > i+ 1. Then
o(x,i) =b; + d; < o0.

According to (4.2), we can write explicitly formulas for the density

k(j,s) (;['7 'L) = q] (ﬂ'ix’ ’12)67 fos W(Wim’i)dr
and for the transformation
T, (2,7) = Tj(moa, i) = (miz, ).

For each n we get a general form of T(gn n)(0,10) for 0" = (i1,...,i,) and s" = (s1,...,8,), which is
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Tign sn) (0, 00) = (Ti~" 0+~ 0wl o w0 xg, iyy).

Sn

This may be rewritten as

Tion sny(T0,70) = (Tnyin),
where

— ln-1 i1 io — in—1
Tp =7 o oml omlwg =T (Tno1).

Using this notation we adjust the definition of the set in (4.5) as follows

Ot (x9,i0) = {(®n,in) € E : the rank of gﬁ is d and
Sn

qi, (Tnyin—1) ... qi (zo,41) >0 foriy,...,i, €I, $1,...,8, >0, n>1}.

For such semiflow with jumps, we can modify the proof of Lemma 4.1, to get the next result for the
corresponding operator K.

Corollary 4.8. Assume that Ot (x,i) # 0 for every (z,i) € E = M x I. Suppose also that there is no
K-absorbing sets. Then either K is sweeping with respect to compact subsets of E or K has a unique
invariant density f.. In the latter case, fi > 0 a.e. In particular, if M is compact, then K has a unique
invariant density.

To verify whether the rank of giﬁ is equal to d, we may use either Remark 4.2 or Lie brackets as in [2,

Theorem 3], [5, Theorem 4.4]. It is worth to mention that in [5] it is assumed that the set M is compact.
5. A two dimensional model of gene expression with bursting

In this section we study a particular example of a two dimensional PDMP X () = (X;(t), X2(t)) with
values in E = [0,00)2. We let X; and X denote the concentrations of mRNA and protein respectively. We
assume that the protein molecules undergo degradation at rate 7, and that the translation of proteins from
mRNA is at rate 83. The mRNA molecules undergo degradation at rate «; that is interrupted at random
times

0<t] <tyg< - <ty <tppp <---
when new molecules are being produced with intensity ¢ depending at least on the current level X5 of
proteins. At each t; a random amount 6, of mRNA molecules is produced, which is independent of everything
else and distributed according to a density h. Therefore, pg(x) = h(f) and the transformation Ty is given
by the formula

Ty(x1,22) = (0 + 21,22), 0 € (0,00).

Hence, the jump kernel is of the form

P((x1,22), B) =/1B(9+x1,x2)h<9)d9,
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so that the transition operator P is as follows

Z1

Pf(x1,22) = /f(z,xg)h(ml — z)dz.

The semiflow is defined by the solutions of the system of equations

dz; dzx

2
T Yoo + Pax1,

and it can be expressed by the formula
mi(w1, 22) = (z1e” M poe™ 2 4 2199(2)),

where

52 —at —it
I(t) = ———(e” 12" — e MF),
) ’71—72( )

If 41 > 2 then we have m;(E) C E for all t > 0 and the transformation T\ ) is of the form
To,5)(x1,72) = (0 + 2167 7% 207 72 + 219(5)).

The assumption 1 > 7 is biologically reasonable, see e.g. [37] and references therein, were it was recalled
that a fast process of mRNA degradation has been observed in bacterias, i.e. F. coli. The production of
mRNA molecules can be described by exponential density with mean b

1
h() = ge—e/b, 6 >0,
while the intensity ¢ is a Hill function depending only on the second coordinate,

K1+ /@23:5\’

T1,x2) = ,
90( ! 2) 1—|—/~£33:§V

where N, k1 > 0 and ko,k3 > 0 are constants. If k3 = 0 we assume, additionally, that N < 1 and
Y2 > bBaka/ (1 — y2). We show that the minimal semigroup {P(t)};>0 is asymptotically stable.

Taking © = (0, c0) with v being the Lebesgue measure on (0, 00), we can express the stochastic kernel K
as in (4.1). With the help of Corollary 4.4 we prove that the transition operator K corresponding to X has
a unique invariant density, which is strictly positive a.e. First, we need to check the assumptions of Corol-
lary 4.4. The function kg, ) (z) defined as in (4.2) is strictly positive for all # € £ and 6, s > 0, since both ¢
and h are strictly positive. Taking into account Remark 4.3, we consider the derivative WT (6n,sm) ()

instead of a%T(gn)sn)(m). We have

_ 6_71$k+17 0
S =

1,
. ] mk:[ 9T T 0y (@) | |
Ispr), emown 0

)

where

g(x) < T ) for © = (21, x2)
= = 1,42)-
—V2%2 + Par1
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T2 T2
To = &1‘1 T = &-Tl
Y2 Y2
z # (z1,2)
z = (z1,%2)
X1 z1
(a) (b)

Fig. 1. A graphical representation of the set O;(x).

For arbitrary 61,s; > 0 we can calculate

Ol 51 () L —pa e

o, st) (ol 0, —2z2e™ % 424 71[3_2% (r1e7 715 — ype=7251)

The rank of %T@gl,sl)("f) is equal to 2 if and only if

772562677251 + 2 (716*7181 _ 726*7281) ?é 0.

Y172
If this condition does not hold we need to consider T(g, s,)(T(s,,s,)(7)). We have

(9T(92 782) (x)

CRITEEE

e sz e~ M52gy (7, ) L, g1(ms,Tior s1y())

0, g1 (WS2T(01731)(‘CC))

19(32% 19(82)91(7T51£L') + 67725292(7@11')

and, looking at the first and the third column, we see that the rank of Wﬂggsz)(x) is equal to 2. This
implies that OF (x) # 0 for every z € E.

We now show that there is no K-absorbing sets. By Remark 4.5 it is enough to show that (0,00)? C O(z)
for m-a.e. x € E. Assume first that the point & = (x1, 23) is such that xs < a1 /72. Then its trajectory has
the shape shown in Fig. 1(a). Then the grey area covers the set O1(x) and we see that consecutive iterates
give the rest. Suppose now that xo > B2x1/v2. Then the set O1(z) is as in Fig. 1(b).

Corollary 4.4 implies that either K is sweeping with respect to compact sets or K has a unique invariant
density f.. To exclude sweeping, we use Proposition 2.3 for the operator K and we take

V(z) = V(ry,z2) = 21

We have
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Since t; has the distribution function as in (1.4), we obtain
oo
Em(l _ 6—72t1) — ’72/6_72t6_ fof Lp(‘n's(ac))dsdt.
0

Hence, we get

/V(y)lc(l‘,dy) —V(z) =E,(V(X(t)) - V(X(0))) = /W(tax)e_f“t preleDdsqp, (5.1)
E 0
where
W(t,x) = %b€272 o(mx) — V(x)y2e 2"

Notice that W is bounded from above by a constant and that W (¢, z) tends to —oco as ||z|| — oo for every .
Since the function ¢ has a positive lower bound ¢, we obtain

o0
-t 1
/e_ Joe(ma@Nds gy < = for all v € E.
5 ¥
From Fatou’s Lemma it follows that
lim sup/W(t,x)e_ Jo e(me(@)ds gy < (5.2)
||| =00 o

The function in (5.1) is continuous, thus bounded on compact sets. Consequently, (5.2) implies that condi-
tion (2.3) is satisfied and completes the proof that K has a unique invariant density.
Now we look at the process X = {X(t)}¢>0. The matrices T,, and T, , from Remark 4.7 are of the form

= (t=s(n) 0

0,
Tn = —g(T(‘gn’gn)(x))] ) wan = |:
0 It — s(n)), e 2t=s()

)

Hence th,s(Q)T(gz,sz)(x) can be expressed by

87rt,s(2)T(92’52) (1‘)
962, 52)

=[YTo+ Yy 25100 Yo+ Ty oWq]

efvl(tfsl), k

e (t=3(2) *1

e~ 1529t — 5(2)) + e 2E5@Y(sy), x| I(t —5(2)), *

where the first and the third column are linearly independent and the remaining columns are not important
for the calculation. It is worth to notice that we need to use (4.9) instead of the matrix in (4.8) since its
every two columns are linearly dependent. This proves that Lemma 4.6 holds, in other words, the semigroup
{P(t)}+>0 corresponding to the process X is partially integral. We conclude from Corollary 3.16 that the
semigroup {P(t)}>0 is asymptotically stable.
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