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' (1985) (see [18]), which can be used as a phase transition model. We aim at proving
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the existence of local and global (under a condition of smallness on the initial
N

Keywords: data) strong solutions with initial density ln po belonging to the Besov space Bfoo.
Korteweg system It implies in particular that some classes of discontinuous initial density generate
Strong solution strong solutions. The proof relies on the fact that the density can be written as
Besov spaces the sum of the solution pr, of the associated linear system and a remainder term p;

Critical spaces

Paraproduct this last term is more regular than p; provided that we have regularizing effects

induced on the bilinear convection term. The main difficulty consists in obtaining
new estimates of maximum principle type for the associated linear system; this is
based on a characterization of the Besov space in terms of the semi-group associated
with this linear system. We show in particular the existence of global strong solution

~ N N N
for small initial data in (Bgo;l’? NL>) x Bfogl; it allows us to exhibit a family of
large energy initial data when N = 2 providing global strong solution. In conclusion
we introduce the notion of quasi-solutions for the Korteweg’s system (a tool which
has been developed in the framework of the compressible Navier—Stokes equations
[31,30,32,26,27]) which enables to obtain the existence of global strong solution
with a smallness condition which is subcritical. Indeed we can deal with large

N
initial velocity in Bffl, As a corollary, we get global strong solution for highly
compressible Korteweg system when N > 2. It means that for any large initial data
(under an irrotational condition on the initial velocity) we have the existence of
global strong solution provided that the Mach number is sufficiently large.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

We are concerned with compressible fluids endowed with internal capillarity. The model we consider
originates from the XIXth century work by J.F. Van der Waals and D.J. Korteweg [44,37] and was actually
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derived in its modern form in the 1980s using the second gradient theory (see [18,35,43]). The first investi-
gations begin with the Young—Laplace theory which claims that the phases are separated by a hypersurface
and that the jump in the pressure across the hypersurface is proportional to the curvature of the hypersur-
face. The main difficulty consists in describing the location and the movement of the interfaces. Another
major problem is to understand whether the interface behaves as a discontinuity in the state space (sharp
interface) or whether the phase boundary corresponds to a more regular transition (diffuse interface, DI).
The diffuse interface models have the advantage to consider only one set of equations in a single spatial
domain (the density takes into account the different phases) which considerably simplifies the mathematical
and numerical study (indeed in the case of sharp interfaces, we have to treat a problem with free boundary).
Another approach corresponds to determining equilibrium solutions which classically consists of the mini-
mization of the free energy functional. Unfortunately this minimization problem has an infinity of solutions,
and many of them are physically irrelevant. In order to overcome this difficulty, J.F. Van der Waals in the
XIX-th century was the first to add a term of capillarity in order to select the physically correct solutions.
This theory is widely accepted as a thermodynamically consistent model for equilibria.

Korteweg-type models are based on an extended version of nonequilibrium thermodynamics, which as-
sumes that the energy of the fluid not only depends on standard variables but also on the gradient of the
density. Alternatively, another way to penalize the high density variations consists in applying a zero order
but non-local operator to the density gradient (see [42,41,40]). For more results on non-local Korteweg
system, we refer also to [10-13,23,24].

Let us now consider a fluid of density p > 0, velocity field u € RN, we are now going to consider the
so-called local Korteweg system which is a compressible capillary fluid model, it can be derived from a
Cahn-Hilliard like free energy (see the pioneering work by J.E. Dunn and J. Serrin in [18] and also [1,8,21]).
The conservation of mass and of momentum write:

o
o p + div(pu) =0,

%t (1.1)
a(pu) + div(pu @ u) — div(2u(p) D(u)) — V(A(p))divu) + VP(p) = divK,
where the Korteweg tensor reads as:
. 1 , .
divk =V (pr(p)Ap + 5 (5(p) + pr' (0)|Vp*) = div(k(p)Vp ® V). (1.2)

k is the coefficient of capillarity and is a regular function. The term divK allows to describe the variation
of density at the interfaces between two phases, generally a mixture liquid-vapor. P is a general increasing
pressure. D(u) = 1(Vu +' Vu) defines the stress tensor, 1 and A are the two Lamé viscosity coefficients
depending on the density p and satisfying:

pw>0 and 2u+ NA>0.

We briefly recall the classical energy estimates for the system (1.1); let p > 0 be a constant reference density
(in what follows, we shall assume that p = 1) and let IT be defined by:

S

<o P #0Y)

so that P(s) = sIl'(s) —II(s), II'(p) = 0. Multiplying the equation of momentum conservation in the system
(1.1) by u and integrating by parts over (0,t) x R, we get the following estimate:
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[ Glal? + (1166) - 119) + 3(6) V0P) dm+z// )Pt

RN 0 RN
_ 1
// )(divu)2dedt < / (poluol?® + (I(po) — (p)) + §H(p0)|v,00|2)dl’. (1.3)
0 RN RN
It follows that assuming that the initial total energy is finite:
_ K
éo= [ (luol? + (1) ~ () + "0 T2} < 4o, (14

RN

then we have the following a priori bounds when P(p) = ap” with v > 1 (see [39] for the definition of the
Orlicz spaces L3 (RY)):

(p—1) € L(LI(RY)) and pluf* € L>((0,+00), L'(RY)),
VE(p)Vp € L=((0,+00), 2R )Y and +/u(p)Du € L?((0, +00) x RM)N

In what follows, we are interested in investigating the existence of global strong solution for the system
(1.1) with initial density not necessary continuous (in particular admitting jump in the pressure across the
interfaces). In order to realize this program, it seems natural to work with initial data belonging to critical
Besov space (it means in spaces as large as possible) for the scaling of the equations. Let us now recall
the notion of scaling for the Korteweg’s system (1.1). Such an approach is now classical for incompressible
Navier—Stokes equation and yields local well-posedness (or global well-posedness for small initial data) in
spaces with minimal regularity. In our situation we can easily check that, if (p, u) solves (1.1), then (px, uy)
solves also this system:

ox(t,2) = p(A\2t, \x), ua(t, ) = Au(\*t, \r)
provided the pressure laws P have been changed to A\?P.

Definition 1.1. We say that a function space is critical with respect to the scaling of the equation if the
associated norm is invariant under the transformation:

(p7 U) — (pA’ U‘)\)
(up to a constant independent of \).

This suggests us to choose initial data (pg,up) in spaces whose norm is invariant for all A > 0 by the
transformation (pg, ug) — (po(A:), Aug(A-)). A natural candidate is the Besov space BN/2 (BN/Q_l)N (see

2,00
the section 2 for some definitions of Besov spaces). However since B, éc is not included in L*°, we cannot
expect a priori L>° estimate on the density, in particular it seems delicate to deal with the nonlinear term
such as the pressure since it is then impossible to use composition theorems. Another difficulty concerns
the control of the vacuum or more precisely the L* norm of %; indeed it is crucial to avoid vacuum if we
want to take into account the parabolic effects of the momentum equation.

That is why in the sequel we will work with the critical Besov spaces (Bév éf NL>) x (Bév éj 1N However
estimating the L> norm of the density all along the time for general physical coefficients is generally a hard
task in fluid mechanics, even if the Korteweg system allows to obtain regularizing effects on the density.
This is the reason why in the literature the authors consider initial density which are in Banach space X
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embedded in L°°; it suffices then to propagate the regularity of X all along the time via the parabolic
structure of the system in order to have L* estimate on the density p. In our case we shall proceed in a
different way and we will explain in the sequel how to overcome this type of difficulty.

Let us briefly mention that the existence of strong solutions for N > 2 is known since the works by
H. Hattori and D. Li [33,34]. R. Danchin and B. Desjardins in [17] improve this result by working for the
first time in critical Besov spaces for the scaling of the equations. More precisely the initial data (po—1, pouo)

belong to Bfl X 32%711 (it is important to point out that 32%,1 is embedded in L°° which allows to control
the vacuum and the L norm of the density). In [38], M. Kotschote showed the existence of strong solution
for the isothermal model in bounded domain by using Dored—Venni Theory and H*® calculus. In [22],
we generalize the results of [17] in the case of non-isothermal Korteweg system with physical coefficients
depending on the density and the temperature.

1.1. Mathematical results

We now are going to state our main results. As we explained previously, one of the main difficulty in order
to obtain strong solutions for Korteweg system in very general Besov spaces consists in dealing with the
L™ control on % and on p. To do this, it is essential to understand precisely the structure of the equations
in order to use in a suitable way a maximum principle argument. We are going to consider at first the
particular case of the capillary coefficient x(p) = % with £ > 0. Indeed it is possible to rewrite the system
(1.1) in a simple way by introducing an effective velocity which allows to highlight the parabolic structure
of the Korteweg system (this effective velocity has been introduced by A. Jiingel in [36], we refer also to

[7,36,29,20,28] where the authors prove the existence of global weak solutions).

Remark 1. Let us give some explanations on this choice of capillarity x(p) = %, indeed this regime flows
exhibits particular phenomena in the case of the compressible Korteweg Euler system (which is called Euler
system with quantum pressure when k(p) = %) At least heuristically, the system is equivalent via the
Madelung transform to the Gross—Pitaevskii equations which are globally well-posed for large initial data in
dimension N = 1,2, 3 (we refer to [19]). One of the main difficulty to pass from Gross—Pitaevskii equations
to the Euler system with quantum pressure consists in dealing with the vacuum (we refer to [3,4] for the
existence of global strong “dispersive” solution with small initial irrotational data). We would also like to
mention very interesting results of global weak solutions for the compressible Euler system with quantum
pressure due to P. Antonelli and P. Marcati (see [2]). To finish, we mention that there %xist global strong
solutions with large initial data in one dimension for the system (1.1) when k(p) = “7 and p(p) = pp,
A(p) = 0 (we refer to [14]). Furthermore these solutions converge to a global weak entropy solution of the
compressible Euler system when g goes to 0. It shows in particular that the Korteweg system is relevant to
select the physical solution of the compressible Euler system via a viscosity-capillarity vanishing process.

When k(p) = % with k > 0, we can rewrite the capillarity tensor as follows (see the appendix for more
details on the computations):

1
K(p) =rp(VA(Ip) + 5V([VInpf?)).
The system (1.1) reads as follows (at least if we assume that there is no vacuum):

Otlnp+u-Vinp+divu =0,
O+ u-Vu — %div(2u(p)Du) - %V(/\(p)divu) + VF(p) = kVA(Inp) + 5V(|VInpl?), (1.5)
(Inp,u) t=0 = (In po, uo),

with F(p) defined by # = P'(p). In the sequel we will use the following definition.
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Definition 1.2. We now set:

q=lInp.

In the first theorem of this paper we are going to prove the existence of global strong solution for (1.5)
with small initial data and of strong solution in finite time with large initial data when we deal with specific
viscosity coefficients and pressure terms. More precisely we shall deal with the shallow water viscosity
coefficients:

u(p) = pp, Ap) = Ap,
with p > 0 and 2+ A > 0. It leads to the following system:
0¢q + u - Vg + dive = 0,
O+ u - Vu — pAu — 2uVq - D(u) — (A + p)Vdive — AddivuVq + VF(p)

= kVAq+ 5V([Vq[?),
(q,u) 1=0 = (In po, uo).

(1.6)

The interest to restrict our attention to this type of physical coefficients is to show the existence of strong
solution in very large Besov space of initial data. Indeed the system (1.6) has essentially no nonlinear terms
in the sense that we can deal with all the nonlinearities without using composition theorem; it implies in
particular that we do not require any L° control on the density ¢ in order to obtain existence of strong
solution.

Let us give a definition on the space in which we are going to work.

N N
Definition 1.3. We set X and X’ " the space which corresponds to:

Remark 2. Here Sy defines functions in the Schwartz space whose Fourier transforms are supported away

N N N N

¥ x Y1 Y1

2 ] 2 2 ] 2 3
yoo i1 Byl and of So N By~ in By',~. We can observe in

from 0 and we consider the closure of Sy N B

N
particular that if u € X then we have:
lim 2% || Ajullp2 = 0.
im 27| Ajuljz2 =0

It is necessary to work in these spaces if we wish to prove the existence of strong solution in finite time

(indeed it requires that limp_,o ||uL||~1( ¥o1, = 0 with uy solution of the heat equation for the initial
LT 2,00

N _
velocity ug in X? 1).
Concerning the existence of global strong solution with small initial data, we will take only initial data
N N _ N
in (Bylo N Biy) x (Byx)™.

Let us now state our main results, we refer to the section 2 for the definitions of the Besov space and the
Hybrid Besov spaces.
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Theorem 1.1. Let N > 2. Assume that u(p) = pp, A(p) = Ap with u > 0, 2u+ X > 0 and P(p) = Kp with
N

N N
K > 0. We also suppose that go € X,* and uy € X ' There exists a time T such that (1.6) has a unique
solution (g,u) on (0,T) with:

Foo(ny F1,p5+2 Foorpa N A~Tlpatl
q€ LT (BZOO) NL3(Byy"), and u € LF (327Oo )N LT(B2,oo ).
Furthermore there exists g such that if in addition:

lgoll 5y 1.5y + lluoll _yy -+ < o, (1.7)

2
B2,oo 2,00

then the solution (q,u) is global with:

~ ~N_1 N ~ ~N N ~ N _ ~ N
ge L®(RY, B ") NLNRY, BE ™), we L®(RY, B2 ) N LY (R, B2D).

N N

~N_ _
If in addition to the hypothesis (1.7) we assume that (qo,uo) belongs to By RERY By, ' and that qo € L™
then there exists a unique solution (p,u) of the system (1.1) with ¢ = ep. Furthermore for any T > 0 there
exists Cp > 0 depending on T such that:

1
||;HL§?(L°°) +lpllLss L~y < COr.

In addition for any T > 0 we have:

N1

~ N ~ ~ N N ~ ~ N
g€ LF(Byy) N LY (B, ") and we LF(By, )N LB, ). (1.8)

Remark 3. It is worth pointing point out that in the first part of the Theorem 1.1, we solve the system
(1.6) and not the system (1.1). Indeed we do not assume any control on go in L, it means that we have
no information on the vacuum of the density. It is then not clear that a solution of (1.6) is also a solution
of (1.1) when there is vacuum. This result proves in a certain sense that the good variable to consider is
not the density p but rather In p. Let us emphasize on the fact that this result allows to deal with general

N_
critical initial data ug € Bﬁool which is not classical for compressible systems (the most of the time ug

belongs to Bffl unlike the incompressible Navier—Stokes equations, see [9]). This is obviously due to the
fact that the Korteweg system provides a parabolic effect on the density p (it is of course not the case for
the compressible Navier-Stokes system, see [25]).

In the second part of the theorem we consider initial data with additional hypotheses of regularity, indeed
now ¢o = In pg belongs also to L*= N BQ% and ug to BQ%A. It allows us to show that with such initial data
we have existence of strong solution for the “real” Korteweg system (1.1). The main difficulty consists in
estimating the L norm of the density ¢ = In p; to do this we decompose the solution ¢ as the sum of the
solution of the linearized system ¢; and a remainder term ¢ which takes into account the nonlinear terms.
By combining some maximum principle results on ¢;, and regularizing effects on ¢ for the third index of
the Besov space, we can show that ¢ is well bounded in L*°. We obtain our maximum principle result via a
precise characterization of Besov spaces in terms of the semi-group associated with the linear system related
to (1.1).

In addition we observe that in this theorem we can deal with discontinuous initial density which is not
the case in [17]. However for any discontinuous initial density go € Bfoo, we remark that the density is
immediately regularized in the sense that p is in C°°((0,T),R") for any T' > 0. This is due to the fact that
the interfaces are diffuse.



B. Haspot / J. Math. Anal. Appl. 438 (2016) 395-443 401

~N _ —
Remark 4. In this theorem we assume that (o, uo) belongs to (By, LE NL>) x 3222 ! but we just require a

smallness assumption in BQ%C; L X BQfO; . In particular it allows us to prove the existence of global strong
solution with large initial data in the energy space when N = 2, that is up to our knowledge something of
new for the Korteweg system when N = 2.

We glve an example of such 1n1tlal data in the Corollary 3 where ug . 1 can be chosen as small as possible
in By "’ ' but very large in B , . Let us recall that when N = 2, 32 N ! corresponds to L? which is the
energy space for ug (see (15))

Another interesting point is that compared with [17], we can choose initial density with a large L° norm.

Remark 5. We now want to point out the specificity of the different physical coefficients, it is typically the
case for the pressure and the viscosity coefficients where P(p) = Kp and p(p) = pup. They correspond to
the “magic” situation where there is no nonlinear terms to estimate, which require a L* control on the
density p.

Remark 6. We would like to mention that we could easily extend the result of strong solution in finite time
to the framework of Besov spaces constructed on general LP spaces when the initial data verify:

N N _q
qo € Bylso and up € By -

~__1N
Concerning the existence of global strong solution we would have to assume that g is in B, poo and

The previous theorem uses in a crucial way the structure of the viscosity, capillary and pressure coeffi-
cients; indeed it allows to obtain global strong solution with a smallness assumption concerning only the

~N | N N

space BQfool’ * X By ' We would like to extend this result to general physical coeflicients and in particular
dealing with the case of the constant capillary coefficient in order to generalize the results of [17]. We have
then the following result.

Theorem 1.2. Let N > 2. Assume that u(p) = up or p, A(p) = Ap or A with u > 0, 2u+ X > 0, k(p) = 7
or K with K > 0 and P a regular function such that P'(1) > 0. Furthermore we suppose that po =1+ hg:

=N_q N

N_o N_q
ho € By ’20321 *AL>® and up € B’y "N By
There exists €y such that if:

holl x4 x
T T

vz
|
N
4
=
=
vz
|
[V
2
|
A
m
<

then there exists a global unique solution (p,u) of the system (1.1) with p =1+ h and:

~N _ ~ ~N N N
he L®(RY, Bpy "% 0B ) NLNRT, By 2 20 BA) N L= (RY, L)
~ N _ N ~ N
and we L®(RY, BE, ' 0 B2 °)nLNRY, B, 0 B2,). (1.9)

Remark 7. We would like to mention that this theorem extend the results of [17] in terms of rough regularity

N_ N_
on the initial data. Here we only assume that uo belongs to By’ ! instead By, 1, the main task as in the

N
previous Theorem 1.1 consists in getting control on the L> norm of the density p without assuming ho € By’
as in [17].

As in the previous theorem we can choose initial density which are not continuous.
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Remark 8. Let us point out that in the previous Theorem 1.2 we ask additional regularity in low frequencies
on (hg,up); indeed we assume that (hg,ug) are in 32%172 X (32%72)1\/. This is essentially due to the fact
that we have shown maximum principle for the system (N) p. 411 (which does not take into account
precisely the low frequency behavior of the Korteweg system) and not for the system (N1) p. 413 (see the
Proposition 3.10). It is probably possible to extend the Proposition 3.10 to the system (N1). In particular
it will allow to avoid this additional regularity on the initial data in low frequencies. For more explanations
we refer to the Remark 20.

We are now interested in dealing with the specific case x(p) = % and pu(p) = up, A\(p) = 0 which
corresponds to compressible Navier—Stokes system with quantum pressure for an intermediary regime (see
[14] for more explanations on this notion). Setting v = u+ 'V In p we can rewrite the system (1.6) as follows

(we refer to the appendix for more details on the computations or [36,29]):

Op — pAp = —div(pv), (1.10)
pOrv + pu - Vv — div(up Vo) + VP(p) =0,
which is equivalent to the following system (at least if we control the vacuum) with ¢ = ln p:
0¢q — uAq+v - Vg = —dive + u|Vq|?, (1.11)
ov+u-Vo— plAv—uVg-Vo+ VF(p) =0. .

In this particular case we are able to use a new tool developed in [26,27,31,30,32] called the quasi-solutions.
More precisely we can check that there exists a particular solution of the following system (where we have
canceled out the pressure P):

{&puApdN@@, 112)

pOsv + pu - Vo — div(up Vo) = 0.

Indeed we verify that (p1,—puV1npp) is a particular solution of (1.10) if the density p; verifies the heat
equation:

Oyp1 — pApy = 0. (1.13)

The idea now consists in working around this quasi-solution, it will allow us to prove the existence of global
strong solution with small initial data in subcritical norms. We are going to search solution under the form:

g=lnp=Inp; +hy withp; =1+h; and v=—uVinp; + us.

We deduce from (1.11) that (he,us) verifies the following system when P(p) = Kp (this last choice is only
a way to simplify the computations in the sequel):

Orhg + divug — uVinpy - Vhg + us - Vinpy = F(he,us),

Oyus — pAug — puVdivus — kKVAhe + KVhy — 2uV In py - Dug — 2uNVho - Duy
+uy - Vug +uz - Vuy — p2V(Vinpy - Vhg) = G(ha, us),

(h2(0,-),u2(0,-)) = (h§, u),

(1.14)

with:
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F(hg,Ug) = —Uug - th,

2
G(ha,uz) = —us - Vg + 2uVhs - Duy — KV Inpy + %V(|Vh2|2). (1.15)
Let us state our main theorem for the system (1.14).

Theorem 1.3. Let N > 2. Assume that p(p) = pp, k(p) = “— and A(p ) =0 with p > 0 and P(p) = Kp with
K > 0. Furthermore we suppose that there exists c; > 0 such that pd > ¢ > 0 with ug = —puV[n p?) + u
and In pg = In(py) + hY such that p =1+ hY. In addition we assume that:

~ N
0 22
hi € 32’1

N
2

vz

~ N N
0 51 0 > -1
, hy € By and uy € By’

Furthermore there exist C > 0, g9 (depending on hY), and two reqular functions g, g1 such that if:

Co(ll (65, 19>||Lw>||h0||

||hg||é2g;1,g + ||U2||B?1f171 < ¢o,

exp (Con(l(ah. o)) ) < 5.

(1.16)

then there exists a global unique solution (p,u) of the system (1.1) with: u = —pV 1In p1+ug, Inp =In p;+he
and p1 = 1+ hy verifying the following heat equation:

Oipr — pAp1 =0,
pl(ov') = p(l) =1 +h(1)

Furthermore we have:

1. N
02

hy € I°(B2, V)N IYBAT ") and s € L(B2 ) N LN(BA™. (1.17)

Remark 9. This theorem ensures the existence of global strong solution with large initial data for the

scaling of the equations which is new up to our knowledge. Indeed it suffices to consider h{(z) = p(\z) with
N

~N_o9 N
¢ € By »2 Such that 1+ ¢ > ¢ > 0. We observe in particular that:

1231l

2

5 = lellx

2

1820~ = 1L+ ¢l oee,
(1.18)

=5l = |l Lo,
I 1T¢

Ao - =
1815 = sallel 5

It implies that A verifies (1.16) by choosing A large enough. Thus if we take ¢ large in B our initial

2,007
density hY is large in the critical Besov space BQVOO. In particular when N = 2, it is possible to choose ¢
large in B%,Q; it turns out that there is existence of global strong solution for large initial data in the energy
space (we refer to (1.3) for the energy inequality). This theorem provides then a first answer to the question
of the existence of global strong solution with large energy initial data in dimension N = 2 (at least for a
class of initial data). This question remains obviously open for general initial data.

It is also possible to choose h{(z) = In(\)p(Az) with A > 0, it improves again the size of the large initial

N
3 2
data in By’
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Remark 10. We would like also to point out that nonlinear condition of smallness as (1.16) have been
proved also in some works of J.-Y. Chemin and I. Gallagher (see [15,16]) for incompressible Navier—Stokes
equations. Indeed the authors show the existence of global strong solution for large initial data in Bgofoo
which is the largest critical space for the Navier—-Stokes equations. However our proof is really different of
[15,16] since our initial data are completely irrotational (that is of course not the case for incompressible
equation). In addition we work around the quasi-solutions which naturally absorb the convection term, it
ensures better results in term of smallness assumption (1.16) compared with [15,16] (indeed in these papers
the authors work around the solution of the Stokes equation, and the process of smallness is related to
a smallness assumption on the term of convection). This is obviously due to the fact that our system is
compressible which allows us to deal with irrotational data.

Remark 11. We think that we could improve the condition on initial density h{ € BQ%_Q by working around
the quasi-solution only in high frequencies and by dealing directly with p — 1 in low frequencies in the spirit
of [25].

It may be also interesting to work with general regular pressure, it would make the proof more technical.

We are going to finish by presenting a result of global strong solution with large initial data when we
assume that the system (1.1) is highly compressible. In the sequel we will work with P(p) = Kp, by highly
compressible we mean that K = ﬁ goes to zero or in other words that the Mach number Mr > 0 goes to
+00.

Corollary 1. Let N > 2. Assume that u(p) = up, k(p) = 72 and A(p) = 0 with u > 0 and P(p) = Kp with
K > 0. Furthermore we suppose that ug = —uV[In pd] + u3 and Inpy = In(p?) + h3 such that pd = 1 + hY
and there exists ¢ > 0 such that pl > ¢y > 0. In addition we suppose that:

N ~N_ 1 N

0. p2—23% 0 > b3 0 51
hy € By, , hy € By and uy € By’

Furthermore there exists £g > 0 (depending on hY and the viscosity coefficient u) such that for any K < g,
there exists €1 > 0 such that if

||h3\|§2g171,g + HUgHBﬁ” <e1, (1.19)

then there exists a global unique solution (p,u) of the system (1.1) with: w = —uV1npy + ug and Inp =
In p1 4+ ho with p1 = 1+ hy verifying the following system:

opr — pApr =0,

Furthermore we have:
hy € (B2, M) N ENBA T and s € L(B2 ) N ENBAT. (1.20)

Remark 12. This theorem shows the existence of global strong solution for any large initial data of the form
ug = —puV In pg provided that K is sufficiently small with P(p) = Kp. In other terms we get global existence
Ml > tends
to be very small when Hh0|| §_, y is very large (in other words it means that the Mach number Mr goes

(and uniqueness) for highly compressible fluids in any dimension N > 2. Roughly speaking K =

to 400 which corresponds to a hlghly compressible limit, see [30,32]).
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This article is structured in the following way, first of all we recall in the section 2 some definitions and
theorems related to the Littlewood—Paley theory. Next in the section 3 we prove Theorems 1.1 and 1.2. In
section 4, we show the Theorem 1.3 by introducing the notion of quasi-solution which will play a crucial
role. In section 5 we finish with the proof of the Corollary 1. We postpone in appendix (see Appendix A)
some technical computation on the capillarity tensor.

2. Littlewood—Paley theory and Besov spaces

Throughout the paper, C stands for a constant whose exact meaning depends on the context. The
notation A < B means that A < CB with C' > 0. For all Banach space X, we denote by C([0,T],X)
the set of continuous functions on [0,T] with values in X. For p € [1,+o00], the notation LP(0,T,X) or
L%.(X) stands for the set of measurable functions on (0,7) with values in X such that ¢ — || f(¢)|x
belongs to LP(0,T). Littlewood—Paley decomposition corresponds to a dyadic decomposition of the space
in Fourier variables. We can use for instance any ¢ € C>®°(R") and y € C>(R"), supported respectively
inC={¢eR"/3 <|¢] <8} and B(0, ) such that:

@l =1 if £#£0,
LEZ

and:

X©)+) p27'¢) =1 Vg e RV,

leN
Denoting h = F 1y, we then define the dyadic blocks by:

A= (27 D)y = 2V / h(2'%)u(z — y)dy and Syu = Z Agu.

BN k<i—1

Formally, one can write that:

u:ZAku.

keZ

This decomposition is called homogeneous Littlewood—Paley decomposition. Let us observe that the above
formal equality does not hold in S’(RY) for two reasons:

1. The right hand-side does not necessarily converge in S’'(R™).
2. Even if it does, the equality is not always true in S’(RY) (consider the case of the polynomials).

2.1. Homogeneous Besov spaces and first properties

Definition 2.1. We denote by S}, the space of tempered distribution u such that:

lim S;u=0 in S’.

j——o0

Definition 2.2. For s € R, p € [1,+0c0], ¢ € [1,+00], and u € S'(RY) we set:

1
lulls;, = (D21 Aw])?) 7.

IEZ

The homogeneous Besov space By , is the set of distribution u in &}, such that [ullp; < +oc.
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Remark 13. The above definition is a natural generalization of the homogeneous Sobolev and Hélder

spaces: one can show that B3, ., is the homogeneous Holder space C® and that B3, is the homogeneous
space H®.

Proposition 2.1. The following properties hold:
1. There exists a universal constant C such that:
C M fullz;, < [Vull s < Cllulss .-

2. If p1 < ps and r1 < ry then B <y B NQ/p1=1/p2)

pP1,71 p2,7T2
3. Moreover we have the following interpolation inequalities, there exists C' > 0 such that for any 6 €]0,1]
and s <'s we have:

—0
el prca-os < s el
¢ 0 1-6
Jull ess-o < =gy gyl Il 57

We now recall a few product laws in Besov spaces coming directly from the paradifferential calculus of
J.-M. Bony (see [6,5]).

Proposition 2.2. We have the following laws of product:
e Foralls€R, (p,r) € [l,+00]® we have:
[uvl|By , < Cllull=llvlizy, +llvllze=<llullz;,) - (2.21)
o Let (p,p1,p2,7 A1, A2) € [1,+00]? such that:% <

We have then the following inequalities:

Ifsl—i-sQ—&—Ninf(O,l—p%—p%)>O, 51—1—)%<pﬂ1 and52+)\ﬂl<pﬂ2 then:

1,1 11,1 11,1
ot PLS A2, p2 S A1, 5 S ot and 5 S =45

oll ovsea-nipe -0 S lull sy llvlls 0 (2.22)

1
P2 P
p,T

when s1 + % = pﬂl (resp. sy + /\—]\i = p%) we replace ||ullps: |vllpzz . (resp. ||vligzz ) by
Hu”Bfﬁ,l lvllgzz, (resp. |vllpsz onpe)s if s1+ % = pﬂl and sg + )\ﬁl = p% we take r = 1.
If sy + 5, =0, 51 E(/\—I\i—%,%—%] (mdp%—l—pi2 <1 then:

[[uv]| NG D) Sllullssr 1ol ggz (2.23)
If |s] < % forp>2 and —% <s< % else, we have:
[uvllgy, < Cllullpy flvll ~ . (2.24)
BP

p,0

Remark 14. In the sequel p will be either p; or p, and in this case % = p% — p% if p1 < po, respectively
1_ 1 1

,\Zp—z—p—lifpzﬁpl-
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Corollary 2. Let r € [1,400], 1 <p < p; < 400 and s such that:

N
then we have if u € B, . and v € By} 0c N L™:

levlls;, < Cllulls;, vl

p1,00NL>®

The study of non-stationary PDE’s requires space of type L?(0,T, X) for appropriate Banach spaces X.
In our case, we expect X to be a Besov space, so that it is natural to localize the equation through
Littlewood—Paley decomposition. That is why we are going to define the spaces of Chemin—Lerner which
are a refinement of the spaces L7.(B; ,.).

Definition 2.3. Let p € [1,4+00], T € [1,4+00] and s1 € R. We set:

1
=

lallzo gy = (D 27 1A | Lo 1))
IEZ

We then define the space Z’}(B;}T) as the set of tempered distribution u over (0,7) x RY such that
lim, oo Squ = 01in &'((0,7) x RY) and H“”E;(B;}r) < +00.

We set éT(Ef)lr) = E%O(B;;}T) NC([0,T], B,%.). Let us emphasize that, according to Minkowski inequality,

we have:
||UHZ;(B;},,.) < lullpe sy if 7= p, ||U||i;(B;},,,) 2 lullpe gz if 7 < p. (2.25)

Remark 15. It is easy to generalize Proposition 2.2 and Corollary 2 to E;(B;}r) spaces. The indices s1, p, 7
behave just as in the stationary case whereas the time exponent p behaves according to Holder inequality.

In the sequel we will need composition lemma in EQ(B;T) spaces (we refer to [5] for a proof).
Proposition 2.3. Let s > 0, (p,r) € [1,+00] and u € Z‘}(B;,T) N L3 (L>).

1. Let F € Wl[lerQ’oo(RN) such that F(0) = 0. Then F(u) € Z”T(B;”T). More precisely there exists a
function C' depending only on s, p, v, N and F such that:

||F(U)HZPT(B;7T) < C(HUHLL}C(LN))HUHEQ,(B;T)'

2. Let F € W[SHB’OO(RN) such that F(0) = 0. Then F(u)— F'(0)u € E;(B;J,). More precisely there exists

loc

a function C depending only on s, p, v, N and F such that:
1P )~ F Ol < OOl o)l g,

Let us now give some estimates for the heat equation.
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Proposition 2.4. Let s € R, (p,r) € [1,+00]> and 1 < ps < py < +oo. Assume that ug € Bj, and
fe Z”; (B;;2+2/p2). Let u be a solution of:

{atu —pAu=f

U= = Uy -
Then there exists C > 0 depending only on N, u, p1 and ps such that:

”u”ZpTl(é;f;Z/“) = C(HUOHB;T + Né_l||fHZ;2(B;;2+2/p2)) .
If in addition v is finite then u belongs to C([0,T], By, ).

Hybrid Besov spaces

The homogeneous Besov spaces fail to have nice inclusion properties: owing to the low frequencies, the
embedding By ; < B} ; does not hold for s > t. Still, the functions of Bj ; are locally more regular than
those of B;l: for any ¢ € Cg° and u € Bj ;, the function ¢u € B;yl. This motivates the definition of
Hybrid Besov spaces introduced by R. Danchin (see a definition in [5], see also [25]) where the growth
conditions satisfied by the dyadic blocks and the coefficient of integrability are not the same for low and
high frequencies. Hybrid Besov spaces have been used by R. Danchin in order to prove global well-posedness

for compressible gases in critical spaces (we refer to [5] for an elegant proof of this result).

Definition 2.4. Let I € N, s,t,€ R, (r,r1) € [1,+00]? and (p, q) € [1,+0oc]. We set:

lell e = S22 N Al + 3 2 A,

P,q,1

I<lo [>lo
and:
1 1
lullgee = O @ Awllze)) " + (OO %Al La)™)
P 1<lo 1>l
Remark 16. When p = ¢ and r = r; we will note to simplify Ea’fr) () = E;fn

Notation 1. We will often use the following notation:

UBF = ZA[U and Ugp = ZA[U

1<lo I1>1lo

Remark 17. We have the following properties:

o We have é;:;l =B; . - N

e If 51 > s3 and sy > s4 then B;quf — B;lqsf
Remark 18. In the sequel we shall often use this hybrid Besov space in order to distinguish the behavior of
our solution in low and high frequencies, in particular we would like to mention that we can prove results
analogous to Proposition 2.2 and Corollary 2 (see [25]).

We shall conclude this section by some example of initial data verifying the Theorem 1.1 with large
energy initial data when N = 2. More precisely we are interested in defining initial data which are small in
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~N_| N N
B;’OOL * but large in By, (it improves in particular the results of [17] where the initial density is assumed
N N
small in By, and then in BzfQ). It implies in particular that your initial data V,/pg is large in L? when
N =2.
Let us start by recalling a classical example of function in By ., by sake of completeness we are going to
recall the proof (see also [5]).

N _o&
Proposition 2.5. Let 0 €]0, N[. For any p € [1,40], the function | -|~7 belongs to Byoo .

N

Proof. By Proposition 2.1 it suffices to show that u, = |- |~ belongs to B; ..°. Let us introduce a smooth

,00

compactly supported function y which is identically equal to 1 near the unit ball and such that wu is splitting
as follows:

U = ug +uy with ug(z) = x(z)|z|™ and uy(z) = (1 — x(x))]z|~°.

Clearly ug is in L' and u; belongs to LY whenever g > % The homogeneity of the function u, gives via a
change of variable:
Ajuy = 2Ny, x h(27.)
- Qj(NJrU)uU(Qj.) s h(27)
= 297 (Aguy)(27+). (2.26)
Therefore, 20N =) || Aju, || 1 = || Aoty || 11, it remains then to show that Agu, is in L. As ug is in L', Agug

is also in L' according to the continuity of the operator Ay on Lebesgue spaces. By Bernstein inequalities,
we have:

||AOU1||L1 S CkHDkAouluLl S CkHDkUJl”Ll

Leibniz’s formula ensures that D*u; — (1 — x)D*u, is a smooth compactly supported function. We then
complete the proof by choosing k such that k > N —o. O

We can now deduce from the previous proposition suitable functions verifying the Theorem 1.1.

Corollary 3. Let us consider:

1

el

Uo,e,lo ($) = S( )7
with S defined by F(Su)(§) = 1pn\ p(o,2t0)(§) W(E). Then for all v € [1,+oc[, for all M > 0, for all &1 >0
there exist € > 0 and lg > 0 such that:

||u0,€,lo||B%71 < e,

2,00

luocoll 51 = M- (2.27)

20r

Proof. In the sequel in order to simplify the notation we shall write ug for ug . ;,. Let us denote by u, the
function ﬁ with o €]0, N|[. By (2.26) we observe that:

[Ae ||z = 2 2) || Agug | 12 (2.28)
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L.
10°

It implies that for [ > [y we have for My independent on € when ¢ <
21319 | Ao 2 = [|[Aoui—ellzz < Mo.

Indeed using the same arguments than in the proof of the Proposition 2.5 we have by Bernstein inequality
for C > O:

[Aoui—cllrz < Cl|Agui—el|r
< Cllxwi—ellzr + C*ID*((1 = x)ur—e)| 1)
< M.

According to (2.28) we deduce that for all I > Iy:
22D Aol 2 = 27| Agug || 2 < Mo2~ ¢,

It implies in particular since Ajug = 0 for [ < [y that:

||UOHB2%0;1 < Mg27"e. (2.29)
We now fix [y such that:
M2~ % = ¢, (2.30)
It yields that:
Huolleg; <er (2.31)
Let us now estimate the norm of ug in 32%,;1 with r € [1,4o00[ and M. = ||Agui—c||z2:

N _ 1
lwoll .y -+ = _ 2= ~VllAwollz)-
2,r =4

= Q27 M)

1>l

3=

= M.27"%(

)T (2.32)

1 _ 2—7‘8
For all M’ > 0, for all r < 400 there exists € > 0 small enough such that:

1

m)% > M. (2.33)

(
Let us prove now that when e < % there exists a > 0 such that M. > a > 0. Assume by the absurd that
this is wrong. It implies that there exists a sequel (&, )nen Which converges to 0 when n goes to infinity such
that M., = ||Aoui—c, ||z2 goes to 0 when n goes to infinity. By Plancherel theorem and the fact that we
know the Fourier transform of | - |717¢ (see [5], p. 23) it implies that:

|178n

[FAout—c,|lzz = eni—c, o] - MLz = ntoe O
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|'1=€n=N|| 12 independently of n, it implies that cy1_¢, goes to 0 when

Since we can bound by below ||| -
n goes to infinity and this is absurd.

We finally obtain from (2.31), (2.33) and (2.32) that:

luoll Ly v < e1,

200

M'eia
> . 2.34
ol 5 > 27 (231
It concludes the proof of the corollary by taking M’ = IVQITIVIIO |

3. Proof of Theorems 1.1 and 1.2

In this part we are interested in proving the Theorems 1.1 and 1.2 concerning the existence of strong
solutions in critical space for the scaling of the equations. We would like to point out that in the Theorem 1.1
the viscosity and the capillarity coefficients allow to exhibit a particular structure for the equations. This
fact will be crucial in order to obtain estimates on the density without assuming any control on the vacuum
or on the L* norm of the density. Indeed when pu(p) = pp and k(p) = % with x> 0, the system depends
only on the unknown In p “in a linear way” in the sense that we do need to use any composition lemma for
the nonlinear terms.

Next in order to prove the second part of the Theorem 1.1, we will have to estimate the L° norm of %

and p. To do this, we are going to consider solution (g, «) under the following form:

(qau) = (QL,UL) + (67 a)7

with (gr,ur) the solution of the linearized part of the system (1.6). In order to bound ¢ in L, we will
combine maximum principle arguments on g7, and regularizing effect on the third index of Besov space for
q. More precisely we will prove that ¢ is in Eg? (BQ%) for any T' > 0 which is embedded in L (L*>°). Let us
mention that in order to prove that gy, is bounded in L norm we shall prove an accurate characterization
of the Besov space in term of the semi-group associated with the linearized part of the system (1.6) (see
the Proposition 3.10). For more details on this part which is the main difficulty of the proof we refer to the
subsection 3.4.1 and 3.4.2.

As a first step of the proof of Theorems 1.1 and 1.2, let us start by studying the linear part of the system
(1.6) which corresponds to the following system (with ' and G source terms):

0yq + divu = F,
Oru — aAu — bVdivu — cVAqg = G, (N)
(Qa ’LL) (07 ) = (qu UO)'

3.1. Study of the linearized equation

We want to prove a priori estimates in Chemin—Lerner spaces for system (N) with the following hypothe-
ses on a, b, c which are constant:

0<a<oo,0<a+b<oo and 0<c<oo.

This system has been studied by R. Danchin and B. Desjardins (see [17]) in the framework of the Besov
space B3 1, the following proposition uses exactly the same type of arguments used in [17] excepted that we
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extend the result to general Besov spaces Bj . with 7 € [1,+00]. By sake of completeness we are going to
show the following proposition.

N N_
Proposition 3.6. Let 1 <r < +o00, s € R, and we assume that (qo, uo) belongs to BQZ;FS x (By, 1+S)N with

.71 %“rs 71 %71*%8 N
the source terms (F,G) in L3(By, ") x (L3(Bg, NV

~ N ~ N ~ N ~ N
Let (q,u) € (L%(Bf’:_ +2) N L%O(Bf’:r )) X (L}(Bﬁi +1) N L%?(BQ%:_ 1))N be a solution of the system
(N), then there exists a universal constant C' such that for any T > 0:

1(Vg, u)ll

B t14s, ~ N N _14s )
Li(By%  NLF(Bs% )

- HZIT<BZ?T )

y s, S O(I(Vao, wo)ll_y—1i. +I(VE,G)

Proof. As we mentioned previously, we are going to follow the arguments developed in [17]. Let us apply
to the system (V) the operator A; which gives:

Ovq; + divuyy = Fy (3.35)
Oy — div(aVuy) — V(bdivy) — cVAq = Gy (3.36)

Performing integrations by parts and using (3.35) we have:

—c/ul -VAqdx = c/divul Aqdx

RN RN

:—c/@tql Aqlderc/FlAqldx
]RN

RN

= c/@thl -Vqdx — c/ VFE, - Vqdx
RN RN

d
- g$/|Vql|2da:—C/V(Il-Vde$-
RN RN

Next, we take the inner product of (3.36) with u; and using the previous equality, it yields:

1d
5£(||ul||i2 +c/ [Vai|*dz) + /(a|Vul|2+b|divul|2)dm: /Gl.ul d:c—i—c/Vql.VFl dz . (3.37)
RN

RN RN RN

In order to recover some terms in Ag; we take the inner product of the gradient of (3.35) with w;, the inner
product scalar of (3.36) with V¢; and we sum, we obtain then:

d
7 / Vq .wdx +c /(Aql)de = /(Gl.Vql + |divey|? + u. VE,
RN RN RN

—aVuy : Viq — bAqdivuy)d. (3.38)

Let o > 0 small enough. We define k; by:

k2 = ||w|2z + | Val3e +2a/Vql.uldm. (3.39)

RN



B. Haspot / J. Math. Anal. Appl. 438 (2016) 395-443 413

By using (3.37), (3.38) and the Young inequalities, we get provided that « is chosen small enough:

1d 1 :
§£k? t3 /(G\VW|2 +bldive|* + 2ac|Aq|*)dz < [|Gill 2 (200 Va2 + llwll )
RN

+ IVE2Qaflwllze + [ Vailz2).  (3.40)

For « small enough we have according to (3.39):

1.5 2 2 3.2

ski < llull” +ellVallz: < Sk - (3.41)
Hence from (3.40) and (3.41) we deduce that there exists K > 0 small enough, C' > 0 such that:

k24 K222 < Chy (||Gyllz2 + |V Fil|L2).

DN | =
S

By integrating with respect to the time, we obtain:

t
ki(t) <e K2'tg(0) + C / e K2 D (IVE (1) 2 + |Ga(7) 2 )7 -
0

Using convolution inequalities, it yields for 1 < p; < p < 4-00:
Ikl ooy S (27 % ka(0) + 2725720 (VL Gl s 12))- (3.42)
; T (L?)
Moreover since we have:

C™ ki < | Vaillze + [l 2 < Chi,

multiplying by 2(%71+S+%)l, taking the {" norm and using (3.41), we end up with:

9001, g < IOORG, oy + 1Ty .

It conclude the proof of the proposition. O

Let us extend the result of the Proposition 3.6 to the case where we include the pressure term inside of
the linearized system. This is necessary when we are interested in dealing with the existence of global strong
solution with small initial data. Indeed in this case it is very important to take into account the behavior
of low frequencies. More precisely we will consider the following linear system:

0yq + divu = F,
Oyu — alAu — bVdivu — cVAq + dVq = G, (N1)
(q,u)(O, ) = (q07u0)~

We now want to prove a priori estimates in Chemin-Lerner spaces for system (N1) with the following
hypotheses on a, b, ¢, d which are constant:

0<a<oo,0<a+b<oo, 0<c<ooand0<d< .
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This system has also been studied by Danchin and Desjardins in [17] in the framework of Besov spaces of the
type B; ; with s € R, let us generalize this study to the case of general Besov spaces B3, with r € [1, +0o0]
by using similar arguments.

1+s > +s 1+s)

Proposition 3.7. Let 1 < r < 400, s € R, and we assume that (qo, uo) belongs to B (B;’T
Furthermore we suppose that the source terms (F,G) are in L} (B;r Lra ¥ ) x (L1 (B2, 71+S))

Let (g,u) € (DL(B2, T3 ) qTeo (B 72 00y o (Dh(B2, ) nIge (BT 1)) be a solution
of the system (N1), then there exists a universal constant C such that for any T > 0:

HQHLl( PR 2+2+s)+\|QHNT et + [lu H~T BQZT+1+S)+H ul| e
< C(”QOH ~ N 14, g + ||u0|| N+s + ||F||~ %—Hs,% ” Hil (B2, y 1+s))'

Proof. It suffices to follow exactly the same lines as the proof of Proposition 3.6 except that we have to
consider the following k;:

K2 = a2 + el VarlZe + dlgrl% + 20 / Vai - wd.

RN

Now choosing « suitably small, it turns out that:

k7. (3.43)

N w

1
skt < llwlze + ellValzz + dlallz: <

By combining energy estimates in frequencies space, we show as in [17] that there exist ¢, C' > 0 such that:

SR+ @R < OR(Gillze + (VEL, Bl

As in the proof of Proposition 3.6 routine computations yield Proposition 3.7. O
We are now interested in studying the following system with 4 > 0 and x > 0:

Otho + divus — uVinpy - Vhs +us - Vinp, = F,

Opug — pAug — pVdivue — kVAhg + KVhy —2uV Inpy - Dug — 2uNVhs - Duy
+uy - Vug +ug - Vuy — p2V(Vinpy - Vhy) = G,

(h2(0,),u2(0,-)) = (hg, uf).

(3.44)

Here (hg, ug) are the unknowns, p; and w; corresponds to some functions defined in suitable Chemin Lerner
Besov space LP (B,,.) that we will precise below in the Proposition 3.8. F', G are source term (we will also
precise their regularity). In order to prove the Theorem 1.3 we will need precise estimates on the solution
(ha,us) of (3.44) in terms of Chemin Lerner Besov spaces; to do this we are going to prove the following

proposition.

o 2 9 ~N_q1 N N_q ~ ~N_1 N
Proposition 3.8. Let (hg,ug) € By, "2 x By} and we assume that In py belongs to L>(R*, By’; " ?) N
~ ~N N ~ N _

LY®RY, B "7 and g is in L°°(R+,Bf YN IY(R*, B2, +1),
N N
2Lz

Furthermore (F,G) are in El(R‘*‘,Eg’l ) x L*(RT, B;f ).
Let (ha,u2) be the solution of the linear system (5.44), then there exists C > 0 such that (h2,us) verify
for any T > 0:
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h 1 hal| - N _q, ~ 1 ~ N _q
Irall, om0l oy il il
< O(Hhonéﬁ,l% Il +IF, oy vy + G, oy o)
T
cesp(C [y +lul g oy FITlL 1T L) G
200 230 200

Remark 19. We would like to emphasize on the fact that in the Proposition 3.8 the main estimates (3.45) in-

. N1 N_1 A N1 N1
volves a control of VIn py in Lz (R*, By 2 )NLY(RY, By ?) and of uy in L3 (R, B [ )NLY (R, By [ ?);
but by Minkowski inequality (see (2.25)) we know that:

||VInp1|| % BQ%;Q) L4(R+ BT;% ||Vh’lp1” 4( + B2+2)HL4(]R+ B%éi%). (346)

3

. Toormt BE-LEN A Fime pYALE+2, L. . . . .
Since In p1 belongs to L>(R™, By’ )N LY (RT, By ), it implies by interpolation that Vln p; is in
~ N1~ N_1
L3 (RY, B 2_ )N LARY, B}, ?). In particular it proves that with such assumptions we control the right

3 '3
hand side of the inequality (3.45).

Let us mention that since in the Theorem 1.3 we will have u; = —uVInp; with p; verifying a heat
equation, we may improve the condition on the initial data p{ = h{ + 1 of Theorem 1.3 by assuming only

hy € B “nB 24 N L>® and p{ > ¢ > 0. Indeed with such condition V1Inp; would verify exactly the
quantlty on the rlght hand side of (3.45). In fact a more accurate proof of the Proposition 3.8 by using

N_ N
critical interpolation estimate would show that h} € By ’n By, . N L% (with € > 0) and ps>c>0is
sufficient for the Theorem 1.3.

Proof. We observe that (ha,us) are solution of the following system:

8th2 + diV’lLQ = F(hQ,’UQ),
Opug — pAug — pVdivug — kVAhy + KVhe = G(he, us), (3.47)
(hz(O,‘),U2(0,~)) (h07u0)

with:

F(ho,us) = F+puVinp - Vhy —ug - Vinpy,
G(h2,u2) = G+ 2uV1npy - Dug + 2uVhs - Duy — uy - Vug — ug - Vug + ,uZV(Vln p1 - Vha).

By applying the Proposition 3.7, we have for any T > 0:

Hh2||~ e T hall (5 gq,g)ﬂ\ 2||~T B221+1)+Hu2”} 3
< C(|h h G(h : 3.48
(|| HA W . + [1#( Z’UQ)HZ;(BQN;L%)H' ( 2au2)||~T(B21 1)) (3.48)

We have only to deal with the right hand side of (3.48), we have in particular:

T
IVinpu-Vhall, ooy = [19 15 Vhall - (s)ds
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T
S [ U9Rall gy IVl g 4190y IVl ) (s (349)
0 1

By interpolation (see the Proposition 2.1) we get:

2,1 21
||Vh2\|§2g;%,g+% ||Vh2||iu_2ﬂ_1||th||;ﬁ%+lo (3.50)
By combining (3.50), (3.49) and Young inequality we have for any € > 0
T
3
Vg Vhall oy /<||Vh2||4ﬂ,2ﬂ,1||mufﬂ_ﬂ Vgl
Lk (By% ) ) B2 2 By
+ ||Vh2H4ﬂ,2 LIHthll“N N+1||V1np1|\ +3)(8)ds
T
[ CelThal g+ IVl IVl
0 oo 21
+C. ||th||~%,2 ﬂ,1||Vlnpl||3 )(s)ds. (3.51)
200
In a similar way by interpolation we obtain:
o Vil oy, = [ e Vil oy (s)ds
R+ *
T
/(||V1npl||~7 %,%%HWHB ¥4 +\|V1HP1||~7_7%_1||U2H A y)(s)ds
J oo : oo
T
Vinp ezl luzll?
(” P N;O;%=%+% 2 Bzzﬂl—l 2 Bﬁﬂ
0 : :
IVl gy el el ) (9)ds. (3.52)
2,<x> 321 321
Applying Young inequality it yields:
T
e Vil oy 5 [ @ellul g+ CATIAIL g gyl
) :
4
+C’EHuQHBZ%O;l||Vlnp1||;2%7% %Jr%)(s)ds. (3.53)

Let us proceed in a similar way for [[G(ha, u2)|| B3y we are going only to treat two terms (the other
LT BZ 1
one will be left to the reader). As previously, we get:
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Vi -D . = Vi -D N _ d
Vi Dusll s O/| npr Dual ()i
T
S [ 9wl g gDl 5y + 11l 1Dl ) ()
0 00 s
T
S [ el g+ CAIT ALy gy Bl 5
2,0@ B2,l
0
+ C. ||U2|| N 1||V1np1||“ %%%)(s)ds, (3.54)
2,oc
and:
T
u1 - Vgl - :/ uy - Vu ~_,(8)ds
oVl e = [l Vil x o (9)
0
T
< [ elhall o+ Colnl ol o+ Collall g sl )0 (259)
) B2 By? BZoo

Finally combining (3.48), (3.51), (3.53), (3.54) and (3.55

) we have for C' > 0 and ¢ > 0 small enough such
1
that Ce S 5

Ihally, gengee +llhally, xovgy + el s Hlluzll .y

r(B2% Ly (32?1

2
c(uh v+l +IF, ooy +1GI, oy

T

+/<s(||u2|| yoctlnal,

)
0

N )+ C’s(||u2||B2%71 + ||h2|\§§171 ~)

12

200

Al + ol g+ 19l IVl ) )@)s) 50
200

By a bootstrap argument and the Gronwall lemma where we use the fact that:

ol s + a5 S Wl o+ ol ooy
we get for C' > 0 large enough:
||h2\|i%(§2%+1,g+2 +||h2\|ioo Zglfl,g)JrHUzHZlT(BNﬂ)JrH 2H~T(Bg71)
2
R I L I T
cop(C [ (nlty g +hld gy 19l 1Ty )0 ) 35
2,00 200
0

It concludes the proof of the Proposition 3.8. O



418 B. Haspot / J. Math. Anal. Appl. 438 (2016) 395443

8.2. Existence of local solutions for system (1.6)

We now are going to prove the existence of strong solutions in finite time with large initial data verifying
the hypothesm of Theorem 1.1 for the system (1.6). More precisely we assume that (go,up) belong to

B ><827

Existence of solutions
The existence part of the theorem is proved by an iterative method. We define a sequence (¢",u™) as
follows:

qn:qL'i_qna un:uL+ﬂna

where (g1, ur) stands for the solution of:

drqr, + divuy, =0,
{ tdL vur (3.58)

Orur, — Aug, — kV(Aqr) =0,
supplemented with initial data:
qr(0) = qo , ur(0) = uo.

Here A define the Lamé operator Au = pAu + (A + p)Vdivu. Using the Proposition 3.6, we obtain the
following estimates on (qr,,ur) for all T > 0:

~ N ~1 N +2 +1
qr € C([0,T], BY ) N Ly(B2,.") and uy € C([O 7], B )ﬁ LT(B 2.
Setting (¢°,u°) = (0,0) we now define (g,,u,) as the solution of the following system:

8" + div(@) = Fy_1,
atan - Aﬂn - HV(Aqn) = anla (Nl)
(q_n7 ﬂn)t:() = (Oa 0)7

Fo 1=~ un—l : an_lv
Grno1=— (W) Vu" ™t +2uVg" ™ Du" "t + AV Hdive™ ! + gV(|Vq”_1|2) — KVg" .

1) First step, uniform bound
Let € be a small parameter and choose T' small enough such that according to the Proposition 3.6 we

N N_
have (this is possible since go and ug are respectively in X,*> and in X 1):

ur|l - +llacll - <e,
[lucll R llqz | e
[lu L||~oo( ;_1)+||QLH~ ¥ )SCAo, (H:)

with Ag = ||qol| sE + Hu0|| y_,. We are going to show by induction that:
2 [SS]

H(qnaﬂn)HFT < \/ga (Pn)
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for € small enough with:
2 =~ N 1
Fr = (C(0,T), B, N Ih(B 1) x (C(0.7). B .y n Eh(B,2) Y

As (¢°,4%) = (0,0) the result is true for n = 0. We now suppose (P,_1) (with n > 1) true and we are going
to Show (Pn). Applying Proposition 3.6 we have:

1@, @) pr < CN(VFu1, Guoo)ll, -y (3.59)

Ly (B2

foo )

Bounding the right-hand side of (3.59) may be done by applying Proposition 2.2, Lemma 2.3 and Corollary 2.
We first treat the case of ||[F,—1]|7, (BN/2)) let us recall that:
T 2,00

Fo 1 =—up Vg, —a""-Vq, —u* - Vgt —a" . vg L (3.60)
We are going to bound each term of (3.60) we have then:
oz - Varlizy sz < luelzy pyrzen Nacllzg o) +lallzy gy leclzs oy (3.61)

Similarly we obtain:

s - V@ gy vy < Nuellzy, gz 10 iz o2
+||an—1||Z§ % % ”uLHL‘*(BQN*%)’ (3.62)
I8 Valzy oy <104 s IV o2 )
+ ||(ZL||E1T(B%§+2)||71”_ Iz5 (/21 (3.63)
and:
1"~V gy pavizy <HE gy gz 18 Nz sz
I gy ez 18 g oy (3.64)

By using the previous inequalities (3.61), (3.62), (3.63), (3.64), (P,—1) and by interpolation, we get that for
C > 0 large enough:

3
|Fullzs vz < OVE(AGe® + VE(L+ 4o) +¢). (3.65)
Next we want to control ||G’n||~1( %,1). According to Propositions 2.2, 3.6, and Corollary 2, it yields:
LY (B2,
n—1yx* n—1 n—1 n—1
I e Sy e W

IVAVE T P, oy SHIVE L

Ly (B ) L (Bfm)
< \v4 n—1 V n—1
SIVa g s IV, oy
< n—1 n 1
S0 g vt 4 e
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n—1 n—1 n—1 n—l
Vg Du o SV e 7 e
n—1 nl
+ [lu ”z§ B%jf)” HE4(32 -4y

IV Hdive M|y SV
B

sy L, g
Lh(B20 ) Li(B207) ZRN

tee 1)

N

+

)

n—1
Al Vg ||~ b

Vgt <T|g* ! 3.66
Vq IIEIT(Bngl) llq IIZW(BM) (3.66)

Let us recall that we have by interpolation and the condition (P, _1):

_ 3 _ 1 3 1
0", g, ST T < Adet VR
L7 (Bileo L (B LL(B2L)
vy g <t T L, < Adet 4 oE (3.67)
7(Balos *) Ly (BS. ) Lh(B2D)

Using (3.59), (3.65), (3.66) and (3.67) we have for C > 0 large enough:
3 1 3 1 1 3
(g™ @")ller < CVE(Aget +Ve(l+ Ag) +¢) + C(Aget +VE)(Aget +ve) + T(Ag + Ve)
< COVe(Alet +2yE(1+ Ag) + Adet + Alet + &) + T(Ag + Vo).

By choosing T and e small enough the property (P,,) is verified, so we have shown by induction that (¢, u™)
is bounded in Fr.

Second step, convergence of the sequence

We will show that (¢",u™) is a Cauchy sequence in the Banach space Fr, hence converges to some
(q,u) € Fr. Let:

5qn _ qn+1 _ qn7 5un _ un—i—l o un.

The system verified by (d¢™, du™) reads:

0:0q™ + divou™ = F,, — Fp,_1,
Opdu™ — pAdu"™ — (A + p)Vdivéu™ — kVAG" = G, — Gp—1,
3¢™(0) =0, ou™(0) = 0.

Applying Propositions 3.6 gives:
160", 6™ p < OV~ Faall gy vy + G = Gl ). (3.68)
Tedious calculus ensure that:

Fn _ Fn—l _ _5un—1 A vqn _ un—l . V5q"_1,
Gp—Gpo1 =—u"-Vou" ! —ou" - Vu"t + Vg - Déu" L + uVégn Tt - Dyt
+ AV divou™ "t + AVs¢" Hdiva Tt — K¢t + V( LR VA Y7L B v /L v/ L 1).
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It remains only to estimate the terms on the right hand side of (3.68) by using the same type of estimates
than in the previous section and the property (P,). More precisely according to the Proposition 2.2 and
(P,), there exists C' > 0 such that:

P = Bl oy < I50" g ey IV, oy
+”5“n_1”zw<3;0 )II q HNT 220:1)+|| u” 1”~T<B§;1)||an_l||i%o( Ao
+[|Vég* M| £3¢ QNO?)H u"” 1”L4<B§;%)
< C(Adeh + Afet 1 V496", 0um )y (3.69)
In a similar way we show that there exists C' > 0 large enough such that:
|Gn — Gz 1HL1 (B2 <C(A§€4 +A et +Ve+e+D)(0¢", 0u™ )| gy (3.70)

By combining (3.68), (3.69) and (3.70), we get for C' > 0 large enough:

3 1 1
1(5g™, 6u™) || < C(AGet + Aget +Ve+e+ )0, 60" ™) |y
It implies that choosing € and T small enough (g™, u™) is a Cauchy sequence in Fp which is a Banach. It

provides that (¢, u™) converges to (¢,u) in Fr. The verification that the limit (g, u) is solution of (1.6) in
the sense of distributions is a straightforward application of Proposition 2.2.

Third step, uniqueness

Now, we are going to prove the uniqueness of the solution in Fr. Suppose that (¢q1,u1) and (gq, us) are
solutions with the same initial conditions; furthermore they belong to Fr and (g1, u1) corresponds to the
previous solution. We set:

dq=q2—q and du=us —u.

We deduce that (dq, du) satisfy the following system:

(9,55(] + divéu = F2 — F17
Oou — pAdu — (A + p)Vdivou — kVASg = G1 — Ga,
dq(0) =0, du(0) =0.

We now apply Proposition 3.6 to the previous system, and by using the same type of estimates than in the
previous part, we show that:

dq,6 S 0q,6
16000l S Ul v+ el ol v sl oy G50y

We have then for T} small enough: (dg,du) = (0,0) on [0,71] and by connexity we finally conclude that:

@1 = g2, uy =uz on [0,T]. O
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3.8. Global strong solution near equilibrium for system (1.6)

We are now interested in proving the existence of global strong solution with small initial data for the
system (1.6). The main difference with the previous proof consists essentially in taking into account the
behavior of the density in low frequencies, to do this we will use the Proposition 3.6. More precisely we are
going to use a contracting mapping argument for the function v defined as follows:

_ N t g Flew ) .
(g, u) = W(t,-) <u0> —I—O/W(t ) (G(q,u)) ds, (3.71)

where W is the semi-group associated with the linear system (N1) witha =y, b=A+pu,c=rand d = K.
The nonlinear terms F, G are defined as follows:

F(qvu):_u'an

G(q,u) = — u.Vu+2uVq- Du+ Adivu Vq+ gV(\VqF). (3.72)

We are going to check that we can apply a fixed point theorem for the function v in F % defined below, the
proof is divided in two step the stability of ¢ for a ball B(0,R) in F % and the contraction property. We
define E% by:

BY = (BB ) n B2 ™) x (B2 B2 ) n L (B2 Y

1) First step, stability of B(0, R)
Let:

1= llaoll Ly vy + lluoll y

2oc ,oo

We are going to show that ¢ maps the ball B(0, R) into itself if R is small enough. According to Proposi-

W (t,-) * <q0> Iy <Cn. (3.73)
Uo E2

According to the Proposition 3.7 it implies also that:

tion 3.7, we have:

(g, ),y < Cn+IIF (g0l %,1%)+|IG( )Hzl(32 )) (3.74)

The main task consists in using the Proposition 2.2 and Corollary 2 to obtain estimates on:

P @l g o, 6@l
Let us first estimate || F(q, )||~ BELE) According to Proposition 2.2, we have:
- all, v, S 19l gy ol
Vel oy gy llull s F+3,- (3.75)

LBy’ 272 %) L3(Bjl



B. Haspot / J. Math. Anal. Appl. 438 (2016) 395-443 423

2

Let us now estimate ||G(g, U)HZI ¥ou - Hence by Proposition 2.2 it yields:
2,00

Vul| -~ 3.76
-Vl v Sl ey Wl sy (3.76)
" SE-LA+E L p¥th gE-RE-1  p¥-d

In the same way, from the Proposition 2.2 and the fact that By’ — By?, B — By

(see the Remark 17) we deduce that:

IVq-D HE1(3771 SV (I”i% 2%{);%,%+%)||Du||z4(3%7%)
IVl gy DUl x oy
IVadivul v S IV xog ey vl oy g
FIVa, gy Ml y g (3.77)
It now remains only to deal with the capillary terms:
Iv(vaPll, B <lIval® IINI(Bg )
5||VQ|\Z%(§2%;%,%+%)||VQ||E4(]§%O;%%7%)- (3.78)

1 N 1
2t2 . p2ts ] RB2 222

We have previously used the fact that B 20;

to assume that (¢,u) belong to the ball B(0, R) of EZ with R > 0. Combining the estimates (3.75), (3.76),
(3.77) and (3.78) we get:

. We are now going

l4(g,w)l .y < CUC+Ln+R)% (3.79)
By choosing R and 7 small enough we have:
C((C+1)n+R?*<R. (3.80)
It implies that the ball B(0, R) of E % is stable under 1 which means:
¥(B(0,R)) C B(0,R) .

2) Second step, property of contraction
We consider (g1,u1), (q2,u2) in B(0, R) and we are interested in verifying that ¢ is a contraction. Ac-
cording to the Proposition 3.7 we have:

[¥(a2, uz) — (ar,ur)l Ly < C(IF (g2, u2) — Flar,u Il BEo
+ |G (g2, u2) — G(q1, )HZI(B X 71)) (3.81)

with:
F(q2,u2) — F(qi,u1) = —0u- Vg —uy - Véq.

G(q2,u2) — G(q1,u1) = —ug - Véu — du - Vug + uVase - Déu + pVoq - Duy
+ AVqodiviu + AVdgdivuy + V(ng -Véq+ Vg - Vql).
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We now set ¢ = g2 — ¢1 and du = ug — uy. Let us first estimate ||F(ga,u2) — F(ql,ul)H]31 oy, y - We
have by Proposition 2.2 and the Remark 17:

IF(anvn) = Flanan)l, oy oy, S 100l oy g 19, oy gy,
+loul =l 1A% QZHZlT(B% ¥, F Kt 1H~T i IVéall. B s
+ ”Wq”mgfm% %%)”“1”5%(3?;%)
< C @)y + 20wy )| 5, 50) Ly (3.52)
Next, we have to bound ||G(gz, u2) — G(q1, UI)|‘Zl(B2%71). We treat only one typical term, the others are of

the same form.

= V= Funl, Ly SVl g oy el )
e e e | M L M
Tloull g e IVl o303,
< Clasw)lly +2Na, w0l y )60, 50l gy (3.83)
We can bound the other terms of |G (g2, u2) — G(q1, u )|| T in the same manner and this work is left

to the reader. Finally by combining (3.81), (3.82) and (5.85) we obtain for C' > 0 large enough:
bz u2) = lar,un)y <C1Ga o)y (Il g + a2 o)

If one chooses R small enough such that RC < %, we end up with using the previous estimate which yields:

19 (g2, u2) — ¥ (qr, 1)l

ﬂklw

oy < 5 1Gaswly

We thus have the property of contraction and so by the fixed point theorem, we have the existence of a

global solution (g, ) for the system (1.6). Indeed we can see easily that E? is a Banach space.
Concerning the uniqueness of this solution, it suffices to proceed as previously. More precisely if (g, ) is

the previous solution and (g1, u1) another solution in E% then by setting d¢g = ¢ — ¢1 and du = u — u; we

show that for T small enough:

0¢g=0 and du=0 onl0,T].
We conclude by using an argument of connexity in order to get the uniqueness on Rt. O
3.4. Global strong solution near equilibrium for system (1.1)

We are now interested in proving the existence of global strong solution for the original system (1.1),
indeed the system (1.1) is a priori not equivalent to the system (1.6) if we do not control % and p in L*°
norm. When it will be done, it will be possible to propagate on the density p the regularity proved in
Theorem 1.1 for the unknown ¢ = ln p by using Proposition 2.3. Then it will be easy to verify that (p,u)
verify the system (1.1) and is a unique solution. In order to apply this program we are going to assume
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~N_
additional hypothesis on the initial data. (go,uo) is now in By, !

vz

N
2

x By

! with go = Inpg € L™ (this

)2

last condition implies in particular that py and p%) belong to L*).
The first part of the proof consists in getting L estimates for the solution of the linear system (IV), and
the second part consists in splitting the solution (¢, u) under the following form:

(qvu) = (qlnuL) + (ij ﬂ)a

with (qr,ur) solution of (N) with FF = G = 0 and (qr(0,-),ur(0,-) = (go,uo). The key points will be to
show that ¢y, belongs to L (L) for any T' > 0 and that ¢ is more regular that gr.. More precisely by a

regularizing effect on the third index of the Besov space we shall prove that ¢ is in L°°( 2,1) forany "> 0
with is embedded in L (L*>°). It will be then sufficient to deduce a control of In p in L (L>) and to show
that ¢ and p have the same regularity.

3.4.1. Result of mazimum principle type for the linear system (N)
Let us start by studying the following system:

0¢q + divu = 0,
oru — pAu — (N + p)Vdivu — kVAg =0, (3.84)
(Q(Oa ')7 U(Ov )) = (QO7 u0)7

with © > 0 and A + 2u > 0. We are now interested in characterizing the Besov spaces in term of the
semi-group B(t) associated with the system (3.84), it will be useful in order to obtain L* estimates for g.
More precisely we have the following proposition.

Proposition 3.9. Let s be a positive real number and (p,r) € [1,+00]?. Let (g,u) be the solution of (3.84)
with (q,u)(t) = eBY(qo,ug) and with the following notation:

(vqa ’LL) (t) = eB(t) (VQO7 uO)'
Then there exists a constant C' > 0 which satisfies:
1€ (Vg0, wo)ll o Nl et 2y < Cll (Va0 w0) 2o V(Vao,u0) € By 2 (3.85)

Proof. Apply operator A to the first equation of (3.84) and operators div and curl to the second one; we
obtain the following system with v = 2u + A:

0:Aq + Adivu = 0,

O dive — vAdivu — kA2%q = 0,
Orcurlu — pAcurlu = 0,
(a(0,),u(0,)) = (g0, uo).

(3.86)

We observe that the third equation is a heat equation and we know via lemma 2.4, p. 54 in [5] that there
exist C, ¢ > 0 such that for all [ € Z:

e A Ayeurlug|| r < Ce™2™ || Ayeurlug || L» ¥p € [1, +00). (3.87)
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Let us study now the following system:

Oic+ Av =0,
O — vAv — kAc =0, (3.88)
(C(O’ ')a U(Ov )) = (CO7 UO)a

where ¢ = Ag and v = divu. Denoting by U(t) the semi-group associated with (3.88), we deduce from

(j(t’ 6) _ q0
0 (CM) _ v ()

We are now interested in proving estimate of the same form than (3.87) for eV ®(A;c, Ajv), and to do this

Duhamel’s formula that:

we are going to prove the following lemma which is a direct consequence of the lemma 3 of [17]. For the
sake of completeness we are going to recall its proof.

Lemma 1. For any p € [1,400] and any t > 0 we have for all q € Z:

4

. K 2qV
1O (Aqgeo, Aguo)lzr < CeemmEZULA coll1o + [ Aquollz). (3:89)

Proof. Simple calculus show that U(t) = e *A(P) with:

0 —[¢P
A(g) = .
© <ns|2 e )
Following [17] we show that:
eftA(g) _ 67% hl(t7§) + %hQ(tﬂ 5) hQ(t7§)
_KhQ(tag) hl(tvf) - %hQ(tag) ’

with:

(e, = cos(v I, hoft.€) = LD e gy

hl(t’f) = 17 h2<t’€) = t|£|27 if V2 = 41‘4/7

hi(t,€) = cos(V[€%), ha(t,€) = %'52“ if 1% > 4,

and vV = /|k — "72\ Let ¢ defined as in the definition of Littlewood-Paley theory, we denote by a;;(t,&)

the coefficients of the matrix e~ and:

Agbij(t,z) = F 1 Ag (ai5)(t, 2)) = (27T)‘N/eiz‘faij(t,€)¢(2“‘€)d€~

RN

Let us show now that:

1A (Bi3) (8, ) |1 < Cememin@- 5120wt (3.90)
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where ¢ depends only on v, k and ¢ is a universal constant. We first remark that ||Agbsjllrr = ||hijqll L
with:

hisa(t,) = (2m) 7 [ €%yt 2m)elo)dn,
RN
Let us observe that the functions h;;q can be rewritten under the form:
ha(t.) = [ e FEPIEPORAE)ds (3.00)
]RN
with f € C*°(R*). By integration by parts and Leibniz’ formula, we obtain for all o € NV,

(—iz)*hy(x) = Y (§) /6”'536f(22q|£|2t)<9“’ﬂ<ﬂ(§)d§- (3.92)

Bl RN

Next using Faa-di-Bruno’s formula, it gives:
07 f(2%|¢*t) = > FUm(229)€ ) (2%0) ™ (I, 072 (1€]%)). (3.93)
i+t ym=p,17i1>1

Let us start with the case v2 > 4. Then, it suffices to show that:
hyll Ly < Cee2, (3.94)
for f(u) = e *e~""/2. We have then:

f(m) w)| < V/+Z me—uu/Q.
2

Using (3.92), (3.93), we prove the existence of constant Cy g m such that:

181

‘l,oth(x)' < Z Z Ca767m(22qt)m67yt22(1/8.

B<am=1

For any constant ¢ < 1 and m € N, there exists C,, such that u™e™* < Cy,e™* which implies (3.94).
When v? = 4k, it suffices to verify (3.94) for f(u) = ue™"*/? and f(u) = e"¥*/2. When v? > 4x, we have
to check (3.94) for:

Fl) = exp(— — 2141 = 2yu) and F(u) = exp(— — 2(1— /1~ m)u).

Using again (3.93) we have:

2q _ 4k
|z%hg(x)] < C'Inaux(efcut2 ry1=38) ¢

_ 2q(1_ _ 4
7 cvt229(1 1 VTK))

< Qe ()2

and we conclude to (3.90).

We obtain finally by using (3.90) and the Young inequality for the convolution:

4k

. 2q
1e” (Ageo, Aguo) | o < Cem@mREEDZ (A col| o + (| Aguo]| o).

It proves the Lemma 1. O
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Via the Bernstein lemma, the Lemma 1, (3.87) we obtain that VI € Z:
15O (A Vg0, Avug) s < Ce ™M LDZ(| A Vo[ + Ao 1r). (3.95)
According the estimate (3.95) we have by setting V = (Vqq, up) for ¢,C > 0:
£ A1eBOV || o < Cto225 =12 9208 A V|| 1.

We are now going to define some Besov space in terms of the semi-group B(t) (this is an adaptation of a
classical criterion for the heat equation, see theorem 2.34 in [5]).
Since V belongs to S, and the definition of the homogeneous Besov semi-norm we have:

[#2e POV o < 1A POV 1o
lEZ

<OVl pae D122 e e (3.96)
leZ

where (¢)iez is an element of the unit sphere of I"(Z). If r = +o0, we easily show (3.85) by using the
following lemma (we left to the reader the proof of this last one).

Lemma 1. For any s, we have:

21
supg 152252« 4o,
>0 ez

—ct2?!

Let us deal now with the case 7 < 400, combining Hélder’s inequality with the weight 2%%e and

(3.96), we obtain:

+oo d +o0 d
t Is —cto?l t
/ trsHeB(t)VHZp? < C”V”%;%s /(Z $592ls o —ct2 Crl)T7
0 0 L€z
+oo
i so2ls  —ct22 \r—1 so2ls —ct2? r @
é C”VHB;%S (Zt 2 € ) (Zt 2 € Crl) n
o lez lEZ
+oo d
ca2ls t
<OV /(Ztn%e—cﬂmcg)?
o lez
Using Fubini’s theorem and the change of variable u = ¢t27, we have:
+0o0 d +00 d
t 20 dt
B ls —
Y el e
s lez
< Cr)VI} 2.
e

with ['(s) = f0+°° ts~te~tdt. The proof of the Proposition 3.9 is now achieved. O

Let us now prove L estimate for the density solution ¢ of the system (3.84). We recall that in the sequel

q will correspond roughly speaking to In p, in particular L°° estimate on ¢ will provide L™ estimate on p
and 1.
P
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N
Proposition 3.10. Let qo € By, ug € Bé\;—l and qo € L. Let (q,u) be the solution of the system 3.8/, then
there exists C > 0 such that for all T > 0 we have:

sup (V2[|(Va, u)(t,)lz=) < Cll(Vao, uo)ll ..

t€[0,T] Byl

lallzs =) < lldollz= + Cll(Vao, uo)ll .- (3.97)

272

Proof. The first estimate in (3.97) is a direct application of the Proposition 3.9 applied to p = +o0, r = 400,
N_
s = 3 and using the fact that By, ! is embedded in Bl
Let € be the fundamental solution of the Laplacian operator, and we define the operator (A)~! by the
convolution operator (A)~1f = € x f with f € S’(RY). By applying the operator (A)~1div to the second
equation of (3.84) and using the fact that Ac = divu, we obtain the following system with ¢ = (A)~!divu:
1
g — “Ag = ~— e,
1t 1
Orc — plAe — kAgq = 0.

Let us prove that ¢ belongs to L (L) for any T > 0; from Duhamel formula we have:

t
" 1 "
q(t,x) = ent®qy — m /eﬁ(tfs)Aatc(s)ds. (3.98)

According to the maximum principle for the heat equation, we deduce that:
LA
lle*qoll os (=) < lldoll oo mm)- (3.99)

Next we are going to consider fg en =929 ¢(s)ds, we recall that:

en =928 c(s) = K( ) %2 0s(A)~divu(s, -)

t—s

= K(

- s) *g (85[(5 *, divu(s, )])

T

Vi—s

=3 (K(

= K(

) e (D2 BE %2 Osui(s, )

T
t—s

) *g @S) *g Osti (8, )])

\/m)] *g 5) kg Ostyi (8, )

)] *a (€ Osui(s, )

|
(]
&
=

]

)] *a (D) Osui(s, ), (3.100)

Il
iNg
S
=
T

K.

with %, the convolution in space and setting pu = m

1 || 2

= —— ¢ 4pt

Vi (dnpt) s

K(
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We deduce that:

We easily check by a change of variable u = T that:

[[0: K (

Nz <

Vi—s “VJVi—s

Then by Young’s inequality we have for 0 < s < t:

sup v/s||(A) " osu(s)]| Lo (3.101)

o C
1105 [ K ( e (B)7 0suils, )llzg < Vit —5\/s 0<s<t

t —

w

with C' > 0. Applying the operator (A)~! to the second equation of (3.84) we have:
0:(A)'u = pu + KVq. (3.102)

Using (3.100), (3.101) and (3.102), we observe that there exist C,Cy > 0 such that:

1 1
it S)Aﬁc ds||pos(r00y < ( su SIIAT Ou(s)| oo ds
||/ (sl < (s VEIATDu(s)]i) [ =

< C sup Vsluuls,) +wVa(s, )|
0<s<t

<Cy sup \/EH(U(Sv)’VQ(S’))HL”O (3103)

0<s<t

Combining the first estimate in (3.97) and (3.103), (3.99) we obtain that for any T' > 0 we have:

lall ) < llgollz= + Cll(Vao, wo)ll -

272

with C' > 0. It achieves the proof of the Proposition 3.10. O
3.4.2. The unique solution of (1.0) verifies p € LF (L)

Regularizing effect on the third index of the Besov spaces

N
Let us start by recalling that we are concerned now with initial data such that (qg, ug) belong to (B;’2 N

N_
L) x By ' This additional regularity assumptions on the initial data will be crucial in order to prove
L estimates on In p. Let us start by proving additional regularity assumption on the solution (g, u) of the
system (1.6) which verify (¢,u) € E with E defined as follows:

E= (LR, Bi "

N
2

YN LNRT, B2« (L(R*, B ) n LR, BE )Y

Indeed we are interested in splitting the unique solution (¢, u) constructed in the subsection 3.3 as the
following sum:

(Qau) = (QL7U:L) + (57 17,),
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with (gr,ur) the solution of the system (N1) with F =G =0a=p, b= A+ u, ¢c =k, d = K and with
initial data (In pg, ug). Compared with the subsection 3.3, we are going to show that the remainder term
(g, ) is more regular than (g, ur) and is in the space F' defined as follows:

~ ~N_1 N ~ ~N_ 1 N ~ N _ ~ N
F= (LOO(R+7BQ21 b )N Ll(Rth%;rL : +2)) X (LOO(R+7322,1 ' N Ll(R+7322,1+1>)N

This type of regularizing effect on the remainder (¢, @) in term of the third index on the Besov spaces has
been observed for the first time by M. Cannone and F. Planchon in [9] for the incompressible Navier—Stokes
equations. We are going to use a similar type of ideas in your case, to do this let us use the Proposition 3.7
which ensures:

HQL||L°°(R+B2_ nB§)+||qL||f1 R+ B%H BQ+2)+H L||LOO(]R+ B22 -1y

Flleelly, o g RAIES HfJo\|~__1 +lluoll |y sk (3.104)

As in the subsection 3.3, we know that (g, u) verify the following system:

8,4 + divi = F(, u),

Oyt — pAu — (A + p)Vdiva — kVAG+ KVq = G(q,u), (3.105)

(Cj’ ﬂ)(o, ) = (07 O)a
with:

F(q,u) = —u- Vg,

G(q,u) = —u-Vu+2uVq - Du+ Adivu Vg + gV(\VqF).

We are going to apply the Proposition 3.7 to (¢, u), it implies that:

I2l;. o g2, T, oy g3 yee) T HEI yo A+l Yo

= (R+,By% ) L1(R+, By *©(R+,By% ) L1(R+,B, )

<
1@, o 533, i@l . (3.106)

It remains only to bound the terms F(g, u) and G(g, ) on the right hand side of (3.106). Let us start with
F(q,u) = —u - Vq that we can rewrite as follows:

u-Vg=u-Vqg+ur -Vqg+ur-Vqr.
According to Proposition 2.2 we have:
u - < 0 i
[|u VQHZl EE ) S qu”zﬁ(éfgé’%*%)HUHU;(B;*%) +IVal, g;*%%*%”“”zé(% :

,%%)HULHZ%(BQ%Q%) + ||V§||Z4T(§2g;g,%7%)||UL||E§(B§£%),

,%+%)HULHZT 4 + ”qu”Zg(égN;%’%’%)”uL”zé(sﬁ,;l :

Let us deal now with the term G(g, u) and in particular the term u - Vu, we have then:

u-Vu=1u-Vu+ur -Vu+ur-Vur.
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From the Proposition 2.2; it yields:

- Vull_, ¥ < llall 3o IVull oy +lVull |y - lall .,
T(Bo% L>(By% ) L'(By%) L2(By% L2(B2)’
\Y% Vu Vu
lug - ullil(Bgfl)NH ull e | HEI(BQ) | ||z2(32 N L”zsz s
lug - VULHEl i S S lluzll; (Bgfl [Vu LH~1(B%) + ||VUL||Z2(B§271)||UL||E2(B;;;)~ (3.108)

We can proceed similarly for the terms V¢ - Du and divu Vq. Let us treat the last term V|Vgq|? we have
then:

|Vq|? =Vq-V§+ Vg -V + |Var|%

By Proposition 2.2, we get:

||C(|CQ| )”N ——1 N|H Q| ||N1( 21)
Varl“| . ~_, S|IVar ~4 Ny Var|l. N_1,
||| | || B2, 1) H || ?2+2)H ||L4(BQ?2 5
V V N Vq + [|Vq . 3.109
|| q- ‘I”N 27171)N|| QHNf 2?+%)|| QH~4( 21%’1—%) || qllig(Bg %)” ‘IHB(BQN—%) ( )

By collecting the estimates (3.107), (3.108) and (3.109) and by interpolation we obtain that there exists
C > 0 such that:

¥z, Tl -, el

”q”Zoc(RJr,BQ%flmel) HQ|\~1(R+ B2 nB2, ~(B+,By, LR+, B2

< Oluall gy, ol oy, + Tl o + sl oy s

+ ||u||iw(3§;1) + ”q”EOO(BQ?OC_l’% I ”Ll BA +1 ||Q||LOO(B%+1,%+2))

X (HQHZOO(RJQBZ%_L%) + ”(j”D(RtB?’IH’%“) + H_||L°°(R+ B 2 -1y + [lu HLl(]R+ B2 +1))
+C(||“L||zw(B;N;1)+||QL||Zm(BZ%’2*1= 3 + flu LHNl(BQJrl ||qL||E°°(B§2+1'%+2))2' (3.110)

s

Let us recall that via the first part of the Theorem 1.1 and the Proposition 3.7 (see the proof in the subsection
3.3) we have for a C' > 0 and M > 0 large enough:

HULHEOC(BZ%OJI) + ||qL||E°°(B§71’%) + H L||~1( BA! +1) + ||QLH~ B;:l,%ﬂ) < Céeo,
||U||E°°(B2%O;1) + ”q”iw(Brg—l.%) + ||U||E1(B2%;1) + ”q”Ijoo(Bg;l'%Jrz) < Mey,
with:
c0 = llaoll Ly vy +lluoll - (3.111)

2 o0 2,00

By choosing ¢y small enough we can apply a bootstrap argument in (3.110) which implies that there exists
C > 0 such that
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llall- - + gl

Lo (R, B,2 3 m32 ) I1(R+,B.2, “me Loo (R, 132 X Ll(R+ B.2, +1)
<C ) ) 2, 3.112
(I VA uuLnEl(B; ||qL|\~ el (3.112)

It proves finally that (g, ) is in F' and concludes this subsection.

q is bounded in L (L*>*(RY)) for any T > 0
In order to show that ¢ is bounded in L (L>(RY)) for any T' > 0 we shall use the Proposition 3.10.
Indeed we have seen in the previous subsection that:

(qau) = (QLvuL) + (67 a)a

with (qr,ur) solution of the system (N1) with F=G=0a=pu, b= A+ pu, c =k, d = K and with initial
data (In po, up). In particular it implies via the definition of the semi-group B(t) in the Proposition 3.9 and
the Duhamel formula that:

t

(qp(t), ur(t)) = D (g0, uo) + / eB=9)(0, KVqp)(s)ds.
0

N
By using Propositions 3.6, 3.10 and the embedding of By’; in L> we deduce that for any 7" > 0 there exists
C > 0 independent on T such that (here [-]; defines the first coordinate of the vector field):

t
gzl zoey < 1[e”P (g0, w0l Lge (<) + ||[/ ePU=9(0, KVqy)(s)dsh ||
LOC(BQ 1)

0

C(HIHPOHL‘X’+||(VQOau0)||Bf_1+|| QL||~1( _1)). (3.113)
2 1
From Proposition 3.7, we know that there exists C' > 0 such that:

LN _ NN [ =t 3.114
ol g1, 10, e e < Cllaol oy + ol 5-0) (3.114)

Let us deal now with the term ||VqLH~ (B*_l) on the right hand side of (3.113), we have by interpolation
2,1

for a constant C' > 0:

1 1
lar @y < Cllac®I® x_, lar @I x -
2 B.2 2

Bah 2% Bals

It implies that by Holder’s inequality and (2.25) that there exist C,C; > 0 large enough such that:

qr(t x <Clqr : qr :
[ ()||L1T(B21) I H ko H | .
<CT4HqLII2 IIQLH2 N
(Bzz (32?2 )

3
< ClT4(HQO||§§2_1g + [luoll_y-)- (3.115)

272
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Combining (3.113) and (3.115) we get:

t

gzl s oy <111 (g0, o) [l nge (<) + | [/ ePU=)(0, KVqr)(s)ds]
0

3
< C(|[Inpol| e + ||(VQ07UO)||B;N;1 + ClT‘*(H(JOHng;l,% +lluoll Ly ). (3.116)

272

1~ N
”L%"(Bz?l)

[eS)
loc

We have then proved that qp belongs to L

particular that g belongs to EOO(BQ%) which is embedded in L*°(L*>°). We deduce that ¢ = q;, + ¢ belongs
to LS (L™).

It remains only to prove that (p,u) = (exp(q),u) is a global strong solution of (1.1) and we define
h =exp(q) — 1 with p = 1 4+ h. By Proposition 2.3 and the fact that p and % belong to L2 (L) we easily
show that h is for any T > 0 in:

(L®). Since we have seen that (g,u) is in F, it implies in

Hy = (BB F)nIL(BR 2 ).

With such regularity on h and wu, the verification that (p,«) is a solution of (1.1) in the sense of distribution
is a straightforward application of Propositions 2.2 and 2.3. The uniqueness follows also the same line than
in the proof of subsection 3.2. 0O

8.5. Proof of the Theorem 1.2

In the Theorem 1.2 we are interested in extending the results of Theorem 1.1 to the case of general
pressure P and also to the case of constant viscosity and capillary coefficients. It is worth pointing out that
in this case some terms as the pressure VP(p) are nonlinear in terms of the density ¢ = In p; that is why it is
crucial to control the L> norm of the density in order to estimate this term in Besov space via composition
lemma. For this reason it seems delicate to show a result of global strong solution involving only a smallness
hypothesis on ||q0||B% and Hu0||B%,1 as it is the case in the Theorem 1.1.

2,00

We are now going to explain hozx;;o to adapt the previous arguments of the proof of Theorem 1.1 to this
new situation. We are only dealing with the case u(p) = u, A(p) = A\, k(p) = k and P a regular function
such that P’(1) > 0 (the viscosity and capillary coefficients verify here the conditions u > 0, 2u+ A > 0 and
k > 0). Let us mention that the other case can be handled in a similar way. The system 1.1 is equivalent to
the following system where we set in this section p = 1+ h. Let us mention that in this case a straightforward
calculus gives:

divK = kpVAp.
We can then rewrite the system (1.1) as follows:

Oth + divu = F(h,u),
Ou — pAu — (p + N)Vdive + F'(1)Vh — kVAQh = G(h, u), (3.117)
(h‘7u) t=0 — (h07u0)7

with F'(p) = Pp) ynq:

F(h,u) = —u - Vh — hdivu,

G(h,u) = (F'(1) — F'(p))Vh + (% — w)Au + (ip/\ — pu— A)Vdivu — u - Vau. (3.118)
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Let (hr,ur) be the solution of (N1) with a = 1, b= A+ u, c =k, d = P'(1), F = G = 0 and the initial
data (hg, up). In the sequel we will consider solution under the form:

(h,u) = (hr,ur) + (h,u).

In order to prove Theorem 1.2 we shall use a fixed point theorem, more precisely we are going to consider
the following functional:

W(h, 1) = /W(t—s) (gEZZD ds . (3.119)
0

W (t) is the semi-group associated with (N1) with a = p, b= A+ pu, ¢ = K, d = P’(1). The proof is divided
in two steps the stability of ¢ for a ball B(0,R) in FE % defined below and the contraction property. We
consider E2 defined as follows:

vz

BY = (E=(Bg, ") n LB ) x (E2(B2, Y n I BT
1) First step, stability of B(0, R)

By using the Proposition 3.7 we have: for C' > 0:

hell. _~_,n + hL~ Ny Hlucll. oy A uc]l
[ ||L%O(B2?2 3 +[[hLl] ¥, I ”LT =2 llurll TR A
< Clhol 5 1y + ol 3 ) (3120)

By combining the Propositions 3.10 and 3.7, we have for any 7" > 0 and C' > 0 independent on T":

IhLllzge (o) < C(llholl= + ||ho|| y o+ ol y —»)- (3.121)

1

Remark 20. Let us mention that the condition (hg,ug) € BQ%_Q X (351_2)]\7 plays only a role in the previous
estimate (3.121) in order to bound the term P’(1)Vhy that we consider as a remainder term for the system
(N). Indeed we are interested in applying Proposition 3.10 and the Duhamel formula. It would be possible
to avoid this additional regularity by extending the Proposition 3.10 to the system (N1).

It remains only to apply the Proposition 3.7 in order to get a priori estimates on (h,u), we have then for
C >0

[ (h, @),y < CUIE(h, U)H~ sX-y, TGO, Sy ). (3.122)

By applying Proposition 2.2 and Lemma 2.3 (indeed we have seen via the estimate (3.120) and the fact that
_ ~ N
his in L>°(By;) that h belongs to L> and p =1+ h > ¢ > 0) we have as in (3.110) for a function C' > 0:

gy < COMa=)nl s+l ooy Pl e
I g o+l v Ay il e W s
Bl o F I s I s L, )

2
+o<||h||Lm>(|\uL||Zm(BTl oy ol e IRy ) (3129)
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We set

g0 = llholl Ly vy +lluoll Ly -1+ [lhollzee +lholl iy —» + lluoll i - (3.124)
272

2,2 271 2,1

By choosing R = Meo with M > 2, it suffices to choose €p small enough such that (3.123) ensures that:

The proof of the contraction follows the same lines as in the proof of the Theorem 1.1 and is left to the
reader. It concludes the proof of the Theorem 1.2. O

4. Proof of the Theorem 1.3

We now wish to investigate the proof of the Theorem 1.3 where we assume that k(p) = MT?’ n(p) = up
and A\(p) = 0. We have observed that there exists quasi-solution for the system (1.1), it means a solution of
the form (p1, —uV 1n pp) with:

{@m—uAm—ﬂ,
(p1)i=0 = (p1)o-

This quasi-solution (p;, —V In py) verifies the following system:

d . -
5P T+ divipu) =0,

2
%(pu) + div(pu ® u) — div(2upD(u)) — p?pVAIn p — %V(|V1np|2) =0, (4.125)

(pv u)t:O = ((,01)07 _,va hl(pl)o) .

Let us work now around this quasi-solution, more precisely we search global solution of (1.1) under the
form:

qg=Inp=1Inp; +he withp; =1+ hy and v = —puVInp; + us.

We deduce from (1.11) that (hg,us) verifies the following system:

Oho + divug — uVinp, - Vhe +us - Vinp, = F(hg,’u,g),
Orus — Augs — pVdivus — kVAhgy + KVhe — 2uV In p1 - Dug — 2uVhs - Dug

(4.126)
+ uq - VUQ —+ ug - Vul — ,LL2V(V 1np1 . th) = G(hg, UQ),
(h2(07 ')7u2(07 )) = (h(%vu(%)a
with:
F(hQ,UQ) = —Ug - th,
2
G(ha,us) = —us - Vg + 2Vhs - Duy — KV In py + %V(|Vh2|2). (4.127)

We have now to solve the previous system (4.126) and to do this we are going to apply a fixed point theorem.
We start by defining the following map :
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o(hyu) = Wit ( > /Wlt—s< EZ ;) ds (4.128)

where W7 is the semi-group associated with the following linear system (4.129):

O¢ho + divug — uVinpy - Vhs +ug - Vinp; =0,

Opug — pAug — pVdivug — kVAhe + KVhy —2uV In py - Dug — 2uNVhs - Duy (4.129)
+uy - Vug +ug - Vg — ,uQV(Vln p1 - Vhz) =0,

(h2(0,),u2(0, ) = (h§, u}).

The nonlinear terms F,G are defined in (4.127). Let us now check the stability of ¢ for a ball B(0, R) in
E% (the contraction property will follow the same lines). F % is defined as follows:

\2

1.y
2

EY = (LB ") nINBA™ 2 ) x (T=(B2 Y n LB

Dy

1) First step, stability of B(0, R)
Let:

n= HhOH s¥-1 y + ||U0H

,1

We are going to show that ¢ maps the ball B(0, R) into itself if R is small enough. By using the Proposi-
tion 3.8 we have:

et )5 < O+ IO, vy +IGGDI, )
X exp(C/ (||u1|\‘; 1+ ||u1\|3 +1 + ||V1np1||3 N+1 +||VInp||® 5 )(5)ds> (4.130)
200 B2oo
R+

The main task consists in using the Proposition 2.2 and Corollary 2 to obtain estimates on

10l sy IGO0 s

Let us first estimate || F(h, u)||~ N,

N
1(B2 2

. According to Proposition 2.2, we have:

[ - Vh||~ BEY SIVAlL 4 -5

: R A IR
VA, Eifg,gfé)ﬂu\ldw;gz%) (4.131)
Similarly for ||G(h,u)||. x_, we have:
Ly (B2 )
-l o S ol g s IV gl g 9l oy g (413

~ N _
The most important term is certainly K'VInp; which belongs to Ll(BQ"’,1 1) since we have assumed that

In pY belongs to B "ML and the fact that p1 verifies a heat equation (1.13). Using Propositions 2.3, 2.4

and the maximum prlnciple there exists a regular function g such that:
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Vi X
L L

< y T oo h - N
oo el

1
< g(ll(p?, F)Ile)\lh(fllBgfz- (4.133)
1

2,1

We deal with the others terms in a similar way. Since (h,u) is in the ball B(0, R) of E% and combining
(4.130), (4.131), (4.132) and (4.133), we have for C' > 0 large enough:

1
o, w)ll gy < O+ B+ g1l “o)lluIIASI x o)
1

2,1

xexp(C/(nuu‘; +||u1\|3 +1+||vmp1||3 +1+\|vmm|w
200
R+

)(s)ds> . (4.134)

200

Let us recall that p; verifies a heat equation (1.13), we deduce from Propositions 2.4 and the maximum
principle that there exists a regular function g; such that:

R RN L R L PR IO

200

Ny

oo

R+

< a1l (o1, )||L°°)||h0|| sl (4.135)

From (4.135) it yields:

1
T

4
gl —les)IRT] g2 x exp( C [ (luall? y 3 + [l
BZ?oo 2 322

21
R+

;00

Ty IVl )<s>ds)

200

< g(ll(e} )HLOO)HhOH §-2 €XP (Car (It )I\Lw)||h°|\321) (4.136)

In particular it implies that:

Cnexp(c*/(nulr; 1+|\u1||3 +1+vam||3 +1+||V1np1\|3
200
R+

)(s)ds)

200

1
< Cnexp(Car([l(p}, =)l IAT] ). (4.137)
P1 32,1
Let us prove now the stability of the functional v, from label (4.134) let us choose:
1
R = 4Cnexp(Cor([(, =) =) 1R8Il ), (4.138)
pl Bz,l
and suppose that:

1
g(”(p(l)vF)HL“)”h?HB%—z <Cn. (4.139)
1

271
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Now combining (4.134), (4.138) and (4.139) we have:

1
[ (h, w)ll §2Cnexp(091(H(P?7p*(l))lle)llh?HBzgl)
1
+ CR2 exp(Car (18, )= )IR x): (4.140)
141 By
From (4.140) it suffices that 7 is small enough such that:
1
R* < 20 exp(Car([l(}, —p) o) IRS1] ). (4.141)
P1 By
Indeed combining (4.141), (4.140) and (4.138) shows that:
loth, wll .y < R. (1.142)

E2

This concludes the proof of the stability except that it remains to choose n and to verify that it implies the
condition (1.16) of Theorem 1.3. The condition (4.141) via (4.138) is equivalent to:

1 1
16C%17° exp(2Cg: ([ (o1, E)HLOC)”h(l)”B%) <200 exp(Car (||(AY, F)HLC’O)”h?HB% ) (4.143)
1 2,1 1 21
and:
1
8Cnexp(Car(]|(p}, F)Hm)llh?IIBg) <1l (4.144)
1 2,1

From (4.139) let us choose:

1 0 1 0
n=—=9 07, — oo N _ 5. 4.145
C (”( 1 ?)”L )Hh1”32—2 ( )

2,1
The condition (4.144) implies by using (4.145) that:

1 1
89(11(n1, =) ll=) R3]l 5 —o exp(Cor([[(p}, =) l=)[IRR]| _x) < 1. (4.146)
Pi Bz,l P1 B2,1

Let us point out that this condition corresponds exactly to the condition (1.16) of the Theorem 1.3. It
concludes the proof of the stability of the functional . Let us prove now some contraction properties for
the functional ).

2) Second step, contraction properties
Consider two element (h,u) and (R',«’) in B(0, R), according to Proposition 3.8 we have:

Hw(hau) *w(h/au/)HE% <
C([|1F(h,u) = F(W ). _x_ oy +[|G(hu) =GR W)

o)

~ N _ ~ N _
Ly(B? %) Ly (B )
4 4 4
xexp| C [ (lwll* x_y +llwall® A [1VInp|P x ) +IVInpr|* ) ) (s)ds ). (4.147)
B2 2 B2 +3 B2 +3 B +3
R : Joo Too Too

Let us deal with the term || F'(h,u)—F(h/,u)||.

) (~% Ly s we have then by Proposition 2.2 and by denoting
L3 (By%
oh=h—"h and du =u —u':

)
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1P ) = F )l oy
/
S oull g v ||v HLT gy Il oy IV
ol uvahnzm(é;,ﬂ,l IRl g g Wl oy
W)l ) 1R, 5wl (4.148)

< C2)(hw)ll y +2[I(H
i (let us mention only that the delicate term

21

We proceed similarly for the term ||G(h,u) —G(h, )|| ~
KV In p; disappears). We get finally for a C' > 0 large enough by using (4.135)

(b )|y < CQIMA W Ly + 2010 W) ,x ) (8, 6u)ll gy
X1 +|IU1||3 ¥+h +||V1n,01||3 143 + [ VInpy||? N+1)(8)d8)

<exp(C [ (lul’ y
]R+ 200
1
S S S [ e (4.149)

[ (h, u) —

< 4CRexp (Cor(](p)

From (4.138) and (4.145) we have for a C' large enough
1
=16Cnexp (Cor(l(pY, —g)lz)IBI]l x

2

) nexp (Cor(ll (3, - vl x)

P1 By

1
4CRexp (Cgr (| (Y, —0)|\L°°)||h(1)||3g
1 2,1
1 1
= 16Cy(Il(}, =) =)IBL1l 2 exp (Car( (oY, —5)lL=)lIRT]lx))- (4.150)
By% 1 By%
In particular it ensures the contraction property via (4.149) if
1 o 1
1CRexp (Car (100, ) 1) I y)) < 2. (4.151)
0 132 L 2
Using (4.150), the previous condition (4.151) corresponds to
1 o 1
el ) < 5 (1152)
2,1

1
16Cy([l(p1, —5) 1= 11l 5y -2 exp (Coa(ll (o]

Let us mention that the assumption (4.152) is equivalent to the condition (1.16) of the Theorem 1.3. It
achieves the proof of the contraction property of . It concludes in particular the proof of Theorem 1.3

5. Proof of Corollary 1
It suffices to apply the same proof than for the Theorem 1.3, in particular to apply a fixed point theorem

for the function 1 previously defined. The main difference corresponds to the way we are going to handle
the remainder term KV In p;. Following the same arguments than for the estimate (4.133) we have for a

regular function g and C' > 0:
IEpll,

pion SImarl,
2 )

< CEy(||(pr, — )||L°°)||h1“i1 B2

0 0
< CKg(||(pi, p—(l))||Loo)||h1||Bg_2

(5.153)
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Using exactly the same idea than in the previous proof we need the following smallness hypothesis with
C > 0 and g, g1 regular function in order to ensure the stability of the functional ¥ for a ball B(0, R) with
R defined as previously:

1 1 1
16K Cg(ll(ph, =) o)A -2 exp (Car(ll (e, )= 111l x)) < 5- (5.154)
P1 By P1 By
If we choose K small enough this last condition will be verified, it achieves the proof of Corollary 1.
Appendix A

In this appendix, we just give a technical lemma on the computation of the capillarity tensor.

Lemma 2. When k(p) = % with x> 0 then:

1
divK = kp(VAlnp + §V(|V In p|?)),
and:
divK = kdiv(pVV ln p).

Proof. We recall that:
. 1 .
divk =V (pr(p)Ap + 5 (5(p) + p' (p)|Vp*) — div(r(p)Vp ® V).

When (p) = %, we have:

1
divK = kVAp — /@div(;Vp ® Vp). (A.155)
But since:
1 2
Ap = pAlnp + ;|VP| ,
plugging this expression in (A.155) we get:
. 1 o 1
divK = kpVAInp + kVpAlnp + nV(;|Vp| ) — ﬁdlv(;Vp ® Vp). (A.156)
Furthermore we have:
! 1 9 K 9
ﬁle(;Vp ® Vp) = kAlnpVp + V(;\Vlnp| ) — §pV(|Vlnp| ),

which concludes the first part of the lemma.
We now want to prove that we can rewrite the capillarity tensor under the form of a viscosity tensor. To
see this, we have:
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div(pV(VInp)); = > 9i(pdi; n p)
;
= Z[aipaij In p + p0iij In pl
i

= p(AVInp); + > pd;In pd;d; In p)

= p(AVInp); + £(V( V),
=divK.
It gives then:
divK = kdiv(pVV In p) = rdiv(pD(V In p)). O
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