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1. Introduction

Let D = (0,a)x(0,b)x(0,c) C R?, where a, b, ¢ > 0, and 8D be its boundary. Denote Q = Dx (to, T), S =
9D x (tg, T) for given 0 <ty < T < oco. We consider the following degenerate Kawarada problem,

S(T, Y, 2)Up = Ugg + Uyy + Usz + f(u), (x,y,2,1) €Q, (1.1)
u(:l:’ y? Z’ t) = 07 (:Z:7y’ Z7t) e 87 (1.2)
U(ZE,y,Z,to) :uo(x,y,z), ((ﬂ,y,Z) GD, (13)
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Fig. 1. Numerical solution (left) and its temporal derivative (right) immediately before quenching. It is observed that as max, u(xz) —
17, we have max, uy > 600. The computed quenching time is T" &~ 0.780265747310047.

/

where s(x,y,z) = (x2 +92+ 7;2)q ? , q € [0,2]. The nonlinear source function, f(u), is strictly increasing

for 0 < u < 1 with

f(0)=fo>0, lim f(u)=oc.
u—1-
In idealized thermal combustion applications [1,4,17], u represents the temperature in the combustion chan-
nel, and the z-, y-, and z-coordinates coincide with the channel walls. The initial temperature 0 < uy < 1
is typically chosen to be small. The function s(z,y, z) represents certain singularities in the temperature
transportation speed within the channel, which causes the degeneracy in the differential equation (1.1) [3,
14,18,20]. The solution u of (1.1)-(1.3) is said to quench if there exists a finite time 7" > 0 such that

sup {|ut(z,y,2,t)| : (z,y,2) € D} > 0 ast—T. (1.4)

The value T is then defined as the quenching time [2,1,13]. It has been shown that a necessary condition
for quenching to occur is

max {|u(z,y, 2, t)| : (z,9,2) €D} 1" ast =T (1.5)

Further, such a T exists only when certain spatial references, such as the size and shape of D, reach their
critical limits. A domain D* is called the critical domain if the solution of (1.1)—(1.3) exists for all time
when D C D*, and (1.5) occurs when D* C D for a finite T' [13].

Systematic mathematical investigations of quenching phenomena can be traced back to Kawarada’s
original work involving the one-dimensional model equation [11]. It was observed that for any spatial domain
[0, a], there exists a unique value a* > 0 such that for a < a*, the solution of the equation exists globally;

and for a > a*, there exists a finite time T'(a), such that lim max u(x,t) = 1. In the latter case, u stops
t—T(a) 0<z<a

existing in finite time and this phenomenon is referred to as quenching [11,13,19].

As an illustration, in Fig. 1, we show the numerical solution and its temporal derivative of a typical one-
dimensional Kawarada problem over the interval [0, 7]. The initial function uo(z) = 0.001sin(z), f(u) =
1/(1—u), s(z) = 2P (7 —x)'~P with p = (v/5—1)/2, and homogeneous Dirichlet boundary condition are uti-
lized. When considering the numerical solution v, it is evident that v, changes dramatically when compared
with v. This suggests that properly chosen nonuniform steps can be vital in computations. There have been
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considerable developments in the study of Kawarada equations, although discussions of multidimensional
problems were extremely limited until recently.

Numerous computational procedures, including moving mesh adaptive methods, have been constructed
for solving blow-up and Kawarada problems in the past decades (interested readers are referred to [2,6,7,18,
20| and references therein). Though in the former case, adaptations are frequently achieved via monitoring
functions on the arc-length of the function u; in the latter situation, adaptations are more likely to be built
upon the arc-length of u;, since it is directly proportional to f(u), which blows up as u quenches [5,13,16].

As reported in several recent investigations, when quenching locations can be predetermined, it is prefer-
able to use nonuniform spatial grids throughout the computations [3,12,20]. To that end, this paper develops
a temporally adaptive splitting scheme utilizing predetermined nonuniform spatial grids. In this case, key
quenching characteristics such as the quenching time, critical domain, and important numerical properties
of underlying algorithms can be more precisely studied. Our discussions will be organized as follows. In the
next section, the semi-adaptive LOD scheme for solving (1.1)—(1.3) will be constructed and discussed. Then,
in Section 3, criteria to guarantee the positivity of the numerical scheme will be determined. In Section 4,
appropriate criteria for guaranteeing the monotonicity will be obtained. These two sections together serve
as the platform for carrying out investigations of stability. Section 5 is devoted to the stability analysis of
the semi-adaptive LOD scheme. The analysis will first be carried out for a fully linearized scheme, and then
a more realistic stability analysis is proposed without freezing the source term. Finally, concluding remarks
and proposed future work will be given in Section 6.

2. Semi-adaptive LOD scheme

Utilizing the transformations & = x/a, § = y/b, Z = z/c, and reusing the original variables for simplicity,
we may reformulate (1.1)-(1.3) as

1 1 1
Uy = %uzz + %uyy + %uzz + g(u), (x,y,z,t) € Qﬂ (21)
u(x?y7 Z,t) = 07 (1.7 y7 Z) E S, (2'2)
u(xaya Z,t()) = Uo, (557,% Z) S Da (23)
where g(u) = 2 6 — b(a.y.2) = (a22% + B2 + 222)"2 and D = (0,1) x (0.1) x (0.1) € RS,
¢

Let N1, No, N3 > 1. We inscribe over D the following variable grid: Dj, = {(z;, yj,2K) | 1 =0,...,N1+1;
j=0,...,Ny+1; k=0,...,Ns+1; 20 = yo = 20 = 0, Tn,+1 = YNo+1 = 2ZNs+1 = 1}. Denote
hl,i = Tijy1 — T; > 0, hg’j = Yj+1 —Y; > 0, and h3’k = Zk4+1 — Rk > 0forl <i< Ny, 1 <5< No,
1 <k < Ns. Let u; j 1(t) be an approximation of the solution of (2.1)—(2.3) at (x;,y;, 2k, t) and consider the
following first-order finite differences [20],

2
Oul 2ui—1,5k 2ui ik 2Uit 1,5,k

~ - )
0z [, i hii—i(hii—i+ ) hai—ihig o hai(ha—1 4 hag)
8216 - 2um-,1,k 2ui,j’k 2ui’j+1,k

~ - )
0y |, 51 hej-1(hojo1+haj)  hojihaj  hoj(haj—1+ hoj)

2

Ful 24 j k-1 ik 24 j k1
022 gk Msp—1(hsk—1+hsxk)  hsp-1hsr  har(hsk-1+ hsk)

Further, denote v(t) = (u1,1,1,U2,1,1,- s UN;, 1,1, U1,2,1,U2,2,15 - -+ s UNy 2,15+« - 5 UL, N3, 15 U2, Np, 15 -+ + s UNy, N, 1
ey UL Ny Ny U2 No Ngs - - - s UNy N N5 )T € RN1N2Ns and let g(v) be a discretization of the nonhomogeneous
term of (2.1). We obtain from (2.1)-(2.3) the following semi-discretized system
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V() =Y Myu(t) +g(o(t), to<t<T, (2.4)
v(to) = vo, (2.5)

1 1 1
where M; = ?B([N,o, ®In, ®T1), My = b—QB(IN3 RT,®IN,), Ms= C—QB(Tg ® Iy, ® In,), ® stands for

the Kronecker product, Iy, € RNo*Ne 5 =1 2 3 are identity matrices, and

T -1 -1 -1 -1 -1 N1N3Nsx N1 Na N
B = diag (¢1,1,1a¢2,1,1a PN P '7¢N1,N2,N3) € RNz XA e is
- 2
i1 2 j—1 2 k—1 219/
k= |a® h b? h 2 h
ik = |a Le | + 20| +ec 3,0 ,
£=0 £=0 £=0
meg,1 Ng1
la,l Meg,2 Ng,2
T, = e RNoxNo 5 =12 3,
ZO',NU—Q Mg, N,—1 MNo,N,—1

la,NU—l Mo, N,

and for the above

2 2
lo,’: y Noj = 5 J:17 -aNU_la
7 hoj(hog +hojr1)” T B j(he o1+ Ro )
2
gj=———— j=1,...,Ny; 0 =1,2,3.
e hoj-1ho.j g 7

The formal solution of (2.4), (2.5) can thus be written as

v(t) = E(tC)ug + /E((t —7)C)g(v(r))dr, to<t<T, (2.6)

to

3
where E(-) = exp(-) is the matrix exponential and C = Y~ M, [17].

o=1
In principle, different approximation techniques can be used to yield different splitting methods based on
(2.6) [9,17,16]. Yet, we are particularly interested in approximating (2.6) via a trapezoidal rule and a [1/1]
Pad¢ approximation, E(tC) = p(t) + O (t?), where

3 -1
t t
p(t) = H (I - §Ma) <I+ §Ma> ) tO <t<T.
o=1

The above leads to

t t
ol0) = (0 o0 + Ga(en)| + Sa0(0) + O (¢~ 0)) .t 10 (2.7
The above LOD algorithm provides a highly efficient way to compute numerical solutions of multidimensional
problems such as (2.1)-(2.3) [9,15,18,20]. Based on (2.7), we obtain the following first-order in space and
time semi-adaptive LOD scheme:
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(00 + T9(00)) + Tgwes), (28)

3
Ty -1 Ty
veer = | [ (I _ —MU) (I+ —MU)
L_l 2 2 2 2

where vy and vgq1 are approximations of v(ty) and v(t,y1), respectively, vy is the initial vector, t, =
-1

to+ > 7, £ = 0,1,2,..., and {7¢}s>0 is a set of variable temporal steps determined by an adaptive
k=0

procediure. In order to avoid a fully implicit scheme, g(ve41) may be approximated by g(w¢), where wy is
an approximation to ve41, such as

we = vg + 7(Cug + g(ve)), 0< 10 <1, (2.9)

in practical computations.
Recalling (1.4) and (1.5), we consider the following arc-length monitoring function on vy,

ov 920\
m(a,t>— 1+(W>7 to<t<T.

Setting the two maximal arc-lengths in neighboring intervals [ty_o, t¢—1] and [te—1, t¢] equal [8,12,19,20],
we acquire the following quadratic equations from the above,

811@_1 (91)5_2 2 8@15 811@_1 2
2 _ .2 _ N B —
Ty = Tp—1 + <—8t ot ) ot ot s Y4 172,3,...,

with 79 given.

In the above temporal adaptation procedures, we may consider a minimal temporal step size controller
T, 0 < Ty < 79, to avoid sudden changes in grid movements or unnecessarily large numbers of computa-
tions. Further, in all subsequent discussions, inequalities involving vectors and matrices are considered as
component-wise.

3. Positivity

The positivity property is one of the most profound characteristics of the solution of the Kawarada
problem (1.1)-(1.3) or (2.1)-(2.3) [2,1,5,13]. Since positive computational solutions preserve the correct
physical features of quenching phenomena, it is crucial that our numerical solution also possesses this
feature.

Lemma 3.1. ||T, |2 < jmax {4/n2;}, 0 =1,2,3.

Proof. Due to the similarity in structure, we only consider T since the other two cases follow by similar
arguments. Note that, in general, T is not symmetric. However, ||T1||3 = p(T7T1) and T7 T} is symmetric
with a bandwidth of five. Thus,

mi1 M1 Nia
iy M2 n1,2 Nio

Lig L2 mi3 n1,3 Nijs

I = e RNixN

Lin,—a l,N—3 MinN—2 Tun-2 Nin-—2

Lin,—3 l,N—2 MinN -1 TN -1
Lin,—2 lbLn-1 TN
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where

Nij=Lij=lignije, j=1,...,N -2,

nij =l;=migni;+mily;, j=1,...,Ni—1,
2 2 o
miq + 1, Jj=1
= ) 9 2 2 o
mij = Ny tmi;+5,;, j=2...,Ni—1
2 2 o
Ny N,—1+ M7 Ny Jj=DNi.

We may determine a bound on the spectral radius of 77T} by using GerSchgorin’s circle theorem. In fact,
only rows containing five nontrivial elements, i.e., 7 = 3,..., N1 — 2, need to be considered. To this end,
|>‘1,j — ml,j| S |L1,j_2‘ + |l17j_1| + |7~7'1,j| + |N17j‘, j = 3, .. .,Nl — 2, which giVGS

—lmaj-ana o +magl -] = Imagn g +ma gl

—|ljony | = gl +nf 5 +mi;+13; < Ay (3.1)
and
Ay < maj—ina o1 +ma gl 1|+ [magna g+ ma il gl
+ [l j—oma o1l + [l gna | + 03 +mi; + 13 (3.2)

Let hy = IlninN {h1;}. From (3.2) we acquire that
= 1

EERRE)

\ <2 2 +2 2 +2 2 +2 2 n 4 n 4
y<2. 2,202 202 2 2 4,4
CwwmEtr T wm e wd T T

( 2 )2 ( 2 >2 ( 2 )2 16
2h2 h? 2h2 hi
Now, reverse (3.1) and by the same token,

=1y < magoana g1+ ma gl il 4 Imagna g +ma gl gl g oena g

16
+ il F 0l o+ mi i < o
1
where, once again, h; = minN {h1;}. Thus, combining the bounds we have ||T1[j2 < | max {4/n3;}.
=1,....,Ny 1=1,...,N1 ’
The other bounds follow similarly. O
Lemma 3.2. Let
h2
min = S50 h = i ho BE
b 2||B||2 j:l,...,II\I/},l;no:LQ,B{ s}
L ningie = [a?hE 4 2R3+ 2R3 ).
1Bl ik ’ ’ ’
If
Te : 2 12 2
<m1n{a7b7c}, (3.3)

/Bmin



J.L. Padgett, Q. Sheng / J. Math. Anal. Appl. 439 (2016) 465-480 471

then the matrices I — %MU, I+ EMU, o = 1,2,3, are nonsingular. Further, I — %Mg, oc=12,3, are

2
monotone and inverse-positive, and I + 5 MU, o =1,2,3, are nonnegative.

Proof. First, note that

.
|50, = 51 BUN, © I, @ T2

IN

T T
@HBHzHINg ®In, @ Th||2 = T‘QHB||2HT1H2

2
2||B||2 111’1ax {h2 }<1

Hence, I+ %M 1 is nonsingular, and also nonnegative. Similar arguments give that I + %Mg and I+ %Mg

I /\

are nonsingular and nonnegative.
. Te . . . . . .
Now, consider A = I — 5M1. As A;; <0 for i # j and the weak row sum criterion is satisfied, A is
monotone, and hence an inverse exists and is nonnegative. So, A must be inverse-positive [10]. Similar

arguments can be given for I — %Mg and [ — %M3 This ensures the proof. 0O

We also need the following lemma as a result of the definitions used.

Lemma 3.3. Let A € R"*™ be nonsingular and nonnegative and € R™ be positive. Then AB > 0.
4. Monotonicity

Another key characteristic which distinguishes a solution to a quenching problem from a solution to
most blow-up problems is its monotonicity with respect to time ¢ > ¢y [2,1,5,13,18]. Thus, it is necessary to
guarantee that our numerical solution preserves this property strictly while solving the Kawarada equation

(1.1)~(1.3) or (2.1)~(2.3).

Lemma 4.1. If (3.3) holds for all £ >k >0, and

(a) Cvo+ 39(vo) > 0;
1

(b) (I - %g0(&)) >0

hold, then vey1 > v for all £ > 0. That is, the sequence {v},=, is monotonically increasing.

Proof. By (3.3) we have %k

(2.8) and the above, we have

—1
, (1— %MU) — I+ %Mo—l-(’)(ﬁf), o =1,2,3. From

3
1 T
Vg4+1 — Vg = H ( O') (I + EkMO')

o=

T T
(v + T 900)) + G a(vren) e

=

3
T T
= H (I +7Mg) + O (770) (Uk + Ekg(vk)) + ?kg(vk+l) — Uk
Lo=1
Tk
= Eg(vk) + 7Cog, + Eg(vk—&-l) + 0O (Tk) (4.1)

as 7, — 0. Note that g(vit+1) = g(vk) + go (&) (Vi1 — vg) for some & € L(vg11;vk), where L(vgy1;vk) 18
the line segment connecting vs1 to vy in RN1N2Ns Using this fact, we derive from (4.1) that
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Tk 1 9
(I - 5%(&)) (Ok+1 = vk) = 7 | Cvk + 59(vk) | +O (1) »

and thus, v — v = 7 (I — %kgv(fk)) (Cvk + §g(vk)> + 0 (T,?)

We now proceed by induction. Letting & = 0, we have

v — Vg = To (I — %gv(ﬁo))_l (CUO + %g(vo)) +0(75) -

Thus, if 7y is sufficiently small, we have v; — vy > 0 by our assumption and then Lemma 3.3. For the sake
of induction, assume that the monotonicity holds for £k = £ — 1. Then we have

P [H (r-2) " (14 gMJ)]

(v = v+ 5 (9(v0) = 9(vr-1))) + 5 (9(ves) — 9(v0)).

Note that g(v) is strictly increasing since f(v) is strictly increasing. Utilizing Lemmas 3.2-3.3 we find that
vg41 — vg > 0 if vy — vp_1 > 0, which completes the induction. 0O

It is not uncommon to set vy = 0 in practical combustion simulations. The following corollary shows that
in this case conditions in Lemma 4.1 are satisfied for ¢ = 0.

2 ;
Corollary 4.1. If vg = 0 and 79 < min {Bmin min{a2, b2, c2}, min Gijk

————= 5 then conditions (a), (b
ik fv@o(xi,yj,zk))} (@), (b)

are true.
. 1 1 .
Proof. We first consider (a). Clearly, Cvy + 59(1)0) = 59(0) > 0, since f(0) = fo > 0.
-1
We now consider (b), and under these circumstances we need to show (I - % gv(fo)) > 0. First, we

note that g, (&) is diagonal by definition, since

9(v) = (91,11 INy N2Ns) T = <f(v1,1,1) f(le’NZ’NS))T
sy by sty 1,4V2,4V3 -

d111 T ANy NaNs
and
% L 991,11
go(v) = vl:’ly1 le’:N2’N3 = diag (f”(vl’l’l),..., f”(UNl’NQ’N3)> .
g s e, s ®1,11 ONy,Na,N;
Dvraa DUNy Na. N

Let us denote

fo((0)1,1.1) fv((io)Nl,Nz,N3)> _ diag (d(O) 40

D precesd® ).
¢71,1,1 Ny, N2, N3 e

gv(&o) = diag (

-1 2 2
It follows readily that (I— E&,(fg)) = diag( R ©) >7 and (b) holds if
2 2_7-0d1,1,1 2—7’06[1\]1’]\,2,]\,3

Todz('?j),k <2,1<i< N, 1 <5< Ny, 1<k < Ns. Denote dO = rznja’)f {dioj)k

which leads to (b). O

}, then 70d® < 2,
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Lemma 4.2. For any 17, > 0 we have

@—%ngz% o=1,2,3,

where x = (1,1,...,1)T.

Proof. We only need to show the case with w = (I — —Ml) = (W1,11y., Wi k- WN, Ny N,)T- First,

we observe that

(1 Ty -2 ) Ty 2
w — - @ — .
Lot 2 a?¢11,1hi0hi 2 a?¢pr11h11(hio+hia)

—14 < LI ! >>1
a’¢p111 \P1oh11  hi1(hio+h11) '

Second, for i = 2,..., N1 — 1 we have
Te 2 Te —2 )
Wil =—— - +(1—-—=-
il 2 a?¢iiahyi—1(hii—1 + hay) ( 2 a?¢iihii—ihag
TY 2

2 a2¢i11h1i(hio + hug)

—14 Ty [hm + (h1—1+ h1y) — hl,i—1:| -1
a’p;1 hii—1hii(h1i—1 + hiy) ’

Third, we have

Ty 2 Ty -2 >

W11 = — +(1-2.
b 2 a?én,1,1h N —1(h vy -1 + haNy) ( 2 a?¢n,1,1h N —1hi N,
Tv 1
=1+ > 1.
a?oN, 1,1 {hl,Nl(hl,Nl—l + hl,Nl)]

Hence, we conclude that w; 1,1 > 1,4 =1,..., N;. Similar arguments may show that all remaining elements

of w are also bounded below by 1. Therefore we have w > z. Similar discussions may be utilized for the
cases involving Ms or M3. 0O

In the next lemma we show that numerical quenching, i.e., one or more components of vy reaching or
exceeding unity, cannot occur immediately after the first time step under appropriate constraints. To this
end, we denote h = max hoit.

’ j=1,....Ng, 0:1,2,3{ o}

4

1 1
Lemma 4.3. If (3.3) holds and h? < ——————  min {—, -
7 (33) 2min{a2, 12,2} "\ Fo’ o fo/ fmin)

}, then for given vy = 0, we
have that all components of v1 < 1.
3 -1
Proof. If vy = 0, then from (2.8) we have v; = [H (I - 7;—OMU) (I—I— %MU)] %Q(O) + 7—?Og(vl). Using
o=1

T
g(v1) = g(wg) = g(vg + 10(Cvg + g(vo))) = g(70f0&), where £ = (gbl_&,l, .. .,¢&17N27N3) € RMN2Ns o
have following decomposed connections

(1= 2 )0 = (1+20) 2 fot, (4.2)
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(1 _ %A@) To = (I + %A@) %o, (4.3)
(I - %OMs) <v1 - %9(%]%5)) = (I + %M3) Vg. (4.4)

From (4.2) we observe that

fo— Lz = (1- %MQ_l [(H M) P fo — 5 (1 - D) } = (1- %Ml)_l (sf +s7)

4
for which
T T
= () e < W+ T
h? h?
< Tofobmin < Jo min {a?, b%,¢*} bty <~ W fo min {a?,b* ¢*} .
2||B2 2
h? fo
The above indicates that 31 < 5 min {a b2, 2} x. On the other hand, according to Lemma 4.3 we have

1 1
s1 < 1% and thus, sf +s; < <j min {aQ,bQ,CQ} — Z) x. Since we have (I — 70M1> is positive

by (3.3), we wish each component of 51 + 57 to be negative. Thus, we require

1 1
%mm{az,bz,cz} 1 <0, or h< . (4.5)

V/2fo min {a?, b2, 2}

Now, recall (4.3). It follows that

g (- o) (e ) 3 - - ) v )

1 1
Note that ’sﬂ = ‘(I—i— %Mg) 60‘ < 1 HI + %MQH2 < %, which implies that 83' < 53: Therefore we arrive

1 1 -1
at s3 +s, < 3T~ 3% = 0, and the result follows from the fact that (I — %Mg) is positive by (3.3). By

the same token, based on (4.4) we observe that

o (1= 3 (14 ) 1 ) (o)
= (r- %1\43)_1 (57 +55) -
It can be seen that
11+ )+ (1 328 Bt
<o o B} 1+ ) (- 23,

2 -1
= max {17 —h f(7'0§0¢min) min {az, b2, 02}} ,

h2 -1
and the above indicates that 53 < max {1 M min {a2, b2, 02}} z. By Lemma 4.2 we conclude

that s; < —z, and therefore,



J.L. Padgett, Q. Sheng / J. Math. Anal. Appl. 439 (2016) 465-480 475

r—x

h? -1
83_ + 53 < max {1, —f(Togo(?mm) min {aQ, bQ, 62}}

2 -1
= max {0, M min {aQ, b2, 02} — 1} x.

Since we again wish each component of the above vector to be negative, we need

2
f(TOf0/¢min) min {a27 b2a 62} ’

1 f (10 fobmin)
2

min {aQ,bQ,cz} —1<0, or h?’<

T -1
Hence, since (I - EOMS) is positive, v1 — x < 0 follows immediately from (4.5) and the above. O
Combining above results we obtain the following theorem.

Theorem 4.1. For any beginning step £y > 0 if ¢ is sufficiently small for £ > {y and

(i) (3.3) holds for all £ > g,
1 1 4

.o 2 . _ — .
(i) %< 2min{a?, b2, 2} mm{fo, f(70fo/Pmin) }’ where h j:1,...,113715a,Xa:1,2,3{h‘7’]}’
1 Te -1
(iii) Cvg, + 59(1)40) >0 and (I - %gv(@o)) >0,

then the sequence {Ug}e>eo produced by the semi-adaptive LOD scheme (2.8) increases monotonically until
unity is reached or exceeded by one or more components of the solution vector, i.e., until quenching occurs.

5. Stability

When the numerical solution varies relatively slowly, that is, before reaching a certain neighborhood of
quenching, instability may be detected through a linear stability analysis of the nonlinear scheme utilized
[6,12,21]. Although the application of such an analysis to nonlinear problems cannot be rigorously justified,
it has been found to be remarkably informative in practical computations. In the following study, we will
first carry out a linearized stability analysis in the von Neumann sense for (2.8) with its nonlinear source
term frozen. The analysis will then be extended to circumstances where the nonlinear term is not frozen. In
the later case, the boundedness of the Jacobian of the source term, ||g,(v)]||2, which is equivalent to assuming
that we are some neighborhood away from quenching, is assumed.

In the following, let A € C"*™ and again denote E(-) = exp(:) for n > 1.

Definition 5.1. Let || - || be an induced matrix norm. Then the associated logarithmic norm g : C**™ — R
of A is defined as

_ 13 ||In + hAH —1
HA) = Azt h ’

where I, € C"*" is the identity matrix.

Remark 5.1. If the matrix norm being considered is the spectral norm, then p(A4) = max{\ : X is an

1
eigenvalue of (A + A*)/2} = 5)\max(A + A*).
Lemma 5.1. (See [10].) For a € C we have

[E(aA)]| < E(au(A)).
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For the semi-adaptive LOD method (2.8) with its nonlinear source term frozen, regularity conditions
need to be imposed upon the nonuniform spatial grids for a linear stability analysis. For this purpose, let

us denote h, = {mnN {ho;}, 0 =1,2,3.
Lemma 5.2. If
1 1 K
2 - S 5 (51)
hidi—1k  hii—1hiidie ~ 2
L ! < B (5.2)
h3dij—1k  hoj_1hojbije — 27 ’
1 1 K
- -~ 5.3
R3gijk—1  hap—1hsrdijre — 2 (5:3)

where the constant K > 0 is independent of hyj, j =1,..., Ny, 0 =1,2,3, then
w(M,) <K, c=1,2,3.

Proof. We only need to consider the case involving M; since the other cases are similar. Note that u(M7) =

1
§AmaX (My + M) and

1 . : :
5 (Ml + Mir) = dlag(Xl,l, e ,XN2’17X1’2, A 7)(]\[2,]\]3) S RNINQN&XNlNQNJ,

where
M/ On.jiks if n = p,
(Xk), = nl,n—l/z(bn—ld,k + ll,n—1/2¢n7j7k, ifn—p=1,
1K) n,p nl,n/2¢n,j,k + ll,n/2¢n+1,j7k7 ifp-—n=1,
0, otherwise.

We apply Gerschgorin’s circle theorem to an arbitrary X;x, j = 1,...,Na, k = 1,..., N3. Further, notice
that we only need to consider circumstances where the bandwidth of M; + M7 is three. Thus,

Ny i—1 L1 N L 2

+ + <
20i—1jk  2¢i K 2055k 20it1,4k higi—1 ik

i=2...,Ni—1,j=1,...,Ny, k=1,...,Ns.

my,

Gi,jik

A1 — +

We then see that (5.1) follows immediately from the above and the fact that

2 2
B2hi 1 n R 1k s s < K,
1¢171,],k 1,2—1 1,’L¢Z,j,k

7::2...,N171,j:17...7N2,]{Z:l,...,Ng. O
Lemma 5.3. If (5.1)-(5.3) hold then

” I . —M (I n %Ma)

<14+nK+0(r7), (>0, 0=1,2,3, (5.4)
2

for sufficiently small 7o > 0.
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Proof. Recalling the [1/1] Padé approximation utilized in Section 2, we have

Ty -1 Ty 3
(I _ 5M0> (I+ EMU) = E(nM,)+0 (), o=123.

Now, based on Lemmas 5.1 and 5.2,

H (1-201,) " (14 700,

M, )| < Blran(M2)+0 (77)

2
< [1+T5K+O(T£2)] +O(T§’),

which yields the desired bound. O
Combining the above results gives the following theorem.

Theorem 5.1. If (3.3) and (5.1)-(5.3) hold, then the semi-adaptive LOD method (2.8) with the source term
frozen is unconditionally stable in the von Neumann sense under the spectral norm, that is,

lze£1ll2 < ¢|lzoll2, €20,

where zg = vg — Vg s an initial error, zp41 = vey1 — Vpy1 18 the (€ + 1)th perturbed error vector, and ¢ > 0
is a constant independent of £ and T,.

Proof. When the nonlinear source term is frozen, zyy1 takes the form of

Zea1 = f[ (I - %MU)_1 (I+ %Mg) 2, £>0. (5.5)

o=1

4
Recall that >~ 7, < T, £ > 0. It follows by taking the norm on both sides of (5.5) that
k=0

Ty -1 Ty
I— —MU) (1 —MU)
(1-3 +3

¢
< (14 3TgK—|—02742) lzell2 < H (1 +3TkK—|—C3T]?) lz0]l2
k=0

[[z¢l2
2

3
lzesllz < T
o=1

4
< (1 +3KT + c4zr,§> lz0ll2 < ¢llzo]l2,
k=0

where ¢1, o, c3, ¢4 and ¢ are positive constants independent of ¢, 75, 0 < k < £. Therefore the theorem is
clear. O

We now consider the case without freezing the nonlinear source term in (2.8). In this situation, restrictions
upon the Jacobian matrix g,(v) become necessary.

Theorem 5.2. Let 1, 0 < k < ¢, be sufficiently small and (3.3), (5.1)-(5.3) hold. If there exists a constant
G < oo such that

lgo(©)ll2 < G, € e RN MM, (5.6)
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then the semi-adaptive LOD method (2.8) is unconditionally stable in the von Neumann sense, that is,
[Zet1ll2 < €llzoll2,  €>0,

where zg = vy — Vg is an initial error, zp41 = vgy1 — V1 @S the (L4 1)th perturbed error vector, and ¢ > 0
s a constant independent of £ and 7.

Proof. By definition we have

3
T, -1 T, T, T,
Vop1 = H (1 - EZMU> (I—i— EZMU> (Ue + %ﬂw)) + %g(vé+1)

o=1

T T
= (W + fg(w)> + fg(wﬂ),

where By = ] (I - —M ) (I + %MJ). It follows that

o=1

Te

5(9(W+1) —9(Dey1))

T T
= dpzp + 5@2971(&2)2@ + §QU(€£+1)25+1,

Ty ~
241 = Pozp + %‘I’E(Q(W) —g(0e)) +

where & € L(vg,Uk), k= £,¢+ 1. Rearranging the above equality, we have

(I - %gv(fﬂl)) ze1 = Do ( (ff))

Further, recall (5.6). When 7, is sufficiently small we may claim that

(1_ %gv(g))_l, I+ %kgv(é) =E (%QU(E)) +0 (7).

Thus,
T -1 T,
s = (1= S9u€en1)) @ (T+T90(60))

{1 [ (o) 0 2] me [z (Farico) 0 2] =

k=0

It follows therefore

et < {HwbanHE( s@)|, |2 (5 gv@k))H;chTs}||zO||2
4 4
< <1+3KT+CZT,§> <eGT+clzT,3> ll20ll2 < €||20]2,

k=0 k=0

where ¢1 5, £k = 1,2,...,¢, are positive constants and c, ¢, ¢ are positive constants independent of ¢ and
T¢, £ > 0. Thus giving the desired stability. O

The above theorem provides further insight as to why the standard linear analysis can be useful in
estimating the nonlinear stability. The extra cost paid, however, is assuming the boundedness of || g, (§)||2-
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Nevertheless, this is an improvement upon the traditional methodology of having the nonlinear source
term frozen. In fact, the aforementioned bound is well-maintained in numerical experiments until certain
neighborhoods of quenching are reached. This serves as an indication that the new analysis is valid and
effective.

6. Conclusions

A semi-adaptive LOD scheme is developed for solving degenerate Kawarada equations possessing a strong
quenching nonlinearity and singularity. While a temporal adaptation is performed via an arc-length mon-
itoring mechanism of the temporal derivative of the solution, fixed nonuniform spatial grids are adopted.
The novel splitting method is implicit and the impact of the degeneracy is found to be limited. Rigorous
analysis is given for key computational features, including the positivity, monotonicity, and stability, of the
numerical solution. Important criteria to guarantee these properties, which depend upon the variable steps
and degenerate function, are obtained.

Under much weaker requirements (see the latest results in [3]), the temporal step restriction for guar-
anteeing monotone numerical solutions of our LOD scheme has been reduced to only one-half of those in
uniform spatial mesh cases [18]. Furthermore, a realistic method of targeting the realization of nonlinear
stability analysis is proposed and shown to be successful. Though this new strategy needs the boundedness
of ||g»(§)]|2, the requirement is well-justified before quenching is reached. This improved methodology not
only provides further insight into the stability, but also offers explanations as to why the linear stability
analysis must be valid before quenching. On the other hand, simulations of real three-dimensional solutions
still remain as one of the most challenging tasks. In anticipated future work we plan to utilize the latest
High Performance Computing tools with large data computations for this purpose. More rigorous and gen-
eralized analysis, as well as non-exponential splitting based higher order splitting methods [17,16] will also
be investigated, studied, and experimented with.
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