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1. Introduction

The main purpose of this article is to introduce and to investigate the martingale weak Orlicz–Karamata–
Hardy spaces defined on a probability space Ω. The family of weak Orlicz–Karamata spaces is a general-
ization of weak Lebesgue spaces and weak Orlicz spaces. They are defined via the slowly varying functions. 
The most typical spaces defined via the slowly varying functions are the Lorentz–Karamata spaces. These 
spaces, generalizing Lorentz spaces and Lorentz–Zygmund spaces, were studied in [21,2,3]. We also refer the 
reader to [1, Chapter I] for a detailed study of the Karamata theory.

Very recently, there are some works which extend Karamata theory into martingale theory. Atomic 
decompositions and duality results of martingale Lorentz–Karamata–Hardy spaces were studied by Ho [9]. 
Jiao et al. [14] introduced the generalized BMO martingale spaces and improved some results of [9]. Inspired 
by [14], Weisz [25] obtained a duality result of multi-parameter martingale Hardy space. Liu and Zhou [16]
proved the dual spaces of the weak Karamata–Hardy spaces.
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It is well-known that the classical weak Hardy spaces in harmonic analysis appear naturally in critical 
cases of the study on the boundedness of the operators. Indeed, the classical weak Hardy space wH1(Rn) was 
originally introduced by Fefferman and Soria [4] when they tried to find out the biggest space from which the 
Hilbert transform is bounded to weak Lebesgue space wL1(Rn) by establishing the atomic decomposition 
of wH1(Rn). In martingale theory, Weisz [24] first introduced weak martingale Hardy spaces and studied 
several martingale inequalities and duality theorems. Recently, some new weak-type martingale spaces have 
attracted a lot of attention. Liu et al. [15] introduced weak Orlicz–Hardy space with convex function Φ. Jiao 
[11] obtained some embeddings between vector-valued weak Orlicz martingale spaces. Lately, Jiao et al. [12]
established the atomic decomposition of weak Orlicz–Hardy space with concave function Φ. As applications, 
they obtained martingale inequalities and duality theorems. Liu et al. [17] improved some results of [12]
and gave an equivalent characterization of wLr,φ defined in [12]. Yu [27] investigated the dual space of weak 
Orlicz–Hardy spaces for Banach space valued martingale. Yang [26] proved the atomic decompositions of 
weak Musielak–Orlicz martingale spaces and several martingale inequalities for vector-valued martingales.

Our proofs mainly depend on the establishment of atomic decompositions of weak Orlicz–Karamata–
Hardy spaces. Recall that atomic decompositions were first introduced by Herz [8], generalized by Weisz 
[22,23] and developed in [13,9,10,18,20,7] and so on.

The paper is organized as follows. In Section 2, we recall some notation and state some basic properties 
about weak Orlicz–Karamata spaces. The weak Orlicz–Karamata–Hardy spaces are also defined in this 
section via slowly varying functions. Section 3 is devoted to establishing the atomic decompositions of weak 
Orlicz–Karamata–Hardy spaces. Applying the atomic decompositions obtained in Section 3, we prove several 
martingale inequalities among weak Orlicz–Karamata spaces in Section 4. In the last section, we show a 
duality result.

Throughout this paper, the sets of integers, non-negative integers and complex numbers are always 
denoted by Z, N and C, respectively. We use C to denote a positive constant which may vary from line 
to line, and denote by CΦ the constant depends only on Φ. The symbol A � B stands for the inequality 
A ≤ CB or A ≤ CΦB. The positive function f is said to be equivalent to the positive function g if f � g

and g � f . The symbol ⊂ means the continuous embedding.

2. Preliminaries

2.1. Weak Orlicz–Karamata spaces

Let (Ω, F , P) be a complete probability space. We denote by L0(Ω, F , P), or simply L0(Ω), the space of 
all measurable functions on (Ω, F , P).

Definition 2.1. ([2]) A Lebesgue measurable function b : [1, ∞) → (0, ∞) is said to be a slowly varying 
function, if for any given ε > 0, the function tεb(t) is equivalent to a non-decreasing function and the 
function t−εb(t) is equivalent to a non-increasing function on [1, ∞).

Let b be a slowly varying function on [1, ∞). Define γb on (0, ∞) by

γb(t) = b(max{t, 1/t}), t > 0.

Remark 2.2. ([2, Proposition 3.4.33]) (1) If b is a non-decreasing function, by the definition of γb, we know 
that γb is non-increasing on (0, 1]. For any given ε > 0, the function tεγb(t) is equivalent to a non-decreasing 
function and the function t−εγb(t) is equivalent to a non-increasing function on (0, ∞). (2) Let r > 0. Then 
γb(rt) ≈ γb(t) for all t > 0. (3) In the paper, we always assume that b is non-decreasing. We refer the reader 
to [2, p. 108] for some examples of non-decreasing slowly varying function.
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Let G be the set of all increasing functions Φ : [0, ∞) → [0, ∞) satisfying Φ(0) = 0. The Orlicz space LΦ
is defined as follows:

LΦ = {f ∈ L0(Ω) : ‖f‖LΦ < ∞},

where

‖f‖LΦ = inf
{
t > 0 :

∫
Ω

Φ
(f
t

)
dP ≤ 1

}
.

Now we introduce the weak Orlicz–Karamata spaces.

Definition 2.3. Let Φ ∈ G and b be a slowly varying function. The weak Orlicz–Karamata space consists of 
those functions f ∈ L0(Ω) such that ‖f‖wLΦ,b

< ∞, where

‖f‖wLΦ,b
= sup

t>0
t‖χ{|f |>t}‖LΦγb(P(|f | > t)).

Note that

‖χ{|f |>t}‖LΦ = 1
Φ−1(1/P(|f | > t)) .

By a simple calculation, one can check that

‖f‖wLΦ,b
= inf

{
s > 0 : sup

t>0
Φ
( tγb(P(|f | > t))

s

)
P(|f | > t) ≤ 1

}
.

If b ≡ 1, then wLΦ,b = wLΦ (see [12] for the definition of wLΦ). It is also obvious that for any t > 0,

Φ
( tγb(P(|f | > t))

‖f‖wLΦ,b

)
P(|f | > t) ≤ 1.

Let Φ ∈ G. The lower index and upper index of Φ are respectively defined by

pΦ = inf
t>0

tΦ′(t)
Φ(t) , qΦ = sup

t>0

tΦ′(t)
Φ(t) .

It is well known that 1 ≤ pΦ ≤ qΦ ≤ ∞ if Φ is convex and 0 < pΦ ≤ qΦ ≤ 1 if Φ is concave.

Lemma 2.4. ([12, Lemma 1.6]) Let Φ ∈ G be concave with qΦ−1 < ∞. Denote p = pΦ−1 , q = qΦ−1 . Then 
Φ−1(t)

tp , Φ(t)
t1/q

are non-decreasing on (0, ∞) and Φ−1(t)
tq , Φ(t)

t1/p
are non-increasing on (0, ∞).

Example 2.5. Let Φ(t) = tp for 0 < p ≤ 1. Then Φ satisfies the condition in the lemma above.

Proposition 2.6. Let b be a non-decreasing slowly varying function. For a concave function Φ ∈ G with 
qΦ−1 < ∞, the functional ‖ · ‖wLΦ,b

is a quasi-norm, i.e., it satisfies the following properties:

(i) ‖f‖wLΦ,b
≥ 0, and ‖f‖wLΦ,b

= 0 if and only if f = 0;
(ii) ‖Cf‖wLΦ,b

= |C|‖f‖wLΦ,b
, ∀C ∈ C;

(iii) ‖f + g‖wLΦ,b
≤ CΦ(‖f‖wLΦ,b

+ ‖g‖wLΦ,b
).



JID:YJMAA AID:21553 /FLA Doctopic: Functional Analysis [m3L; v1.221; Prn:25/07/2017; 10:18] P.4 (1-20)
4 D. Zhou et al. / J. Math. Anal. Appl. ••• (••••) •••–•••
Proof. We only show (iii) here. Denote p = pΦ−1 , q = qΦ−1 . Set A = {|f | > t} and B = {|g| > t}. So 
{|f + g| > 2t} ⊂ A ∪B. Then, by Remark 2.2,

γb(P(|f + g| > 2t)) ≥ γb(P(A ∪B)).

Without loss of generality, we let ‖f‖wLΦ,b
= ‖g‖wLΦ,b

= 1. Applying Lemma 2.4 for t > 0, we have the 
following estimate

Φ(tγb(P(|f + g| > 2t)))P(|f + g| > 2t)

≤ Φ(tγb(P(A ∪B)))γb(P(A ∪B))−
1
p · γb(P(|f + g| > 2t))

1
pP(|f + g| > 2t)

≤ CΦΦ(tγb(P(A ∪B)))γb(P(A ∪B))−
1
p · γb(P(A ∪B))

1
pP(A ∪B)

≤ CΦ(Φ(tγb(P(A)))P(A) + Φ(tγb(P(B)))P(B))

≤ 2CΦ,

where the second “≤” is because tεγb(t) is equivalent to a non-decreasing function for any ε > 0 and the 
third “≤” is due to Remark 2.2 (1). Using Lemma 2.4 again, we deduce that

Φ(2tγb(P(|f + g| > 2t))
2 · (2CΦ)q )P(|f + g| > 2t)

≤
( 1

(2CΦ)q
) 1

q Φ(tγb(P(|f + g| > 2t)))P(|f + g| > 2t) ≤ 1,

which implies ‖f + g‖wLΦ,b
≤ 2 · (2CΦ)q(‖f‖wLΦ,b

+ ‖g‖wLΦ,b
). �

Remark 2.7. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. By 
the Aoki–Rolewicz theorem ([6, Exercise 1.4.6]), we find that there exists a positive constant v ∈ (0, pΦ ∧ 1)
such that, for all R ∈ N and {fj}Rj=0,

‖
R∑

j=0
fj‖vwLΦ,b

≤ 4
R∑

j=0
‖fj‖vwLΦ,b

.

Proposition 2.8. Let Φ ∈ G be concave and b be a non-decreasing slowly varying function. If 0 < r2 ≤ pΦ ≤
qΦ < r1 ≤ ∞, then

Lr1 ⊂ wLr1 ⊂ wLΦ,b ⊂ wLr2 .

Proof. The first inclusion is well-known. Note that tεγb(t) is equivalent to a non-decreasing function and 
t−εγb(t) is equivalent to a non-increasing function for any ε > 0. Then, by the Hölder inequality, we have, 
for any t > 0,

t‖χ{|f |>t}‖LΦγb(P(|f | > t)) � t‖χ{|f |>t}‖qΦγb(P(|f | > t))

≤ t‖χ{|f |>t}‖r1P(|f | > t)
1

qΦ
− 1

r1 γb(P(|f | > t))

� t‖χ{|f |>t}‖r1γb(1),

which implies that

‖f‖wLΦ,b
� ‖f‖wLr

.

1
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Similarly, we have for any t > 0,

t‖χ{|f |>t}‖LΦγb(P(|f | > t)) � t‖χ{|f |>t}‖pΦγb(P(|f | > t))

= tP(|f | > t)
1
r2 P(|f | > t)

1
pΦ

− 1
r2 γb(P(|f | > t))

� tP(|f | > t)
1
r2 γb(1).

If r2 = pΦ, then we may apply Remark 2.2 (1) to show the second “�” in the above inequalities. Thus, we 
deduce that

‖f‖wLr2
� ‖f‖wLΦ,b

. �
Proposition 2.9. Let Φ ∈ G be concave and b be a non-decreasing slowly varying function. Then wLΦ,b is 
complete.

Proof. To prove the completeness, we take a Cauchy sequence (fl)l≥1 ⊂ wLΦ,b. We choose a subsequence 
(which we denote by (fl)l≥1 ⊂ wLΦ,b again) with

‖fl+1 − fl‖wLΦ,b
≤ 1

22l .

For notational reason, we set f0 = 0. We consider the function

g(w) :=
∞∑
l=0

|fl+1(w) − fl(w)|, w ∈ Ω.

For λ > 0, we find that

χ{g>λ} ≤
∞∑
l=0

χ{|fl+1−fl|>λ/2l+1}.

Let v be the same as in Remark 2.7. Then, by Proposition 2.8, we get‖f‖v � ‖f‖wLΦ,b
for f ∈ wLΦ,b (in 

fact, wLΦ,b ⊂ wLr2 ⊂ Lv for v < r2 < pΦ). Then

‖χ{g>λ}‖vv ≤
∞∑
l=0

‖χ{|fl+1−fl|>λ/2l+1}‖vv ≤
∞∑
l=0

2(l+1)v

λv
‖fl+1 − fl‖vv

�
∞∑
l=0

2(l+1)v

λv
‖fl+1 − fl‖vwLΦ,b

≤
∞∑
l=0

2(l+1)v

λv
2−2lv < ∞.

This implies that ‖χ{g>λ}‖v → 0 as λ → ∞ and g is finite almost everywhere. Therefore, the series

f =
∞∑
l=0

(fl+1 − fl) and f̃ =
∞∑
l=1

(fl+1 − fl) = f − f1

converge almost everywhere.
According to Remark 2.7, we have

‖f̃‖vwLΦ,b
≤ 4

∞∑
l=1

‖fl+1 − fl‖vwLΦ,b
≤ 4

∞∑
l=1

2−2lv < ∞,

which deduces that f̃ ∈ wLΦ,b. Hence, ‖f‖wLΦ,b
� ‖f̃‖wLΦ,b

+ ‖f1‖wLΦ,b
and f ∈ wLΦ,b.
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For l ∈ N, consider

f − fl =
∞∑

m=l

(fm+1 − fm).

By a similar argument as above, we obtain

‖f − fl‖vwLΦ,b
�

∞∑
m=l

2−2lv.

Thus ‖f − fl‖wLΦ,b
→ 0 as l → ∞. The proof is complete. �

2.2. Weak martingale Orlicz–Karamata–Hardy spaces

Now we introduce some standard notations from martingale theory. We refer to books [19,23,5] for the 
classical martingale space theory. Let (Fn)n≥0 be a non-decreasing sequence of σ-subalgebras of F such that 
σ(∪n≥0Fn) = F . Let E and En denote the expectation operator and the conditional expectation operator 
with respect to Fn, respectively. For a martingale f = (fn)n≥0 adapted to {Fn}n≥0, we denote its martingale 
difference by dfn = fn − fn−1 (n ≥ 0, with convention f−1 = 0). Then the maximal function, the square 
function and the conditional quadratic variation of martingale f are defined respectively by

Mn(f) = sup
0≤i≤n

|fi|, M(f) = sup
i≥0

|fi|;

Sn(f) =
(

n∑
i=0

|dfi|2
)1/2

, S(f) =
( ∞∑

i=0
|dfi|2

)1/2

;

sn(f) =
( n∑

i=0
Ei−1|dfi|2

)1/2
, s(f) =

( ∞∑
i=0

Ei−1|dfi|2
)1/2

.

The martingale f = (fn)n≥0 is wLΦ,b-bounded if fn ∈ wLΦ,b for all n ≥ 0 and

‖f‖wLΦ,b
= sup

n≥0
‖fn‖wLΦ,b

< ∞.

We now introduce the martingale weak Orlicz–Karamata–Hardy spaces. Denote by Λ the collection of all 
sequences (λn)n≥0 of non-decreasing, non-negative and adapted functions with λ∞ = limn→∞ λn. As usual, 
our martingale spaces are defined as follows:

wHΦ,b = {f = (fn)n≥0 : ‖f‖wHΦ,b
= ‖M(f)‖wLΦ,b

< ∞};

wHS
Φ,b = {f = (fn)n≥0 : ‖f‖wHS

Φ,b
= ‖S(f)‖wLΦ,b

< ∞};

wHs
Φ,b = {f = (fn)n≥0 : ‖f‖wHs

Φ,b
= ‖s(f)‖wLΦ,b

< ∞};

wQΦ,b = {f = (fn)n≥0 : ∃(λn)n≥0 ∈ Λ, s.t. Sn(f) ≤ λn−1, λ∞ ∈ wLΦ,b},

‖f‖wQΦ,b
= inf

(λn)∈Λ
‖λ∞‖wLΦ,b

;

wPΦ,b = {f = (fn)n≥0 : ∃(λn)n≥0 ∈ Λ, s.t. |fn| ≤ λn−1, λ∞ ∈ wLΦ,b},

‖f‖wPΦ,b
= inf ‖λ∞‖wLΦ,b

.

(λn)∈Λ
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In the end, we recall the definition of regularity. We refer the reader to [19, Chapter 7] for more details. 
The stochastic basis (Fn)n≥0 is said to be regular, if for n ≥ 0 and A ∈ Fn, there exists B ∈ Fn−1 such 
that A ⊂ B and P(B) ≤ RP(A), where R is a positive constant independent of n. A martingale is said to be 
regular if it is adapted to a regular σ-algebra sequence. This amounts to saying that there exists a constant 
R > 0 such that

fn ≤ Rfn−1 (2.1)

for all non-negative martingales (fn)n≥0 adapted to the stochastic basis (Fn)n≥0.

3. Atomic decompositions

In this section, we establish the atomic decompositions of martingale weak Orlicz–Karamata–Hardy 
spaces.

Let T be the set of all stopping times with respect to (Fn)n≥0. For a martingale f = (fn)n≥0 and τ ∈ T , 
we denote the stopped martingale by fν = (fν

n)n≥0 = (fn∧ν)n≥0, where a ∧ b = min(a, b). We recall the 
definition of an atom.

Definition 3.1. Let Φ ∈ G be concave and 1 < r ≤ ∞. A measurable function a is called a (1, LΦ, r)-atom 
(or (2, LΦ, r)-atom, (3, LΦ, r)-atom, respectively) if there exists a stopping time ν ∈ T such that

(1) En(a) = 0, ∀ n ≤ ν,
(2) ‖s(a)‖r(or ‖S(a)‖r, ‖M(a)‖r, respectively) ≤ ‖χ{ν<∞}‖r

‖χ{ν<∞}‖LΦ
.

Theorem 3.2. Let Φ ∈ G be concave, 1 < r ≤ ∞ and b be a slowly varying function. If f ∈ wHs
Φ,b, then there 

exist a sequence (ak)k∈Z of (1, LΦ, r)-atoms associating with stopping times νk and a sequence (μk)k∈Z of 
non-negative real numbers satisfying μk = 3 · 2k‖χ{νk<∞}‖LΦ such that for all n ≥ 0,

fn =
∑
k∈Z

Ena
k, a.e. (3.1)

and

inf
{
t > 0 : sup

k∈Z

Φ
(2kγb(P(νk < ∞))

t

)
P(νk < ∞) ≤ 1

}
� ‖f‖wHs

Φ,b
.

Proof. It suffices to show the result for (1, LΦ, ∞)-atoms. Let us consider the following stopping times for 
all k ∈ Z,

νk = inf{n ∈ N : sn+1(f) > 2k}.

The sequence of these stopping times is obviously non-decreasing. For each stopping time ν, denote fν
n =

fn∧ν . It is easy to see that

fn =
∑
k∈Z

(fνk+1
n − fνk

n ).

For all k ∈ Z, n ∈ N, let

μk = 3 · 2k
∥∥χ{νk<∞}

∥∥
L

and akn = f
νk+1
n − fνk

n .

Φ μk
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If μk = 0, then set akn = 0. Then (akn)n≥0 is a martingale for each fixed k ∈ Z. Since s(fνk) = sνk
(f) ≤ 2k, 

by the sublinearity of the operator s, we get

s
(
(akn)n≥0

)
≤ s(fνk+1) + s(fνk)

μk
≤

∥∥χ{νk<∞}
∥∥−1
LΦ

.

Hence (akn)n≥0 is a bounded L2-martingale. Consequently, there exists an element ak ∈ L2 such that 
Ena

k = akn. If n ≤ νk, then akn = 0. Thus we conclude that ak is really a (1, LΦ, ∞)-atom. Since {νk < ∞} =
{s(f) > 2k} for any k ∈ Z, we have

Φ
(

2kγb(P(νk < ∞))
‖f‖wHs

Φ,b

)
P(νk < ∞) = Φ

(
2kγb(P(s(f) > 2k))

‖f‖wHs
Φ,b

)
P(s(f) > 2k) ≤ 1.

Thus

inf
{
t > 0 : sup

k∈Z

Φ
(2kγb(P(νk < ∞))

t

)
P(νk < ∞) ≤ 1

}
≤ ‖f‖wHs

Φ,b
< ∞. �

Theorem 3.3. Let Φ ∈ G be concave with qΦ−1 < ∞, 1 < r ≤ ∞ and b be a non-decreasing slowly varying 
function. Assume that martingale f has a decomposition (3.1) with a sequence (ak)k∈Z of (1, LΦ, r)-atoms 
and a sequence (μk)k∈Z of nonnegative real numbers satisfying μk = 3 · 2k‖χ{νk<∞}‖LΦ , where νk is the 
stopping time associated with ak. Then f ∈ wHs

Φ,b and

‖f‖wHs
Φ,b

� inf
{
t > 0 : sup

k∈Z

Φ
(2kγb(P(νk < ∞))

t

)
P(νk < ∞) ≤ 1

}
.

In order to prove Theorem 3.3, we firstly present several lemmas. Set

B := inf
{
t > 0 : sup

k∈Z

Φ
(2kγb(P(νk < ∞))

t

)
P(νk < ∞) ≤ 1

}
< ∞.

For an arbitrary integer k0, set

f =
∑
k∈Z

μka
k := F1 + F2,

where

F1 =
k0−1∑
k=−∞

μka
k and F2 =

∞∑
k=k0

μka
k.

Note that

s(F1) ≤
k0−1∑
k=−∞

μks(ak), s(F2) ≤
∞∑

k=k0

μks(ak).

The symbols B, k0, F1 and F2 will be used in the following lemmas.
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Lemma 3.4. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Then

Φ
(2k0γb(P(s(F2) > 3 · 2k0))

B

)
P(s(F2) > 3 · 2k0) ≤ (3.2)

CΦ

∞∑
k=k0

Φ
(2kγb(P(νk < ∞)

B

)
P(νk < ∞).

Proof. Since s(ak) = 0 on the set {τk = ∞}, we have {s(ak) > 0} ⊂ {νk < ∞}. Then,

{s(F2) > 3 · 2k0} ⊂ {s(F2) > 0} ⊂
∞⋃

k=k0

{s(ak) > 0} ⊂
∞⋃

k=k0

{νk < ∞}. (3.3)

We get that

P(s(F2) > 3 · 2k0) ≤ P(
∞⋃

k=k0

{νk < ∞})

and

γb(P(s(F2) > 3 · 2k0)) ≥ γb(P(
∞⋃

k=k0

{νk < ∞}))

since γb(·) is decreasing on (0, 1] (see Remark 2.2). Denote p = pΦ−1 . According to Lemma 2.4, Φ(t)
t1/p

is 
decreasing on (0, ∞). Thus we have the following estimate

Φ
(2k0γb(P(s(F2) > 3 · 2k0))

B

)
P(s(F2) > 3 · 2k0)

≤ Φ
(2k0γb(P(

⋃∞
k=k0

{νk < ∞}))
B

)(2k0γb(P(
⋃∞

k=k0
{νk < ∞}))

B

)− 1
p

·
(2k0γb(P(s(F2) > 3 · 2k0))

B

) 1
p

P(s(F2) > 3 · 2k0)

≤ CΦΦ
(2k0γb(P(

⋃∞
k=k0

{νk < ∞}))
B

)(2k0γb(P(
⋃∞

k=k0
{νk < ∞}))

B

)− 1
p

·
(2k0γb(P(

⋃∞
k=k0

{νk < ∞}))
B

) 1
p

P(
∞⋃

k=k0

{νk < ∞})

≤ CΦ

∞∑
k=k0

Φ
(2k0γb(P(νk < ∞))

B

)
P(νk < ∞),

where the second “≤” is because tεγb(t) is equivalent to a non-decreasing function for any ε > 0. �
Lemma 3.5. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Then 
s(F2) ∈ wLΦ,b and

‖s(F2)‖wLΦ,b
� B.

Proof. By the definition of B, P(νk < ∞) ≤ 1/Φ
(
2kγb(P(νk < ∞))/B

)
for each k ∈ Z. Denote q = qΦ−1 . 

Then, by Lemma 2.4, Φ(t)
1/q is increasing on (0, ∞). Then we obtain

t
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∞∑
k=k0

Φ
(2k0γb(P(νk < ∞))

B

)
P(νk < ∞)

≤
∞∑

k=k0

Φ
(2k0γb(P(νk < ∞))

B

) 1
Φ
(
2kγb(P(νk < ∞))/B

)

≤
∞∑

k=k0

Φ
(2kγb(P(νk < ∞))

B

)(2kγb(P(νk < ∞))
B

)− 1
q

·
(2k0γb(P(νk < ∞))

B

) 1
q 1
Φ
(
2kγb(P(νk < ∞))/B

)
=

∞∑
k=k0

2(k0−k) 1
q = 1

1 − 2−1/q := C1.

Applying Lemmas 2.4 and 3.4, we have

Φ
(3 · 2k0γb(P(s(F2) > 3 · 2k0))

3(CΦC1)qB

)
P(s(F2) > 3 · 2k0)

≤
( 1

(CΦC1)q
)1/q

Φ
(2k0γb(P(s(F2) > 3 · 2k0))

B

)
P(s(F2) > 3 · 2k0) ≤ 1,

which implies that

‖s(F2)‖wLΦ,b
≤ 3(CΦC1)qB. �

Lemma 3.6. Let Φ ∈ G be concave with qΦ−1 < ∞, 1 < r ≤ ∞ and b be a non-decreasing slowly varying 
function. Then

Φ
(2k0γb(P(s(F1) > 3 · 2k0))

B

)
P(s(F1) > 3 · 2k0) ≤ (3.4)

CΦ

( k0−1∑
k=−∞

Φ
(2k0γb(2(k−k0)rP(νk < ∞))

B

) 1
r 2k−k0P(νk < ∞) 1

r

)r

.

Proof. Assume that ak is a (1, LΦ, r)-atom for each k ∈ Z. By Chebychev’s inequality, we have

P(s(F1) > 3 · 2k0) ≤
∥∥∥ s(F1)

3 · 2k0

∥∥∥r
r
≤

( 1
3 · 2k0

k0−1∑
k=−∞

μk‖s(ak)‖r
)r

≤
( 1

2k0

k0−1∑
k=−∞

2kP(νk < ∞) 1
r

)r

≤
( k0−1∑

k=−∞
2k−k0

)r

≤ 1.

Denote

I :=
( 1

2k0

k0−1∑
k=−∞

2kP(νk < ∞) 1
r

)r

.

Since γb(·) is decreasing on (0, 1], we find that γb(P(s(F1) > 3 · 2k0)) ≥ γb(I). It follows from Lemma 2.4
that Φ(t)

1/p is decreasing on (0, ∞) with p = pΦ−1 . Taking similar argument as Lemma 3.4, we get

t
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Φ
(2k0γb(P(s(F1) > 3 · 2k0))

B

)
P(s(F2) > 3 · 2k0)

≤ Φ
(2k0γb(I)

B

)(2k0γb(I)
B

)− 1
p

·
(2k0γb(P(s(F1) > 3 · 2k0))

B

) 1
p

P(s(F2) > 3 · 2k0)

≤ CΦΦ
(2k0γb(I)

B

)
I

≤ CΦ

( k0−1∑
k=−∞

Φ
(2k0γb(2(k−k0)rP(νk < ∞))

B

) 1
r 2k−k0P(νk < ∞) 1

r

)r

,

where the second “≤” is because tεγb(t) is equivalent to a non-decreasing function and the third one is due 
to Remark 2.2. The proof is complete. �
Lemma 3.7. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Then 
s(F1) ∈ wLΦ,b and

‖s(F1)‖wLΦ,b
� B.

Proof. The proof is similar to Lemma 3.5. We give some main calculation. For 1 < r < ∞, set J :=
2(k−k0)rP(νk < ∞). Then, for k < k0,

J ≤ P(νk < ∞), γb(J) ≥ γb(P(νk < ∞)).

Take 0 < ε < 1
r (1 − 1

rp ). Using Lemma 2.4 for the decreasing function Φ(t)
t1/p

, we obtain

k0−1∑
k=−∞

Φ
(2k0γb(J)

B

) 1
r 2k−k0P(νk < ∞) 1

r

≤
k0−1∑
k=−∞

Φ
(2kγb(P(νk < ∞))

B

) 1
r
(2kγb(P(νk < ∞))

B

)− 1
rp

·
(2k0γb(J)

B

) 1
rp 2k−k0P(νk < ∞) 1

r

=
k0−1∑
k=−∞

2(k−k0)(1− 1
rp )Φ

(2kγb(P(νk < ∞))
B

) 1
r (γb(P(νk < ∞)))−

1
rp

· (γb(J))
1
rp Jε · J−ε

P(νk < ∞) 1
r

:= K.

Since tεγb(t) is equivalent to a non-decreasing function for any ε > 0, we have

(γb(J))
1
rp Jε ≤ C(γb(P(νk < ∞)))

1
rpP(νk < ∞)ε.

So, for K, we deduce that

K ≤ C

k0−1∑
2(k−k0)(1− 1

rp−εr)Φ
(2kγb(P(νk < ∞))

B

) 1
r

P(νk < ∞) 1
r .
k=−∞
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Note that r > 1 and p ≥ 1. We find that 1 − 1
rp−εr > 0. Then, it follows from Φ

(
2kγb(P(νk < ∞))/B

)
P(νk <

∞) ≤ 1 that

K ≤ C

k0−1∑
k=−∞

2(k−k0)(1− 1
rp−εr) := C2 < ∞.

Applying Lemmas 2.4 and 3.6, we have

Φ
(3 · 2k0γb(P(s(F1) > 3 · 2k0))

3(CΦCr
2)qB

)
P(s(F1) > 3 · 2k0)

≤
( 1

(CΦCr
2)q

)1/q
Φ
(2k0γb(P(s(F1) > 3 · 2k0))

B

)
P(s(F1) > 3 · 2k0) ≤ 1,

which implies that

‖s(F1)‖wLΦ,b
≤ 3(CΦC

r
2)qB. �

Remark 3.8. Assume that f = f1
k0

+ f2
k0

. Combining Lemmas 3.5 and 3.7, we also have shown that if f1
k0

satisfies (3.2) and f2
k0

satisfies (3.4) (replacing s(F1), s(F2) by f1
k0

, f2
k0

), then f ∈ wLΦ,b and ‖f‖wLΦ,b
� B. 

This observation will be used to prove martingale inequalities between various weak Orlicz–Karamata–Hardy 
spaces.

Proof of Theorem 3.3. Assume that a martingale f has the decomposition as (3.1). We use the symbols 
mentioned before Lemma 3.4. Let us firstly deal with r = ∞. Since ak is a (1, LΦ), ∞)-atom for every k ∈ Z, 
we find that

‖s(F1)‖∞ ≤
k0−1∑
k=−∞

μk‖s(ak)‖∞

≤
k0−1∑
k=−∞

μk‖χ{τk<∞}‖−1
LΦ

≤ 3 · 2k0 .

Thus we can deduce that

{s(f) > 6 · 2k0} ⊂ {s(F2) > 3 · 2k0}

and

‖f‖wHs
Φ,b

� ‖s(F2)‖wLΦ,b
.

Then, by Lemma 3.5, we prove the conclusions of theorem.
For the case r < ∞, note that

‖f‖wHs
Φ,b

� ‖s(F1)‖wLΦ,b
+ ‖s(F2)‖wLΦ,b

.

We apply Lemmas 3.5 and 3.7 to complete the proof. �
Theorem 3.9. In Theorems 3.2 and 3.3, if we replace wHs

Φ,b and the (1, LΦ, r)-atoms by wQΦ,b and 
(2, LΦ, ∞)-atoms (or by wPΦ,b and (3, LΦ, ∞)-atoms, respectively), then the conclusions still hold.
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Proof. The proof is similar to Theorems 3.2 and 3.3, so we only give it in sketch. Let f = (fn)n≥0 ∈ wQΦ,b

(or wPΦ,b). The stopping times νk’s are defined by

νk = inf{n ∈ N : λn > 2k}, (inf ∅ = ∞),

where (λn)n≥0 ∈ Λ. Let akn and μk (k ∈ Z) be the same as in the proof of Theorem 3.2. Then we get (3.1), 
where (ak)k∈Z is a sequence of (2, LΦ, ∞)-atoms (or (3, LΦ, ∞)-atoms). Moreover,

inf
{
t > 0 : sup

k∈Z

Φ
(2kγb(P(νk < ∞))

t

)
P(νk < ∞) ≤ 1

}
≤ ‖f‖wQΦ,b

(or ‖f‖wPΦ,b
)

still holds.
To prove the converse part, let

λn =
∑
k∈Z

μkχ{νk≤n}‖S(ak)‖∞ (or λn =
∑
k∈Z

μkχ{νk≤n}‖M(ak)‖∞).

Then (λn)n≥0 is a non-decreasing, non-negative and adapted sequence with Sn+1(f) ≤ λn (or |fn+1| ≤ λn) 
for any n ≥ 0. For any given integer k0, let

λ∞ = λ(1)
∞ + λ(2)

∞ ,

where

λ(1)
∞ =

k0−1∑
k=−∞

μkχ{νk<∞}‖S(ak)‖∞ (or λ(1)
∞ =

k0−1∑
k=−∞

μkχ{νk<∞}‖M(ak)‖∞),

and

λ(2)
∞ =

∞∑
k=k0

μkχ{νk<∞}‖S(ak)‖∞ (or λ(2)
∞ =

∞∑
k=k0

μkχ{νk<∞}‖M(ak)‖∞).

By replacing s(F1) and s(F2) in Lemmas 3.5 and 3.7 with λ(1)
∞ and λ(2)

∞ , we obtain f ∈ wQΦ,b (or f ∈
wPΦ,b). �
Proposition 3.10. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. 
If (Fn)n≥0 is regular, then

wHS
Φ,b ⊂ wQΦ,b, wHΦ,b ⊂ wPΦ,b.

Proof. We only give the proof for wHΦ,b ⊂ wPΦ,b. The other one can be shown in a similar way. Take 
f ∈ wHΦ,b. It follows from the regularity of (Fn)n≥0 that there exists a sequence of stopping times νk such 
that

{M(f) > 2k} ⊂ {νk < ∞}, Mνk
(f) ≤ 2k, P(νk < ∞) ≤ RP(M(f) > 2k)

and νk ≤ νk+1, νk ↑ ∞ according to [19, Definition 7.1.1]. Then we have the following decomposition

fn =
∑

(fνk+1
n − fνk

n ).

k∈Z
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Also, define

μk = 3 · 2k
∥∥χ{νk<∞}

∥∥
LΦ

, and akn = f
νk+1
n − fνk

n

μk
.

Then ak = (akn)n≥0 is a (3, LΦ, ∞)-atom for each k ∈ Z.
Now we know that f has a decomposition of (3.1) with a sequence (μk)k∈Z of non-negative real numbers 

satisfying μk = 3 · 2k‖χ{νk<∞}‖LΦ . Applying Theorem 3.9, we get that

f ∈ wPΦ,b.

The proof is complete. �
4. Martingale inequalities

As an application of the atomic decompositions, we obtain a sufficient condition for a σ-sublinear operator 
to be bounded from the martingale Hardy spaces to wLΦ,b.

An operator T : X → Y is called a σ-sublinear operator if for any α ∈ C it satisfies∣∣∣∣∣T
( ∞∑

k=1

fk

)∣∣∣∣∣ ≤
∞∑
k=1

|T (fk)| and |T (αf)| = |α||T (f)|,

where X is a martingale space and Y is a measurable function space. For 0 < r < ∞, the martingale Hardy 
space Hs

r is defined as Hs
r = {f : ‖f‖Hs

r
= ‖s(f)‖r < ∞}. Similarly, we may define HS

r and Hr with respect 
to the operators S and M .

Theorem 4.1. Let Φ ∈ G be concave with qΦ−1 < ∞, 1 < r ≤ ∞ and b be a non-decreasing slowly varying 
function. If T : Hs

r → Lr is a bounded σ-sublinear operator and

{|Ta| > 0} ⊂ {ν < ∞} (4.1)

for all (1, LΦ, ∞)-atoms a, where ν is the stopping time associated with a, then

‖Tf‖wLΦ,b
� ‖f‖wHs

Φ,b
, f ∈ wHs

Φ,b.

Proof. The proof is similar to Lemmas 3.4–3.7. So we only give it in sketch. Let a martingale f ∈ wHs
Φ,b. 

By Theorem 3.2 we know that f has the decomposition as (3.1) such that ak is a (1, LΦ, ∞)-atom and 
μk = 3 · 2k‖χ{τk<∞}‖LΦ . For an arbitrary integer k0, we set again

f =
∑
k

μka
k := F1 + F2,

where

F1 =
k0−1∑
k=−∞

μka
k and F2 =

∞∑
k=k0

μka
k.

Note that, by the σ-sublinearity of the operator T , we have

|T (F1)| ≤
k0−1∑
k=−∞

μk|T (ak)|, |T (F2)| ≤
∞∑

k=k0

μk|T (ak)|. (4.2)

We need to estimate ‖T (F1)‖wLΦ,b
and ‖T (F2)‖wLΦ,b

, separately.
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We first estimate ‖T (F1)‖wLΦ,b
. Since ak is a (1, LΦ, ∞)-atom for each k ∈ Z, we have ‖s(ak)‖∞ ≤

‖χ{νk<∞}‖−1
LΦ

. It follows from the boundedness of T that ‖Tf‖r ≤ Cr‖f‖Hs
r
. Then, by Chebychev’s inequal-

ity, we have

P(T (F1) > 3 · 2k0) ≤
∥∥∥T (F1)

3 · 2k0

∥∥∥r
r
≤

( 1
3 · 2k0

k0−1∑
k=−∞

μk‖T (ak)‖r
)r

≤ Cr

( 1
3 · 2k0

k0−1∑
k=−∞

μk‖s(ak)‖r
)r

≤ Cr

( 1
3 · 2k0

k0−1∑
k=−∞

μk‖s(ak)‖∞‖χ{νk<∞}‖r
)r

≤ Cr

( 1
2k0

k0−1∑
k=−∞

2kP(νk < ∞) 1
r

)r

≤ Cr

( k0−1∑
k=−∞

2k−k0
)r

≤ Cr.

By Remark 2.2(2), we have

γb(P(T (F1) > 3 · 2k0)) ≤ C3γb(
1
Cr

P(T (F1) > 3 · 2k0)).

Then, by using the same argument of Lemma 3.6, we obtain

Φ
(2k0γb(P(T (F1) > 3 · 2k0))

B

)
P(T (F1) > 3 · 2k0) ≤ CΦC3Φ

(2k0C3γb(I)
B

)
I,

where I is same to the one appeared in Lemma 3.6. Following the line of Lemma 3.7, we get

‖T (F1)‖wLΦ,b
� B.

Now we start to estimate ‖T (F2)‖wLΦ,b
. According to condition (4.1),

{T (F2) > 2k0} ⊂ {T (F2) > 0} ⊂
∞⋃

k=k0

{T (ak) > 0} ⊂
∞⋃

k=k0

{νk < ∞}.

So, repeating the calculation of Lemmas 3.4 and 3.5, we easily obtain

‖T (F2)‖wLΦ,b
� ‖f‖wHs

Φ,b
.

The proof is complete now. �
Remark 4.2. Compared with [12, Theorem 3.1], we do not need the condition 1

pΦ−1
< r any more.

Similar to Theorem 4.1, we obtain the following theorem by applying Theorem 3.9.

Theorem 4.3. Let Φ ∈ G be concave with qΦ−1 < ∞, 1 < r ≤ ∞ and b be a non-decreasing slowly vary-
ing function. If T : HS

r → Lr (or Hr → Lr) is bounded σ-sublinear operator and (4.1) holds for all 
(2, LΦ, ∞)-atoms (or (3, LΦ, ∞)-atoms), then

‖Tf‖wLΦ,b
� ‖f‖wQΦ,b

, f ∈ wQΦ,b,

(or ‖Tf‖wLΦ,b
� ‖f‖wPΦ,b

, f ∈ wPΦ,b).
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Theorem 4.4. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Then 
the following inequalities hold:

‖f‖wHΦ,b
� ‖f‖wHs

Φ,b
, ‖f‖wHS

Φ,b
� ‖f‖wHs

Φ,b
; (4.3)

‖f‖wHΦ,b
≤ ‖f‖wPΦ,b

, ‖f‖wHS
Φ,b

≤ ‖f‖wQΦ,b
; (4.4)

‖f‖HS
Φ,b

� ‖f‖wPΦ,b
, ‖f‖wHΦ,b

� ‖f‖wQΦ,b
; (4.5)

‖f‖wHs
Φ,b

� ‖f‖wPΦ,b
, ‖f‖wHs

Φ,b
� ‖f‖wQΦ,b

; (4.6)

‖f‖wPΦ,b
� ‖f‖wQΦ,b

� ‖f‖wPΦ,b
. (4.7)

Moreover, if {Fn}n≥0 is regular, then

wHS
Φ,b = wQΦ,b = wPΦ,b = wHΦ,b = wHs

Φ,b

with equivalent quasi-norms.

Proof. First we show (4.3). Let f ∈ wHs
Φ,b. The maximal operator T = M is σ-sublinear and ‖Mf‖2 �

‖s(f)‖2 (see [23, Theorem 2.11(i)]). If a is a (1, LΦ, ∞)-atom and τ is the stopping time associated with a, 
then {|Ta| > 0} = {M(a) > 0} ⊂ {ν < ∞} and hence (4.1) holds. Thus it follows from Theorem 4.1 that

‖f‖wHΦ,b
= ‖Tf‖wLΦ,b

� ‖f‖wHs
Φ,b

.

Similarly, considering Tf = Sf , we get the second inequality of (4.3) by Theorem 4.1.
(4.4) comes easily from the definitions of these martingale spaces.
Next we show (4.5). Consider Tf = Mf or Sf . Then (4.5) follows from the combination of the 

Burkholder–Gundy (see [23, Theorem 2.12]), Doob’s maximal inequalities

‖S(f)‖r ≈ ‖Mf‖r ≈ ‖f‖r (1 < r < ∞)

and Theorem 4.3.
(4.6) can be deduced by applying the inequalities (see [23, Theorem 2.11(ii)])

‖s(f)‖r � ‖Mf‖r, ‖s(f)‖r � ‖S(f)‖r, 2 < r < ∞,

and Theorem 4.3.
To prove (4.7), we use (4.5). Assume that f = (fn)n≥0 ∈ wQΦ,b, then there exists an optimal control 

(λ(1)
n )n≥0 such that Sn(f) ≤ λ

(1)
n−1 with λ(1)

∞ ∈ wLΦ,b. Since

|fn| ≤ Mn−1(f) + λ
(1)
n−1,

by the second inequality of (4.5) we have

‖f‖wPΦ,b
≤ C

(
‖f‖wHΦ,b

+ ‖λ(1)
∞ ‖wLΦ,b

)
� ‖f‖wQΦ,b

.

On the other hand, if f = (fn)n≥0 ∈ wPΦ,b, then there exists an optimal control (λ(2)
n )n≥0 such that 

|fn| ≤ λ
(2)
n−1 with λ(2)

∞ ∈ wLΦ,b. Notice that

Sn(f) ≤ Sn−1(f) + 2λ(2)
n−1.

Using the first inequality of (4.5), we get the rest of (4.7).
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Further, assume that {Fn}n≥0 is regular. Then according to [23, p. 33], we have

Sn(f) ≤ R1/2sn(f) and ‖f‖wHS
Φ,b

� ‖f‖wHs
Φ,b

.

Since sn(f) ∈ Fn−1, by the definition of wQΦ,b we have

‖f‖wQΦ,b
� ‖s(f)‖wLΦ,b

= ‖f‖wHs
Φ,b

Hence, by (4.6) we obtain

wQΦ,b = wHs
Φ,b.

Combining Proposition 3.10, the inequalities (4.5) and (4.7), we get

wHS
Φ,b = wQΦ,b = wPΦ,b = wHΦ,b.

Consequently, we conclude that these five kinds of weak Orlicz–Karamata–Hardy martingale spaces are 
equivalent. �
5. Duality result

In order to deal with the duality, we define, strongly inspired by [13, Definition 1.1] (see also [14]), the 
following generalized weak BMO martingale spaces associated with slowly varying functions.

Definition 5.1. Let b be a slowly varying function. For a function φ : (0, ∞) → (0, ∞), the generalized weak 
BMO martingale space for 1 ≤ r < ∞ is defined by

wBMOr,φ,b = {f ∈ Lr : ‖f‖wBMOr,φ,b
< ∞},

where

‖f‖wBMOr,φ,b
= sup

∑
k∈Z

2kP(νk < ∞)1− 1
r ‖f − fνk‖r

sup
k∈Z

2kγb(P(νk < ∞))P(νk < ∞)φ(P(νk < ∞)) ,

where the supremum is taken over all stopping time sequences {νk}k∈Z ⊂ T such that {2kγb(P(νk <

∞))P(νk < ∞)φ(P(νk < ∞))}k∈Z ∈ �∞.

Definition 5.2. ([12, Definition 1.4]) Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly 
varying function. Denote by wLΦ,b the set of all f ∈ wLΦ,b having the absolute continuous quasi-norm 
defined by

wLΦ,b =
{
f ∈ wLΦ,b : lim

P(A)→0
‖fχA‖wLΦ,b

= 0
}
.

Note that wLΦ,b is a linear closed subspace of wLΦ,b. Moreover, L2 ⊂ wLΦ,b for concave Φ ∈ G. Now we 
define a closed subspace of wHs

Φ,b as follows

wHs
Φ,b = {f = (fn)n≥0 : s(f) ∈ wLΦ,b}.

Similarly, we can define wHΦ,b which is also a linear closed subspace of wHΦ,b.
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Remark 5.3. Using similar argument as in [12, Remark 2.2], one can check that the space Hs
2 = L2 is dense 

in wHs
Φ,b. Moreover, if the stochastic basis {Fn}n≥0 is regular, then L∞ is dense in wHs

Φ,b.

The following duality theorem is the main result of the section.

Theorem 5.4. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Let 
φ(s) = 1/(sΦ−1(1/s)) for s ∈ (0, ∞). Then

(wHs
Φ,b)∗ = wBMO2,φ,b.

Proof. Let g ∈ wBMO2,φ,b ⊂ L2. Define

lg(f) = E

(∑
k∈Z

dfkdgk

)
, f ∈ L2.

By Remark 5.3, L2 ⊂ wHs
Φ,b. Then according to the Theorem 3.2, there exists a sequence (ak)k∈Z of 

(1, LΦ, ∞)-atoms and a sequence (μk)k∈Z of non-negative real numbers satisfying μk = 3 · 2k‖χ{νk<∞}‖LΦ

such that

fn =
∑
k∈Z

μkEna
k a.e. ∀n ∈ N.

By the definition of ‖ · ‖wBMO2,φ , we have

|lg(f)| = |E(fg)| ≤
∑
k

μk|E(ak(g − gνk))|

≤
∑
k

μk‖ak‖2‖g − gνk‖2

≤ 3‖g‖wBMO2,φ,b
sup
k

2kγb(P(νk < ∞))P(νk < ∞)φ(P(νk < ∞))

≤ 3‖g‖wBMO2,φ,b
‖f‖wHs

Φ,b
.

Since L2 is dense in wHs
Φ,b (see Remark 5.3), l can be uniquely extended to a continuous linear functional 

on wHs
Φ,b.

Conversely, let l ∈ (wHs
Φ,b)∗. Since L2 can be embedded continuously in wHs

Φ,b, there exists g ∈ L2 such 
that

l(f) = E(fg) f ∈ L2.

Let {νk}k∈Z be a sequence of stopping times satisfying

{2kγb(P(νk < ∞))P(νk < ∞)φ(P(νk < ∞))}k∈Z ∈ �∞.

For k ∈ Z and arbitrary non-negative N , we define

hk = |g − gνk |sign(g − gνk)
‖g − gνk‖2

, fN =
N∑

k=−N

2k(hk − hνk

k )P(νk < ∞) 1
2 .

Set

ak = (hk − hνk)P(νk < ∞) 1
2 ‖χ{νk<∞}‖−1

L .
k Φ
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It is obvious that ak is a (1, LΦ, 2)-atom for each k ∈ Z. Then

fN = 1
3

N∑
k=−N

μka
k,

where μk = 3 · 2k‖χ{νk<∞}‖LΦ . Thus, applying Theorem 3.3, we obtain that fN ∈ wHs
Φ,b and

‖fN‖wHs
Φ,b

≤ C sup
k

2kγb(P(νk < ∞))P(νk < ∞)φ(P(νk < ∞)).

So we obtain

N∑
k=−N

2kP(νk < ∞)1− 1
2 ‖g − gνk‖2

=
N∑

k=−N

2kP(νk < ∞) 1
2E(hk(g − gνk))

=
N∑

k=−N

2kP(νk < ∞) 1
2E((hk − hνk

k )g)

= E(fNg) = l(fN ) ≤ ‖fN‖wHs
Φ,b

‖l‖

≤ C sup
k

2kγb(P(νk < ∞))P(νk < ∞)φ(P(νk < ∞))‖l‖.

By the definition of ‖ · ‖wBMO2,φ,b
, we get ‖g‖wBMO2,φ,b

≤ C‖l‖. �
Remark 5.5. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Let 
φ(s) = 1/(sΦ−1(1/s)) for all s ∈ (0, ∞). Moreover, assume that the stochastic basis {Fn}n≥0 is regular. 
Taking similar argument as above, we may prove that for 1 < r < ∞,

(wHΦ,b)∗ = wBMO1,φ,b and (wHΦ,b)∗ = wBMOr,φ,b.

Hence we have the following John–Nirenberg theorem.

Corollary 5.6. Let Φ ∈ G be concave with qΦ−1 < ∞ and b be a non-decreasing slowly varying function. Let 
φ(s) = 1/(sΦ−1(1/s)) for all s ∈ (0, ∞). If the stochastic basis {Fn}n≥0 is regular and 1 ≤ r < ∞, then

wBMO1,φ,b = wBMOr,φ,b

with equivalent norms.
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