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mappings having the simplest nonmonotonicity, the existence of continuous iterative
roots of any order was obtained under the characteristic endpoints condition and

ggf:éfjj Sr.oot the condition was proved to be necessary for those orders greater than the number
Piecewise monotone function of forts plus 1. This suggests an open question about iterative roots without that
Characteristic interval condition, called the question on characteristic endpoints. In this paper, the question
Nonmonotonicity height is answered completely in the case that the number of forts is equal to the order.

Although results of nonexistence are also obtained for the case that the number of
forts is greater than the order, a full description is still open.
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1. Introduction

In the theory of dynamical systems, it has been concerned for a long time whether a mapping can be
embedded into a flow ([1,4,5,11,13,14]). A weak version of the embedding flow problem is the problem of
iterative roots. Given a nontrivial topological space X and an integer n > 0, the n-th iterate of a continuous
self-mapping F : X — X, denoted by F", is defined inductively by F"(z) := F(F" !(z)) and F°(z) :=
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for all x € X. An iterative root of order n of a given continuous self-mapping F' : X — X is a continuous
self-mapping f : X — X such that

f*(z) = F(z), VzreX. (1.1)

Iterative root, which defines a fractional iterate F''/", attracts extensive interests ([6,7,12]).

The iterative root theory was set up well for 1-dimensional monotone mappings (see e.g. [6,7,12]), but
there are less results on iterative roots of nonmonotonic mappings. Difficulties with nonmonotonic mappings
mainly come from those points which break the monotonicity and their orbits. Those points are the so-called
nonmonotonic points or forts ([15,16]), each of which is an interior point ¢ in I := [a,b] such that the
continuous function F' : I — I is not monotone on any neighborhood of ¢. A nonmonotonic continuous
mapping F : I — I having a finite set S(F’) of forts is referred to a PM function, an abbreviation of strictly
piecewise monotone continuous function, which plays an important role in the study of dynamical systems
(see e.g. [2,15,16]). Let PM(I,I) denote the set of all PM functions mappings from I into itself. For each
F € PM(I,I), one can easily prove that the number N(F') of forts satisfies the ascending relation

0=N(F% < N(F) < N(F*) <..<N(FF) < N(FF) <

and that if N(F*) = N(F*¥*1) then N(F*) = N(F**%) for all i > 1. Thus, the least number k such that
N(F¥) = N(F**1), called the nonmonotonicity height or height simply and denoted by H(F) in (]9]),
is an important index to describe the complexity of F' under iteration. Clearly, F' is strictly monotone if
H(F) = 0. In this paper we focus on functions of H(F') = 1.

Each PM function F' admits a partition: The interval I is divided by its forts into finitely many subinter-
vals, called laps. One can prove that exact one of those laps, called the characteristic interval of F', covers
the range of F' if and only if H(F') = 1. The characteristic interval is useful in finding iterative roots. In 1983
Jingzhong Zhang and Lu Yang ([16]) gave the following in Chinese:

Theorem A. (Theorem 4 in [15]). Let F' € PM(I,I) be of height 1. Suppose that (K1) F is strictly increasing
on its characteristic interval K(F) = [a',V'] and, additionally, (KJ) F on I cannot reach a’ and b' unless
F(a') = & or F(V/) = V. Then, for any integer n > 1, F has continuous iterative roots of order n.
Conversely, conditions (KT) and (K{) are necessary for n > N(F) + 1.

The converse part of this theorem suggests an open question (see [16] or [15]): Does a function F €
PM(I,1) with H(F) = 1 have an iterative root of an order n < N(F) + 1 if condition (K{), called the
‘characteristic endpoints condition’, is not satisfied? For convenience, we simply call it the ‘question on
characteristic endpoints’.

This question can be discussed in the three cases:

(CEQ1) o’ =m < M =1 and either F(a') > o’ or F(V') < ¥,
(CEQ2) o/ =m < M <V and F(a') > a’, and
(CEQ3) o/ <m < M =1b"and F(b') <V,

where m denotes min F' := min{F(z) : z € I} and M denotes max F' := max{F(x) : € I}. In 2008 Li,
Yang and Zhang ([8, Theorem 3]) investigated (CEQ1) and gave a negative answer: F' has no continuous
iterative roots f of order n = N(F) such that H(f) = n. Clearly, most of those cases are unsolved yet.
Although Liu and Zhang ([10]) gave min{n, N(F)} modes of extension, which extend a monotone iterative
root from the characteristic interval to the whole I, and proved that all continuous iterative roots of F' of
order n can be given with those modes, those results obtained in ([10]) cannot be applied immediately to
answer the question in the above cases.
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In this paper we study with the question on characteristic endpoints. For n = N(F'), we discuss the
above cases (CEQ2) and (CEQ3) and, including the negative answer of ([8]) to case (CEQ1), we answer this
question completely. For n < N(F') or = N(F) + 1, we only need to consider n-th order iterative roots f of
height H(f) < n or = n because none of n-th order iterative roots is of H(f) > n by Lemma 2 of [8] (or
the following Lemma 2.3). For n < N(F'), we prove that no roots f of H(f) < n exist in all the three cases
but still leave the existence of roots f of H(f) =n open. For n = N(F) + 1, we prove in all the three cases
that F has neither a continuous iterative root which is increasing on [a’, b’] nor a continuous iterative root f
which is decreasing on [a/, '] and of height H(f) < n — 1, but leave the question of existence of continuous
iterative roots f which are decreasing on [a’, '] and of height H(f) =n — 1 open.

2. PM functions of height 1

When H(F) = 1, as mentioned in ([15,16]) and the Introduction, the mapping F has a characteristic
interval of F', denoted by K (F). This interval is bounded by two consecutive forts (or an endpoint) and covers
the range of F. Therefore, K(F) is a positively invariant interval and F restricted to K (F') is monotone.
The idea of finding iterative roots of such PM functions used in ([10,15,16]) is to find an iterative root on
K (F) for a monotone function and then extend it to the whole interval I. Therefore, the following result
on iterative roots of monotone functions is useful and can be found in ([3,17]).

Lemma 2.1 (Bédewadt Theorem). Let CI(I,I) := {f : I — I| f is continuous and strictly increasing,
f(a) = a, f(b) = b}. Then for any integer n > 2, every F € CI(I,I) has iterative roots f of order n in
CI(I,I).

This result remains true if an endpoint is not a fixed point.

Proposition 2.1. Let F': I — I be continuous and strictly increasing, n > 1 be an arbitrarily given integer,
and A, B be real constant such that either a < A < B < b and F(a) # a,F(b) # b, or F(a) = a and
a=A<B<b, or F(b)=0and a < A < B =0b. Then equation (1.1) has strictly increasing continuous
solutions f on I satisfying

Fa) < f(4) < f(B) < F(b). (2.1)

Additionally, if f,F € CI(I,I) satisfy f™(x) = F(x) for all x € I, then there is h € CI(I,I) such that
h(f(z)) = F(h(x)) for allz € I.

Proof. Without loss of generality, we assume that F has no fixed points in (a,b). Since the case that
F(a) = a and F(b) = b is done in Lemma 2.1, it suffices to consider either a or b is not a fixed point of F.

Firstly, suppose that F(a) = a and F(b) < b. Choose ¢ > b and an arbitrary strictly increasing and
continuous function F': [b,¢] — [F(b), ¢] such that F(b) = F(b), F(c) = c. Let

F1 (.’17) =

A

F(z), Vx€a,b),

F(z), VYxelb,d.

Clearly, Fy € CI(I1,I;) where I := [a,c]. By Lemma 2.1, thereis an f; € CI(Iy, I;) such that f}'(z) = F;(z)
for any « € I;. Then the restriction f := f1|I is a continuous iterative root of F of order n.

In order to prove inequality (2.1), it suffices to verify f1(B) < F(b) because f1(A4) > a = F(a). In fact,
we infer from Fj(c) = ¢ that F;(z) < z for all x € (a,c). In particular, since f; is strictly increasing on Iy,
it follows that fi(z) < « for all € (a,c). Hence, (2.1) holds if B < F(b). If B > F(b), the result can
be established by using the property that the initial function in Bédewadt’s Theorem is not unique. More

Please cite this article in press as: L. Li, W. Zhang, The question on characteristic endpoints for iterative roots of PM
functions, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.09.009




Doctopic: Real Analysis YJMAA:21677

4 L. Li, W. Zhang / J. Math. Anal. Appl. ese (eses) eee—see

precisely, for every hg defined on [Fi(x¢), zo], Vg € (a,b], such that hg is continuous, strictly increasing,
and

ho(xzo) = Fi(z0),  ho(Fi(xo)) = Fi" (), (2.2)

it has an extension h to I satisfying F(x) = h=1(F*(h(x))) for all x € I. Thus, f(x) = h~1(Fy(h(x))) is an
iterative root of Fy of order n. Now we choose a suitable hg as follows. Let g = b and hy be any function
on [Fy(b),b] such that

ho(B) = F{'(b) —¢, 0<e< (F{'(b) — FT'(b))/2. (2.3)
Note that the above definition is fine. Indeed, it follows from (2.2)—(2.3) that
ho(F1(b)) = F™H(b) < F'(b) — € = ho(B) < F1(b) = ho(b).
Furthermore, since F} is strictly increasing, we have
Fi(h(B)) = Fi(F}'(b) — €) < F{™ (b) = F{'(h(b)) = h(F(b),

which implies that f(B) = h=(Fy(h(B))) < F1(b) = F(b), and thus inequality (2.1) holds.
Similar arguments can be applied to prove the other cases that F(a) > a, F(b) = b and F(a) > a,
F(b) < b. This completes the proof. O

In latter sections we discuss PM functions and consider the number of forts for their iterates. The following
lemmas are useful.

Lemma 2.2. (Lemma 2.3 in [9]) Let F : [a,b] = R and G : [o, 8] — R be continuous functions such that
F(la,b]) C [, B]. Then

S(GoF)=S(F)U{ce (a,b) : F(c) € S(G)}.

Lemma 2.3. (Lemma 2 in [8]) Let F' € PM(I,I) be of height 1. Then F' has no continuous iterative roots f
of order n > 1 such that H(f) > n.

Lemma 2.4. (Theorem 3 in [8]) Let F' € PM(I,I) be of height 1. Suppose that F is strictly increasing on
its characteristic interval [a',V'], N(F) =n > 1, and that min F = a’ and maxF = V. Then F has no
continuous iterative roots f of order n such that H(f) = n.

Note that, for each F € PM(I,I) with H(F) = 1, Lemma 2.3 asserts that we only need to verify
the existence of its iterative roots f with H(f) < n and Lemma 2.4 gives corresponding results when
H(f) = N(F) =n under some assumptions.

The following result is Theorem 3 of [15], which gives a method of extension and will be used in the
proofs of our Theorems.

Lemma 2.5. (Theorem 3 in [15]) Suppose F € PM(I,I) with height 1. Let [a',1'] be the characteristic
interval, let m and M the minimum and mazimum of F on [a,b], and m' and M’ those on [d,V]. If,
restricted to [a’,b'], equation (1.1) has a continuous solution fi which maps [a',V'] into itself and maps
[m, M] into [m', M'], then there exists a continuous function f from I into I such that (i) f(x) = fi(x) for
all x € [a/, V], and (¥) f satisfies equation (1.1) on the whole interval I.
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Having these knowledges, in what follows, we always assume that F' € PM (I, 1) with H(F) = 1 such that
F is strictly increasing on its characteristic interval [a/, V'], as considered in Theorem A in the Introduction.
As known from the theory of monotone iterative roots ([6,7]), F' has two classes of continuous iterative
roots: roots increasing on [a, V'] and roots decreasing on [a’, b’]. We separately discuss the two classes in the
following two sections.

3. Roots increasing on characteristic interval

In this section we discuss the first class, i.e., iterative roots which are increasing on the characteristic
interval [a’, b'].

Theorem 3.1. Suppose that F € PM(I,1) with H(F) = 1 such that (K*) holds but condition (K{) is not
true. Then for any integer n > 1 mapping F' has no continuous iterative roots f of order n such that f
is strictly increasing on [a’,V'] and H(f) < n. In particular, for n = N(F) mapping F has no continuous
iterative roots f of order n such that f is strictly increasing on [a’,b'] and H(f) < n.

Remind that the case H(f) > n does not exist by Lemma 2.3, as mentioned in the Introduction. Besides,
this theorem covers more than [8] even in case (CEQ1) because [8] only deals with roots f of height H(f) = n
but this theorem works for H(f) < n.

Proof. Let F' satisfy all conditions given in the theorem. As mentioned in the Introduction, we need to
consider the three cases (CEQ1)—(CEQ3). For an indirect proof to the result, suppose that F has a continuous
iterative root f of order n = N(F') > 1 such that f is strictly increasing on [a’, '] and satisfies H(f) < n.
By Lemma 1 of [10], we know that f maps [a/, ] into itself.

First, we consider case (CEQ1). Since roots f of height H(f) = n = N(F') was discussed in Theorem 3
of [8] as indicated in Lemma 2.4, it suffices to consider those roots f of H(f) < n. We divide the case into
the following three subcases:

(CEQLA): ¢/ =m <M =V, F(d)=d and F(V/) < ¥';
(CEQ1B): o/ =m < M =V, F(a') > o and F(b') =b'; and
(CEQIC): a/ =m <M =V, F(a') > d and F(V') < V.

In subcase (CEQ1A), we have f(b') < b'. The inequality H(f) < n yields that N(f"~1) = N(f"), implying
that f*~! and f" being equal to F, have a common fort. Moreover, the interval [a’, ¥'] is also the character-
istic interval of f*~! because [minf", maxf"] C [minf" "1 maxf"~!]. Let x¢ € I satisfy F(zg) = b’, being
equal to M. Since f"~1(xq) € [a’, V'], we have

Y = Fluo) = fo f" (o) < f() < ¥, (3.1)

which is a contradiction. Thus F has no continuous iterative roots f of order n > 1 such that H(f) < n. In
subcase (CEQ1B), we have f(a’) > a’. The same arguments as given in subcase (CEQ1A) show that f7~!
and f™ have both a common fort and the same characteristic interval [a’,b']. Let yo € I satisfy F(yo) = o/,
being equal to m. Since f"~1(yo) € [a’,b'], we obtain

a' = F(yo) = fo f"Hyo) = fa) > d, (3.2)

a contradiction. Thus F' has no continuous iterative roots f of order n > 1 such that H(f) < n. In subcase
(CEQ1C), we have F(b') < b and F(a') > o, which lead to contradictions (3.1) and (3.2) respectively,
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as done in subcases (CEQ1A) and (CEQ1B). Hence, it is proved in case (CEQ1) that mapping F has no
continuous iterative roots f of order n which are strictly increasing on [a’, V'].

Next, we consider case (CEQ2). If H(f) < n, the result can be given as in subcase (CEQ1B). In what
follows, we consider the situation that H(f) =n = N(F), in which

N(ffy=k, 0<k<n. (3.3)

By Lemma 2.2, f is not monotone on [minf"~! maxf"~!]. Let £ € (minf"~! maxf"~!) be a fort of f.
By (3.3), £ is the unique fort of f on I. On the other hand, let xo € S(f™)\S(f"~!) since the cardinality
#S(f\S(f*~1) =1 by (3.3). Then f*"~1(zg) € S(f). It implies that f"~1(z) = £ and therefore

f(§) = F(xo) € [a',V]. (3-4)

Since ¢ is the unique fort of f on I, f(£) is equal to either minf, the minimum of f on I, or maxf, the
maximum of f on I. We first assume that

£(€) = minf. (3.5)

Then, the relation (3.4) associated with the inequality ¢’ = minf™ > minf = f(¢) implies that f(§) = a’.
Noting that f is strictly decreasing on [a, ] (or strictly increasing on [€,b]) and f(a’) > o', we have £ < a’
because f is assumed to be strictly increasing on [a’,b']. Furthermore, ¢’ = minf < minf"™ = o/, implying
that minf"~! = a’. This contradicts to the fact £ € (minf"~!, maxf"~!) = (a’, maxf"1). Next, opposite
to (3.5), we assume that

f(§) = maxf.

We similarly obtain that & > b'. By (3.4), it leads to a contradiction to the fact that £ € (minf™~!, maxfm~1!)
C (minf™, max ) = (minf™~, £(€)) € (minf™~, )

Finally, we consider case (CEQ3). If H(f) < n, the result can be given as in subcase (CEQ1A). If
H(f)= N(F) = n, in the case that f(£) = maxf the discussion is similar to case (CEQ2); in the case that
f(&) = minf we get £ < o’ because f is assumed to be strictly increasing on the characteristic interval [a/, V']
and ¢ is the unique fort. This contradicts to the fact that ¢ € (minf" !, maxf"~!) C (minf, maxf"~!) =
(F(€), max /™) C (a!, max ).

With the obtained contradictions in cases (CEQ1)—-(CEQ3), the proof is completed. O

Corollary 3.1. Let F' be the same as supposed in Theorem 3.1. Then F does not have a continuous iterative
root of order n = N(F) 41 orn = N(F) which is strictly increasing on [a’,V'].

Proof. For an indirect proof, assume that F' has a continuous iterative root f of order n = N(F') or N(F)+1
such that f is strictly increasing on [a/,V']. By Lemma 2.3, we see that H(f) < n. If n = N(F), it follows
from Theorem 3.1 that F has no such iterative roots f satisfying H(f) < n, which gives a contradiction. On
the other hand, for the case n = N(F) + 1 we claim that H(f) < n. Otherwise, 1 < N(f) < ... < N(f") =
N(F) < N(f"*1), implying n < N(F), a contradiction to the assumption of n = N(F) + 1. Furthermore,
the results about H(f) < n given in Theorem 3.1 yield the contradiction again. 0O

Aiming to the question on characteristic endpoints, Theorem 3.1 denies the existence of continuous
iterative roots of order n < N(F') + 1 which are of the height H(f) < n and strictly increasing on [a’, V'].
Corollary 3.1 further denies the existence of continuous iterative roots of order n = N(F') 4+ 1 or N(F)
without the restriction H(f) < n. The following question is not answered yet:
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(P): Does a function F € PM(I,I) given in Theorem 3.1 have an iterative root f of order n < N(F)
such that f is strictly increasing on [a',V'] and H(f) =n?

4. Roots decreasing on characteristic interval

This section is devoted to the second class, i.e., roots decreasing on the characteristic interval [a/, ¥].

Theorem 4.1. Let F' be the same as supposed in Theorem 3.1. Then for any n > 2 mapping F' has no
continuous iterative roots f of order n such that f is strictly decreasing on [a’,b'] and H(f) <n — 1.

Proof. For an indirect proof, assume that F' has a continuous iterative root f of order n > 2 such that f
is strictly decreasing on [a/,b’] and H(f) < n — 1. The monotonicity of f on [a’,b] implies that n must be
even, that is, n = 2m for an integer m > 1. Let g := f2. Then g is a continuous iterative root of F' of order
m which is strictly increasing on [a’, b']. Furthermore, we infer from the assumption H(f) < n — 1 that

N(fySN(fH <. .. <N =N(U"H =N =...,

implying that H(g) < m, a contradiction to the conclusion of Theorem 3.1. O

By Lemma 2.3, we have H(f) < n. Therefore, opposite to Theorem 4.1, we ask: Does mapping F' supposed
in Theorem 3.1 have a continuous iterative root f of order n (2 < n < N(F) + 1) such that f is strictly
decreasing on [a/,b'] and n — 1 < H(f) < n? What happens with n = 27 In what follows, we only work
in the case that H(f) =n for 2 < n < N(F) + 1 and the case that H(f) = 1 for n = 2 because the case
that H(f) =n—1for 2 <n < N(F)+ 1 can be reduced to the open question (P) stated in the end of last
section. In fact, as shown in the proof of Theorem 4.1, the monotonicity of f on [¢/, '] implies that n = 2m
for an integer m > 1 and the function g := f? is a continuous iterative root of F of order m such that g is
strictly increasing on [a’,b'] and H(g) = m. However, the existence of such g is still unknown as indicated
in the question (P).

We first discuss for n = 2 in the three cases (CEQ1)-(CEQ3) because F' does not satisfy condition (K{)
if and only if F lies in one of cases (CEQ1)—(CEQ3) as mentioned in the Introduction.

Theorem 4.2. Let F' be the same as supposed in Theorem 3.1. If F' satisfies (CEQ1), then F' has no con-
tinuous iterative roots f of order 2 such that f is strictly decreasing on [a/,V'] and H(f) = 1. If F satisfies
(CEQ2) (or (CEQ3)), then F' has a continuous iterative root f of order 2 such that f is strictly decreasing on
[a’,0'] and H(f) = 1 if and only if the restriction F' |4/ 1| is a reversing correspondence and F(b') = max F
(or F(a') =min F).

The phrase “reversing correspondence” comes from [6,9]. A strictly increasing function ¢ mapping a
compact interval I into itself is said to be a reversing correspondence if there are a £ € Fix¢, i.e., a fixed
point of ¢, and a strictly decreasing function w mapping Fix¢ onto itself such that w(§) = & and the
difference ¢(z) — x on the interval (£1,&3) has an opposite sign to that on the interval (w(&s),w(&)) for
every &1, & € Fixe satisfying that & < & and (&1, &) N Fix¢ = 0.

Proof of Theorem 4.2. If F' satisfies (CEQ1), we generally claim that for any n > 1 mapping F' has no
continuous iterative roots f of order n such that f is strictly decreasing on [a/,b’] and H(f) < n. For an
indirect proof, assume that F’ has a continuous iterative root f of order n such that f is strictly decreasing
on [a@/,V'] and H(f) < n. According to the conditions given in (CEQ1), there are 2, y’ € I\[a/, '] such that
F(2') =a' and F(y') =b. Then
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a'=F(a') = fofr (), V' =F()=fof'(y) (4.1)

Since H(f) < n, the interval [a’, ] is also the characteristic interval of f*~! i.e., f*=1(I) C [a’,V]. In view
of (4.1), we obtain f"~1(2') = b and f*~!(y') = @’ because f is a strictly decreasing self-mapping on [a’, b'].
Hence, f(V') = F(2') = a’ and f(a') = F(y') =V, implying that F(b') = and F(a’) = @, a contradiction
to the fact of (CEQ1). Clearly, the first result is a corollary of the general claim.

The discussion for cases (CEQ2)—(CEQ3) is quite different from the above for case (CEQ1). We only give
a proof to case (CEQ2). Case (CEQ3) can be proved similarly.

In order to prove the necessity, assume that F' has a continuous square iterative root f which is strictly
decreasing on [a’,0'] and H(f) = 1. Then [6, Theorem 15.10] implies that F |,/ 4 is a reversing corre-
spondence. By [10, Theorem 1], we see that f is an extension from a square iterative root fo of F' {4 51,
fulfilling

f(x)=fytoF(z), Yeel. (4.2)

From the conditions given in (CEQ2), there exists ' € I'\[a/, V'] such that F(z') = a’. Then the equality
f(f(z")) =o' implies f(z') = b since f is strictly decreasing on [a/,d’]. We further obtain

f)=F(@')=d and f(d')=F(). (4.3)

Therefore, fo maps [a/,V'] onto [a’, F(b')]. By virtue of (4.2), f is well defined if F(b') = maxF'.

In order to prove the sufficiency, we need to find a strictly decreasing continuous iterative root fy
of F' |jqr) of order 2 and then extend it continuously to an iterative root well defined on the whole
interval [a,b]. To ensure the existence of such an extension, it suffices to choose a root fy satisfying con-
dition (4.3). Without loss of generality, assume F' has a unique fixed point £ on [d/,V']; otherwise, we
discuss between two consecutive fixed points separately. Since F' |[4/ 3 is a reversing correspondence, it
follows from [6, Theorem 3.1] that there is a continuous strictly decreasing function « : [a/,&] — [£, F(V')]

fulfilling

a(d) =F@F), af§)=¢ (4.4)

such that

a(F(z)) = F(a(z), x¢€[d,g]. (4.5)

folw) i= { ol yre e (4.6)

a”!(F(z), Ve (L]

Clearly, fo is a continuous and strictly decreasing square iterative root of I |/ 3 by (4.5)—(4.6). Moreover,
we infer from (4.4) that fo satisfies condition (4.3). Therefore, function f defined in (4.2) is a continuous
iterative root we want. This completes the proof. O

The above proof actually gives a general result for case (CEQ1), i.e., if F € PM(I,I) with H(F) =1 is
strictly increasing on its characteristic interval [a/,d’] and satisfies (CEQL), then for any n > 1 mapping F
has no continuous iterative roots f of order n such that f is strictly decreasing on [@/,d'] and H(f) < n.

Finally, we consider iterative roots f with H(f) = n for 2 < n < N(F) + 1. In case (CEQ1), i.e.,
min F' = ¢’ and max F' = V', Lemma 2.4 guarantees that if n = N(F) then F has no continuous iterative
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a C C2 €3 Cp b

Fig. 1. S(f) = {e1 }.

______________________

a €1 Cn—2Cn—1Cp b

Fig. 2. S(f) = {cn}.

roots f of order n such that f is strictly decreasing on [a/,V’] and H(f) = n. Thus, it is unknown yet in the
cases (CEQ2) and (CEQ3) whether there are iterative roots f of order n such that f are strictly decreasing
on [a’,b'] and H(f) = n. The following lemmas give necessary conditions for such continuous iterative roots.
Let S(F) ={c1,¢2,...,¢n}, wherea=cyp <c1 < ca <...<¢p < €pp1 =Db.

Lemma 4.1. Suppose that F € PM(I,I) with H(F) = 1 satisfies (K*). If f € PM(I,I) is an iterative root
of F of order n > 1 such that H(f) = N(F) =n, then N(F) =1 and there is a permutation (¢1,...,4,) of
{1,...,n} such that

flee,) = cop_y, k=2,...,n, (4.7
and S(f) = {ce, }. Moreover, one of the following assertions holds:

K1: either S(f) = {c1}, the function f reaches the minimum value at c1 and f(c1) < c1, or S(f) = {cn},
the function f reaches the mazimum value at ¢, and f(cy) > cp;

Ko: either S(f) = {c1}, the function f reaches the mazimum value at ¢; and f(c1) > c1, or S(f) = {cn},
the function f reaches the minimum value at ¢, and f(c,) < ¢p-

The shape of f in Ky (resp. K2) looks almost the same as the type 77 (resp. the type 7T3) iterative roots
given in [9] in the case that H(F) > 1, but in our paper we consider H(F) = 1. One can see, from K;
for example, that the difference between the two versions comes from the values of f(b) (Fig. 1) and f(a)
(Fig. 2). In [9] we have f(b) > ¢, (resp. f(a) < ¢1) but in our paper f(b) < ¢, (resp. f(a) > ¢1), which will
be indicated below Lemma 4.2.
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Proof of Lemma 4.1. It follows from H(f) =n that N(f) < N(f?) < ... < N(f") = N(F) = n, that is
N(f*Y=k, k=1,.,n. (4.8)

In particular, N(f) = 1.

Let S; = S(f) and Sy := {x € (a,b) : f(z) € S(fF"HIN\S(f* 1), k = 2,...,n. According to the proof
of Lemma 3.1 in [9], there is a permutation ({1, ...,¢,) of {1,...,n} such that Sy = {¢, }, k = 1,...,n. This
proves (4.7). Furthermore, the proof shows that either S(f) = {c1} or S(f) = {c¢,}. Finally, we consider
the case that f takes the maximum value at c¢;, where £ € {1,n}. It suffices to prove that f(c,) > cp.
Suppose that f(c;) < ¢g. Then f([a,b]) C [a, f(ce)] C [a,ce]. It follows that H(f) = 1, a contradiction to
the assumption that H(f) =n > 1. The other case can be proved similarly. This completes the proof. O

By Lemma 4.1, one can easily see from the proofs of Lemmas 3.3-3.4 of [9] the following lemma about
behaviors of iterative roots at forts of function F.

Lemma 4.2. Suppose that F € PM(I,I) with H(F) = 1 satisfies (K*). Let f € PM(I,I) be an iterative
root of F' of order n > 1 such that H(f) = N(F) = n. Then either f(c;) = ci—1 for every i € {2,...,n}
(resp. f(c;) = ciy1 for every i € {1,...,n—1}) if f is of type K1 and S(f) = {1} (resp. S(f) = {cn}),
or f(¢;) = cngo—i for every i € {2,...,[%E]} and f(c;) = cng1—i for every i € {[ZF] +1,...,n} (resp.
fleni) = ¢; for everyi e {1,..., [”T_l]} and f(cn_i) = ciy1 for every i € {[%] +1,...,n—1}) if f is of
type Kz and S(f) = {c1} (resp. S(f) = {cn}).

Note that our aim is to find under the assumption of (CEQ2) or (CEQ3) the iterative roots f of order
n > 1 which are strictly decreasing on [a’, ¥’]. Obviously, n is even. As mentioned in Lemma 1 of [10], f is a
self-mapping on [a, V'], implying that K2 is impossible. In fact, assume that f is of type KCo. If S(f) = {c1}
then, by Lemmas 4.1-4.2, f([a, c1]) € [a, 1] since f(e1) > 1, and f([¢;, civa]) € [ciycip1] fori=1,...,n—1.
If S(f) = {cn}, then f([cn,b]) Z [cn,b] since f(c,) < cn, and f([ci, cit1]) C [, ¢iq1] if and only if i = F,
ie., f(ecn) = cni1, f(eny1) = cz by Lemma 4.2. However, the above two equalities about f imply that
[cn,cn 1] is the characteristic interval of ' and F(cn) = cn, F(cny1) = cn 41, which contradicts to the
conditions of (CEQ2)—(CEQ3). Therefore, under the hypothesis (CEQ2) or (CEQ3), such an iterative root f
(if exists) is of type Ki. By Lemma 4.2, [a,¢1] is the characteristic interval of F' when S(f) = {c1} (see
Fig. 1), and [cy, ] is the characteristic interval of F when S(f) = {¢.} (see Fig. 2). Moreover, f(b) < ¢,
(resp. f(a) > ¢1) by the fact H(F) = 1.

The main result of this section reads as follows.

Theorem 4.3. Let F' be the same as supposed in Theorem 3.1. Then for n = N(F) mapping F has a
continuous iterative root f of order n such that f is strictly decreasing on [a’,b'] and H(f) =n if and only
if n is even and one of the following conditions is fulfilled:

(i) Fl[q,cq) s a Teversing correspondence and

F(a)> F(ca)>...> F(cn_2) > F(c,) > a, (4.9)
F(Cl) < F(C3) <. < F(Cnfl) <cy,
where either F(a) > F(c2) and F(c,) = a or F(a) = F(c2) and F(c,) > a (see Figs. 3 and 4).
(ii) Flic, . is a reversing correspondence and

F(b) < F(Cn_l) < F(Cn_g) <. < F(Cl) < b, (410)
F(cn) > F(ep—2) >...> F(c2) > cp,

where either F(b) < F(cp—1) and F(c1) =b or F(b) = F(cp-1) and F(c1) < b (see Figs. 5 and 6).
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C2 C3 (4

1

Fig. 3. F(a) > F(c2) and F(c4) = a.

Co C3 Cq

C1

F(c2) and F(cq4) > a.

Fig. 4. F(a)

C4

C3

[&]

Fig. 5. F'(b) < F(c3) and F(c1) =b.

C4

C3

&1

F(c3) and F(c1) < b.

Fig. 6. F'(b)
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Proof of Theorem 4.3. First, we prove the necessity. Assume F' has a continuous iterative root f of order
n = N(F) such that f is strictly decreasing on [a’,b'] and H(f) = n. Then n is even, and we infer from [6,
Theorem 15.10] that F|p, p is a reversing correspondence. From Lemma 4.1, we need to discuss in the two
cases: S(f) ={ec1} and S(f) = {cn}.

In the case that S(f) = {c1}, by Lemma 4.2 we have f(¢;) = ¢;—1 for every i € {2,...,n}. Then

F(c¢)) = """ ey), i=1,..,n. (4.11)

It suffices to consider cases (CEQ2) and (CEQ3) since the situation of (CEQ1) was done in Lemma 2.4.
Assume that F satisfies (CEQ2) (resp. F satisfies (CEQ3)). Then there is 2’ € I\[a, ¢1] such that F(z') = a
(resp. there is y’ € I\[a,c1] such that F(y') = ¢1). We only discuss case (CEQ2) because the other one
can be proved similarly. Since flj, ) is a self-mapping and strictly decreasing, it follows that f(c1) = a
and f(a) < c;. Note that f*~! is also decreasing in [a, c1], we see from (4.11) that F(a) = f*~(f(a)) >
f"1(c1) = F(c2). Furthermore, for even i € {1,...,n — 2} we have

F(e;) = [ e) = 7771 (er)) > 77 er) = Fleigo).

Similarly, for odd ¢ € {1,...,n — 2} we have F(¢;) < F(c;42). Moreover, using (4.11) again, we get F(c,,) =
f(c1) =aand F(c,—1) = f%(c1) < c1. Thus, both the strict inequalities and equality given in (i) are proved.
In the case that S(f) = {¢,}, by Lemma 4.2 we have f(¢;) = ¢;41 for every i € {1,...,n — 1}. Then

F(ci) = filen), i=1,...,n. (4.12)

Assume that F satisfies (CEQ2) (resp. F satisfies (CEQ3)). Then there is 2’ € I\[c,,, b] such that F(z') = ¢,
(resp. there is y' € I\[c,, b] such that F(y') = b). It suffices to consider (CEQ2) because the other one can
be discussed similarly. Thus, f(b) = ¢, and f(c¢,) < b. Furthermore, it follows from (4.12) that F(b) =

S (0) = f7Hen) = Flen—1) and
F(ei) = fien) = f72(F2(en)) > [ 2 (en) = Fleioz)

for even i € {3,...,n}. Similarly, for odd i € {3,...,n} we obtain F(¢;) < F(c;—2). Using (4.12) again, we get
F(e1) = f(en) <band F(ca) = f%(cn) > ¢, Thus, both the strict inequalities and equality given in (ii) are
proved, and this completes the proof of necessity.

Next, we prove the sufficiency. We confine ourselves to the case (i) because case (ii) can be proved
similarly. Our strategy is to find a strictly decreasing continuous root fy of Fj, ] at first and then extend
fo to a continuous root on the whole interval [a,b]. Actually, under the conditions of (4.9), the proof of
Theorem 4.1 in [9] (pp. 296-297) shows that F|, ], no matter whether F'(a) > F(cz) or F(c,) > a, has a
strictly decreasing continuous iterative root fy : [a,c1] — [a,c1] of even order n fulfilling condition (4.11),
ie.,

fo(F(ci)) = F(ci-1), i=2,...,n and fo(c1) = F(cn), (4.13)
which will be used in the extension. In order to extend f; from [a, ¢;1] to [a, b], let
fi(@) = fo" o F(z), Va € e, el
By (4.13), fo maps [F(c2), F(c1)] onto [fi'(c1), F(c1)] and F~14c) maps | o (e1), F(c1)] onto

[fo(c1), c1]. These imply that fy : [c1, c2] — [fo(c1), 1] is well defined, continuous and strictly increasing on
[c1, 2] since n is even. Further, let
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faw) = fil o fg™ 2o F(x), Va € [e2,c].
By (4.13), fa maps [ca, 3] onto [c1, c2], which is continuous and strictly increasing. Then we generally define
filx) = f Lo offtofi™ o F(z), VYz€le,civ] (4.14)
for i = 3,...,n. In view of (4.13)—(4.14) we obtain
file)=fiowofitofy "o F(e) = fi oo fi (folcr)) = ci1,
filcivr) = fh oo fitofy™ o Fleiyr) = fh oo fit(c) =

for i = 3,...,n — 1. Hence, f; : [¢;, ci+1] = [ci—1,¢] for i = 1,2,...,n is an orientation-preserving homeomor-
phism. Let

flz) = {fo(m)’ Vo € fa, e, (4.15)

fz(w)a Vo € (civci+1]7 = 1,2,...,1’L,
where f;s are defined in (4.14). Clearly, f is continuous on I because
ficile) = fih oo fito fo " o Fle;) = fiih oo fi (c1) = cioa

by (4.14). Moreover, for each = € I\[a, 1] there exists ¢ = 1,...,n such that © € [¢;, ¢;+1]. One can check
that

[ (x) = fy "o fio..ofi(x)
= giiofl°~-~°fi—1ofiil1O--'Offlof(;n+ioF(x)
= F(x)

by (4.14) again. Therefore, f defined in (4.15) is a continuous iterative root of F' of order n. This completes
the proof. O

Concerning the question on characteristic endpoints, studied in this paper and mentioned in the Intro-
duction, Theorems 4.2-4.3 give a complete answer to the existence of continuous iterative roots f of order
n = N(F) > 2 which are of the height H(f) = n and strictly decreasing on [a/,]. For 2 <n < N(F) + 1,
Theorem 4.1 denies the existence of continuous iterative roots f of order n which are of the height
H(f) < n— 1 and strictly decreasing on [a’,b'], but the existence of such roots f decreasing on [a, V]
of order n with the height H(f) = n is still open in the case n = N(F')+1 and the case that 2 < n < N(F).

5. Some remarks

First, we demonstrate our theorems with the following examples.
Example 5.1. Consider F; : [0,1] — [0,1] (see Fig. 7), defined by

%x—i—%, Vxe[&%],
Fi(x) := 72x+%,Vaz€(%,%),

-3, Vaze[31]

Please cite this article in press as: L. Li, W. Zhang, The question on characteristic endpoints for iterative roots of PM
functions, J. Math. Anal. Appl. (2017), http://dx.doi.org/10.1016/j.jmaa.2017.09.009




Doctopic: Real Analysis YJMAA:21677

14 L. Li, W. Zhang / J. Math. Anal. Appl. ese (eses) eee—see

F1—»

Fig. 7. Fy with N(F}) = 2.

! d Fy

Fig. 8. F> and fa.

Obviously, F; does not satisfy condition (K) because K(Fy) = [0,1] and Fy reaches 0 at the unique
point % ¢ [0, %] By Theorem 3.1, F; does not have a continuous iterative root f of order n > 1 which
is strictly increasing on K(F}) and satisfies either H(f) # n or H(f) = N(Fy) = 2. On the other hand,
by Theorems 4.1 and 4.2, F; does not have a continuous iterative root f of order n > 1 which is strictly
decreasing on K (F}) and satisfies H(f) < n — 1. Therefore, F} does not have a continuous iterative root f

of any order n > 1 which satisfies H(f) <n — 1.

Example 5.2. Consider F5 : [0, 1] — [0,1] (see Fig. 8), defined by

1T+ 15, Vaelog]
Fy(z): =< —tz+ 3 Vae(

-3, Ve

),
1.

3
1

)

[ [SS N TSN

Clearly, F> does not satisfy condition (K{) because K(F2) = [0, 1] and F reaches 0 at the unique point
3 ¢ [0, ]. Moreover, the assumption (i) of Theorem 4.3 is satisfied with n = N(F3) =2, ¢; = ; and ¢3 = 3

Z.
It is easy to verify that the mapping fs : [0,1] — [0,1] (see Fig. 8), defined by

—3r+ 3, Vel g,
fo(z) == %x—%, VJZE(%,%),
21}—%7 Vace[%,l],

is a continuous iterative root of Fy of order 2 such that H(fz) = 2.
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f3— 1
0 i 3 1

Fig. 9. F3 and fs.

Example 5.3. Consider Fj : [0,1] — [0,1] (see Fig. 9), defined by

2:1:+%, Vze[(),%],
F3(.’E) = _$+%7 Vaoe (%a%%
iz+ 3, Vel 1]

Clearly, F does not satisfy condition (Kg) because K(F3) = [3,1] and Fj reaches } at the unique point
0 ¢ [$, 1]. Moreover, the assumption (ii) of Theorem 4.3 is satisfied with n = N (F3) =2, ¢; = 1 and ¢p = 3.
One can check that the mapping f3 : [0,1] — [0, 1] (see Fig. 9), defined by

x+i, VIEG[O,%],
fa(x) =< 2z, Vaxce (i, %)7
—tz+ 3 vaeli ]

is a continuous iterative root of F3 of order 2 such that H(f3) = 2.

Our this paper is focused on the question on characteristic endpoints mentioned in the Introduction (also
seen in [15]). Assuming that F € PM(I,I) with H(F) = 1 such that (K*) holds but condition (K{) is not
true, we discuss for n = N(F), n = N(F)+ 1 and 2 <n < N(F) — 1 separately:

e For n = N(F), F has neither a continuous iterative root which is strictly increasing on [a,¥’] (Corol-
lary 3.1) nor a continuous iterative root of height < n — 1 which is strictly decreasing on [a, ]
(Theorem 4.1). A necessary and sufficient condition is given in Theorem 4.3 for the existence of it-
erative roots f of height H(f) = n which are strictly decreasing on [a/,’]. The existence of continuous
iterative roots f of height H(f) = n — 1 which are decreasing on [a’, '] is still unknown, which can be
reduced to the open problem (P) as indicated in the end of section 3.

e For n = N(F) + 1, F has neither a continuous iterative root which is strictly increasing on [a’, V']
(Corollary 3.1) nor an iterative root f of height H(f) < n — 1 which is strictly decreasing on [a’, V']
(Theorem 4.1), but the existence of such roots f decreasing on [a, b] is still unknown.

e For 2 < n < N(F), F has neither a continuous iterative root f of height H(f) < n which is strictly
increasing on [a’,b'] (Theorem 3.1) nor an iterative root f of height H(f) < n — 1 which is strictly
decreasing on [a/, '] (Theorem 4.1), but the existence of such a root f of height H(f) = n which is
increasing on [a’, '] is still unknown, which is proposed as the open problem (P).

e For n = 2, we obtain a necessary and sufficient condition for the existence of iterative roots f of height
H(f) =1 which are strictly decreasing on [a’,b'] (Theorem 4.2).
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Remark that the question on characteristic endpoints, which was raised in [16], does not concern about
those F' decreasing on the characteristic interval [a’, b']. However, for those F' decreasing on the characteristic
interval [a/, 0], the following result was also obtained in Theorem 10 in [16] (also seen in Theorem 5 in [15]),
which is in contrast to Theorem A stated in the Introduction.

Theorem B. Let F € PM(I,1) be of height 1. Suppose that (K~) F is strictly decreasing on its characteristic
interval K(F) = [a/,V] and, additionally, (Kg) either F(a') =b and F(V') =a’ ord < F(z) <V on I.
Then, for any odd n > 1, F has continuous iterative roots of order n.

Theorem 2 of [15] shows that condition (Kg) is necessary for odd order n > N(F') + 1 if (K~) holds.
Hence, it is also interesting to discuss a similar question: What happens if condition (K ), also called the
‘characteristic endpoints condition’ for decreasing case, is not satisfied?
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