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duality argument, we obtain the null controllability of the forward linear stochastic
Kuramoto—Sivashinsky equation by three controls, one is an internal control in
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equation the forward linear stochastic Kuramoto—Sivashinsky equation. According to this
Carleman estimate estimate, we obtain a unique continuation property for the forward linear stochastic
Observability Kuramoto—Sivashinsky equation.
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Unique continuation property

1. Introduction

The stochastic Kuramoto—Sivashinsky (KS) equation appears in the study of dynamic roughening in
sputter-eroded surfaces and, in principle, in any physical system modeled by the deterministic KS equation
in which the relevance of time-dependent noise as, e.g., fluctuations in a flux or thermal fluctuations, can
be argued for. In [7] the early and late time dynamics of the erosion model were numerically studied with
the conclusion that they are the same as those obtained from the stochastic KS equation [15]. In [17], the
authors confirmed this result by showing analytically that the stochastic KS equation yields the continuum
description of the erosion model.

In this paper, we establish new global Carleman estimates for the backward linear stochastic KS equation

dz — (kzza + Zezae)dt = (pz +qZ + h)dt + Zdw in Q,

2(0,6) = 0= 2(1,t) 0 (0.7),
2(x,T) = zr(z) in T
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and the forward linear stochastic KS equation

dz + (kzpe + Zpgae)dt = (pz + f)dt + (g2 + g)dw  in Q,
z(0,t) =0 = z(1,t) in (0,7),
2:(0,t) =0 = 2,(1,1) in (0,7),
z(x,0) = zo(x) in I

(1.2)

with suitable coefficients p and ¢. In (1.1) and (1.2), I = (0,1),T > 0,Q = I x(0,T), k > 0 is the antidiffusion
parameter.

In recent years, many efforts have been devoted to studying the Carleman estimates for stochastic partial
differential equations:

« stochastic transport equations [24],

o stochastic heat equation [2,29,21,20],

« stochastic wave equation [31],

o stochastic KAV equation [9],

o stochastic Kuramoto—Sivashinsky equations [14],
o stochastic Schrodinger equation [23],

o stochastic fourth order Schrédinger equations [13]
o stochastic Kawahara equation [11]

Through this paper, we make the following assumptions:
(H1) We denote by L?(I) the space of all Lebesgue square integrable functions on I. The inner product
on L?(I) is

w, V)2 = | uvdx
(u,v) L2 (1) ;

I

for any u,v € L*(I).

H?*(I)(s > 0) are the classical Sobolev spaces of functions on I. The definition of H*(I) can be found in
[18].

(H2) Let (Q, F,{Fi}1>0, P) be a complete filtered probability space on which a one-dimensional stan-
dard Brownian motion {w(t)};>¢ is defined such that {F;};>¢ is the natural filtration generated by w(-),
augmented by all the P-null sets in F. Let H be a Banach space, and let C([0,T]; H) be the Banach space
of all H-valued strongly continuous functions defined on [0, 7. We denote by L%(0,T; H) the Banach space
consisting of all H-valued {F;}+>o-adapted processes X (-) such that E(||X(')||%2(O,T;H)) < oo, with the
canonical norm; by L¥ (0, T; H) the Banach space consisting of all H-valued {F;};>o-adapted bounded pro-
cesses; and by L%(Q; C([0,T]; H)) the Banach space consisting of all H-valued {F;}:>¢-adapted continuous
processes X (-) such that E(HX(-)H?C([O,T];H)) < 00, with the canonical norm.

(H3) Unless otherwise stated, C' stands for a generic positive constant whose value can change from line

W

to line. If it is essential, the dependence of a constant C' on some parameters, say
c(:).
(H4) Let ¢ (z) = (z — x0)? + do, where Jg is a positive constant such that ¢ > %Hd)HLw(U and xg > 1.

, will be written by

@) _ 5wl Looryn
For any given positive constants A and u, we set p(x,t) = et )2?;7t)L ! 1= Xp, 0 =¢cl and p(z,t) =

el ¥ (@)

T V(z,1) € Q.
(H5) p,q,a,b € LF(0,T; L>(I)).
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1.1. Global Carleman estimate for the backward linear stochastic Kuramoto—Sivashinsky equation and its

application
The first result in this paper is the following new global Carleman estimate:

Theorem 1.1. There are two positive constants \o and C' such that for all (z, Z) € (L%(; C([0,T); H3(1)))N
L%(0,T; HY(I))) x L%(0,T; H3(I)), h € L%(0,T; L*(I)), satisfying (1.1) and all

A > )\07
it holds that

E / o022 + N3030222 + N5pP0222 + N7 02 2% dxdt
(A0*(0,1)6%(0,1)22,(0, 1) + Ap(0,1)6°(0,1)22,,(0, 1))t (1.3)
(02h2 + A4¢49222>dmt} .

Remark 1.1. The well-posedness of (1.1) is established in Proposition 2.1.

Based on the above results, we can consider the null controllability of the following forward linear stochas-
tic KS equation

y(0,t) = uy(¢t),y(1,t) =0 in (0,7), (1.4)
Y2 (0,t) = ua(t),y.(1,¢) =0 in (0,7), ’
y(z,0) = yo(z) in I

where yq is the initial state, y is a state variable and the control variable consists of the pair (u1,us,g).
The control problem of deterministic KS equation has been studied in several papers [5,10,1,6,4,26,12,27].
However, there are very few results for stochastic KS equation. To our best knowledge, the only known result
is due to [14], [14] obtained the internal null controllability of forward and backward linear stochastic KS
equations.
By means of the duality argument, we can obtain the following null controllability result for system (1.4).

Corollary 1.1. System (1./) is null controllable. Namely, for any given yo € H=2(I), one can find controls
(u1,u2,9) € L%(Q; L?(0,T)) x L%(9; L*(0,T)) x L%(0,T; L*(I)) such that the solution of (1.4) satisfying
y(T)=014n I, P-a.s.

Further, we have the lack of null controllability for (1.4) with only one control g.

Proposition 1.1. If u; = ug =0 in (1.4), then system (1.4) is not null controllable at any time T.

1.2. Global Carleman estimate for the forward linear stochastic Kuramoto—Sivashinsky equation and its

application

For (1.2), we have the following global Carleman estimate.
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Theorem 1.2. There are two positive constants Ao and C such that for all y € (L%(Q;C([0,T]; HZ(I))) N
L3%(0,T; HX(I))), f € L%(0,T; L*(I)), g € L%(0,T; L*(1)) satisfying (1.2) and all

>\ 2 A07
it holds that

E / Npf222 .+ N3030222 + N5pP0222 + N7 02 2% dxdt
Q

T
<C [E / (N?@?(0,)0%(0,8)22,(0,1) + Ap(0,£)6%(0,1)22,.,(0,1))dt + E / (0% % + A‘*M“@Qf)dxdt} :
0 Q

(1.5)
Remark 1.2. The well-posedness of (1.2) is established in Proposition 2.2.
Applying Theorem 1.2, we can obtain the following unique continuation property:
Corollary 1.2. Let z solve
dz + (kzge + Zeges)dt = azdt + bzdw in Q,
z(0,t) =0 = z(1,1) in (0,7), (1.6)
22(0,t) =0 = 2z,(1,¢) in (0,7, ’
z(x,0) = zo(x) in I

with the initial state zy € HZ(I). If
222(0,t) = 2222(0,8) =0 in (0,T7), P —a.s.,
we have
z=0 in @, P—a.s.

This paper is organized as follows. In Section 2, we establish the well-posedness of (1.1), (1.2) and (1.4).
Section 3 is devoted to the proof of Theorem 1.1 and Theorem 1.2. In Section 4 we prove Corollary 1.1,
Proposition 1.1 and Corollary 1.2.

2. Preliminaries
In this section we prove the well-posedness results we need along this paper.

Definition 2.1. A pair of stochastic processes (z, Z) is said to be a solution of (1.1) if

(2,7) is L*(I) x L*(I) — valued and F; — measurable for each t € [0, 7],
(2, Z) € (LE(Q;C([0,T); L*(1))) N L3(0, T3 HF (1)) x L%(0,T; L*(1)),
2(T)=zrin I, P — a.s.

and
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T
/vadx :/ vdx—i—//zm YUz dads
! T ! (2.1)

+ // (kzzew + pz + qZ + h)vdads + // s)vdzdw

t

holds for all ¢t € [0,7T] and all v € C§°(I), for almost all w € Q.

Consider the one-dimensional fourth order elliptic operator A on L?(I) as follows

D(A) = Hg(I) N HY(I),
Ay = Yeazz Yy € D(A).

Let {¢r}32, be the corresponding eigenfunctions of A such that ||pg|/z2() =1 (k= 1,2,3,---), which
serves as an orthonormal basis of L?(I) (see [25, Theorem 8.94]), {\;}$2, be the corresponding eigenvalues
of A such that Apyr = Mo (K =1,2,3,--+).

Proposition 2.1. If p,q € L¥(0,T;L>(I)), zr € L*(Q, Fr, Py HZ(I)),h € L%(0,T; L*(I)) are given. (1.1)
admits a unique solution (z,Z) such that

12l 2 (0,152 (1)) N 220,754 (1)) + 1 21| L2 0,752 (1)) (2.2)
< [HZT”L2 @.Fr. Pz T 1Pz 01021y

where C' = C(p,q,k,T). Moreover, for any 0 <t <ty <T, it holds that
Bl 1y < CEIE) 20y + B S I5($)][221)d5). (2.3)

Proof. Inspired by [28, P1220] and [16], we use the Galerkin method.
Let

P, :L*(I)— H,

be the projection where H,,, = span{¢1, 2, ", Ym}-
We consider the system

o = Za”c +wacm+h )dt + CJ"duw,
j=1

' (T) = (PmZT»SOz')LZ(I)

(2.4)

where
Qij = [(P%‘a %‘)L?(I) + (k‘Pj:r:r: + Yjzzza, %)Lzu)],
bij = (a5, Pi) L2 (1)
hi = (h,@i)r2(r)

fori,j=1,...,m

It follows from the classical theory of backward stochastic differential equations ([30, P355, Theorem 3.2])
and ([3, P119, Theorem 4.2]) that (2.4) admits a unique solution (¢"(t), C"(t)), such that
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B sup |0 + B / O @) Pd < C(p,g, hym,i).

0<t<

Let us write

= Zcznsohzm = Zczmcph
=1 =1

it follows from (2.4) that (2™, Z™) satisfies the following equations

d(z™, o) 2y — (B2, k) 12(1) + (Zihess Pk) L2(n)]dt
= (pz™ +qZ™ + W pr) 2 dt + (2™, pr) L2 dw.

By It6’s rule, we have

T
125 N2y + /[QHZ;"me%z(z) H1Z5 122 ds

t
T

 [(Prer)ea o, — / (ka2 )

t

T
=+ (pzmvz;na:xm)lzz( I) (qu ;me)Lz([) =+ (Z;?a:mm’h ) }d5_2/( a:a:mm’Zm)Lz(I)dw'
t

Let E77 X be the conditional expectation E(X|F,).
By taking the conditional expectation in (2.7) for 0 <r <t < T, we get

T

2 T2y + BT /[2||Z.Z?m||2p(1) +1Z2 72 (r))ds
t

E]:"

T
N Poor) e [2gs) — B / 2k M) e

t

+ (pzm’ Z;’Z)J)J;)L2(1) + (qu’ ZJTUTLJ;J;J;)LQ(I) + (Z;Z,a,mﬂ h‘m)L2(1)]dS
It follows from the Holder inequality, Poincaré’s inequality, Cauchy inequality and (2.8) that

T

E]:THZI ( )”L2 +E}- /[2||Zmzzz||L2 (I) + ||Z:v:v||L2 ]dS
t

T
< BT (Przr)aallT2 ) + Clp g, K EFT/ 25l Z2 () + IR 22y + 1127 F2(r))ds
t

B / [
t

for Ve > 0. If we take ¢ << 1 in the above inequality, we have

(2.5)

(2.6)

(2.8)
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T

E7 2 Ol + B /[Il%’imllizm +1Z N 22 r))ds
t
T

< Cp, ¢, F)ET (| (Prnzr)ae 72 (1) + /(”ZﬁH%z(z) F IR T2y + 127172 () )ds]-
t

By taking the expectation on both sides, one gets

T
Bz Oz + E/[Ilzgl'émlliz<z> 12572 ) lds
t

T

< C(p, ¢, KBl (Pmer)ealZzr) +/(H2£"1H%2(1) R G2y + 127 1221 )ds]- (2.9)
t

By the same method as above, we can obtain that

T
E”Zm(t)H%?(l) + E/[QHZZ;”%Q(I) + ||Zm||%2(1)]d5 = E||PmZT||2L2(1)
t

T

—E/Q[(k«zﬁv 2™ g2y + (02" 2" ) L2y + (@27 2" ) L2y + (27 R L2 ()] ds.
t

According to Cauchy inequality and Poincaré’s inequality, it holds that

T
Bllz"ONZ2qr) + E/[Ilzg’;'illizu) +1Z™ (12 (1))ds
t

T
< C(p,¢,k, &) Elll Pnzrll72 ) +/(||Zm||2L2(1) + 1™ 72 1) )ds]

t
T
428 [ e + 127 ) ds.
t

If we take € << 1 in the above inequality, we have

T
Bl + E/[IIZ;ZIIQm(z) +1Z™ 12 (1))ds
t

T
< C(p,q. k) E[|PmarlZ2 () +/(Hzm||2m(z) + ™[z ) )ds)- (2.10)

t

Applying the Gronwall inequality, we can obtain

T
E|lz" )72y < C(p.a. k, T)E(|| Pmzr |72 +/||hm||2L2(1)d8)-
t

Please cite this article in press as: P. Gao, Global Carleman estimates for the linear stochastic Kuramoto—Sivashinsky equations
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Combined this inequality with (2.10), we have

T
B [ e + 127 3lds < Ol gk DB sz oy + [ 107 andsl. (211)
0 0

Applying (2.11) to (2.9), it follows from the Poincaré’s inequality that

T
Bl Ol + B /[HZ;’;mHQLz(z) + 12572 ) lds
t

<C(p,q, va)E[H(PmZT)mHim)+/||hm||ia(1)d8]- (2.12)
0
It is easy to see that
B2y ®lZ2) < C(p.a. b, T)E(| (P21 well72 (1) +/||hmHi2(1)dS), (2.13)
0
and
T
B [euelacn + 122 s s 214
0

SC(p,q,k,T)E(H(PmZT)mlliz(z)+/Hhmlli2(1)d5)-
0

Moreover, we have

T

oSup Bz Oy < Cpa, b, T)E(( mZT)m\Ing)+/IIh 1221y ds).

It follows from the Burkholder-Davis—Gundy inequality, Cauchy inequality and (2.7) that

T
B sup |20l + B / 1o 2y + 12 2
0

<en( swp [0 30
0<t<T

T

+C(p, 4.k, T, &) Bl (Pmz1) | 221y +/(||Z$(t)l\%2(z) + 2w T2y + IR 1221 dt]
0

for Ve > 0. Thus, if we take € small enough, we have
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T
0<t<T /

T

< Cp, ¢,k T)Ell(Prn#1) | 221y /(HZzz||L2 ) 12 |22 ) + 1R 72 ) )] (2.15)
0

Applying (2.14) to (2.15), we have

E sup ||Z;-T;:(t)||2L2(I)+E [Ilza’?mllim)+||Z§7;||%z(z)]dt
0<t<T

Ot~

< C(p, g, by T)E(|(Pror)ae |2cr) + / 1™ 122 ).
0

It follows from the Poincaré’s inequality and Gagliardo-Nirenberg inequality (see [8]) that
T
B sup | Ol + B [ 11 By + 127 gl
0<t<T J

< C(pv q, k7T)E[HPmZT||§—Ig(I) + / Hhm”%Q(I)dt] (216)
0

By the same argument, we also have, for m >n > 1,

T
E sup 12" () = =" (D) 12731 JFE/[HZm = 2" sy H 127 = Z" |3 )it
0

0<t<

T
< C(p, a4k, T)E[| Pzt — Pazr |3z + / [ = h™ |2y dt]. (2.17)

Next we observe that the right-hand side of (2.17) converges to zero as m,m — oo. Hence, it fol-
lows that {(2™,Z™)}°_, is a Cauchy sequence that converges strongly in (L%(Q;C([0,T]; HZ(I))) N
L%(0,T; HY(I))) x L%(0,T; H3(I)). Let (z,Z) be the limit. It is apparent that (z,Z) satisfies the ter-
minal and boundary conditions in (1.1), and (z(t), Z(t)) is Fs-adapted for each t € [0,T]. Also, it follows
from (2.6) that (2.1) holds. By passing m — oo in (2.16), we arrive at (2.2).

For the uniqueness of the solution, we suppose that (z1, Z1) and (22, Z3) are two solutions of (1.1). Let
z =21 — 29,4 = Z1 — Zs. Then

T
E sup ||z(t) 3z + E/[Hzniﬂu) + 12152 p))dt < 0,
0<t<T J

thus z = Z = 0 for any ¢ € [0, T, for almost all w € Q.

Please cite this article in press as: P. Gao, Global Carleman estimates for the linear stochastic Kuramoto—Sivashinsky equations
and their applications, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.04.033




Doctopic: Optimization and Control YJMAA:22187

10 P. Gao / J. Math. Anal. Appl. sss (ssss) sse—ses

By the same method in the proof of (2.13), we can obtain

to
Bz (t)172(ry < Clps gk TYVE(|1225 (02) 1721y +/||hm||2L2(1)d8)
t1

for any 0 < t; <ty <T. It follows from the Poincaré’s inequality that

to
Ellz™ )32y < Clos b, T)E([2™ (t2) 2 ) +/||hm||%2(1)d8)~ (2.18)
ty

By passing m — oo in (2.18), we arrive at (2.3). O

In order to deal with L2-regular boundary data, we present the next regularity result. Taking into account
the continuous embedding H*(I) C C3(I), from Proposition 2.1, we directly obtain:

Corollary 2.1. There exists a constant C = C(p,q,k,T) such that for any solution (z,Z) of (1.1)
2220, )l 2 (,22(0,1)) + 2222(0; )l L2 (2, 22(0,1))
< Olller 2,77, psmz(1)) + 1Bl L2 (0,752 (1)) s (2.19)
where zp € L*(Q, Fr, Py HZ(I)) and h € L%(0,T; L*(I)).
By the same methods in Proposition 2.1 and Corollary 2.1, we have the following results.

Proposition 2.2. If p,q € L¥(0,T;W?>(1)), zp € L*(Q,Fo, P;H3(I)), f € L%(0,T;L*(I)), g €
L%(0,T; H3(I)) are given. Then (1.2) admits a unique solution z such that

121 L2 (0 (0,71 H2 (1)) L2 (0,754 (1))
< Clllzoll 22,70, PsHZ(1)) + ||f||L2F(0,T;L2(I)) + ||9||L2;(0,T;Hg(1))]a (2.20)
where C' = C(p,q,k,T). Moreover, for any 0 < t1 <ty <T, it holds that

to

Bll2(t2) sz ry < CE(l2(t) 22 0r) + / ()3 + ()33 1y ). (2.21)

t1

Corollary 2.2. There a constant C = C(p,q,k,T) such that for any solution z of (1.2)

2220, ) L2 (,22(0,1)) + |2222(0, )| 2., L2(0.1))
< C[||ZOHL2(Q,f0,P;Hg(I)) + ||f||L§_-(O,T;L2(I)) + ||9||L2F(0,T;Hg(1))]a (2.22)

where zg € L*(Q, Fo, P; H3(I)), f € L%(0,T; L*(I)) and g € L%(0,T; H3(I)).

Now, referring to [22,18,19] for the transposition method, we can give a meaning to the solution of (1.4).
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Definition 2.2. A stochastic process y € C#([0,T]; L?(€; H=2(I))) is said to be a solution of

dy + (kYzz + Yooaa)dt = (ay + f)dt + (by + g)dw in Q,
y(0,1) = wa (1), y(1,t) = 0 in (0,7),
Yo (0,2) = uz(t), y=(1,1) = in (0,7),
y(@,0) = yo(x) in 1,

(2.23)

if for every 7 € [0,7] and every z, € L?(Q, F,, P; H3(I)) it holds that

E(y(r), ZT)H*Q(I),H(%(I) — E(yo, z(',o))H*Z(I),Hg(I)

T

=F /(_ul(t)zxmm(oa t) + ’U,Q(t)me(O, t)>dt

0

+ E/[(f, 2) 21,121y + (9 Z) m—2(1),m2(1))dt,

where (z, Z) is the solution to (4.1) with terminal state z, in the domain I x (0, 7).
For (2.23), we have the following well-posedness result.

Proposition 2.3. Let yo € H?(I),uy,us € L%(, L*(0,T)), f € LY(0,T; H (1)) and g € L%(0,T; H~2(I))
be given. Then (2.23) admits a unique solution y € Cx([0,T]; L?(Q; H=2(I))) such that

HyHCr([O,T];LZ(Q;H*%I))) < C(H?/O”H*?(I) + Hf”Ll 0,T:H-2(I)) T ||9HL2 (0,T;H—2(I))

Hlurllz @,z2(0,m)) + w2l L2 (.02(0,1)))- (2.24)
where C' = C(a,b,k,T).

Proof. The main idea in this part comes from [22,5].
Let us define a linear functional F on L?(Q, F,, P; H3(I)) as

T

F(z;) = E(yo, Z('vo))H*Q(I),HUZ(I) + E/(—ul(t)zmx((),t) + ug(t)242(0,t))dt
0

T

E/[(ﬁ 2)g—2(n),12(1) + (9, Z) a—2(1),m2(n))dt
0

Applying Proposition 2.1 and Corollary 2.1, we can obtain that the solution (z, Z) for (4.1) satisfies

2l 2 uco.m:m2(0)) + 121 L2 0,mm2(0)) < CllzrllL2.7, pimz 1))

2220, )2 (,22(0,7)) T 12222(0, )l L2 (2,22(0,7)) |L2(0, 7, PiHZ (1)

Thus

|F'(z)| < Clllyolla—2ry + 1 fllyo,7m-2(0)) + 9l 220,752y

+ w2 @, z20,m)) + lu2llLz @,22(0,1))

5(1)

T
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Hence, we get that F is a bounded linear functional on L*(Q,F,, P; HZ(I)). It follows from the Riesz
Representation Theorem that there exists a unique y, € L?(Q, F,, P; H=2(I)) such that

F(z:) = E(yr, ZT)H*Z(I),Hg(I)
for any z, € L?(Q, F,, P; H3(I)) and
HyTHL?(Q,}),P;H*Z(I}) < C(||yo||H72(1) + Hf”L}T(O,T;H*?(I)) + ||g||L2F(O,T;H*2(I))
+ lwllzz @20,y + w2l Lz .220.7)))

for any T € (0,7T).
Define a process y(-) by

y(r) = yr
for any 7 € (0,T).

Now we prove that y € Cx([0,T]; L*(Q; H2(1))).
Indeed, let 7 € [0,T) and & € L(Q, Fr, P; H3(I)). Consider the following random KS equation

Et — (k‘ZI + mez) =—az in I x (T’T + 5)’
)

; in (7,7 +9),
~ N 2.25
z:(0,t) =0 =Z,(1,¢) in (1,7 +9), (2.25)
Z(r)y=E(| F- in I,
with § > 0 satisfying that 7+ 6 < T.
It is easy to see that
. ~ =12 _
61_1)I(I)1+ Elz(r +6) - Z(T)”Hg(]) =0
and
Jim BB | Fris) = BE | Fo)lla) = 0.
Thus we have
i B+ )~ BE| Fras)aery = 0. (2.26)

Let (21, Z1), (22, Z2) and (z3, Z3) satisfy

dz1 — (kz1ze + 21220z )dt = (—azy — bZy)dt + Zydw  in I x (0,7 +4),
21(0,t) =0 = 21(1,1t) in (0,7 +9),
212(0,t) = 0 = 2z1,(1,1) in (0,7 +9),
21(,7+6) = B(€ | Fres) in 1,

dzo — (kzoze + 220202 )dt = (—aza — bZ3)dt + Zodw  in I x (0,7 + 9),
22(0,t) =0 = 2z2(1,1) in (0,7 +9),
292(0,t) = 0 = 29,(1,1) in (0,7 +9),
zo(x, 7+ 0) =Z(1+9) inI

and
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ng — (k231£ + Zgﬁrﬁx)dt = (7(123 — ng)dt + ngw in I x (0, 7'),
Z3(O7t) :0:23(1at) in (077—)5
23:(0,t) = 0 = 23,(1,t) in (0, 7),
z3(z,7) = E(§ | Fr) in I.

It follows from (2.26), Proposition 2.1 and Corollary 2.1 that

513& 121 = 22/l 0,mm2(1)) = 0,

S 12y = 2|13 0.y = 0,

S 121000, ) = 22000, )23 . 220,7) = 0, (2:21)
Jm (1210000, ) = 222000, )23 @,220,7) = O,

5£%+ [21(+,0) = 22(+, 0)[| L2 (2, 2 (1)) = O-
By the uniqueness of the solution to (2.25) and (4.1), we have

z3 = 22 in I x (0,7), (2.28)
ZgZZQ inIX(O,T). ’

From the definition of y(7), we have

E(y(r +96) = y(1), &) a—2(1),m2(1)
E(y(r+6), ) a—=y,m20) — EW(T), ) m—=21),m2(1)
(Y(T+0), B | Fres))u—2y,m2) — EW(T), EC€ | Fr))m—=21),12(1)

=F
E(yo,21(0) = 23(0)) g—2(1y,m2(1) + E/[(f, 21— 23)g—2(1),m2(1) + (9, Z1 — Z3) g—2(1),m2(1)ldt
0

T

+E/[—u1(t)(zlzm(0,t) — 23202(0, 1)) + u2(t) (2122 (0, ) — 2324(0,1))]dt

Qr+6 T+
+E / (—u1(t)21222(0, 1) + u2(t)2122(0,1))dt + E / (f,21) m—2(0),m2(1) + (9, Z1) 5—2(1), 152 (1)l L.

It follows from (2.27) and (2.28) that
5&%& E(y(t+0) = y(1), ) m—=2(1),m2(1) = 0,

for any ¢ € L*(Q, Fr, P; H3(I)).
Similarly, we can show that for any 7 € (0, T,

5&%1— E(y(r +96) = y(1), &) 21,121 = 0,
for any ¢ € L*(Q, Fr, P; H3(I)).
Hence, we have y € Cx([0,T); L*($; H2(1))).
Further, we prove the uniqueness of the solution.
Indeed, let y1(-) and ya(-) be the solutions of (2.23), we have
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E/yl(x,T)zT(x)dx = E/yg(:c,T)zT(x)dx

I I

for all 7 € [0,7] and 2, € L*(Q, Fr, P; H3(I)). This concludes that y; = y2. O
3. Proof of Theorem 1.1 and Theorem 1.2

In this section, we first obtain an identity for a stochastic fourth order parabolic operator, which plays a
key role in the proof of Theorem 1.1 and Theorem 1.2.

Proposition 3.1. Let | € C®(R x R,R) and § = e'. Assume that y is a continuous H*(R)-valued
{Fi}t>0-adapted semi-martingale. Put

Ly = dy + 6Yzzzadt,

u = Oy,

Pl = [6ua:x;uv + (B2ux)m + (BO - lt)u]dtv

Py = du+ (Cou + Cruy + Cotigy + Catigzy )dl,
P = 5uwwwz + (B2uw)m + BOU/7

where

Ag = 0(12 + Alplywe — logas — 612050 + 312,) — 1,
Al = 45<_l;?; + 3la:lza: - lwwz)a

Ay = 6(5(1% - lww)7

Az = —46l,,

0 is a constant and the coefficients By, By, Cy, C1,Co,Cs are functions. Then for a.e. x € R and P-a.s.
w € Q, it holds that

2P9Ly = 2PP+ (W {} +ui{} +ul {-} +ul,,{})dt
+({ Yo + {}ea + { Fowa)dt + dM (3.1)
+(—0)(dugz)? + Ba(dug)? — Bo(du)?,

where

u?*{-} = u*{0Cos0e — (B22C0)s + (B2Co) 2z — Bor + 2BoCo — (BoCh )
+ (BOCQ)zm - (BOCS)zmc}a
u2{-} = u2{-46Coss — 6C1yzz + B2y — 2B2Co + 2B, C1 — (B2C1)y — (B2:C2)s + (B2xC3)
—2ByCs + 3(BoC3). },
uix{} = uﬁx{2500 =+ 3601;6 =+ 5029c9c + 2B5Cy — 2B5,C3 — (Bgcg)x},
u’ixz{} = uimx{_QgcQ - 5C3x}a
{}e = {20Uszadu — 20Upduy + 26Coutiyey + 26Coru2 — 36Cozmpu? + 36Cou’
+ 35C'1mu32,; — 3(56’1ufm — 250233“235 + 5C'3uim + 2Boug du + B2x00u2
— 2(3200)9311,2 + BgC’lug + ngCQUi — 2(B2x03)xu§ + BQC?,U?H + B001u2
— 2(Bng)zu2 + 3(B()C3)gmu2 — 3B()C3u3:}z,
{}gjm = {—5001,& + 3500195112 - 3501mu§ + (SCQUix + BQC0U2 + 3210311,:2,0
+ BOC(2'UI2 - 3(3003)xu2}117
{}a:;rw = {_600xu2 + 501”2 + BOCSUQ};Ea:wy
M = 5’[11%1 — BQ’U,% + Bo’u,g.
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Proof. According to
9POLy = 2PP, + 2PP;,
we need to compute
2PPs.
First, we consider
26U Po. (3.2)
Each term in (3.2) can be computed as follows:

20Uz At = 26 (Upppdt — Uppduy ), + 8(du2, — (dug,)?),

20U 322 Cott = 26 (Cotttipry )z — 6[(Cou2)zz — 2(Copu2) s — 2Cou2, + Cozzt2 + (Coxti?) pas
- 3(009cxu2):c:c + 3(009656:16“2 - COacui)ac + 300:6:1)”% - COacacaca:u2L

25u:cacacaccluzc = 5[(011/43):63935 - S(leui)x:c + 3(019096“3 - Clufm)x + 301%“?3 - Clwcacui]y

20Ugz02 Calges = 5[(03u2 )x - C3;cu2 ]

By a similar argument, calculating each term in 2(Bauy ), Ps and 2BguPs, we obtain

2(Bauy ) pdu = 2(Bougdu), + Boguldt + Bo(duy)? — d(Bau?2),

Q(BQUI)ICO’U, = (Bzw00u2)w - (ngCo)zu2 + (BQC()UQ)JM - 2((320())1;’11,2)1 — 23200’(1,33
+ (B2Cp) gati®,

2(Batiy) 1z Crty = 2B, Cr1u2 + (BoCru2), — (B2Ch)au2,

2(Batiy )z Cotizy = 2B2Cou2, + (BayCou?)y — (BoypCo) 2,

2(Batg) e Cstzzs = (B2gCsu)zs — 2((B2gCs)pu2 )y — 2BagCsu, + (B2yC3)pau?
+ (B2C3u3,)x — (BaC3) s,

2Byudu = d(Bou?) — Bosu?dt — Bo(du)?,

2BouCou = 2ByCou?,

2ByuCu, = (BoCru?), — (BoCh),u?,

2ByuCatize = (BoCau?)zs — 2((BoC2)pu?) e — 2BoCau + (BoCa)gaul?,

2BouC3lgzy = (BOCZSUQ)xmc - 3((3003)xu2)x:c + (3(3003)9056U2 - 3BOCBUi)x
+3(BoC3)2u2 — (BoC3)zurti®.

From the above identities, we can obtain (3.1). O
Now, we can prove the global Carleman estimate in Theorem 1.1.

Proof of Theorem 1.1. Similar as in [10], it is enough to prove (1.3) for all (z, Z) € (L%(Q; C([0,T]; HZ(I)))N
L3(0,T; HY(D))) x L3(0,T; HA(I), h € L0, T; L2(D)), satistying

A2 — 2ppundt = hdt + Zdw. (3.3)

In fact, assume that we have proved (1.3) for (3.3), then for (1.1), we have

E /()\g0¢9222 + X3030%22 4 X502 22 + X" 0% 22 dadt

rrx
Q
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< C(E/92|kzm +pz+qZ+h|2dxdt+E//\4go402Z2dzdt
Q Q

T
+ E/ (A33(0,1)0%(0, )22, (0, ) + Ap(0,£)62(0, ¢) m(o,t))dt>

0
C(E/ (0222, + 0222 + Mp102 22 + 02h2)dwdt

IA

+ B [ (VH(0,000%(0,6)22,(0,1) + Ap(0,1)6%(0,1)22,.,(0, ))dt ) (3.4)

o\’ﬂ

thus when A is large enough, it is possible to absorb E/Gzzixdxdt, E/@Qszxdt with the left-hand side

Q Q
of (3.4), concluding that (1.3) also holds for (1.1).

Now, we prove (1.3) holds for (3.3).
We apply Proposition 3.1 with § = —1,y = 2z and set

By = —1% — Al lppy + 212100 — 312,
By = Tly, — 612,

then

Co = Ao+ li — Bo = —lyawe + Hilea,
C1 = Ay — Bog = 413 — 3l

Cy = Ay — By = =g,

C3 = Az = 4l,.

According to (3.1), we have

L (G R PRI ER R R PR AR

+/T({-}w+{-}m+{-}m)dt+/TdM
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T T T
+ / (ditan)? + / Ba(dus)? / Bo(du)?. (3.5)
0 0

By the definitions of p, ¢, ), it is obvious that for n € N

|0yl < CW)u"p, 107p] < C()T
el <CTY?,  |pu| < CT?°.

6 10
Observe that<p< <p2§ 16<p < 64904§2TR90 —1Toﬁ90 .

For the term u2{ = 1242 in (3.5), if we choose A > puC(¥)(T + T?) with C(¢)) large enough, then it
holds that

—Cozazzr — (B2:Co)z + (B2C0)ze — Bot +2BoCo — (BoCh)
+ (BOC2):vw - (BOC?)):DMU - ltz
= 20A"u" Y5 + Ro,

where |Ro| < C(p)N """
Namely

u?{- -} = 12u? = 200" B Bu? + Rou®. (3.6)
Using the same method, we can obtain that

u2{---} = 10\ ubp®ySu? + Rlu
wlpo{s -} = 20Ul + Ryl (3.7)

where

|R1| < C()Np°p°
|Ry| < C()N°pp?
|Rs| < C(¢) M. (3.8)

By the Cauchy inequality, we know that there exists a positive constant C' such that

(duge)? + Ba(dug)? — Bo(du)?

St~

l\D\F—‘

T T T
/9222 dt — C’/)\2<p29225dt70/A4gp49222dt.
0 0 0

It follows from the interpolation inequality that

//\230292Z2dx < 5/9225306133+C(£)/A4¢492Z2dx,
T i 1
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this leads to

/[(dum)2 + Bg(dug,:)2 - Bo(du)z]dx

Q

1
> (5 _g)/92Z§zdxdt— C/A4¢402Z2dmdt.
Q Q

By the equation dz — z;zz.dt = Lz = hdt + Zdw, we have

2E/P€dea¢
Q
= 2F / PO(hdt + Zdw)dx
Q
= 2F / POhdzdt
Q
< E / P2dzdt + E / 6%h2dxdt,
Q Q

it follows that

B [If o} = Bud) 4 (o) o) b} 4
Q

B [+ (hae + Chantott+ B [ /T dMda
Q I 0

<CFE / (02h? + \*@*0% Z?)dxdt.
Q

Taking € << 1, we obtain

E / (U 0 T T . YR SR S SO R
Q

T
+E/({-}w +{-}m+{-}m)dxdt+E//dea:
Q I 0
<CE / (02h% + X102 Z%)dxdt.

Q

Now, we estimate the term E/({}z + {}ue + { }oze)dzdt in (3.9).

Q
Indeed, noting that z(0,t) = z(1,t) = 2,(0,¢) = z,(1,t) = 0, we have

w(0,t) = u(1,t) = uz(0,8) = uy(1,£) =0 V¢ e (0,

YIMAA:22187

— )02 72, |dwdt

- Y]dadt

7).
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Thus
E/({-}z +{ Yoz + {Yowe)dadt
Q
= E/{Uim(—QO)ﬁlu?)w&lpi + 1) 4+ 2, (—AMps) + Upgtipee (2A2 012 + 1ro)}pdadt
Q
2 V(1) - V(0),
where

Iri| < CNpPe?,
[ra] < CApep.

It holds that for any € > 0, if we choose A > uC/(e,¢)(T + T?) with C(g,1)) large enough, then

|Uszatias (M P07 +12) (1, )]
< NP (1t u,, (1,1) + edup(l, tuz, (1,1).
Note that 1,(1) < 0, 9,(0) < 0, if we choose € small sufficiently and A > uC(e,v)(T + T?), then there

exist positive constants IV, K such that

[uix(720)‘3ﬂ3@3¢2 + 7’1) + Uim(*‘l)\ﬂsﬁlbx) + uxxzuacac(2/\,u2@w?c + 1"2)](1, t)dt

(NN (1, )3 (D]uea (1,0 = KAup(L, )90 (1) |uzes (1, 6)[?)dt

> 0. (3.10)

Noting that lim p(-,¢) = lim p(-,t) = —oo, we have
t—0+ t—T—

u(z,0) =u(z,T) = ug(x,0) =uy(2,T) =0 Vael

It is obvious that
dMdx = 0. (3.11)

!/

From (3.6)—(3.11), if we choose A > uC(¢))(T + T?) with C(¢) large enough, then it holds that

St~

E / Mg, + N ute*hgul, + N ule®Sul + NPT yiu®)dadt
Q
<clvo)+ £ / (02R2 + Np02 22)dudt
Q
+FE /(Augpuim + N3 u2, 4+ NPt u? 4+ N " u?)dxdt|.
Q
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Recall that |1,| > 0 in I, it follows that

E [ (N + Xulpul + NplePul, + M pu?,, ) dudt

O~

< o) [V(o) +E / (0212 + Np*02 22
Q
+ AT oTu? + NP pdu? + N3 pdpdu?, + )\,ugouim)d:cdt} ,

from which if we choose pg = C(30) + 1, then it holds that

E / WTuToTu® + N pPp’ul + Nl o*ul, + Aupul,, )dadt

< Ci(¥) [V(O) + E/(92h2 + Mp*0% 2% dxdt|.
Q

Then

E / (AT o™u? + Nt o®ul + NP o*ul, + Appu? . ) dudt
2

T
E/ 30, 1) [t (0, ) | 4 Apap(0, 1) [th (0, ) dt+E/ (62h? + /\4<p40222)dxdt],
0 Q

from which it holds that

E /()\7g07u2 + Np%u2 + N3p3uZ, + Apu?, ) dxdt
Q

T
E/ (A33(0, £)02, (0, £) + A (0, ) m(o,t))dt+E/<92h2+A4<p49222)dxdt]
0

Returning u to 0z, we can obtain (1.3) for (3.3).

Thus, we have proved (1.3) for (3.3).

This completes the proof of Theorem 1.1. O
Proof of Theorem 1.2. By using the dual method in [20, P3, Theorem 1.1], we can prove Theorem 1.2. O
4. Proofs of Corollary 1.1, Proposition 1.1 and Corollary 1.2

First, we prove Corollary 1.1.

Proof of Corollary 1.1. Step 1. We should prove a observability estimate: if (z, Z) solve

dz — (kzge + Zeagwe)dt = (—az — bZ)dt + Zdw in Q,

z(0,t) =0 = z(1,t) in (0,7,
2:(0,8) =0 = z,(1,1) in (0,7, (4.1)
2(x,T) = zr(x) in 1,
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with the terminal state zp € L*(Q, Fr, P; HE(I)), we have

12( )|z (1) < C[Ilzm( WNrzo,z20,1)) + l2222(0, )l 12.(0,22(0,1))
+ 12l 3025201y | (4.2)
where C = C(a,b, k,T).

Indeed, taking p = —a,q = —b, h = 0 in Theorem 1.1, we have

E / ©30%22 dxdt + E / ©P0%22dxdt + E / @' 0?22 dadt
Q Q Q
< C(E / 402 72 ddt

T
+E/ (0,£)60%(0, )22, (0, ) + (0, £)62(0, )22, . (0, t))dt)
0

this implies

max ¢*(z,t)0%(x,t) + max(

0,t) + ©(0,1)02(0,t
(nax o, £)6%(0,t) + ¢ (0,1)6%(0, 1))
T

(0,
min{min 7 (z, T)02(z, T), min (2, 5)62(z, 5), min (2, 5)02(z, 5}

E [ |=®)Fsydt < C

S —

NE | Z%dzdt + E [ (22,(0,t) + 22,.(0,1))dt ).
(5 [ s+ 5 [ 002,00

Q

It follows from Proposition 2.1 that
Ellz(t) 20y < CEll2(t2)ll32 1)

for any 0 <ty <ty <T. Then, it holds that

T
BI2O) By < O(E [ Z2dude+ B [(2,0.0) + 2., 0.)at).
0

Q

namely, (4.2) holds.
Step 2. We should prove Corollary 1.1.
It is easy to see the dual system of (1.4) is (4.1).
Let us set

W = {(222(0,1), 2202(0,1), Z) | (2, Z) solves (4.1) with some zr € L*(Q, Fr, P; H3(I))}.

Clearly, W is a linear subspace of L% (€, L?(0,T)) x L%(£2, L?*(0,T)) x L%(0,T; L*(I)). Let us define a linear
functional £ on W as follows:

L((222(0,t), 2222(0,1), Z)) = —E(yo, 2 (-, O))H*Z(I),Hg(l)-
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From Theorem 1.1, we see that £ is a bounded linear functional on WW. By means of the Hahn—Banach The-
orem, £ can be extended to be a bounded linear functional on the space L%(€2, L*(0,7)) x L% (€, L?(0,T)) x
L3%.(0,T; L*(I)). For simplicity, we still use £ to denote this extension. Now, by the Riesz Representation
Theorem, we know that there is a random fields

(u1,us,9) € LF(Q, L*(0,T)) x LF(9, L*(0,T)) x LF(0, T3 L*(I))

such that

—E(Yo, 2(+0)) 21y, H2(1)
T

= E/[—ul(t)zmx((), t) + ua(t) 222 (0,t) + (g, Z)H—2(I),H§(I)]dt- (4.3)
0

We claim that this random fields (u1,uz,g) is the control we need.
In fact, from the definition of the solution to (1.4), we have

EW(T), 27) g—2(1),m2(1) — E(Yo, 2(-,0)) g2 (1), 52 (1)
T

= E/[*Ul(t)zmmc(oa t) + UQ(t)zmc(Oa t) + (g’ Z)H—2(I),H§(I)]dta
0

thus, it follows from (4.3) that

E(y(T), 2r) g-2(1),m2(1) = 0. (4.4)
Since 27 can be arbitrary element in L2(Q, Fr, P; H3(I)), from the equality (4.4), we get y(T') = 0 in I,
P-a.s.
This completes the proof of Corollary 1.1. O

Then, we prove Proposition 1.1. The main idea comes from [22].

Proof of Proposition 1.1. The proof of Proposition 1.1 is achieved by the contradiction argument.
We take u; = ug =0 in (1.4), (1.4) becomes

dy + (kyml + yacamz)dt = aydt + (by + g)dw in @Q,

y(0,t) = 0 =y(1,t) in (0,7),
Y2 (0,t) =0 =y, (1,1) in (0,7), (4.5)
y(z,0) = yo(x) in I.

The solution of system (4.5) is

T T
y(T):S(T)yo-i-/S’( -t aydt+/5 —t)(by + g)dw,
0 0

where {S(t)}+>0 is the semigroup generated by A.

Please cite this article in press as: P. Gao, Global Carleman estimates for the linear stochastic Kuramoto—Sivashinsky equations
and their applications, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.04.033




Doctopic: Optimization and Control YJMAA:22187

P. Gao / J. Math. Anal. Appl. ese (sees) see—see 23

Taking yo = 1, if we can choose g € L%(0,T’; L?(I)) such that y(T") = 0, then we have

0= ES(T)yo + E / S(T — t)aydt. (4.6)

In order to present the key idea in the simplest way, we only consider a very special case of system (4.5),
that is, @ = 0. (4.6) becomes

0= S(T)yo. (4.7)

However, it follows from the property of {S(¢)}:>0 that

S(T)yo > 07

this contradicts (4.7).
This completes the proof of Proposition 1.1. O

At last, we prove Corollary 1.2.

Proof of Corollary 1.2. According to Theorem 1.2, if A is large enough, it holds that

E / 0?22+ N3pP0%22 + N0pP0222 + N9 0% 2% dadt
T

CE/ (N33(0,4)0%(0,1)22,(0,t) + Ap(0,)6%(0, )22, (0, t))dt.
0

It is easy to see E/ o222 4+ N3p30%22 + X502 22 + X" 0%22]dxdt = 0, thus,
Q

z=0 in Q, P-—as. O
Acknowledgments

I would like to thank the referee and the editor for their careful comments and useful suggestions.
I sincerely thank Professor Yong Li for many useful suggestions and help.

References

[1] A. Armaou, P.D. Christofides, Feedback control of the Kuramoto—Sivashinsky equation, Phys. D 137 (1) (2000) 49-61.

[2] V. Barbu, A. Riscanu, G. Tessitore, Carleman estimate and controllability of linear stochastic heat equations, Appl. Math.
Optim. 47 (2003) 97-120.

[3] P. Briand, B. Delyon, Y. Hu, et al., LP solutions of backward stochastic differential equations, Stochastic Process. Appl.
108 (1) (2003) 109-129.

[4] E. Cerpa, Null controllability and stabilization of the linear Kuramoto—Sivashinsky equation, Commun. Pure Appl. Anal.
9 (1) (2010) 91-102.

[5] E. Cerpa, A. Mercado, Local exact controllability to the trajectories of the 1-D Kuramoto—Sivashinsky equation, J. Dif-
ferential Equations 250 (2011) 2024-2044.

[6] P.D. Christofides, A. Armaou, Global stabilization of the Kuramoto—Sivashinsky equation via distributed output feedback
control, Systems Control Lett. 39 (4) (2000) 283-294.

Please cite this article in press as: P. Gao, Global Carleman estimates for the linear stochastic Kuramoto—Sivashinsky equations
and their applications, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.04.033



http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4131s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4231s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4231s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4232s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4232s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4331s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4331s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4334s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4334s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4132s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4132s1

ARTICLE IN PRE

24 P. Gao / J. Math. Anal. Appl. ses (sses) sse—ses

[7] R. Cuerno, H.A. Makse, S. Tomassone, S.T. Harrington, H.E. Stanley, Stochastic model for surface erosion via ion sput-
tering: dynamical evolution from ripple morphology to rough morphology, Phys. Rev. Lett. 75 (1995) 4464-4467.
[8] A. Friedman, Partial Differential Equations, Holt, Reinhart and Winston, New York, 1969.
[9] P. Gao, Carleman estimate and unique continuation property for the linear stochastic Korteweg—de Vries equation, Bull.
Aust. Math. Soc. 90 (02) (2014) 283-294.
[10] P. Gao, A new global Carleman estimate for the one-dimensional Kuramoto—Sivashinsky equation and applications to
exact controllability to the trajectories and an inverse problem, Nonlinear Anal. 117 (2015) 133-147.
[11] P. Gao, Global Carleman estimates for linear stochastic Kawahara equation and their applications, Math. Control Signals
Systems 28 (3) (2016) 1-22.
[12] P. Gao, Optimal distributed control of the Kuramoto—Sivashinsky equation with pointwise state and mixed control-state
constraints, IMA J. Math. Control Inform. 33 (3) (2016) 791-811.
[13] P. Gao, Carleman estimates for forward and backward stochastic fourth order Schrédinger equations and their applications,
preprint, arXiv:1703.03629, 2017.
[14] P. Gao, M. Chen, Y. Li, Observability estimates and null controllability for forward and backward linear stochastic
Kuramoto—Sivashinsky equations, SIAM J. Control Optim. 53 (1) (2015) 475-500.
[15] A. Karma, C. Misbah, Competition between noise and determinism in step flow growth, Phys. Rev. Lett. 71 (1993)
3810-3813.
[16] J.U. Kim, Approximate controllability of a stochastic wave equation, Appl. Math. Optim. 49 (2004) 81.
[17] K.B. Lauritsen, R. Cuerno, H.A. Makse, Noisy Kuramoto—Sivashinsky equation for an erosion model, Phys. Rev. E 54
(1996) 3577-3580.
[18] J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, vol. I, Grundlehren Math. Wiss.,
vol. 181, Springer-Verlag, New York-Heidelberg, 1972, translated from the French by P. Kenneth.
[19] J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, vol. II, Grundlehren Math. Wiss.,
vol. 181, Springer-Verlag, New York-Heidelberg, 1972, translated from the French by P. Kenneth.
[20] X. Liu, Global Carleman estimate for stochastic parabolic equations, and its application, ESAIM Control Optim. Calc.
Var. 20 (3) (2014) 823.
[21] Q. Li, Carleman estimate for stochastic parabolic equations and inverse stochastic parabolic problems, Inverse Probl.
28 (4) (2012) 045008, 18 pp.
[22] Q. Lii, Exact controllability for stochastic Schrédinger equations, J. Differential Equations 255 (8) (2013) 2484-2504.
[23] Q. Lii, Observability estimate for stochastic Schrédinger equations and its applications, STAM J. Control Optim. 51 (2013)
121-144.
[24] Q. Lii, Exact controllability for stochastic transport equations, STAM J. Control Optim. 52 (1) (2014) 397-419.
[25] M. Renardy, R.C. Rogers, An Introduction to Partial Differential Equations, 2nd edn., Texts Appl. Math., vol. 13, Springer-
Verlag, New York, 2004.
[26] R. Sakthivel, H. Ito, Non-linear robust boundary control of the Kuramoto—Sivashinsky equation, IMA J. Math. Control
Inform. 24 (1) (2007) 47-55.
[27] B. Sun, Maximum principle for optimal boundary control of the Kuramoto—Sivashinsky equation, J. Franklin Inst. 347 (2)
(2010) 467-482.
[28] P. Sundar, H. Yin, Existence and uniqueness of solutions to the backward 2D stochastic Navier—Stokes equations, Stochastic
Process. Appl. 119 (4) (2009) 1216-1234.
[29] S. Tang, X. Zhang, Null controllability for forward and backward stochastic parabolic equations, STAM J. Control Optim.
48 (4) (2009) 2191-2216.
[30] J. Yong, X.Y. Zhou, Stochastic Controls: Hamiltonian Systems and HJB Equations, Springer Science & Business Media,
1999.
[31] X. Zhang, Carleman and observability estimates for stochastic wave equations, STAM J. Math. Anal. 40 (2) (2008) 851-868.


http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3239s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3239s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4631s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4731s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4731s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib473636s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib473636s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4733s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4733s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib47363636s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib47363636s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4737s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4737s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4736s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4736s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3330s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3330s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4B696Ds1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3331s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3331s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C31s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C31s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C32s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C32s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5831s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5831s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5132s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5132s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib30s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5131s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5131s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib4C5133s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3332s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib3332s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5331s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5331s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5332s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5332s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5333s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5333s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5A33s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5A33s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5931s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5931s1
http://refhub.elsevier.com/S0022-247X(18)30331-7/bib5A32s1

	Global Carleman estimates for the linear stochastic Kuramoto-Sivashinsky equations and their applications
	1 Introduction
	1.1 Global Carleman estimate for the backward linear stochastic Kuramoto-Sivashinsky equation and its application
	1.2 Global Carleman estimate for the forward linear stochastic Kuramoto-Sivashinsky equation and its application

	2 Preliminaries
	3 Proof of Theorem 1.1 and Theorem 1.2
	4 Proofs of Corollary 1.1, Proposition 1.1 and Corollary 1.2
	Acknowledgments
	References


