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1. Introduction

In this paper, we consider the following nonlocal parabolic equation with a singular potential:

2| S up — Au = |ulP" u — |::Ec||5d:c / lulP~ ude, x€Q, t>0,
Jo
(1.1)
%:0, x €N, t>0,
u(x,O) = uO(x)a T € Q,

where 2 is a bounded connected domain in R™ (n > 3) with smooth boundary 9€2, v is the unit outer vector
on 09, x = (x1,x2, - ,x,) € Q CR™ and
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|z| = /22 + 2% + - 22.

The parameters p and s satisfy

1<p< Z—fg, 12)
1.2
n(p—1)
0 S s < :T’
and 0 # ug(xz) € W, where
W:={¢ecH(Q): /|x|_5¢>(x)d:£ =05. (1.3)
Q

Throughout the paper, we denote the norm of L9(€) for 1< ¢ < oo by [ - [l and the norm of H'(2) by
|l - I (@) That is, for any ¢ € L(€2),

Q=

/\¢><x>|qu L if1<q<os;
H¢||q: &

ess sup,cq|d(x)|, if ¢ = o0,

and

Illzr@) = /Il + IVel3, Yo € H'Y(Q).

We also denote the maximal existence time of the solution for problem (1.1) by Tinax and let

R := sup |z|. (1.4)
€N

Remark 1.1. Before introducing the previous studies, let’s firstly give some instructions about (1.1) and
(1.3), which indicate the term ( |ac|’sdac)71 and the set W are well-defined.

(1) When n > 3 and s, p satisfy the assumption of (1.2), we have

0</|m|_sd:1:§ / |x|~*dx
Q

B(0,R)

R

/ / 2| dS(z) | dr

0 |oB(0,r)

R
an/’)"_sTn_ldT
0
Wn

— R’I’L—S

n—s

< 00,
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where
n
nm?2
Wy = Py
(g +1)

is the surface area of the unit sphere B(0, 1) (see [7, p. 699]), which means the term ([, |:v|*5da:)71 of
(1.1) makes sense.
(2) The term [, 2|~ *¢(z)dx in (1.3) is well defined for any ¢ € H'(Q). In fact, by using the condition of
n+2

1 <p < 2£2 one can see that H' () — LPT!(Q) continuously, i.e., there exists a positive constant C

depending only on p,n and €2 such that

Illp+1 < Clidllme), Vo€ H'(Q).

Hence, for any ¢ € H'(Q), by using Holder’s inequality we have

[ el ot@s| < [ el otw)las
Q Q

2 T
< / 2]~ do / ()P Lda
Q Q
_p
pF1
—s(p+1)
- / =5 dr | [6(@)llpn (1.5)
Q
T
—s(p+1)
<c / 2= dr | [é@) e
Q

= CO|p(@)| (),

where

P
p+1

~ —s(p+1)
C:= /|a:| P da < 00.
Q

. -1
In fact, since 0 < s < ";pﬂ ) < %7 we have
—s(pt1) —s(pt1)
T I B ™
Q B(0,R)
— _pP_
R p+1
—s(p+1)
= / / ||~ » dS(z) | dr
| 0 OB(0,r)
_p_
R P+l
—s(p+1) _
= wn/r v "y (1.6)
0
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_p_
FES
_ W, : - S
n — s+l
p
< 0.

(3) Actually, when p, s satisfy (1.2) one can see that (W, || - ||g1(q)) is a Banach space (see Lemma 3.1), and
[V(-)||2 is an equivalent norm to the norm | - || g1 () (see Remark 3.2). So in the following, we equip W
with the norm

ol := 1V oll2, (1.7)

then (W, || - |) is a Banach space. Furthermore, W — LP*1(Q) continuously if p satisfies (1.2). We
denote by B the optimal embedding constant, i.e.

[¢llp+1 < Bll#ll, VoeW, (1.8)
and

i e ol

fg 1n .
€W \{0} [|B]lp+1

Next we review some previous studies on problem (1.1). It is well known that nonlocal parabolic type
equations like (1.1) can be used in ecology, population dynamics, thermal physics and so on (see [9,12,22,
23,34,41] and the references therein). If we ignore the nonlocal term of problem (1.1), we get the following
model

2| 5uy — Au = |u|P~ . (1.9)

Problem (1.9) with s = 0 in bounded domain with homogenous Dirichlet boundary condition or in R"™
has been studied by many authors. In particular, we mention critical-point theory and the mountain pass
theorem by Ambrosetti-Rabinowitz [1], the potential well theory which started with the paper by Tsutsumi
[45] (see also [36]), semigroup theory for which the starting point seems the paper by Weissler [49], classical
tools such as smoothing effects and comparison methods revisited in a new functional analytic framework
as in the paper by Hoshino—Yamada [17] (see also previous work in the monograph by Henry [16]). For the
studies of global existence and blow-up, we refer to [8,11,15,39,50] and references therein. For s > 0, problem
(1.9) in bounded domain with homogenous Dirichlet boundary condition has been studied in [2,14,44,47,
54,55], and the global existence and blow-up conditions were gotten by means of potential well method.

If we denote the source term (i.e., the right-hand side of problem (1.1)) by F(x,t), then it is easy to see

/F(a:,t)dx =0, Vt>0,
Q

so that the quantity fQ |x| 75w (t)dx is conserved by using the homogeneous Neumann condition. This type
of source is related to Navier—Stokes equations on an infinite slab [42] (also see other reasons explained
in [3,18]), which has been used extensively in evolution equations with conserved quantity (see [13,29,33,
38] for p-Laplace equation, [20,27] for Gierer-Meinhardt system, [4,6,28,37,43,52] for Thin-film equation).
Especially, problem (1.1) with s = 0, i.e., the following

1
up — Au = |u|P"tu — 9] / JulP~ tudz
Q
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in bounded domain  with homogeneous Neumann boundary condition was studied in [3,10,18,19,21,42,48],
where the local existence and uniqueness of weak solutions, the conditions on global existence and blow-up,
the blow-up rate and the estimates of the blow-up time, the asymptotic behavior of the global solutions
were established.

In this paper, we mainly study the global existence and blow-up conditions for the solutions of problem
(1.1). Our proof is based on the potential well method which was firstly introduced by Sattinger [40] (or
see [36]) and the concavity method which was established by Levine [24,25]. Furthermore, we will discuss
the vacuum isolating behavior of the solutions, which means that there is a region which does not contain
any low energy solutions. The vacuum isolating phenomena was firstly studied by Liu and Zhao [32] with
the help of a family of potential wells. Now it has been used to various kinds of evolution equations with
variational structures (see [5,26,30,35,51,53] and references therein).

The remaining parts of this paper are organized as follows. In Section 2, we will state the main results
of this paper. In Section 3, we will give some preliminaries, and then we will prove the main results in
Section 4.

2. Main results

In this section, we will give the main results of this paper. Firstly, we introduce some functionals and
notations. Let W be the set defined in (1.3). For any ¢ € W, we define two functionals J(¢) and I(¢) by

1, .9 1 1
R _ 2.1
7)== 3ol = — Il (21)
and
1(9) == (J'(¢), ¢) = |0]I” = ll¢llbf7- (2.2)
Then we can define the Nehari manifold by
N :={peW\{0}:1I(¢) =0} (2.3)
Furthermore, the mountain passing level d can be defined by
d = inf J(¢). 2.4
[nf J(9) (24)
By Lemma 3.3, we know that
1 1 9
—(Z_ 2
(G-737) (25
where
ay = BT, (2.6)

For § > 0, we let

15(6) = 8ll6| — 8|2+,
Ny := {6 € W\ {0} : I;(6) = 0}, 2.7)
d(8) := jnf J(6).
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Now, we can state the main results of this paper. At first, we consider the case of J(ugp) < d, and the

results are presented as the following three theorems, which are concerned with blow-up (Theorem 2.1),

global existence (Theorem 2.3) and vacuum region (Theorem 2.4).

Theorem 2.1. Assume the constants p, s satisfy (1.2) and ug € W satisfies

J(Uo) <d

and
I(ug) < 0 (or equivalently |lug|| > o1 (see Lemma 3.5)).
Let u = u(t) be a corresponding solution to problem (1.1). Then Tax < 00 and
lim |||glc|*§u(t)||2 = 00.
t—Timax
Furthermore, Tyax can be estimated by
B el = 5 g | =D
2
(p+1)Cy* ||| 2U10||2 N if J(u) < 0;
(p—1)° [1 - (li) ]
2
Tmax < pt1 ( )
o s —(p—1
(p+1)Cqy* |llz] 2u0||2( | e, if0 < J(ug) < d,
1 J(ug p—1
—-1)2{1- H(=-—
p-vr i1 e (5 - 2] }
where
p—1
p+1

Remark 2.2. We give some remarks on the above theorem.

(2.8)

(2.10)

(2.11)

(1) Similar to [54, Theorem 1.1] or [55, Theorem 1.4], one can prove problem (1.1) admits a local
(weak) solution if (1.2) holds. That is, there exists a function u(t) € L% (0, Tinax; W) with |z|"2u; €

(2)

L2(0, Tiax; L*(2)) such that u(t) satisfies (1.1) in the distribution sense.
Cy is a positive bounded constant and satisfies

-

P

O < Wn Rn,S(pil) e
e i <0
p—1

since (1.2)
where R is the positive constant given in (1.4). In fact, since  C B(0, R), by (1.2), we have

—s(pt1) —s(p+1)
/\m| T dr < / || P d

Q B(0,R)
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B(0,r)
R

*~(p+1)
/ rLldr
0
W, n é(PJrll)

T stl)
p—1

H|x|_§u||z :/|x|_su2dm
Q

IA
—
—

I

[ )
S—
&
QL
=
2
—
8
|
e
ik
QL
5]

Q
p—1
Pl (2.12)
—s(p+1) .

| [ ) s,

= Collull2,y

< CoB?|Jul)?

—_————

since (1.8)
< 00.

Thus |||z|~2u(t)||2 is well-defined for 0 < t < Tiax since u(t) € W.

(4) For ug € W satisfying (2.8) and (2.9), we claim |||z|~2ug|l2 > 0. In fact, if |||z|"2upll2 = 0, then
up(x) = 0 for a.e. z € €. Since ug € W, we get ug is the zero element of W, and then I(ug) = 0, which
contradicts I(ug) < 0. Furthermore, by Lemma 3.7 we know that

(p+1) <% — J((;QO)> > 1.

1

So the right-hand side of (2.10) is well-defined.
The next theorem is about the conditions of global existence.
Theorem 2.3. Assume the constants p, s satisfy (1.2) and ug € W satisfies
J(ug) < d
and
I(ug) > 0 (or equivalently |lug|| < o1 (see Lemma 3.5)).

Let uw = u(t) be a corresponding solution to problem (1.1). Then u(t) exists globally.

Please cite this article in press as: M. Feng, J. Zhou, Global existence and blow-up of solutions to a nonlocal parabolic equation
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Next, we give the results about the vacuum isolating behavior of the solutions. To this end, we need some
properties of d(d) given in Lemma 3.3. That is, for any e € (0, d), the equation d(d) = e admits two positive
roots §; and &2, which satisfy

1
O<51<1<62<]%.

Theorem 2.4. Assume the constants p and s satisfy (1.2). Let §; and dy be the two roots of the equation
d(6) = e for e € (0,d). Then there is no solution of (1.1) in U, with ug € W satisfying J(ug) < e, where

U, = {QS EW 67" < o] < aléé’j} . (2.13)

Remark 2.5. Since there is no solution in U, the space W can be written as W = G, U U, U B, such that
G. and B, are both invariant sets for the solutions of problem (1.1), where

G, = {¢e e §a16f11} (2.14)

and

B, = {¢ eW: ¢ > aléﬁ} . (2.15)

Moreover, since J(ug) < e < d, by the definition of the d in (2.4), we have I(ug) < 0 or I(ug) > 0 when wug
is nontrivial. In view of Theorems 2.1 and 2.3, we have:

o If J(ug) < d and I(ug) < 0 then u(t) € B, for all t € [0, Tipax) and Thax < 00;
o If J(ug) < d and I(up) > 0 then u(t) € G, for all t € [0, Trnax) and Tiax = 0.

Secondly, we consider the case of J(up) = d, and the results are the following three theorems, which are
concerned with global existence (Theorems 2.6 and 2.8), blow-up (Theorem 2.7).

Theorem 2.6. Assume the constants p, s satisfy (1.2) and ug € W satisfies

J(ug) = d (2.16)
and

I(ug) > 0 (or equivalently |lug|| < o1 (see Lemma 3.5)). (2.17)

Then problem (1.1) admits a global solution.
Theorem 2.7. Assume the constants p, s satisfy (1.2) and ug € W satisfies

J(ug) =d (2.18)
and

I(ug) < 0 (or equivalently ||ugl| > a1 (see Lemma 5.5)). (2.19)
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Let u = u(t) be a corresponding solution to problem (1.1). Then Tax < 00 and

lim |||a:|_%u(t)H2 = 0.

t—Tmax

Theorem 2.8. Assume the constants p, s satisfy (1.2) and ug € W satisfies
J(ug) =d
and
I(uo) = 0 (or equivalently ||uo|| = a1 (see Lemma 3.5)).

Then ug is a stationary solution of problem (1.1), i.e., ug satisfies

—Au= |u\p*1u — % / |u\p71udw, T €,
@ Q

ou

=0 o0

ey , xr € ,

u e Ww.

So, problem (1.1) admits a global solution u(t) = ug.

YIMAA:22210

(2.20)

(2.21)

(2.22)

Finally, we give another blow-up result, which indicates the solution of problem (1.1) may blow up at

arbitrary initial energy level. To this end, we denote by A; the least eigenvalue of the following eigenvalue

problem
— Au = Nz|%u, x€Q,
% =0, x € 01,
ueWw,
ie.,
o]

LT sewi(0) [zl 30
By (2.12), we have

12|73 g||2 < CoB?|1¢]|>.
Then

A >

1
7@>0.

Theorem 2.9. Assume the constants p, s satisfy (1.2) and ug € W satisfies

(p—1DA\

_s 2
sy Il

J(UO) <

(2.23)

(2.24)

(2.25)

with singular potential, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.04.056
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Let w = u(t) be a corresponding solution to problem (1.1). Then Tpax < 00 and

8(p + 1) |||z|~ 2 o> |
(p— 1)2[(p — DA |||~ 5 uo]|z — 2(p + 1)J (uo)]

Tnax < (2.26)

3. Preliminaries

In this section, we give some preparative lemmas, which are important to the proofs of the main theorems.

The first lemma is concerned with the norms of the linear subspace W of H!(Q), which indicates (W, || - ||)
is a Banach space, where W and || - || are given in (1.3) and (1.7) respectively.
Lemma 3.1. Assume p and s satisfy (1.2), then (VV, Il - HHI(Q)) is a Banach space and the Poincaré’s inequality

holds in W. That is to say, there exists a constant C, depending only on n and 2, such that

ol < CIVel2 (3.1)
for each function ¢ € W.
Remark 3.2. By using (3.1), it is easy to see || - || is an equivalent norm of || - ||g1(q) in W. Then by the
above lemma, (W, || - ||) is a Banach space.
Proof of Lemma 3.1. To prove (W, || - |lm1(q)) is a Banach space, it is sufficient to show W is a closed

subspace of H'(€). Obviously, W is a linear subspace of H*(£2). So, we only need to prove: for any sequence
{on}oz, C Wand ¢, = ¢ (n — o) in H'(Q), then ¢ € W. In fact, by ¢, € W, we have [, |z|~*¢ndz = 0.
Then by a similar estimation as (1.5), we get

!ﬂ*@ngxﬁwwer

< CCllpn — Bl 1 (0

— 0 (n — 00),

which implies [, |2| %¢dz =0, i.e., ¢ € W.
To prove the Poincaré’s inequality (3.1), we use a similar argument as in [7, p. 290]. We argue by
contradiction. Suppose (3.1) is not true, then for each k = 1,2, - - -, there exists a function qgk € W satisfying

1 Pkll2 > Kl Vo (3.2)

We re-normalize by defining

bk
= — . 3.3
= el 33
Then
¢xllz =1, (3.4)
/ |z| " prdx = 0, (3.5)
)
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and
1
IVorlz < e k=1,2,---. (3.6)
In particular, (3.4) and (3.6) imply the functions {¢y}72 ; are bounded in W. By the Rellich-Kondrachov
Compactness Theorem (see [7, p. 286]), we know that H!(Q) < LP*1(Q) compactly when p satisfies (1.2).
Hence, in view of H'(Q) is reflexive, there exists a subsequence, which we still denote by {¢;}72, as well,
and a function ¢ € H'(2) C LP1(Q) such that
b — ¢ in LPT(Q). (3.7)
Then we have
e ||¢ll2 = 1. In fact, it follows from LP+1(Q) < L2(Q), (3.4) and (3.7) that
1pll2 < [l¢ = drll2 + [|drlla = 1 (k = o0)

and

[9ll2 > —ll¢ — drll2 + |¢rll2 = 1 (k — o0).

e ¢ € W. In fact, by Holder’s inequality, (3.5) and (3.7) we have

/|x|7s¢da¢
Q

sl (0~ du)as

< [lal 160 - ol o
o (3.8)
7T
—s(p+1)
< [ da 16k = bllp+1
Q
=0 (k — o0),
where we have used (1.6) to show the constant
7T

—s(p+1)
/|x| P d
Q

is bounded.

Furthermore, (3.6) and (3.7) imply for every i = 1,--- ,n and ¢ € C§°(Q2) that

/Qﬂwmidaz = lim /qﬁk?j)zidaz = — lim /gZ)kT_i/)dx =0.
: k—o0 ’ k—o0
Q Q Q

Consequently ¢ € W, and V¢ = 0 a.e. thus ¢ is a constant, since {2 is connected (see [7, p. 307, problem 11]).
However, this conclusion is inconsistent with [|¢|ls = 1: since ¢ is a constant and [, ||"*¢dz = 0, there
must be ¢ =0. O
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The next three lemmas of this section will study the properties of d(d) and I5(¢), which were given in
(2.7).

Lemma 3.3. For p satisfying (1.2) and 6 > 0, the exact value of d(8) can be given by

1.2 1 p1 —2(p+1)
d(d) = =b6r1 — 6r—1 | B r—1 .
(9) <2 p+1 ) ’ (3.9)

where B is the positive constant defined by (1.8). Furthermore,

(i) d(6) >0 for0<d < p%l;
(ii) lim d(6) = lim d(d) = 0;
§—0 5—)’]—;1

(iii) d(9) is strictly increasing on (0,1), strictly decreasing on (1, pT'H) and takes its mazimum d := d(1) at
§=1.

Proof. For any ¢ € W \ {0}, it is easy to see that A\y¢ € Ns, where the set N is given in (2.7) and
- (s
[l

O :={N\s¢p: ¢ W)\ {0}} CNs. (3.10)

So,

On the other hand, for any ¢ € Ns, it follows from the definition of N5 that ¢ € W \ {0} and Ay = 1, so
(23 = )\¢¢ e d ie.

Ns C ®. (3.11)

Then we get from (3.10) and (3.11) that Ns = ®. So, it follows from the definitions of B in (1.8), J in (2.1)
and d(d) in (2.7) that

o) = inf J(6)

= Inf J(¢)

= inf J(\
ey (Ap9)

2(p+1)

Tp—1
—(15%—1 5%> inf ( [l >
2 p+1 seW\{0} \ [|@]lp+1
1

_ (15,)21 _ 5) g
p

By using (3.9), it is easy to see that (i)—(iii) hold. O

Lemma 3.4. Assume 0 < e < d and 1, d2 are the two roots of equation d(d) = e. If ¢ € W \ {0} and
J(¢p) < e, then the sign of I5(¢) remains unchanged on (61, d2).
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Proof. Suppose I5(¢$) changes its sign on (41, d2), then there must be a g € (d1,92) such that Iy, (¢) = 0,
i.e. ¢ € Ns, and then J(¢) > d(dp). On the other hand, by Lemma 3.3, we have J(¢) > d(d9) > d(d1) =
d(02) = e, which contradicts the assumption that J(¢) <e. O

Lemma 3.5. Let 0 < 0 < %1 and ¢ € W satisfying J(p) < d(9), then

(i) I5(¢) > 0 if and only if

0 < [|g] < ard7; (3.12)
(ii) I5(¢) < 0 if and only if
6] > crd77; (3.13)
(i) Is5(¢) =0 and ¢ # 0, if and only if
6l = and7, (3.14)

where oy s the constant given in (2.6).
Proof. (i) If (3.12) holds, then by (1.8) and (2.6) we have

1
Igllpis < BP o)+t

= Pllg )P ol
<dlol?,

which implies I5(¢) > 0. On the other hand, if I5(¢) > 0, by the definition of I5(¢) in (2.7) and ¢ € W, one
can see that ||¢]| > 0. Then from (2.1), (3.9), J(¢) < d(6) and the definition of I5(¢), we have

2 1 —2(p+1
ST (_ _ L) BT = 4(6)

2 p+1
= J(¢)
16 2, 1 (3.15)
— (57 51 ) 1ol + 4 606)
15 )
> (5 - p—> ol

—(p+1)
which means ||¢| < 5p_ilB e a15p+1.

(if) Assume (3.13) holds, we have

1 1) 9 1 1) 2¢-2
(5 - m) lloll* > (5 - m) 7671 = d(9).

Since J(¢) < d(d), then

15(6) =+ 1| 760~ (5 - 5 ) ol
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1 2
<+ |d0) - (5 - 4 ) 9l
< 0.

On the other hand, if I5(¢) < 0, we also have ||¢|| > 0. From (1.8), we can get

1

allll* < llgllpia
——

since Is5(¢$)<0

< BPHH|g|[Pt
=y Pl|o)PH18]1%,

which, together with ||¢|| > 0, implies (3.13).
(iii) We can obtain (iii) from (i) and (ii) immediately. O

The remaining lemmas are about some properties of the solution u = u(t) to problem (1.1).
Lemma 3.6. Let p and s satisfy (1.2), then J(u(t)) given in (2.1) is non-increasing with respect to t.

Proof. By Remark 2.2, we have u(t) € W, i.e.,

/|x\_éu(t)dac =
Q

Then by the definition of J(u(t)) in (2.1), we obtain

G0 == [t -t

(3.16)

=— / |z| " *uZdx < 0. O

Q

Lemma 3.7. Assume the assumptions in Theorem 2.1 hold. Then there exists a positive constant ag >
such that any solution u = u(t) to problem (1.1) satisfies

Ju()| > a2, t>0, (3.17)
and
[a(t) lper > Ban, >0, (3.18)

where B and aq are the constants given in (1.8) and (2.6) respectively. More than that,
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o ()7 > 1, if J(uo) < 0;
— > L (3.19)
! [(p-i—l) (%—%‘%‘J)HZH >1, if0< J(ug) < d.

Proof. We use a similar idea as in Liu and Wang [31] or Vitillaro [46]. By I(ug) < 0 and (1.8), we have
1
luoll* < lluollpiy < (Blluol)”™
ie.,

(p+1)
g = ||UO|| > B~ gti = 1.

Let o := [Ju||. We deduce from (1.8) and (2.1) that

1 1 .
J(u) = §||U||2 - mHUHiL
L2 1 +1 +1
> lull? B
p+ (3.20)
1, 1
[ _ B p+1
5¢ e 1( a)
=: g(a).

We can easily find that ¢’(a;) = 0 and d = g(aq). Moreover, g(«) is increasing in [0, @] and decreasing
in [a1,00); g(0) = 0, alLII;O g(a) = —oo. Since J(ug) < d, there is a positive constant as > «; such that
J(uo) = g(ar2).

By (3.20) we have g(ag) < J(ug) = g(az), which implies that oy > g since ag, ag > ;. So (3.17) holds
for t = 0. Actually, (3.17) also holds for ¢t > 0, otherwise, there exists some to > 0, such that ||u(to)|| < az.
By the continuity of ||u(t)|| we can choose t¢ such that ||u(to)|| > «1. Then it follows from (3.20) that

J(uo) = glaz) < g([[ulto)l)) < J(u(to)),

which contradicts Lemma 3.6. So (3.17) is proved.
From Lemma 3.6 and (2.1), we know that

1 1 .
J(uo) > J(u) = §||UH2 - m\lulliil,

which implies that

1 L1
—ulbi) > §IIUII2 — J(uo)

p+1"PH =
L
> 50‘2 — J(uo)
1
= 50‘% —g(a2)
1 p+1

Then, (3.18) holds.
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To prove the inequality (3.19), we denote 3 = 22, then 8 > 1 since as > ai1. By J(up) = g(az) and
p+1

ay; = B7»=1, we can get that

J(ug) = g(Ba)

1 1

= (Bay)? (2 ~ o1

1 1 _
= (Ban)? (5 - erlﬁp 1) :

When J(ug) < 0, it is obvious that £ — Iﬁﬁp_l < 0, then

BPH(ﬂal)pl)

8> (%) Y (3.21)

When J(ug) > 0, from the above equality and 8 > 1, we get that

1 1 gr=1 J (uo) < J(U20)7
2 p+1 (Bay)? af
then
1 J(u)\]7"
> H|=-— . .22
52 w0 (3- 7)) (3:22)
By (2.5), we have d = %a%, which, together with J(ug) < d implies
1 J(uop) 1 p—1
nH(=- H|{-———] =1 3.23
o1 (3-"30) > 040 (5- 5o (3.23)

Finally, (3.19) is proved by (3.21), (3.22) and (3.23). O

Lemma 3.8. Assume the assumptions in Theorem 2.1 hold, then any solution u = u(t) to problem (1.1)
satisfies

1
0 < H(up) < H(u) < m”“”iﬁ» (3.24)
where H(u) :=d — J(u).
Proof. By Lemma 3.6, it is clear that H(u(¢)) is nondecreasing in ¢. Thus

H(u) > H(up) =d — J(ug) > 0. (3.25)

From (2.1), (3.17) with as > ay, we have
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1 1 )
H(u)=d- —HU||2 + mHUHZL

L o L +1
<d- Pl m”uﬂgﬂ

_ p—1 _1 2 1 p+1
~(ghp - z) o+ ot

1
< - p+1 0
< L)

(3.26)

p+1-°
4. Proofs of the main results
In this section, we will prove the main results listed in Section 2. Firstly, we consider Theorem 2.1.
Proof of Theorem 2.1. Let

M(t) = %/|x|_su(t)2da:.

Q

By (3) of Remark 2.2, we know that the M (t) is well defined since u(t) € W. By differentiating M, we get

= / |z| P uurdx
Q

:/|x\75u Au—|—|u|p71u—
Q

|z *

Jo |x|—sdx
“Sud
:/|u\p+1dmf/\Vu|2da:f Jo |z x/‘ P~ udx
Q Q

JulP~tudz | |z|*dx

Jq lz|~3dx

(4.1)
= / Ju[P T dx — / |Vu|*dx
/|u\p+1da: - —/|u|p+1dar
1
By combining (2.5) and (3.18), we have
9d — p— 1372(531) _pb- 1 (BB*%YH
p+1 p+1
1
p—1 p—1(ay P
R ES Lau ( ) (Baz)"™! (4.2)
< p—1 (o p+l Hu||p+1
“p+1\as s
Substituting (4.2) into (4.1) we get
M'(t) = C*|lullpty + 2H (u), (4.3)

where
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1 pt+1
cr=L (2 > 0.
p+1 %)

On the other hand, we estimate M 5" (t): from (2.12) we have

2M(t) < COHUHZ-H:
i.e.

p+1

Pl Co\ 2
Mz(t)s(—) Jul2tE.

with

which means

M(t) > (M—pzl(o) _ p%lvtym

_2

Let

2" s, =(=1)
T = ———|||z| " 2uo|l; ¥~ € (0, 00),
7(p_l)H\ | 2 (0,00)

then M (t) blows up at a finite time Tiax < T*.
By a simply computation, we obtain

ptl _ s —(p—1
(p+1)Cy ™ [lJe| Fuolly P

(p—1)? [1 B (g_;)?+1:| )

*

then it follows from (3.19) that

p+1

(p+1)Cq " lJ| Fuolly "
=1
-2 f1- (o5
pt1 s (—
(p+1)Cy " || 2 uolly *"

oo {i- o (3-22)) )

where Cp is given in (2.11). O

Tmax S T* S

p— s —(p— -1 Tl
(271||w|—5uo||2“’ 1)_1?7%) ‘

if J(up) < 0;

if 0 < J(’LL()) <

YIMAA:22210

(4.4)

(4.6)

(4.7)

Please cite this article in press as: M. Feng, J. Zhou, Global existence and blow-up of solutions to a nonlocal parabolic equation
with singular potential, J. Math. Anal. Appl. (2018), https://doi.org/10.1016/j.jmaa.2018.04.056




Doctopic: Partial Differential Equations YJMAA:22210

M. Feng, J. Zhou / J. Math. Anal. Appl. sse (sees) ese—see 19
Proof of Theorem 2.3. We claim u(t) € ¥ for t € [0, Tinax), Where

U= {peW:I(¢)>0,J(¢) <d}U{0}

In fact, since J(u(t)) is non-increasing with respect to ¢ (see Lemma 3.6), we get J(u(t)) < J(ug) < d for
t € [0, Tiax). Furthermore, in view of ug € ¥ and time continuity of I(u(t)), if the claim is not true, there
must exist a tg € (0, Tinax) such that u(tg) # 0 and I(u(tg)) = 0, i.e., u(to) € N. Then it follows from the
definition of d in (2.4) that J(u(to)) > d, which contradicts the fact that J(u(ty)) < d. So the claim is true
and we have I(u(t)) > 0 for ¢ € [0, Tyax)-

Hence, we can get from the definition of I in (2.2) that

lu@®)I* > u@)ll 41, ¢ € [0, Tmax)- (4.8)
Since J(u(t)) < J(ug) < d, it follows from the definition of J in (2.1) that

1

SO = I < d. ¢ € [0, T (49)
Substituting (4.8) into (4.9) we get
1 1
(37537 WO <d. €0 Tms),
ie.,
2 1)d
hu(e) < /223044 ¢ 0,73,,).

-1
Therefore, u(t) exists globally and Tipae = 00. O

Proof of Theorem 2.4. Let u(t) (0 <t < Tiax) be a solution of problem (1.1) with initial data ug. By the
definition of U, in (2.13) and Lemma 3.5 we have

U, {¢€W:a15fj<||¢<a162”j}

U {eew:lol=arr}

61<8< 82

U {eew\{0}:I;(¢) =0}.

61 <6< 2

Therefore, if the conclusion does not hold, there exists a to € [0, Tyax) such that u(tg) € U.. Then some
0 € (01,02) exists such that Is(u(to)) = 0, which, together with wu(to) # 0 (since u(to) € U.) implies
u(tp) € Ns, and then we get J(u(tg)) > d(§) > d(61) = d(d2) = e. On the other hand, by Lemma 3.6, we
get e > J(ug) > J(u(to)), a contradiction. 0O
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Proof of Theorem 2.6. Let \, =1 —1/k, k=1,2,---. Consider the following problem:

S
x| Puy — Au = |ulP e — =]~ ulP"ludze, ze€Q, t>0,
fQ |$|_Sd
(4.10)
?:07 xGBQ,t>0,
v
u(x,0) = ug(x) := Apuo(2), z €.

Since I(ug) = |Jugl|® — H%Hfjﬁ > 0, by the proof of Lemma 3.3, there exists a unique \,,, defined by

_1
o2 )
Aup = | = > 1,
° (nuougil

such that A\, ug € N, i.e., I(Ay,up) = 0. Since A\, < 1 < Ay, and the function

72 A 41
ol = ——Iluollp iy

is strictly increasing with respect to 7 for 7 € (0, Ay, ), we get

A
I (uf) = I(\uo) = 1 (A k )\uou0>

e\ A\
~(3) [nxuouoﬁ—(A Paguollp

A 2
> (A b ) I(Auyt) =0,

Uuo

and

/\p+1

)\2
J (“]5) = J(Aruo) = 7k\|uo||2 P41

ke lug |21 < J(ug) = d.

In view of Theorem 2.3, problem (4.10) admits a global solution u*(¢) and u*(t) € ¥ for 0 < t < oc.
Applying the arguments similar to the proof of [53, Theorem 13], we can see that there exists a subsequence
of {uk(t)}zozl and a function u(t), such that u(t) is a solution of (1.1) with u(t) € ¥, i.e., J(u(t)) < d and
I(u(t)) > 0 for 0 <t < co. Moreover, similar to the proof of Theorem 2.3, we can get

2 1)d
hu) < /22 ? g<icoo o
p—1
Proof of Theorem 2.7. We claim that
I(u(t)) <0, Vte[0,Thax)- (4.11)

Assume it is not true, then by I(ug) < 0, there must be a ¢ty > 0 such that I(u(tp)) = 0 and I(u(t)) < 0 for
t € [0,tp). On the one hand, we can obtain that ||u(t)|] > ay on [0,%y) by using (ii) of Lemma 3.5, which
indicates u(tg) # 0. Thus we have u(tp) € N and
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J(u(ty)) > d (4.12)

On the other hand, for ¢ € [0,ty), we also have u; # 0 since [, || Suu;dx = —I(u(t)) > 0 on [0,ty) which

implies foto l|z|~ 2us||3dT > 0. Integrating equation (3.16) over [0, %), one can see

I(ut0)) = J(uo) ~ [ el Fu Br

< J(UQ) =d,

which conflicts with (4.12).
Therefore, by (ii) of Lemma 3.5 and (4.11),

||U(t)H > g, Vt S [OaTmax)~ (413)

To complete our proof, we argue by contradiction. Assume that Ty, = 0o. Let

1 / s 2
G(t) == H|x 75’11,(7')” dr.
:/ :
Then we can get
&(t) = 5 el 3u)f} > 0 (4.14)

and

G"(t) = / || *uurdz = —1(u(t)) > 0.
o)

Choose t; > 0 such that

:wa*/MM%mﬁM

ty
=d—/Mﬂ%umwT<¢
0

where the last inequality can be gotten by using a similar argument as in the proof of (4.11). Then one has
J(u(t)) < d; for each t > t1. It follows from Lemma 3.4 and (4.11) that I5(u(t)) < 0 for §; < 6 < d2 and
t > t1, where d1, 02 are the two roots of the equation d(d) = d;. So for any g € (1, d2), we have I5, (u(t)) < 0,
t > t;. By using (4.13), it is easy to find for all ¢ > ¢,
G"(t) = —I(u(t))
= (00 = Dllu(®)|* — I, (u(t))
> (50 - 1)04% > 0,

which shows that G'(t) — oo and G(t) — oo as t — oo.
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Next by (2.12), (3.16) and (4.14), we have the following estimation:

G"(t) = ~I(u(t))

o Liu@ 2 - (0 + 17 (u(t)

(4.15)

> (p+ 1) / e~ Fur |2dr + (p— DAG(E) — (p+ 1) (up),

1
CoB?"
Integrating G”(t) = [, x|~ *uwydx over (0,t), we get

¢
G'(t) = G'(0) +//|x|7suurdxd7'.
00

where the constant )\ =

Thus,

(G'(D)2 = (G/(0))2 + 26/ (0)(G(£) — G'(0)) + //\x|_suu7dxd7'

2

= —(G"(0)* +26"(0 )+ //|x| Suurdrdr
0 Q

, (4.16)

t
=~ 4l ol + 60 el uolly + | [ [ 1ol wurdaar
0 Q

t
< Q) |l uo|2 + / / | wun dudr
0 Q

Then combining (4.15), (4.16) and using Schwarz’s inequality, we get

t 2

t t
1 1 s s
Ge" - P26 = Pt | [ial bur e [ el Suliar — | [ [la)-uu,dadr
0 0

0 Q
(4.17)

+(p— )AGE — (p+1)GJ(u0)—LHG'|||x a2

> (p— DAGE — (p-+ )G o) — L2261l

Since G'(t) — oo and G(t) — oo as t — 0o, there must exist a to > 0, such that

p—l/\G> p+1 Hm_,

-1
P0G > (p+ 1) J (), >

t > to.
B) 2

So, from (4.17) we have

p+1

GG" —"——=G'"*>0, t>t,.
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Next, we take account of the function G Tet 6 = 712;1, then 6 > 0 since p > 1. For any t € (t2,00),

(G79' = -G~ "1a" <0, (4.18)
(G—G)// _ —QG_Q_Q[GGH _ 1%1(;’2] <0, (4.19)

which makes sure that the function G*2" is concave on (t2,00). Obviously, there is a finite time 7' > 0, such
that lirr% G (t) =0, ie. thnilr G(t) = 0o, which is inconsistent with the assumption that 7,4, = co. Hence
t— —

our proof is finished. O

Proof of Theorem 2.8. Since J(ug) = d, we get ug # 0. Then it follows from the definitions of A/ in (2.3)
and d in (2.5) that up € N and

J(up) =d= ulgjva(u)

Hence, by the theory of Lagrange multipliers, there exists a p € R such that

T (uo) = I’ (o). (4.20)
Thus,
(J'(uo),uo0) = p{I' (uo), uo). (4.21)
Since ug € N, we have
0 = I(ug) = (J'(uo), uo) = [[uoll* = luoll5%1- (4.22)

Then, it follows from (4.21) and the above equality that

+1
(I'(uo), uo) = 2[luoll* = (p +1)luollp )
using the definition of I in (2.2)
=—(p— 1)uol*
< 0.

So, by (4.21), (4.22) and the above inequality, we get p = 0. Therefore, it follows from (4.20) that J'(ug) = 0,
i.e., ug is a solution of problem (2.22). So, problem (1.1) obviously admits a global solution u(t) = ug. O

Proof of Theorem 2.9. Firstly, we prove the solution will blow up in finite time.
If (2.25) holds, from (2.1), (2.2) and (2.24) we get

(o) = 5 ol + (0 + 1) o)
< QDA a2 4 (p 4 1) (o) (4.23)
< 0.
Actually, we may claim that
I(u(t) <0, Yt € [0, Tmax)- (4.24)
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Otherwise, there is a ¢y € (0, Tinax), such that

I(u(to)) =0, (4.25)
and
I(u(t)) <0, tel0,tp). (4.26)
Then it follows from (4.1) that
d 1 -2 2 —s
7 §|Hm| 2ulz ) = [ 2| uude = —1I(u(t)) > 0, Vt e (0,1o). (4.27)
Q
Thus, by (2.25), (4.26) and (4.27), we obtain
ﬂw)<£¥¥l—mﬂ"mﬂ
2(p+1) 2
- (4.28)
< s
= 2(p—|—1 Hl | u(to HQ

Besides, it follows from (2.1), (2.2), (2.24), (3.16) and (4.25) that

(p— s 5
m H|93\ u(to HQ < 2( )||U(t0)|| (4.20)

= J(ulto)) < J(uo),

which contradicts (4.28).

Furthermore, we can suppose that J(u(t)) > 0 for all ¢ € [0, Tinax). In fact, if there is a tg such that
J(u(to)) < 0, combining with (4.24), we have J(u(tp)) < 0 < d and I(u(tp)) < 0. Then we can regard (o)
as the initial data, and by using Theorem 2.1, the solution u = u(¢) of problem (1.1) will blow up in finite
time, and then the blow-up result have been obtained.

Next, we are going to prove the blow-up of the solution u(t) by contradiction. Suppose u(t) exists globally
and let

o0 = 3|l Hu) ] - LI, =0 (4.30)

Then, it follows from (2.1), (2.2), (2.24), (3.16), (4.27) and J(u(t)) > 0 that

#(t) = —I(u(t)) Gﬁ?ﬁgnur%Mﬂﬁ
p—1 2 _ u
> Eo— [u®IP = (p+ 1) (u(t)) (431)
Mz b ()2 - (0 + 1) T(u(t))
= (p—DArp(t)
and
o(0) = 5 [l 5ua]; = () > 0 (4.52)
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which indicates

1 s

5 lel‘ﬁuui > o(t) > p(0)eP DMt >, (4.33)

On the other hand, by J(u(t)) > 0, (3.16) and Holder’s inequality, we have

t
2|~ 5 u(t)]> = |m\—%uo+/|x|—squT
0 2

¢
< e Suoll, + [ Mlal Hur adr
0
. (4.34)
t 2
< H|x\_%u0”2+t% /|||m|_%u7|\§d7
0
1
= ||~ 2 uo||, + t2[T(uo) — J(u(t))]2
< |||~ Fuol|, + J(uo) 7t
Combining (4.33), we get the following inequality
20(0)e "2 < |l Fuol|, + J(uo) B2, >0, (4.35)
which will result in an error when ¢ — co. Hence, u(t) will blow-up at some finite time Tiax.
Next, we estimate the upper bound of Tjhax. From (4.27) and (4.24), we have
d _s 12
= (H|x| 2u||2> = —2I(u(t)) >0, Vt€ [0, Tmax), (4.36)
that is to say
H|x|*%uH§ is strictly increasing on [0, Tyax)- (4.37)
Let
¢
_ s 2 _ s 2
F(t) := / (2|~ 2ur ||, d7 + (Tmax — t) |||~ Fuol|, + n(t + €)%t € [0, Timax), (4.38)
0

where 7, £ are two positive constants which will be specified later.
Then, for any ¢ € [0, Tyax), through (2.24), (4.27), (3.16), (4.37) and a series of calculations we can get

F'(8) = ||l 2u(®)||s — |||~ 2 uo|[2 + 2n(t + &) > 2n(t + &) >0,
F(O) :TmaxH|x|7%u0H2+7]€2 >0, (439)
F'(0) = 2n¢ > 0,

and
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F"(t) = =21 (u(t)) + 2n
> (p = Dlu@®)]* = 2(p + 1) J (u(?))

> (p— DA ||l2] ()3 = 2(p + 1) T (uo) + 2(p + 1) / ]~ 2 ur|[5dr (4.40)

> (p—1M HIwI‘%uon —2(p+1)J(uo) +2(p+1) / |z~ 2 u|3dr
> 0.
So
F(t)>F(0) >0, tel0,Thax)- (4.41)

Let

=

=[ / |||x|§u||§dr] L bt = [ / |||x|%u7||§dr] | (4.42)
0 0

By Holder’s inequality, we have

[/|||x|5u(t)||2d7+77 (t+¢) ] {/HM 2u7||2d7+77]

- B (M= #u®|; ~ 215 uo|3) +n(t+§)2r

(a2 (t) + (e + ) B3(8) + ) - l/%Hm3u||§d7+n<t+g>2]

0

t

2
(1) + n(t + O(t) + ] - / / el ~S ey dedr + n(t + @2]

LO

>[a?(t) +n(t + €)MV (t) + 1] — / ]~ 2 ], [~ Fuir ||, dr -+ (¢ + 5)2] (4.43)
LO

>[a®(t) +n(t + )b (t) +n] — [a(t)b(t) +n(t + €)]*
=[vna(t)]* = 20t + §)a(t)b(t) + [V(t + )b(t))?
=[v/na(t) — v/n(t + )b(t)]?

>0.

Combining (4.43) with (4.38), (4.39) and (4.40), we obtain
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1 . . ?
—(F'(t))2 =4 |:§ (|||x _Equ — H|x _EuoH;) +77(t+§)2:|

/HW\MHMdT+nt+£ /HWImwde+n

1 2
=[5 (W=l = it 5ul3) + nce -+ &7 (4.4
- [

F(8) = (s = )1t 5[] | [ = 5uc ]+
0

t

> _4F(t) / el | dr + 1
0

Then it follows from (4.39), (4.40) and (4.44) that

(p+1)
2

F()F"(t) - (F'(1))*

>SF(t) | F'(t) — 2(p + 1) /H|x|_%u,r||;d7+77 (4.45)

>F(t) [(p— ) [[le]~ 5o |3 — 200 + 1) (o) — 2(p + 11| -

Take n small enough, such that

ne (0, ﬁ] , (4.46)

where
o= (p— A1 ||~ S uo|2 — 2(p + 1) (o).

Then it is obvious that

FF" — (p+1)F12 >0
5 > 0.
Thus, for any t € [0, Tmax), we have
p—1\’ -1 P
<F_ 2 ) :—p—2 F~ ;1F/<0,
ot s » +1 (4.47)
(F__2 ) :__F——[FF” ——F'? <

which implies that the function F-%" s concave, which will extinct at finite time Ty,.«. Furthermore, Ti,ax
satisfies

2F(0) [l Fuoll; &
G- DF©) Dt T (4.48)

Tmax S
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Let £ be large enough such that

é‘e <M7OO> , (449)

(p—1)n

then by (4.48)

n&?
T < . (4.50)

(p— )ng — ||z~ 2 uol|

In view of (4.46) and (4.49), we can define

=8 ne (05| e | Ty,

2+ 1) |2l o] Izl uol; o

and then

2
Tox < inf /i S
O (p — 1)ng — ||~ 2 uol|

Let o = n¢ and

0€ .
(p— 1o — |||zl uo 3

f(&0) =

It is easy to find that f(&, o) is decreasing with p. Then,

g
Tmax S inf f (57 75)
2(p+1)H\xF%uoH2 2(p+1)
fE WN,OO
2
= inf a8

(p—1)o

(2(p+1):c§uo : ) (p—1)o&—2(p+1) H|$|7%“0H§
g€l ——(pme— 2

o&?
— 8 2
(p = D)og =20+ 1) ol ~uolf; |20 2ol

(p—1)o

8(p+ 1) || ||~ 3ol
(p—1)2%0

Hence, by the definition of o and the above inequality, we have

8(p+1) ||l uo

Tmax < s 2 :
(p = 1)2[(p = D1 |||z]~ 2|, — 2(p + 1)J (uo)]
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