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We consider the Cauchy problem for the wave equation with overdamping and 
semilinear source terms:

{
utt − Δu + b(t)ut = N(u), (t, x) ∈ R+ × RN

(u, ut)(0, x) = (u0, u1)(x), x ∈ RN ,
(P )

with b(t) = b0(t + 1)−β , b0 > 0, β < −1 and N(u) = |u|p−1u, p > 1. Ikeda 
and Wakasugi [8] have recently showed that, when |N(u)| ≤ C|u|p for any p > 1, 
there is a global-in-time solution to (P ) for suitable small data, and that, when 
N(u) = ±|u|p, the local-in-time solution blows up within a finite time for suitable 
large data. To show the blow-up result, their method seems to be not applicable to 
our semilinear term. Our aim is to show the blow-up of solutions for suitable large 
data, by the method much different from theirs.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

We consider the Cauchy problem for the semilinear damped wave equation

{
utt − Δu + b(t)ut = N(u), (t, x) ∈ R+ × RN

(u, ut)(0, x) = (u0, u1)(x), x ∈ RN ,
(1.1)

with the coefficient of damping

b(t) = b0(t + 1)−β , (β < −1, b0 > 0) (1.2)

and the semilinear source term

E-mail address: kenji@waseda.jp.
https://doi.org/10.1016/j.jmaa.2019.05.037
0022-247X/© 2019 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.jmaa.2019.05.037
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:kenji@waseda.jp
https://doi.org/10.1016/j.jmaa.2019.05.037
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2019.05.037&domain=pdf


K. Nishihara / J. Math. Anal. Appl. 478 (2019) 458–465 459
N(u) = |u|p−1u, p > 1. (1.3)

In (1.2), depending on β, the damping b(t)ut is classified as follows:

(i) β > 1 ⇒ non-effective,
(ii) −1 ≤ β < 1 (

∫∞
0

dt
b(t) = ∞) ⇒ effective,

(iii) β < −1 (
∫∞
0

dt
b(t) < ∞) ⇒ overdamping

(Wirth [29,30], cf. Yamazaki [31,32].) In (i) “non-effective” means that the damping is weak and the solution 
to (1.1) behaves as wave-like and scatters as time tends to infinity. In (ii) the solution behaves as t → ∞ like 
that to the corresponding parabolic equation, which is called diffusion phenomenon. In this paper we treat 
the overdamping case (iii). Ikeda and Wakasugi [8] recently obtained in this case that, if |N(u)| ≤ C|u|p
for any p > 1, then there is a global-in-time solution u for small data (u0, u1), and that, when N(u) =
±|u|p (p > 1), for suitable large data (u0, u1) the local-in-time solution u blows up in a finite time. The 
blow-up result in [8] is obtained by applying the test function method, and so it seems to be not applicable 
to our semilinear term (1.3), because N(u) in (1.3) may change the sign.

Thus, our aim in this paper is to show the blow-up of the solution to (1.1) with (1.2)–(1.3) for any p > 1
and suitable large data with compact support. To show this we apply the comparison theorem for second 
order ordinary differential inequalities (Li and Zhou [13]) and essentially use the support of data is compact 
(cf. Zhou [34]). Our method is much different from that in [8]. Our theorem obtained will be stated precisely 
in the end of this paper.

We here mention the related results. For semilinear damped wave equations one main interest is to 
determine the critical exponent pc in the sense that, if p > pc, then there is a global-in-time solution for 
small data, and, if p ≤ pc, then a local-in-time solution blows up in a finite time for any suitable small data. 
In this sense, it may be said that pc = 1 in overdamping case by the result in [8]. Roughly speaking, we also 
expect that, when the damping is non-effective, pc is the Strauss exponent, and, on the other hand, when the 
damping is effective, pc is the Fujita exponent or its variant. For these there are many literatures. In case of 
constant coefficient, see [13,26,33,20,7,17,19,5,6] etc. In the time-dependent case, see [29–32,22,16,1–4] etc., 
and also [18,9,10,21,24,25,27] etc. in the space-dependent case. The case of both space and time dependent 
coefficient is interesting, but the blow-up of solutions is not known well. See [28,14,15,11,12] for the small 
data global existence of solutions. To more detailed references see our recent paper [23].

We end this section by stating the local existence theorem without its proof, because the proof is standard.

Proposition 1.1 (Local-in-time solution). Let (u0, u1) ∈ H1 × L2 with supp (u0, u1) ⊂ {x ∈ RN ; |x| ≤
L} =: BL(L > 1), and 1 < p < ∞ (N = 1, 2), 1 < p ≤ N

N−2 (N ≥ 3). Then there exists a solution 
u ∈ C([0, T ); H1) ∩ C1([0, T ); L2) to (1.1) with (1.2)–(1.3) for some T > 0, which satisfies

suppu(t, ·) ⊂ {x ∈ RN ; |x| ≤ t + L} = Bt+L. (1.4)

2. Comparison theorem

For the second order ordinary differential inequalities the following comparison theorem holds.

Lemma 2.1 (Comparison theorem, Li-Zhou [13]). Let the functions k, h ∈ C2([0, ∞)) satisfy

f0(t)k′′(t) + k′(t) ≥ g0(t)k(t)1+α, t ≥ 0, (2.1)
f0(t)h′′(t) + h′(t) ≤ g0(t)h(t)1+α, t ≥ 0, (2.2)

where α ≥ 0 and f0, g0 ∈ C([0, ∞)) are positive. Then, if
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k(0) > h(0), k′(0) ≥ h′(0) or k(0) ≥ h(0), k′(0) > h′(0), (2.3)

then

k′(t) ≥ h′(t), t ≥ 0 (2.4)

and so

k(t) ≥ h(t), t ≥ 0. (2.5)

The proof is given in Li and Zhou [13], but for the reader’s convenience we state the proof shortly.

Proof. First, instead of (2.3), we can assume

k(0) > h(0), k′(0) > h′(0), t ≥ 0 (2.3)′

without loss of generality. In fact, if k′(0) > h′(0) and k(0) = h(0), then, for δ0 > 0 small, k(t) > h(t), k′(t) >
h′(t), 0 < t ≤ δ0 and hence we can take t = δ0 as the initial time. If k(0) > h(0) and k′(0) = h′(0), then, 
by (2.1)–(2.2), k′′(0) ≥ g0(0)

f0(0)k(0)1+α > g0(0)
f0(0)h(0)1+α ≥ h′′(0), and hence k′(t) > h′(t) and k(t) > h(t) for 

0 < t ≤ δ0.
Assume that (2.4) fails, then there is t∗ > 0 such that

k′(t) > h′(t) (0 < t < t∗), k′(t∗) = h′(t∗).

Hence, for t < t∗, k′(t)−k′(t∗)
t−t∗ < h′(t)−h′(t∗)

t−t∗ and k′′(t∗) ≤ h′′(t∗) as t → t∗ − 0. On the other hand, by 
k′(t) > h′(t) (0 < t < t∗) and k(t∗) > h(t∗),

f0(t∗)k′′(t∗) + k′(t∗) ≥ g0(t∗)k(t∗)1+α > g0(t∗)h(t∗)1+α ≥ f0(t∗)h′′(t∗) + h′(t∗).

Hence k′′(t∗) > h′′(t∗), which contradicts to k′′(t∗) ≤ h′′(t∗). �
Lemma 2.2 (Blow-up). Let the function Ψ(t) ≥ 0 (t ≥ 0) satisfy

f(t)Ψ′′(t) + Ψ′(t) ≥ C0g(t)Ψ(t)1+α (t ≥ 0), Ψ(0) > 0, Ψ′(0) > 0, (2.6)

where α > 0, C0 > 0 are constants and positive functions f(t), g(t) satisfy

f(t) ≤ C1, g(0) = 1, g′(t) ≤ 0 and G0 :=
∞∫
0

g(t) dt < ∞ (2.7)

for some constant C1 > 0. Then, if

min
(
αΨ′(0)
4Ψ(0) ,

αC0Ψ(0)α

1 +
√

1 + 4(1 + α/2)C1C0Ψ(0)α

)
> G−1

0 , (2.8)

then Ψ(t) blows up in (0, T ∗] for some T ∗ > 0.
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Proof. Define the function Φ(t) by the solution to

Φ′(t) = ηg(t)Φ(t)1+α
2 (t ≥ 0), Φ(0) = Ψ(0). (2.9)

Here η > 0 is suitably defined later. Differentiate

Φ′′(t) = ηg′(t)Φ(t)1+α
2 + η(1 + α

2 )g(t)Φ(t)α
2 · Φ′(t)

≤ η2(1 + α

2 )g(t)Φ(t)1+α (by (2.9) and (2.7)),

and

f(t)Φ′′(t) + Φ′(t) ≤ η2(1 + α

2 )f(t)Φ(t)1+α + ηg(t)Φ(t)1+α
2

≤ (η2(1 + α

2 )C1 + η

Ψ(0)α/2
)g(t)Φ(t)1+α.

Choose η as

η2(1 + α

2 )C1 + η

Ψ(0)α/2
≤ C0

or

η ≤ 2C0Ψ(0)α/2

1 +
√

1 + 4(1 + α
2 )C1C0Ψ(0)α

, (2.10)

then Φ(t) satisfies

f(t)Φ′′(t) + Φ′(t) ≤ C0g(t)Φ(t)1+α (t ≥ 0), Φ(0) = Ψ(0). (2.11)

We additionally pose

Φ′(0) < Ψ′(0), (2.12)

then, by Lemma 2.1, we have

Φ(t) < Ψ(t) (t ≥ 0). (2.13)

By (2.9), (2.12) means

Φ′(0) = ηg(0)Φ(0)1+α
2 < Ψ′(0) and η <

Ψ′(0)
Ψ(0)1+α

2
.

Hence η should be taken as

η ≤ Ψ′(0)
2Ψ(0)1+α

2
. (2.14)

Due to (2.10) and (2.14) we choose η as

η = min
(

Ψ′(0)
2Ψ(0) ,

2C0Ψ(0)α/2

1 +
√

1 + 4(1 + α/2)C C Ψ(0)α

)
. (2.15)
1 0
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We now solve (2.9) and get

Φ(t) =

⎛
⎝ 1

Ψ(0)α/2
− αη

2

t∫
0

g(τ) dτ

⎞
⎠

−α/2

. (2.16)

Hence, if

1
Ψ(0)α/2

<
αη

2

∞∫
0

g(t) dt = αη

2 G0, (2.17)

then there is some T ∗ > 0 such that Φ(t) blows up within (0, T ∗] and so Ψ(t). The condition (2.17) is 
written as G−1

0 < α
2 Ψ(0)α/2η, that is, if (2.8) holds, then Ψ(t) blows up within (0, T ∗]. �

3. Blow-up of the solution to (1.1)–(1.3)

Let u be a local-in-time solution obtained in Proposition 1.1. To show the blow-up of the solution, we 
refer Zhou [34]. First, applying ut to (1.1) and integrate it over Bt+L(⊂ RN ), we have

d

dt
E(t) := d

dt

[
1
2

∫
(u2

t + |∇u|2) dx− 1
p + 1

∫
|u|p+1dx

]
= −b(t)‖ut(t)‖2 ≤ 0.

Here and after the domain Bt+L of integral is often abbreviated and ‖ · ‖ denotes the L2-norm. Hence

E(t) ≤ E(0) = 1
2(‖u1‖2 + ‖∇u0‖2) − 1

p + 1

∫
BL

|u0|p+1dx. (3.1)

Here we assume

E(0) ≤ 0 and so E(t) ≤ 0. (3.2)

We now define Ψ(t) by

Ψ(t) = 1
2

∫
RN

|u(t, x)|2dx = 1
2

∫
Bt+L

u(t, x)2dx = 1
2‖u(t, ·)‖2. (3.3)

Then

Ψ′(t) =
∫

(uut)(t, x) dx (3.4)

and

Ψ′′(t) =
∫

ut(t, x)2 dx +
∫

(uutt)(t, x) dx

= −2
[
1
2

∫
(u2

t + |∇u|2) dx− 1
p + 1

∫
|u|p+1dx

]

+ 2
∫

u2
tdx +

∫
|∇u|2dx− 2

p + 1

∫
|u|p+1dx +

∫
uuttdx.
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By (1.1)
∫

uuttdx +
∫

|∇u|2dx + b(t)
∫

uutdx =
∫

|u|p+1dx.

Hence, by (3.4)

Ψ′′(t) ≥ 2
∫

u2
t dx− b(t)Ψ′(t) + p− 1

p + 1

∫
|u|p+1dx

and

Ψ′′(t) + b(t)Ψ′(t) ≥ p− 1
p + 1

∫
Bt+L

|u|p+1dx. (3.5)

Here, using Hölder’s inequality with 1
(p+1)/2 + 1

(p+1)/(p−1) = 1, we have

∫
Bt+L

|u|2dx ≤
( ∫
Bt+L

|u|p+1dx
) 2

p+1
( ∫
Bt+L

1 dx
) p−1

p+1 ≤ (t + L)
(p−1)N

p+1

( ∫
Bt+L

|u|p+1dx
) 2

p+1

and ∫
Bt+L

|u|p+1dx ≥ L− (p−1)N
2 (1 + t)−

(p−1)N
2 Ψ(t)

p+1
2 .

Hence (3.5) yields

b(t)−1Ψ′′(t) + Ψ′(t) ≥ p− 1
p + 1b

−1
0 L− (p−1)N

2 (1 + t)β−
(p−1)N

2 Ψ(t)1+
p−1
2 . (3.6)

In Lemma 2.2, we naturally take

α = p−1
2 , f(t) = b(t)−1 ≤ b−1

0 = C1, C0 = p−1
p+1b

−1
0 L− (p−1)N

2 ,

g(t) = (1 + t)β− p−1
2 , g′(t) < 0,

∫∞
0 g(t) dt = ( (p−1)N

2 − β − 1)−1 = G0(> 0).
(3.7)

Therefore, if Ψ(0) = 1
2
∫
BL

u2
0dx and Ψ′(0) =

∫
BL

u0u1dx fulfill (2.8), then the solution u blows up within 
(0, T ∗].

Thus we have the following theorem.

Theorem 3.1 (Blow-up). The solution u ∈ C([0, T ); H1) ∩ C1([0, T ); L2) to (1.1)–(1.3) obtained in Propo-
sition 1.1 blows up within (0, T ∗] for some T ∗ > 0 provided that the data (u0, u1) ∈ H1 × L2 satisfies (3.2)
and (2.8) with Ψ(0) = 1

2
∫
BL

u2
0dx, Ψ′(0) =

∫
BL

u0u1dx and (3.7).

Remark 3.1. The set of the data (u0, u1) satisfying the conditions in Theorem 3.1 is not empty. In fact, for 
an example, let w0(x) be in C∞ with suppw0 ⊂ BL, and define

u0 = Kw0, u1 = K1+γw0 (0 < γ <
p− 1

2 )

for K � 1. Then, since Ψ(0) = K2 ‖w0‖2, Ψ′(0) = 2Kγ → ∞ as K → ∞, and
2 Ψ(0)
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E(0) = 1
2(K2+2γ‖w0‖2 + K2‖∇w0‖2) − Kp+1

p + 1

∫
BL

|w0|p+1dx → −∞ (K → ∞),

necessary conditions (2.8) and (3.2) are fulfilled for large K > 0.
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