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1. Introduction and statement main results

The case when a nilpotent singularity of a vector field is a center was theoretically characterized in [4,11].
In fact, any nilpotent system with a center is orbitally equivalent to a time-reversible, more specifically the
phase portrait is symmetric respect to the y-axis after a change in the time and state variables, see also
[1,13,18]. However, there are few families of nilpotent vector fields where the center conditions are known, see
for instance [5-7]. Indeed the centers of the more simple semi-quasi-homogeneous systems, that is, systems
that are sum of two quasi-homogeneous vector fields are not yet completely classified.

In [12] was studied the analytically integrable centers of the semi-quasi-homogeneous nilpotent vector
fields of the type (1,k) with k > 2

&= —y+arzy + asz™ T, g =2 4 biy? + boaFy + by ?. (1.1)
We recall that not all the nilpotent centers are locally analytic integrable, see [4,13,17]. In [19] the center

conditions of system (1.1) were studied via Cherkas’ method, see [14,17,20]. The authors distinguished two
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cases, k even and k odd, that we now write as the following differential systems

x y a1y + agx?9t3
o 4q+3 + 2 2q+2 4qg+4 | (1.2)
Y — b1y” + box*1 =y + b3z

z a1y + agr2at?
o %qu+1 + 2 ; y2q+12 4q9+2 | (1.3)
Yy —x b1y + box Yy + bsx

with ¢ € N. We remark that the center problem for these nilpotent families is as important as the nonde-

with ¢ € N U {0}, and

generate center problem of the semi-homogeneous vector field formed by a linear component of type (—y, )
and a quadratic component or a homogeneous cubic component, studied in [10,24] respectively. The family
(1.2) is completely solved in [19], that is, all the centers are known. However, the classification for the family
(1.3) is still open.

In this work we develop an orbital reversibility algorithm to obtain the orbital reversible obstructions to
have a center for any vector field with a nilpotent singularity. We complete the center conditions for the
family (1.3) for ¢ = 1. In addition, a new center case is obtained for ¢ > 2, and it is conjectured that all the
centers given in this work, for the case ¢ > 2, are the unique ones.

Notice that if F is the vector field associated to system (1.3) then F = Fy; 4+ Fg,41 is a sum of two
quasi-homogeneous vector fields of type t = (1,2¢ + 1) and degree 2¢ and 2q + 1, respectively. The center
problem for the above family is the simplest unsolved problem with arbitrary q. We recall that the analytic
integrability and the center problem for system (1.3) has been studied but not solved in [12] and later in
[19]. Next result completes the analytical integrability problem for system (1.3).

Theorem 1.1. System (1.3) for ¢ > 1 is analytically integrable if, and only if, one of the following conditions
is verified:

a) a2:b2:0.
b) ay + 2by :b2+2(q+1)a220.

Next result gives center conditions of system (1.3) for ¢ > 2.

Theorem 1.2. The origin of system (1.3) for ¢ > 2 is a center if one of the following conditions is satisfied:

as = by *2((]4‘1)&1 = b3 + 2a; = 0.
a9 = 2b1 — (2q+ ].)(Ll = 2b3—|—a1 =0.
(g) b3 = bg — (2q+ 1)&2 = bl — (2q+ 1)@1 =0.

The cases (a), (b), (c), (d), (e), (f) correspond to the cases (i), (v), (vi), (ii), (iii), (iv) of [19], respectively.
However the case (g) is a new case not found in the previous work [19].

We have shown that, for 2 < ¢ < 100, the only centers of system (1.3) are those described in Theorem 1.2,
so for these values of ¢ these cases are necessary and sufficient conditions. We conjecture that the same
statement happens for all ¢ > 100.

The following result characterizes the center conditions of system (1.3) for ¢ = 1.

Please cite this article in press as: A. Algaba et al., Center conditions of a particular polynomial differential system with a
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Theorem 1.3. The origin of system (1.3) for g =1 is a center if, and only if, one of the following conditions
is satisfied: Cases (a)-(g) for ¢ =1 of Theorem 1.2 and

(h) by — 35a9 = 3b1 — a1 = 9b3 + 4aq = 405@% — CL% =0.
Case (h) is a new case only for ¢ = 1. Moreover, it is also a center case not found in [19].
2. Preliminary results

Before of showing our results, we recall the following concepts and definitions. Given t = (¢1,t2) with ¢,
and ¢y natural numbers without common factors, a function f of two variables is quasi-homogeneous of type
t and degree k if f(chz,e'2y) = ¥ f(z,y). The vector space of quasi-homogeneous polynomials of type t
and degree k will be denoted by Pt. A vector field F = (P, Q)” is quasi-homogeneous of type t and degree
kif Pe Py, and Q € P}, . We will denote QJ the vector space of the quasi-homogeneous polynomial
vector fields of type t and degree k.

Any vector field can be expanded into quasi-homogeneous terms of type t of successive degrees. Thus, the
vector field F can be written in the form F = F, +F, 1 +--- for some r € Z, where F; = (P}, QHQ)T S
Q; and F,. Z 0. If we select the type t = (1,1), we are using in fact the Taylor expansion, but in general,
each term in the above expansion involves monomials with different degrees.

We will denote by Do = (t17,t2y)T € Qf (a dissipative quasi-homogeneous vector field) and by X, =
(—0h/0y,0h/0z)T (the Hamiltonian vector field associated to the polynomial h). If h € fP:HtI then X, € Q
where [t| = t; + to. Moreover, it is proved that every F; € Q; can be expressed as

Fj = th + /JjDO (24)

Wlth hj = (DO A F])/(] + |t|) and ‘LLj = le (FJ) /(j —+ |t‘), where DO A F]‘ = tll.Qj+t2 — t2ij+t1 - :P;_Htl
and div (F;) € P} is the divergence of F;, see [3].
We define the vector spaces.

Of = {(P,Q)" € Q) : P(—,y) = P(,1),Q(—x,y) = —Q(z,9)},
0 = {(P.Q)" € O : P(z,y) = —P(z,9), Q(—=,y) = Q(z, 1)},
Py ={nePy:u(—z,y) =—px,y)},

P = {pnePp(-,y) = nz.y)}

sz, @Z are the vector field in Q’,‘C such that the differential systems associated to these vector field are
invariant to (x,y,t) — (—=z,y,—t), or invariant to (z,y,t) — (—=z,y,t), respectively. It is verified that
~ —t ~ —t
i = QLD Q) and P, =P D Py
The vector field transformed of F by means of the change of variables with generators (spatial U and
temporal p) is given by (see [15])

Next result provides a simplified normal form which uses reduced changes of variables and time reparame-

trization that are convenient for calculating necessary conditions of centers for systems with first quasi-
homogeneous component of the type Fay = (y, —pdtHT g e N,
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Proposition 2.4. Let F =3 .-, F; with F; € Q§_1,2q+1); Fy, = (y, —zttH)T ¢ Q“;}fq“) then it is possible
to choose adequately U= 221 ﬁj with I~Jj € @; and L =1+ 2]21 fj, with fij € 5155, t=(1,2¢+1), such
that

U.. (iF) = Foo+y (62(q+i)+1 + (62(q+i+1) + az(q+i+1)$2(q+i+1)D0)) , (2.5)
i>0

where Dy = (z, (2¢ + 1)y)T and éj € @5

Proof. By [8, Proposition 12-15] a formally orbital equivalent normal form of system x = F(x) is x =
G(x) :=Faqg + 3., Gi, with G; € Cor (£;) (complementary space to the range of £;), being

L;: Q:_Qq x Cor (fi_gq) — Q;: 4 :Piiz—2q — '.’Pf
(Ui—2q, ti—2q) — [Faq, Uji—9q] — tti—24F2q Hi—2g Viti—2q - Faq

Moreover G = Faq + 7,5, viDo with v; € Cor (¢;) (complementary space to the range of ¢;). Taking

into account that Foy = X, with h = —%yQ — ﬁx‘*q”, we have that v; = Bj(l)xjhl if j # 4q + 1 where

j=i—1(4¢+2)and | = {mJ (|-] is floor function), and v; = 0 if j = 4¢ + 1. It is easy to prove that
another subspace complementary to the range of ¢; is given by v; = a;2* if mod(i,4q + 2) # 4¢g + 1 and
v; = 0 otherwise.

It is possible to choose a complementary subspace to the range of ¢ for all k, Cor (¢;) of the form
Cor (¢) = M)@m, where CZ?(Z) = Cor () N ﬁv’z and Cor (¢;) = Cor (¢;) N ?Z. Therefore
Q! x Cor (£i—2g) = OF 5, x Cor (€i25) @ Or s, x Cor (li-3,).

With this choice we consider now the operator £; : @ffzq X Cor (€i_oq) @ Qf o, x Cor ((;_oq) — O P ot
whose matrix can be expressed as

—t

° 0 Q,
0 ° Q;‘
QF 5y X Cor (bi—ag) | Oi sy x Cor (fi—,)

where e means a non-null submatrix, since Fay € @gq and hence the following properties are verified:
~ —t — ~ o~ _ _— ~ —t
{F2q7Ui72q} € Q;, [F2q, Uiag| € QF and if [i;_2q € Cor (li—2q), Fij_q € Cor (Li—zq), then fiz_2,Faq € Q;

and fi,_5,Faq € OF.
Therefore if we define the reduced operator

Ei : ét x Cor (&_gq) — Qf

1—2q ” _
(Ui—ag, fli—2q) — [Faq, Ui—gq] — fti—24F2q

the matrix of the operator £; is a submatrix of the matrix of £; and the formally orbital equivalent normal

form using reduced spatial generators U, € é;‘; and reduced temporal generators i, € Cor (¢y) is given by

U.. (iF) = Faq + Z (6'2(q+i)+1 + (éQ(q+i+1) + 042(q+i+1)3?2(q+i+1)D0))
i>0

and the result follows. O

Next result characterizes the centers of system x = Fag(x) + - - -.
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Theorem 2.5. The origin of system x = F(x) where F =3 .-, F; withF; € Q§-1’2q+1), Fy, = (y, —z%tHT,
is a center if, and only if, the coefficients aa(qyit1) of equation (2.5) are null for all i > 0.

Proof. By Proposition 2.4 the origin of system x = F(x) is a center if, and only if, the origin of system
% = U, (uF)(x) defined in (2.5) is a center. The sufficiency is trivial. We prove the necessity by reduction to
absurdity. Assume that not all the coefficients ay 4141y be null and take N = min {z € N aggrit1) # 0},

that is, ag(g1i41) = 0 for all i < N and ag(q4n41) # 0. Let F be the vector field associated to the system (2.5)
2

and G = Fy, + Z Z égq+2,;+j then F = G + vDg with v = ZDN ag(q+i+1)x2(q+i+1). Taking the vector
i>0 j=1
field G as center, considering the decomposition (2.4) we have Gogyoi1; = Xp, ; + AijDo j = 1,2, where
1

o . 2 _ 1 dq+2
hij € Plgyaipjpe and Aij € Py, o, ;. Taking into account that Faq = X, with h = —3y° — ;152%%2, we

get:

2 2

G«FJ— = G/\VD() =V F2q+ZZé2q+2i+j /\DO =V Xh+ZZXh1J +)\¢7jD0 /\DO
>0 j=1 >0 j=1

2
= 2T+ (az(q+N+1) +D a2(q+N+1+l)x21> (4g+2)h+3 > (4g+2i+ j)hi;
1>0 i>0 j=1

In this way for all (x,y) in a neighborhood of the origin with = # 0, we have that sig (G~FJ-) =
sig(aa(g4+n+1)) and for z = 0 we get G - F+ = 0 therefore all orbits of F leave from any closed orbits of the
center G if agq4n41) > 0 or all orbit of F enter from any closed orbit of the center G if gy n41) < 0.
Therefore the origin of system (1.3) is not a center. O

These constants ag(44i+1) give the center conditions, their vanish is a necessary condition to have a center.
Therefore, Theorem 2.5 provides an effective algorithm for computing center conditions in the particular
case of system (1.3) and for nilpotent systems in general. Notice that the algorithm is efficient because
only use change of variables necessary to achieve a reduced normal form. This fact allows to calculate more
Lyapunov constants than the classical algorithm that includes all change of variables, as it is shown in
the following proofs. Moreover, the constants ay(g4441) that appear in (2.5) give the conditions of orbital
reversibility, that is, system %X = F(x) of Theorem 2.5 is orbital reversible if, and only if, ap(g441) = 0 for
all ¢ > 0 in the equation (2.5), see [1,11].

3. Proof of results
3.1. Proof of Theorem 1.1

If system (1.3) is analytically integrable from [9, Theorem 18] a first integral must be of the form

2 4q+2 . . .
I=%4+z + ---. Then using [12, Theorem 2] is obtained the result.

2 4q+2

3.2. Sufficient conditions for Theorem 1.2

In case (a) the system is R,-reversible, and as the origin is monodromic, the origin is a center. In the
case (b) system (1.3) is Hamiltonian with F = X, where g is given in (3.7). Therefore is integrable and
as the origin is monodromic, it is a center. The case (c) is R,-reversible. For the cases (d)-(g), in order to
prove the sufficiency, we first apply to system (1.3) the change of variables z = u, y = v(1 + ayu)*/* and
the system becomes

Please cite this article in press as: A. Algaba et al., Center conditions of a particular polynomial differential system with a
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0 = v(l+agu)/9t 4 gou?at?,
. —udatl o pagtat2 oy 4 (byay — braz)u - (3.6)
Vo= u V.
(1 + aju)br/a 1+ a1u

In the case (d) system (3.6) is given by
a=v, 0=—-uM 4 b’y + afutr,
which is R, —reversible. In the case (e) system (3.6) is

. . 14 2a1u
a=v(l+au)’t?, o= R w4 byttt

Applying the change Y = v, X = u/(1 + aju), and dt = (1 — a; X)?¥T1dT we obtain the system
X' =Y, Y = X4 4 2(g 4 1)a X2TY — gad XT3,
which is Rx —reversible. In the case (f) system (3.6) is

—u (1 + Yu)
(1 + alu)(Q‘H‘l)/Q

uw=v(l+ alu)(2q+3)/2, V= + bou?tly,

Applying the change Y = v, X = u/\/1+ ayu, dt = dT/((1+ %-u)(1 —a1u)?) and taking into account that
1+ %?XZ = (14 %u)?/(1 + aju), we obtain the system
X2q+1

2 Y,
14+ 4X2

which is Rx —reversible. In the case (g) system (3.6) takes the form

X' =Y, Y = — x4t 4,

_u4(1+1 (2q =+ 1)&2 u2q+1v
(1+ aju)?att 1+ aju ’

@ = v(1+ a1u)?*? + agu, 0=

Applying the change Y = v, X = u/(1 + aju), dt = (1 — a; X)??dT we obtain the system
X' =Y +ay X112, Y = X4 (2 4 1)ap X2y,

which is Ry —reversible and this completes the proof.

3.8. Necessary conditions for Theorem 1.2

We compute the first orbital reversibility constants or the first center condition ay(44441) = 0 that appear
in (2.5). This first constant is

aog12 = (2qar — 3by — (2q + 3)b3) (b2 + 2(q + 1)as) + (4g + 3)az(ay +2b1), ¢ > 1

The next constants are too large to include them here but the reader can compute them using the method
derived from Theorem 2.5, see also [2]. From the form of 0ipq+2 We have the following four possibilities:

(1) b2 +2(q + 1)as = 0;

Please cite this article in press as: A. Algaba et al., Center conditions of a particular polynomial differential system with a
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(2) b2+ 2(¢+ 1)ag # 0 and ay + 2b; = 0;
(3) (b2 +2(q+ 1)az)(a +2b1) # 0 and az = 0;
(4) (bg + 2(q + 1)@2)(0,1 + 2b1)a2 £ 0.

Case (1). If ba + 2(¢ + 1)az = 0 then we have agqt2 = (49 + 3)az (a1 + 2b1), for ¢ > 1 which gives rise to
the following possibilities:

(i) If az = 0 then we obtain by = 0 and in this case system (1.3) is R,-reversible. This situation corresponds
to case (a).
(if) If a1 + 2b; = 0 system (1.3) is a Hamiltonian system with F = X, where

b3

2 ghat3, 3.7
Ag+3" (37)

L, 1 4q+2 2 2g+2
= —_ - - b _ q+
g(z,y) 5Y 32 1 1)96 +b1zy” — agr®?Ty +

This case corresponds to case (b).

Case (2). If by +2(¢+1)az # 0 and a3 +2b; = 0 then we obtain agq12 = (4g+3)b1 + (2¢+ 3)bs. From the
vanishing of this constant we can isolate b3 = —(4q 4+ 3)b1/(2q + 3). The next orbitally reversible constant
or center condition is

g = b1 ((—16g(4q +5)(q + 1)bT + 3(2q +5)(29 + 3)%a2 [(2 + 3)az — ba] ), ¢ >1,
which gives rise to the following possibilities:

(i) If by = 0 we obtain a3 = bz = 0. In this case the system is R,-reversible and corresponds to case (c).
(i) If by # O from the vanishing of asq14 we have

3(2q + 5)(2q + 3)2as [(2q + 3)as — b
16¢(4q + 5)(qg + 1)

b=
with ag [(2¢ 4+ 3)as — bs] # 0, otherwise b; = 0. The next constant is
Qg6 = (2¢ +5)(2¢ + 3)(16¢> 4 150¢ 4 161)as — 2(16¢> + 130¢> + 251 + 140)by, ¢ > 1.

The vanishing of this constant provides the value of by given by

(2 + 5)(2q + 3)(16¢> + 150q + 161)
2(16¢3 + 130¢2 + 251¢ + 140)

by = az

and the next one is

zqts = bias [(32(16¢° + 130¢° + 251¢ + 140)) (g + 1)gbi + 45a3(2¢ + 7)(2¢ + 5)(2¢ + 3)°] .

Hence the unique possibility to vanish ag4s taking into account that ¢ € N is az = 0 and in this case
by = 0, which gives the already considered case (a).

Case (3). The condition as = 0 with (by + 2(q + 1)as)(a1 + 2b1) # 0 is equivalent to az = 0 and
ba(a1 + 2b1) # 0. If az = 0 we obtain that agq+2 = [2ga1 — 3b1 — (2¢ + 3)bs] b. From its vanishing we have
bs = (2ga1 — 3b1)/(2q + 3) and the next constant is aggya = (b1 + a1)(b1 — 2(¢ + 1)a1)(2b1 — (2¢ + 1)aq),
which gives rise to the following possibilities:

Please cite this article in press as: A. Algaba et al., Center conditions of a particular polynomial differential system with a
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(i) If by + a1 = 0, then we obtain b3 = ay and this corresponds to the case (d).
(if) If by — 2(¢+ 1)a; = 0 we have b3 = —2a; and this situation corresponds to case (e).
(iif) If 26y — (2¢ + 1)a; = 0 then b3 = —aq/2 and this corresponds to the case (f).

Case (4). In the last case (by + 2(q + 1)az)(a1 + 2b1)az # 0 we apply the scalar change © = x1/aq,
y = 2/a5""! and dt = dT/a3? and system (1.3) takes the form

2g+2
)\ o N AjxiTe + x1q+
= dg+1 2¢+1 4q+2
xh —x 7" B123 + Box{" g + By (7 |

where ' = d/dT, A1 = ai/as, By = by/as, By = ba/as and Bs = bz/as. In this case the first nonzero
constant is

g2 = ((2¢+3)Bs + By — (2¢+ 1)A1) (B2 + 2(g + 1)) + (B2 — (2¢ + 1)) (41 + 2By).

We remark that By +2(qg+ 1) # 0 since otherwise implies bs + 2(g + 1)as = 0 against the hypothesis of the
case. Hence we can isolate from 442 the parameter Bs and we obtain

B1 (=3B +2q) + A1(3 +2(4 + Ba)q + 44¢?)

Bs = B+ 20)(Bs + 20+ 1))

We recall that 3 + 2g # 0 because ¢ € N. Substituting this value of B3 in the next constants we obtain
a rational functions in the parameters Ay, By, Ba, ¢ where the denominators are different from zero. So we
take the polynomial numerators of these constants that we rename of the same form. We have not been
able to finish the problem using computer algebra system Singular [23] to find the decomposition in prime
ideals of the ideal generate by the constants. Hence we use the resultant method, see for instance [5]. In fact
any component of the center variety must be a zero of the resultants between the initial orbital reversible
constants and the resultants of the resulting successive polynomials of the resultants. Hence we first compute
the following resultant between coq44 and aogqj, for j = 8,10, 12 respect to the parameter A;, and these
resultants are

Resultant[agg 4, agrs, A1] = B?¢3(3 +2¢)'° (B2 — (2¢ + 1)) (B2 + 2(¢ + 1))**(5 + 44)3P1(B1, B2, q),
Resultant|aogqa, dag410, A1) = B?q3(3 +2¢)? (By — (2¢ + 1))(Ba + 2(q + 1))%1(5 + 4¢)%P2(B1, Bs, q),
Resultant|aagya, aagr12, A1] = Bi¢*(3 4+ 29)*"(By — (2¢ + 1)) (B2 + 2(q + 1))*"(5 + 4¢)°P3(B1, B, q),

where P1, Py and Pj3 are polynomials in the variables By, By and ¢. If we recall that ¢ € N we have three
cases to study. The first one is By = 0, the second is By = (2¢ + 1) and the third is P; = Py = P35 = 0.
a) If By = 0 we have that

aogra = A1Q1(A1, Ba,q), aogys = A1Q2(A1,B2,q) and  aggr10 = A1Q3(41, B, q),

where Qp, Qo and Qs are polynomials in A;, By and g. The case A; = 0 implies a; = b; = 0 against the
hypothesis of the case because (a; + 2b1)as # 0. Now we do the following resultants

Resultant[Q1, Qa, A1) = B3¢* (B2 — 2q — 3)%(3 + 2¢)*°(Ba + 2(q + 1))3(5 + 4¢)*R1 (B2, q),
Resultant[Qy, O3, A1] = B3¢*(Bz — 2q — 3)*(3 4 2¢)"* (B2 + 2(q¢ + 1))"*(5 + 4¢)*R2(Ba, q),

which gives the following possibilities:

i) If By = 0 we have agg4q4 = 243(1 + 2¢)(3 + 2¢)*(5 + 2¢) which never vanishes.
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ii) If By = 2q + 3 we have agg44 = 4A3¢(3 + 24¢)3(5 + 4¢) (5 + 8¢) which also never vanishes.
iii) If Ry = Ro = 0 we made the Resultant[R, Ra, Bo] which is a polynomial in ¢ without any natural
root.

b) If B2 = 2q + 1 we have that Q2q44 = (Bl — A1(2q + 1))81 (Al, th) and
Qzq+s = (B1 — A1(2¢ + 1))S2(A1, B1,q) and  azgy10 = (B1 — A1(2q + 1))S3(A1, B, q).

If By — A1(2¢ + 1) = 0 this implies Bs = 0 and then b3 = by — (2¢ + 1)a; = by — (2¢ + 1)as = 0
which corresponds to the case (g). The remaining case is S = S; = S5 = 0. The resultant between these
polynomials gives

Resultant[S1, Sa, A1] = ¢%(3 + 2¢)3(3 + 4¢)3(5 + 4¢)*T1 (B2, q),
Resultant[Sy, Ss, A1] = ¢*(3 +2¢)'2(3 + 49)'2(5 + 49)*T2(B2, q),

and the resultant Resultant|[77, 72, B1] gives a polynomial in ¢ without any natural root.
¢) The last case is P; = Py = P3 = 0 with B; # 0. Next we do the following resultants:
Resultant[Py, P2, B1] = (2B2 — (4q + 1))?(Ba — (2q + 5))*(B2 — (2q + 3))?6(B2 — 2¢ + 1)?

(1+9)%(3 +2¢)'2(By + 2q + 5)2(5 + 4¢)'°(7 + 49)'°(By + 6q + 9)5P1 (B2, q),

(2B2 = (4g+ 1))*(By = (2¢ +5))*(B2 — (24 + 3))*(Bs — 2 + 1)°

(1+q)°(3 +2q)"*(Ba +2q +5)°(5 + 49)"°(7 + 49)"* (B2 + 6q + 9)5P2(B2, q),

Resultant[P;, P3, B1| =

with
751(B2a Q) = 75121(B2a q),ﬁ122(327 Q)7 752(32,(]) = 75221(327(])75222(B25 q)a

where Py1(Bs, q) is of degree 38 in ¢ and Py2(Bs, q) is of degree 325 in q and Py (By, ) is of degree 74 in ¢
and Pao(By, q) is of degree 457 in g. Then we have the following particular cases:

i) If By = (4q + 1)/2 the Resultant[P; /B?, P2/ B?, B;] has not any natural root for g.
ii) If By = (2¢ + 5) the Resultant[P;/B%, Po/B%, Bi] has not any natural root for g.
iii) If By = (2¢ + 3) the Resultant[P;/B%, P»/B%, B;] has not any natural root for g.
iv) If By = (2¢ — 1) the Resultant[P; /B3, Po/B?, B;] has not any natural root for g.
v) If By = —(2¢ + 5) the Resultant[P;, P2, B1] = 0, due to P; = (4 + B? 4+ 2¢)M;(B1,q) and Py =

(4 + B? +2q)M3(By, q). However 4 + B + 2q # 0 because ¢ must be a natural number. Moreover the
resultant Resultant[M;, Mas, B1] has not any natural root for gq.

vi) If By = —(6g + 9) the Resultant[Py, P2, B1] = 0, due to Py = (27 + B} + 54q + 36¢> + 8¢>)N1(B1, q)
and Py = (27 + B? 4 54q + 36¢% + 8¢>)N2(B1, q). However 27 + B? + 54q + 36¢> + 8¢> # 0 because q
must be a natural number. Moreover the resultant Resultant[N7, N2, B1] has not any natural root for
q- o

vii) The last case is P; = Py = 0. In this case we have to do the different resultant between the polynomials
that define P; and P,. The resultant between Py1(Bz, q) and Pa1(Bz, q) has not any natural root for ¢
except the case ¢ = 1 that we study later. However it lacks to make the computations of the resultants

Resultant[Py1, Pag, B1], Resultant[Py2, P21, B1], Resultant[P;s, Pag, B1],

to see if there exist any natural root for ¢ except the case ¢ = 1.
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In short we have not been able to finish the problem neither using computer algebra system Singular
[23] to find the decomposition in prime ideals of the ideal generate by the constants nor using the resultant
method, see [5]. We recall that this second method is based in the fact that any component of the center
variety must be a zero of the resultants between the initial orbital reversible constants and of the resultants
of the resulting successive polynomials. Doing this resultant process we are not able to finish the process
with our computational facilities in order to arrive to a polynomial in ¢ that must not have roots in N
except for ¢ = 1. However for a fixed value of 2 < ¢ < 100 we always obtain the cases given in the statement
of the theorem obtaining the decomposition of the ideal using the computer algebra system Singular.

8.4. Proof of Theorem 1.3

Necessity. Reasoning as in section about necessary conditions of the Theorem 1.2 we get the cases (a)-(g).
Only left the study for (be + 2(q + 1)az2)(b2 — (2¢ + 1)az)(a1 + 2b1)az # 0 but now with ¢ = 1. In this
case using the computer algebra system Singular we can obtain the decomposition of the ideal generated
by the orbital reversible constants and we obtain the new case (h) and this case completes the proof of the
necessary conditions.

Sufficiency. Sufficient conditions for the cases (a)-(g) are given in the proof of Theorem 1.2. We only need
to prove the sufficient conditions for the case (h). The conditions of case (h) are by = 35a2, by = 5a1/3,
by = —4a1/9 and a; = +9v/5ay. Here we only analyze the case of the positive root but proof for the negative
one is similar. Under these conditions system (3.6) takes the form

i = asz* + y + 9V5 asy, § = —2° — 4v/5a22% + 350023y + 15vV/5 asy>. (3.8)

Now we apply the change of variables * = —u/(1 + aju), y = —v/(1 + aju)® and the scaling of time
dt = dT/(1 + 9v/5au)? where a; = 9v/5az, the previous system becomes

i = (1+ 9vV5azu)(—agu® +v), v = —u® — 5V5aqu’ — 35a0uv — 27V5a3utv + 12v/5a90°. (3.9)

Now we do the change Y = 4 from where v = (azu* + 9v/5a2u® + Y) /(1 + 9v/5azu) and system (3.9) is
transformed to

u=Y, Y =po(u)+pi ()Y +pa(u)Y? (3.10)
where po(u) = —u®(1 + agu(14v/5 + 5asu(52 + 3asu(22v/5 + 45a2u)))), p1(v) = —39axu®(1 + v/5azu) and
pa(u) = (21v/5az) /(1 + 9v/5asu). Systems of the form (3.10) are called Cherkas system, see for instance

[21,25]. These Cherkas systems can be transformed to Lienard systems by the change y; = Y9 = Yelo pds
that transforms system (3.10) into the Liénard system

=y, 41 = po(u)y® + pr(u)pyr = g(u) + f(uw)ys (3.11)

where 1 is in this case ¥ = 1/(1 4+ 9\/5a2u)7/3. Doing the indicated change we obtain that

B u®(v/5 + 5azu)? (1 4 3v/5agu)
o) = e oV W

_ 39azu®(1 + 10v/5asu + 45a3u?)
= (1+9\/5a2u)10/3

Now we compute the primitives of these functions G(u) = [ g(s)ds and F(u) = [’ f(s)ds in order to apply
the following theorem for Liénard systems, see [16] and also [22].
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Theorem 3.6. Liénard system & =y, y = g(z) + f(x)y has a center at the origin if, and only if, there exists
a function z(x) satisfying F(x) = F(z), G(z) = G(z) with z(0) =0 and 2'(0) < 0.

This solution z(x) must correspond to a common factor between F(z) — F(z) and G(x) — G(z) other
that x — z. Thus we have the following corollary for the polynomial case.

Corollary 3.7. If the Liénard system & =y, y = g(x) + f(x)y with f and g polynomial has a center at the
origin, then it is necessary that the resultant of

Flo)-F(z) . Gla)-G()

r—z r— =z

with respect to x or z wvanishes. This condition is sufficient if the common factor of the two polynomials
vanishes at x = z = 0.

For system (3.11) we have that G(u) = G1(u) — G1(0) = G1(u) — 1/(7290000a$) with

(V5 + 15a0u)%(1 + 18v/5agu + 315a3u? — 900v/5a3u® + 6075a3u? 4 20250v/5a3u® + 50625a5u’)
36450000 a$(1 + 9v/5azu)?/3

Gl (U,) =

)

and F(u) = Fy(u) — F1(0) = F1(u) — 13/(5400a3) where

_ 13(V5 + 15a2u) (— /5 — 45azu + 45v/5a3u? + 225a3u?)

Fi(u -
1) 27000 a3(1 + 9v/5asu)*/3

We are going to apply Corollary 3.7 to the rational functions

Fl(a:) —Fl(Z) and Gl(l‘) —Gl(z)

xr—z r—z

Note that F(x) — F(z) = Fi(z) — Fi(z) and G(z) — G(2) = Gi1(z) — G1(2). We can do this because
the denominators of F; and (G; are unity elements. In order to do that we compute the resultant of the
numerators of

Fi(u)? — Fy(2)3 and Gi(u)® — Gy(2)3

u—=z u—=z

(3.12)

with respect to u or z that vanishes. Since F}(x) — F(2) = (Fy(z) — F1(2))(F2(z) + Fy(z) F1(2) + F2(z)) and
the same for G3(z) — G3(2), and the factors (FZ(z) + Fi(z)F1(2) + F2(2)), (G3(z) + G1(2)G1(2) + G3(2))
do not introduce any factor of the form z 4+ u + ---. Moreover the numerators the functions (3.12) have a
common factor given by

f(u, 2) = u 4 Vbagu® + 2z + 10V5aguz + 45a3u°2 + V5agz? + 45a3u2.

Applying the Implicit function theorem we see that f(u,z) =0 has a solution of the form z = —u+---. A
solution that satisfies z(0) = 0 and 2'(0) < 0. In fact the first terms are

32
z(u) = —u+ I\/gaﬂﬁ — 320a§u3 + 2600\/5a§u4 4

Hence applying Theorem 3.6 system (3.11) has a center at the origin and consequently the original system
(3.8) also.
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