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L, spaces

1. Introduction

Throughout this paper, X and Y denote real Banach spaces. We say a mapping f : X — Y is standard
if f(0) = 0. The properties of isometries have been studied since the celebrated Mazur-Ulam theorem ([15]
1932): Every surjective standard isometry between Banach spaces is necessarily linear. For non-surjective
isometry, T. Figiel [11] showed the remarkable result in 1968: every standard isometry f : X — Y admits
a linear left-inverse T : spanf(X) — X with ||T'|| = 1 such that T o f = I'x.

A mapping f : X — Y is called an e-isometry for ¢ > 0 if ||| f(z) — f(y)|| — [|[# — yll| < ¢ whenever
x,y € X.In 1983, J. Gevirtz [12] proved that if f : X — Y is a surjective standard e-isometry, then there
exists a surjective linear isometry U : X — Y such that

|f(z) —Uz|| < 5e forall z € X. (1.1)

In 1995, M. Omladi¢ and P. Semrl [16] showed the constant 5 in (1.1) can be replaced by 2 which is the
best constant (see, also, Y. Benyamini and J. Lindenstauss [2, Theorem 15.2]). Upon T. Figiel [11] theorem
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and other remarkable results for non-surjective e-isometry (see [17,18]), in 2013, L. Cheng, Y. Dong and
W. Zhang [5] established the weak stability formula:

Theorem 1.1. (Cheng, Dong and Zhang) Suppose that f : X —'Y is a standard e-isometry. Then for every
x* € X* there exists ¢ € Y™ with ||x*|| = ||¢|| = r so that

[{(x*,x) — (o, f(x))| < dre  for allx € X. (1.2)

It has played an important role in the study of stability properties of e-isometries (see [3-5,7-9,19,20]).
We say a mapping f : X — Y is a coarse isometry if e4(t) = o(t) as t — oo, where

er® = sw  {[[lf(@) = fWll - llz—yl|} fort=o0.

z,y€X, ||z -yl <t

In particular, every e-isometry mapping is a coarse isometry. In 1985, J. Lindenstrauss and A. Szankowski
[14] first introduced the following larger perturbation function for a surjective standard mapping f : X — Y:

Wﬁﬁzﬁ%HW@ﬂ—ﬂMH—W—yMﬂm—yHStw|U@f—ﬂwﬂéﬂ for t >0

and obtained an asymptotical stability result, which generalizes the result of J. Gevirtz [12] about e-isometry:

Theorem 1.2. (Lindenstrauss and Szankowski) Let f be a surjective standard map from a Banach space X
onto a Banach space Y. If

/ ‘p;(t) dt < oo, (1.3)

then there is a linear isometry U from X onto Y so that
1f(z) = Uzll =o(llzl])  as [lz]| = oo.

At the same time, they showed that condition (1.3) can not be removed. Note that for each ¢ > 0,
ef(t) < ps(t) and (1.3) implies ¢ (t) = o(t) when ¢t — oo, then f is a coarse isometry.

In 2000, G. Dolinar [10] noted that Theorem 1.2 also holds if ¢ (¢) is substituted by €¢(¢) in the integral
convergence condition (1.3).

As far as we know, since it is difficult to ensure the existence of lim @ for each x € X, the representa-
— 00

T
tion of non-surjective coarse isometries has not been studied until 2019. L. Cheng et al. [6] first investigated
the non-surjective coarse isometry f : X — Y and obtained the following result, where Y is a uniformly
convex Banach space of power type p.

Theorem 1.3. (Cheng, Fang, Luo and Sun) Suppose that f : X — 'Y is a standard coarse isometry and that
Y is uniformly convex with convexity of type p. If

B =

er(s)
/ gES! ds < o0, (1.4)
1

then there is a linear isometry U : X —'Y so that

1f(2) = Uzl = ofllzll)  as [z[| = oc.
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In this paper, we shall study stability properties of non-surjective coarse isometry f : X — Y by assuming
X =L,(2,%1, 1) and Y = L,(Q2, o, pa), where (Q1, 31, 1), (Q2, X, u2) are two o-finite measure spaces
and 1 < p < oco. Besides the integral convergence condition (1.4) we use the pointwise weak stability formula
and uniform weak stability formula to guarantee the stability of a non-surjective coarse isometry. The details
are as follows: Suppose that {ej} is a Schauder basis in X and that f : X — Y is a standard coarse isometry,
if for every £k € N and x* € Sx~, there exists ¢ € Sy« such that

f(rek)

711)H010|<'75 ’ek>_<¢7 r >| =0,
then there is a linear isometry U : X — Y satisfying
Uz = lim M for all z € X.

T—00 T

Moreover, if for every x* € Sx«, there exists ¢ € Sy~ such that

(2%, x) = (&, f(2)) [ = o([[z]l)  as [|z]| = o0,

then there is a linear isometry U : X — Y satisfying
1f(x) = Uzl = o(||z]]) ~ as [|z]| — oo.

As an application, we obtain a stability result of basic sequences via coarse isometries and prove that
|IPf(z) — Ux| = o(||z]) is equivalent to || f(z) — Ux| = o(||z||) as ||| — oo, where P : Y — U(X) is a
projection with ||P|| = 1.

In this paper, the letters X, Y are used to denote real Banach spaces, and X*, Y* are their dual spaces.
For a real Banach space X, we denote by Sx and Bx the unit sphere and the closed unit ball of X
respectively. 9| - || : X — 2% stands for the subdifferential mapping of the norm || - ||. Given a bounded
linear operator T': X — Y, T* : Y* — X* is its dual operator.

2. Main results
To begin with, we give a definition.
Definition 2.1. Let X and Y be Banach spaces and let f : X — Y be a standard coarse isometry.

(1) f is said to be pointwisely weakly stable if for each € X and z* € Sx«, there exists ¢ € Sy« such
that

lim | (z*,2) — (¢ f(rz)

’
7—00 T

) =0;
(2) f is called pointwisely stable if there exists a linear isometry U : X — Y so that

Uz = lim 1%

r—oco T

for all x € X;

(3) f is said to be uniformly weakly stable if for each z* € Sx«, there exists ¢ € Sy« such that

lim | (2%, 0 — (6, L (rz)

)
r—00 r

Y} =0 uniformly for x € Sx;
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(4) f is called uniformly stable if there exists a linear isometry U : X — Y so that

Ux = lim f(rz)

r—00 r

uniformly for x € Sx.

Proposition 2.2. Let X and Y be Banach spaces and let f: X — Y be a standard coarse isometry. If f is
uniformly stable (pointwisely stable), then it is uniformly weakly stable (pointwisely weakly stable).

Proof. Let U : X — Y be a linear isometry so that

Ux = lim M

r—oo T

uniformly for z € Sx.

Since U is a linear isometry, U* : Y* — X* is a surjective bounded linear operator with [|[U*|| = 1. Note
that for each x* € Sx~, there exists ¢ € Sy~ such that U*¢ = z*. Indeed, due to the surjective of U*, there
exists ¢ € Y* such that U*p = z*. We put

(6o1) = { (o), ify€UX);

0, otherwise.

Then ¢ € Y*, U*¢p = 2* and

ol = sup [(¢,y)| = sup [{¢,y)| = sup [{¢,Uz)| = sup [(z*,z)| = [|z*].
yESy yESU(X) TESx TESx

On the other hand,

then

lim | (z*,2) — (¢ f(rz)

) ) =0 uniformly for z € Sx.
7—00 T

The pointwise case is similar. O
The next lemma is essential for our main results, and one can refer to [13].

Lemma 2.3. [13, Theorem 3.3] Let 1 < p < oco. If (4,2, ;) are measure spaces, then there is a measure
space (2,3, p) such that (L, (p;))u is isometric and order isomorphic to Ly(u).

The following theorem says that a standard coarse isometry f is pointwisely stable when it is pointwisely
weakly stable on a Schauder basis.

Recall that a Banach space X is said to have the Kadec-Klee property if the weak topology and the norm
topology of X agree on the unit sphere Sx of X.
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Theorem 2.4. Let (21,%1, p1), (2, Yo, pu2) be two o-finite measure spaces and 1 < p < oco. Suppose that
X = L,(1,%q, p1) with a Schauder basis {ex}, Y = L,(Q2, X2, n2) and that f : X — Y is a standard
coarse isometry. If for every k € N and * € Sx-, there exists ¢ € Sy~ such that

. * f(rek‘) _
T | (@ ex) — (6, 72| =0, (2.1)
then there is a linear isometry U : X — Y satisfying
Ux = lim M forallz € X.

r—oo T

Proof. Our proof is divided into three steps.
Step I. We first show that

lim f(rex) exists and  lim M =ga lim M for all k € N, a € R.

r—00 r r—00 r r—00 r

Let
I={{\}CR: )\, > 00, asn — oo},

and for each x € X,

fAnz)
)

n

Ve={u€Y:u=w- lim

n—00

for some {\,} € I'}.

Since f is a coarse isometry, for every x € X, there exists N € N so that {f(:x) }r>n is a bounded subset
of Y. Indeed,
1
|||f(””> = llll] = ﬁ|||f(m)|| — ||| < W 0 uniformly for z € Sy, asr — co.  (2.2)
T r r

As Y is reflexive, it follows that {f (:w) }r>n is relatively weakly compact and hence it is relatively weakly
sequentially compact by the Eberlein-Smulian theorem. Thus for each k € N, V., # 0, and for each u € V,
there exists {\,} € I such that u = w- lim M Given z* € 0O|leg||, according to (2.1), there exists

n—oo n
¢ € Sy« such that

. * f()\nek:)
1 — (4, —0.
e e vl
Consequently,
el = tim 0, 700y — 60y < ) il =
n
and
. f(/\nek) . f(Anek)
= - — < — || — .
Jull = - i L2208 < g 2 ey
Hence, ||u|| = |lex||. It follows that for every k € N and for every «* € J||ek||, there exists ¢ € Sy~ such that

Ve, CH{ucY : {o,u) = [u] = [lex]}-
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By the smoothness property of Y*, V,, is a singleton. We denote it by e. Then |lex| = |lek|l-
Note that for every {\,} € I, w- lim M = e}.. Otherwise, we can find a w-neighborhood W of ¢},
n—00 n

and a subsequence {\,, } of {\,} such that M ¢ W for all [ € N. However, {M} is also bounded,
Tlrl ’n/l

then there exists a subsequence {r,,} of {A,,} such that w- lim M = e},. This is contradiction to
m—r oo m

—f(’\)\":f’“) ¢ W for all [ € N. Hence for every {\,} € I, w'nli_)ngo f(%fk) = €},- Due to (2.2) and Kadec-Klee

f(Anek)

property of Y, we have lim =3

= e}.. Arbitrariness of {\,} entails
n—oo

. f(rek> o
Thﬁngo = G (2.3)
By the proof above, similarly, we have
. f(_rek) _ /
Jim 5 (e (2.4)

Using (2.1), (2.3) and (2.4), for the z* € Sx«, ¢ € Sy~ above, we have

<(E*7 _ek> - <¢7 (_ek)l> =0 and <{,C*, _ek> - <¢7 _e;c> =0.

Therefore, (¢, (—eg)’) = (¢, —e},). This and smoothness of Y* imply (—ex)’ = —ej, and then lim M =

T—00
a lim L) for all a € R.
r—00

Step II. Next, we show that
o0
Uz = Z axey,
k=1

defines a linear isometry U : X — Y, where = > axeg, ar € R.
k=1
Let U be a free ultrafilter on N and {\,} € I. We define an isometry mapping f : (X)y — (Y)y as

follows:

f(ulau% cony U,y ) = (f():\11U1>7 f():\22U2)’m’ f()\/\nnun) y ) ’

where u = (ug, ug, ..., Un, ...) € (X)y. Indeed, given u € (X)y, v € (Y)u,

~ ~ A’I’LTL - Ann
1(0) = Fll — = i = |1 (Ftl Il oy, =y
e R
el = vl
i R

According to Lemma 2.3, (Y)y = L,(Q, %, 1) for some measure space (€, %, 1) and then (Y)y is strictly
convex. This and f(0) = 0 entail that f is a linear isometry. Hence, for each u € (X)y, v € (Y)u,
f(u+v) = f(u) + f(v). By the definition of f, for each x,y € X, we have

li&n H S (z + y)) — f(Anz) = f(Any) H -0, (2.5)

An
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and then
w-lim fOn(z +y) — fnz) = fF(Ay) —0.
u An
Therefore,
w-h&nw :w—liz/r{n%:x) +w-1ig{n¥:y) (2.6)

Note that for each z¢ = Z apey, lim M =qj lim f( °r) _ = aye},, where a; € R, m € N, then
r—00 r—00

. f(Anager)
w- hg{n 7;\7” = age,. (2.7)

By (2.6) and (2.7), we obtain

F( o)  FOWDDTL aker) fA akek
v w- hzin )’\“n 1 Zw hm Zakek

w-1lim
u
On the other hand, (2.5) implies

. fnz " f(Anare Ui
i [ L5200 = g 3 LAy §7 0.
k=1

k=1 n

By the Kadec-Klee property of Y,
li "IO Z g€

m
Arbitrariness of {\,} entails lim @ = Y age). Since f is a standard coarse isometry, it follows that
reo k=1

lim £ (m(’) defines a linear isometry from a dense subspace of X into Y. Given x = Z apey, where aj, € R,
r—00 k=1

let z,, = Z arer. We define Uz = lim lim M Clearly, U : X — Y is a linear isometry and

k=1 m—o0 r—ro0

o0

/

Ux = E apej,.
k=1

Step III. Finally, we prove

Uzr = lim M

700 T

for all z € X.

o0 &)
Let x = > ager and € > 0 be given. Then there exist ng,n; € N such that forallr > nq, || Y.  agex| <
k=1 k=ng+1
o0 s (rs) f(r HZO aker)  ng
S Y ame] < §, 52 < §and | —E—— — 3 are|| < §. Hence, if r > ny, then
k=no+1 k=1
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f(r § aker) oo

f(m‘> k=1
== = Uz| = |[—=—— = ) axe}|
T T
k=1
[e’e) no no
flr > arex)  f(r Y2 arex) flr > akex)  ng no =
< | —= - A=l |+ || —2= - Zakekﬂ + | Z axey, — Z axey||
T T T
=1 =1 =1
oo
5f(7“||k > 1ak€k||) o o .
=no+
< o + | Z arer|l + || Z ager|| + 1
r k=no+1 k=no+1
<€

It follows that

Ux = lim M

r—oo T

forallz € X. 0O
By the theorem above, we have the following projection result.

Theorem 2.5. Let (21,%1, 11), (Qa, o, p2) be two o-finite measure spaces and 1 < p < oco. Suppose that
X =Ly(,%1, 1), Y = Lp(Q2,X0, p2) and that f : X =Y is a standard coarse isometry. If U : X =Y
is a linear isometry and P :'Y — U(X) is a projection with ||P|| = 1, then the following statements are
equivalent:

(i) Uz = lim Low) forallz € X;

T

(i) Uz = lim M forallz € X.
=00

Proof. (i) = (ii).

~val = 1P g <1 2 _pa 50 s .

”Pf(mc)

(ii) = (i). Let T=U"1P:Y — X, then ||T|| =1 and for all z € X

UZPI) o < 1220 a0 s oo, 29

”Tf(mc)

—zff =

By Theorem 2.4, we only need to prove f is pointwisely weakly stable. Given z* € Sx«, for x € J||z*||, we
have

lo*ll = e*,2) = Tim (@, 727Dy = tim (e, L) < ) m 1202 = e < el
T T—00 T

T—00 T r—00

Hence T*z* € Sy«. Let ¢ = T*x*, then ¢ € Sy- and for all z € X

(2%, 2) = (¢, =) = [(«", 2) — (T"a7,

f(rz)

Therefore, combining (2.8) and the inequality above, (i) holds. O

Remark 2.6. According to the proof of Theorem 2.4, we can see that the theorem also holds when X is
replaced by a general Banach space with a Schauder basis.
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By Theorem 2.4 and Remark 2.6 above, obviously, we have the following results.

Corollary 2.7. Let X be a Banach space with a sequence {z,}°%, where span{z,}52, = X and Y =
L,(2,%, 1) (1 <p<oo) for some o-finite measure space (2, X, u). Suppose that f : X — Y is a standard
coarse isometry. If for every n € N and x* € Sx~, there exists ¢ € Sy~ such that

flrzy)

TILEEOKLE ;Zn>_<d), r >‘:Oa
then there is a linear isometry U : X — Y satisfying
Uz = lim M forallz € X.
r—00 ™

Corollary 2.8. Let X be a Banach space with a 6-net M andY = L,(Q, %, 1) (1 < p < 00) for some o-finite
measure space (2,5, u). Suppose that f : X — Y is a standard coarse isometry. If for every z € M and
x* € Sx~, there exists ¢ € Sy« such that

: . frz), _
rllglo |<$ ’Z> - <¢v T>| - 07
then there is a linear isometry U : X — Y satisfying
Uz = lim fro) forall z € X. (2.9)

r—oo T

Proof. Since M is a d-net, for every x € X and every positive integer n, there exists z, € M such that

[ne —z,|| < 6. Hence lim 2= = x. It follows that the linear span of M is dense in X. Hence, we know (2.9)
n—oo

holds by the proof of Theorem 2.4. 0O

In 2018, D. Dai [8] proved the following result about the stability of basic sequences via nonlinear e-
isometries between Banach spaces whenever Y is a strictly convex Banach space admitting the Kadec-Klee
property.

Recall that a sequence {e; }7° ; in a Banach space X is called a basic sequence if it is a basis for the closed
linear span of {ex}72 ;. Two bases (or basic sequences) {z, }52; and {y, }72; in the respective Banach spaces
X and Y are equivalent if whenever we take a sequence of scalars {a,}52, then > ° | a,z, converges if
and only if Y ° | a,y, converges.

Theorem 2.9. [1, Theorem 1.3.9] (Principle of small perturbations) Let {x,}22, be a basic sequence in a
Banach space X with basis constant Ky. If {y,}52, is a sequence in X such that

llzn = yall
szZ - <t

then {xn, 52, and {y,}52, are congruent. In particular:
(i) {yn}S°, is a basic sequence with basis constant at most Ky(1 + 0)(1 —6)~1.
(%) If {x,}22, is a basis, so is {yn}s> .
(iii) If the closed linear span of {xn}S>, is complemented in X, then so is the closed linear span of

{yntnzs-

Using the above result and Corollary 2.8, we obtain the stability of basic sequences by non-surjective
coarse isometry.
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Theorem 2.10. Let X be a Banach space with a §-net M andY = L,(Q, X, 1) (1 < p < 00) for some o-finite
measure space (2,3, ). Suppose that f : X — Y is a standard coarse isometry and that {x,} C X is a
basic sequence. If for every z € M and x* € Sx-, there exists ¢ € Sy~ such that

lim [{a*, =) — (6, 102y =,

r—00 r

then there exists {\,} € I such that {f(A,zn)} is a basic sequence which is equivalent to {\,n}.

Proof. By Corollary 2.8, there is a linear isometry U : X — Y satisfying

Uz — lim 107

r—oo T

for all z € X.

Hence {Uz,} is a basic sequence equivalent to {x,} and we can choose {\,} € I such that

=, Uz, — LCptad
2K & =0<1
; U] ’

where K is the basis constant of {z,}. Consequently, by Theorem 2.9 and the discussion above, {M}
is a basic sequence equivalent to {x,}. This entails {f(\,2,)} is a basic sequence equivalent to {\,z,}. O

Corollary 2.11. Let X be a Banach space with a basic sequence {z,} andY = L,(, X, 1) (1 <p < o0) for
some o-finite measure space. If f : X =Y is a standard e-isometry. Then there exists {\,} € I such that
{f(Anxn)} is a basic sequence which is equivalent to {A\nx,}.

The following result states that if ¥ = L,(Q, %, u) (1 < p < 00) for some o-finite measure space (2, X, i),
then the converse version of Proposition 2.2 is also true for uniform case.

Theorem 2.12. Let X be a Banach space andY = L,(2,3, 1) (1 < p < 00) for some o-finite measure space

(Q,%, u). Suppose that f : X — 'Y is a standard coarse isometry. If for every x* € Sx~, there exists ¢ € Sy«
such that

[ (2", z) — (¢, f(x)) [ = o(lz]))  as [|z]] = oo, (2.10)
then there is a linear isometry U : X —'Y satisfying
If(z) = Uzll = o(llzl])  as [lz]| = oo.

Proof. According to (2.10) and Step I in the proof of Theorem 2.4, there is a linear isometry U : X — Y
satisfying

Uz = 1im 27 forallz e X,
r—oo T
It remains to show that
Uz = lim B uniformly for z € Sx. (2.11)
r—00 T

Given {)\,} € I. Because of (2.2), we have
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f()‘nm)

|Uz|| = lim ”)\7” =1 uniformly for z € Sx. (2.12)
n—oo n
Due to (2.10), for each z* € Sx+«, there exists ¢+ € Sy+ such that

J(Anz)

n

lim [(z”, z) — (¢a-,

n—oo

) =0 uniformly for x € Sx.

Consequently, for every € > 0, there exists N € N such that for all n > N and « € Sx,

An * An
||f( x)||—1 <e and <x,x>—<q§w*,f( $)> <e.
An An
On the one hand,
An An
||M+Ua:\|—2§ ||MH—1§€
)\n An
On the other hand,
An An
||M +Uz||—2> sup (¢g=, F ) +Uz) —2
An TreX* An
>2 sup (x",2) —2—¢
rreX*
= —¢.
Hence,
lim ||M +Uz||=2 uniformly for z € Sx. (2.13)
n—oo

n

Since Y is uniformly convex, combining (2.12) and (2.13), we get

J(Anz)

n

Uxr = lim
n— o0

uniformly for = € Sx.

Therefore, (2.11) holds. O

Remark 2.13. Theorem 2.12 also holds when the image space Y is replaced by a uniformly convex Banach
space.

By the theorem above, similarly, we obtain a uniform version of Theorem 2.5.

Theorem 2.14. Let (Q1,31, 11), (Q2, X9, u2) be two o-finite measure spaces and 1 < p < oo. Suppose that
X =L,(,%1,11), Y = Lp(Qa, X0, u2) and that f : X — Y is a standard coarse isometry. If U : X —Y
is a linear isometry and P :' Y — U(X) is a projection with |P|| = 1, then the following statements are
equivalent:

(1) If(z) = Uz| = o(|[z[]) as [[z[| = oo;

(ii) | Pf(z) = Uzl = of[|x]]) as [lz]| — oo

Proof. (i) = (ii).

[1Pf(z) = Uz| = [|P(f(x) = Uz)| < [|f(z) = Uz|| = o([[z]))  as [lz] = oc.
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(ii) = (i). Let T=U"'P:Y — X, then ||T|| = 1 and
ITf(z) =2l = U Pf(z) -zl = |IPf(z) = Uzl = o(lz]]) as [z] — oco. (2.14)

By Theorem 2.12, we only need to prove (2.10). Given z* € Sx~, for x € J||z*||, we have

flre) frz)

ol = (@23 = tim o, 227Dy = i (2, L0D) < (252 < vt < )
Hence T*z* € Sy~. Let ¢ =T*z*, then ¢ € Sy~ and

(2%, 2) = (¢, f(2))| = [(2%, 2) = (T"a", f(2))| = [{2", 2) = (2", T f(2))| <||Tf(z) - |
Therefore, combining (2.14) and the inequality above, we obtain (2.10) and then (i) holds. O
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