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1. Introduction and main results

Let u be a positive Borel measure compactly supported in the real line, whose support contains infinitely
many points. For n > 0, n € Z, we consider the nth orthonormal polynomial

P () = Ypa" + ... (1.1)
for u, with v, > 0, so that
/pn(z)pm(:r) d(x) = dpmn, m,n > 0.

Define the ensemble of random orthogonal polynomials of the form

Gn(2) =) _a;pj(z), n>0, (1.2)
=0
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where {a;}%2, are standard Gaussian N (0,1) i.i.d. random variables. For any interval [a,b] C R, let
Ny, ([a,b]) (resp. N, (R)) denote the number of zeros of G, lying in [a, b] (resp. total number of real zeros).

Real zeros of high degree random polynomials have been studied since the 1930s. The early work con-
centrated on the expected number of real zeros E[N,(R)] for P, (z) = > _, axz®, where {as}}_, are i.i.d.
random variables. Bloch and Pélya [9] gave the upper bound E[N,(R)] = O(y/n) for polynomials with
coefficients in {—1, 0, 1}. Improvements and generalizations were obtained by Littlewood and Offord [26,27],
Erdds and Offord [14] and others. Kac [22] introduced the “Kac-Rice formula” to establish the important
asymptotic result

E[N,(R)] = (2/m 4+ o(1))logn asn — oo,

for polynomials with independent real Gaussian coefficients.

More precise forms of this asymptotic were obtained by Kac [23], Edelman and Kostlan [13], Wilkins
[40] and others. For related further directions, see [7] and [16]. Maslova [32] proved that the variance of real
zeros for Kac polynomials Y ;_, apz® satisfies

4 2
Var[N,,(R)] = - (1 - ;) logn + o(log n)

for i.i.d. coefficients with mean 0, variance 1 and P(ay = 0) = 0. This result was recently generalized by
Nguyen and Vu [33].

Das [10] considered random Legendre polynomials corresponding to Lebesgue measure du(xz) = dx on
[~1,1], and found that E[N,([-1,1])] is asymptotically equal to n/v/3. Wilkins [39] estimated the error
term in this asymptotic relation. For random Jacobi polynomials, Das and Bhatt [11] established that
E[N,([~1,1])] is asymptotically equal to n/v/3 too. Farahmand [15], [16], [17] considered the expected
number of the level crossings of random sums of Legendre polynomials with coefficients having different
distributions. These results were generalized to wide classes of random orthogonal polynomials by Lubinsky,
Pritsker and Xie [30] and [31]. In particular, they showed that the first term in the asymptotics for E[N,(R)]
remains the same as for the Legendre case.

The asymptotic variance and the Gaussianity for real zeros of random trigonometric polynomials were
established by Granville and Wigman [19], and subsequently by Azais and Leén [2] via different methods. Su
and Shao [35] found the asymptotic variance for the real zeros of random cosine polynomials, while Azals,
Dalmao and Leén [1] gave a different proof. Xie [41] showed that the variance of real zeros for a general class
of random orthogonal polynomials is o(n?). A recent paper of Do, H. Nguyen and O. Nguyen [12] studied
dependence of the variance on the distribution of the i.i.d. random coefficients in the trigonometric case.

In this paper our main goal is determining the asymptotic for the variance of the number of real zeros
for the ensemble of random orthogonal polynomials of the form (1.2). To state our results, we require the
following definition:

Definition 1.1. We say that a measure is regular in the sense of Stahl, Totik, and Ullman, if the leading
coefficients {~y;} of the orthonormal polynomials in (1.1) satisfy
1/ 1

lim S —
j=oo 7 cap (supp [u])

where cap (supp [p]) denotes the logarithmic capacity of supp [u].

While not a transparent condition, it is a weak one. For example, if the support of p consists of finitely
many intervals, and ' is positive a.e. in each of those intervals, then u is regular. However, much less is
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needed [34]. We let v denote the equilibrium measure v for supp [p] in the sense of potential theory, and let
w(x) = g—;. In any open subinterval of supp [u], w exists, and is positive and continuous [34]. For example,

when supp [p] = [-1,1],
() = _
BN ey
Let
S (u) = 2, (1.3
1 S (u) 0 S’ (u)
B S (u) 1 =5 (u) 0 _
F (u) = det 0 _g (u) _S" (0) _s" (u) ) (1‘4)
S’ (u) 0 —S" (u) —S"(0)
S(u) =8 (u)
G(u)=det | S(u) 1 0 ; (1.5)

~S'(w) 0 —S"(0)

Hu)=det | Sw) 1 -8 (u)]. (1.6)
S'(w) 0 —S8"(u)

Sylvester’s determinant identity and the fact that G (—u) = G (u) show that

(1 ~ 8 (u)2) F(u) =G (u)® — H(u)?.

Also let
E(u) = i Fw ! u) arcsin H (u) 71
S0 E s (1s<u>2)3/2H( yorsin (3 ) £ - 4
and
CZH(U)dqu\/g. (1.8)

Theorem 1.2. Let p be a measure with compact support on the real line, that is regular in the sense of Stahl,
Totik, and Ullmann. Let w denote the Radon-Nikodym derivative of the equilibrium measure for the support
of p. Let [a’,b'] be a subinterval in the support of p, such that p is absolutely continuous there, and its
Radon-Nikodym derivative u' is positive and continuous there. Assume moreover, that

sup ”p"”Lm[a’,b’] < Q. (19)
n>1

If [a,b] C (a', ') then

n—00 N

b
lim 1 Var [Ny, ([a,b])] = ¢ /w(y) dy | . (1.10)
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Note that the limit does not depend on the particular measure u, but involves the equilibrium density

of the support of . The bounds for the orthonormal polynomials are known for example when y’ satisfies

a Dini-Lipschitz condition. Therefore an application of Theorem 1.2 gives:

Corollary 1.3. Let p be a measure supported on [—1,1] satisfying the Szegd condition

1
/lo du >

—00.
J g1 ( 1_$2

Let [/, V'] be a subinterval of (—1,1), in which u is absolutely continuous, while i’ is positive and continuous

in [a/,V']. Assume moreover that its local modulus of continuity,

Q(t) =sup{|p' () — 4’ (y)| s 2,y € [a",V] and |z —y[ <t}, t>0,

satisfies the Dini-Lipshitz condition

dt<oo

O\H
{O

If [a,b] C (a',V'), then

lim lVcw[Nn([a,b])] =c /;d . (1.11)

n—oo n ,/T/liy2 Yy

Remarks.

(a)
(b)

We believe that this result is new even for the Legendre weight p/ = 1.

The hypotheses of Theorem 1.2 are also satisfied for exponential weights investigated in [25] that do not
satisfy the Szegd condition. For example, the conclusion of Theorem 1.2 holds for any [a,b] C (—1,1),
when

w' (z) = exp (— expy (1 — m2)7a> , T € (—1,1),

where oo > 0 and exp;, = exp (exp (...exp())) denotes the kth iterated exponential.

For a class of weights supported on several disjoint intervals, in a classic paper, Widom [38] established
asymptotics of the orthonormal polynomials under some smoothness conditions on the weight. These
imply the uniform boundedness of the orthonormal polynomials in subintervals of the interior of the
support, so that Theorem 1.2 applies to Widom’s weights.

As noted above, the analogous limit for trigonometric polynomials was established by Granville and
Wigman in [19]. We have indications that our results are related to those of [19] via the same limiting
Paley-Wiener process.

Azais, Dalmao and Leén [1, Theorem 1] found the asymptotics for the variance of zeros of random
cosine polynomials Z.Z:O ay cosky on [0,7]. These random cosine polynomials are equivalent to the
random Chebyshev polynomials ZZ:O ar Ty (z) on [—1,1] by the change of variable y = arccosz. Our
asymptotic variance result of Theorem 1.2 for the random Chebyshev polynomials agrees with that of
[1, Theorem 1] for random cosine polynomials.
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This paper is organized as follows: in Section 2, we state the Kac-Rice formula for the variance, and
prove Theorem 1.2 and Corollary 1.3, deferring technical details to later sections. In Section 3, we record
some technical estimates and gather results from elsewhere. In Section 4, we estimate the “tail term” with
|z —y| > % in the integral defining the main term in the variance. In Section 5, we handle the “central
term” where = and y are close, which gives the dominant contribution to the integral. In Section 6, the
appendix, we prove the formula for the variance.

In the sequel, C, Cq, Cy, ... denote constants independent of n, x,y. The same symbol may be different in
different occurrences.

Acknowledgments

The authors would like to acknowledge the input of Igor Wigman of King’s College London. He provided
essential insight into the literature and ideas for this paper. The authors would also like to thank a referee
for finding an error in the statement of Lemma 3.2.

2. The proofs of Theorem 1.2 and Corollary 1.3

We begin with the Kac-Rice formulas for the expectation and variance. These involve the reproducing
kernel

v)= Y op () ) 2.)

and for nonnegative integers r, s, its derivatives

Lemma 2.1. Let [a,b] C R, and let G, be defined by (1.2). Then the expected number of real zeros for Gy, is
expressed by

where

Kn+1 ( 7‘T) (24)

1,1 0,1 2
_ 1 K7(L+1) (x,a:) _ <K'I(L+1) ($,$)>
Proof. See [30]. O

We note that p; depends on n, but we omit this dependence to simplify the notation. The same applies
to pa below. The variance of real zeros of G,, is found from the following formula, which was derived in [41]
by using the method of [19].

Lemma 2.2. Let [a,b] C R, and let Gy, be defined by (1.2).

b b b
Var [N (a.0)] = [ [ {02 0.9 = p1 (0)p1 )} didy + [ g ), (2.5)
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where

ey (S
_ Q11 Qo — Q2. 4+ O —_— . 2.6
p2(z,y) I ( 11090 12 T {li2 arcsin ( 911922>> (2.6)

Here

Az, y) = Kp1(z,2) K1 (v, y) — K2y (2,9) (2.7)

and Q is the covariance matriz of the random vector (P} (x), P, (y)) conditional upon P,(z) = P,(y) = 0:

_ Q11 Qi
2= [912 Q22] ’

with

Q1 (z,y) = K&ll)(x,x) -

£ (K ) (8 (0,0))? — 20K 1, ) K () K (1) + Ko (o, ) (K0 (0,)))
(2.8)
Oa(z,y) == K (0, ) —
& (Ko ) (KD ) = 2K () KD (o) K () + Ko o, ) (K (5,9)7)
(2.9)
Qup(x,y) == K47 (@,y) —
1 (0,1) (0,1) (0,1) (0,1)
R 1 () 3 (2, 0) Ky (2 y) = Ko (@, 9) K0 (2, 9) K0y (3, @)
K () KO (2, 2) K (5, 9) + Ko (2, 2) K (5, 2) K5 (9,9)- (2.10)

Proof. See the Appendix. It is also shown there that the matrix  is nonnegative definite, so that the square
root defining p, is well defined. O

To prove Theorem 1.2, we split the first integral in (2.5) into a central term that provides the main
contribution, and a tail term: for some large enough A, write

b

//b{p2 (#,y) = pr(2) pr (y)} d dy

a a

- // N // {p2 (z,y) — p1 (2) p1 ()} dz dy
(zy):z,y€labl|lz—y|>A/n} {(z,y):@,y€[a,b],lz—y|<A/n}

= Tail + Central.

We handle the tail term by proving the following estimate and a simple consequence:
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Lemma 2.3.

: A
(a) There exist C1,ng, and Ao such that for n > ng and |z —y| > 22,

Q

o2 (2, y) — p1 (x) p1 (y)] < ——

| < ——.
lz -yl

(b) There exist Co,ng, and Ay such that for n > ng and A > Ay,

n
lp2 (z,y) — p1 (z) p1 (y)| dx dy < CQK

{(z,y):z,y€la,b],|z—y|>A/n}
Proof. See Section 4. O
Recall that = is defined by (1.7). For the central term we will prove:

Lemma 2.4.

(a) Uniformly for u in compact subsets of C\ {0}, and x € [a,b] and y = x +

nw(x) ’

(#@)) {p2(x,y) = p1(x) p1 (y)} =E(u) +o(1).

(b) Letn > 0. There exists C such that for x € [a,b], y =z +

@ U
|p2 () = p1 (2) p1 (y)| < Cn.
Proof. See Section 5. O
The second integral in (2.5) is simpler:

Lemma 2.5.

b

p1(z)de = \/L_/w(:c)dx—&—o(l).

S
Se—_
w

Proof. See Section 5. O

Proof of Theorem 1.2. We fix A > n > 0 and split

b b
//{Pz (z,y) — p1(x) p1 (y)} dy dx

a

b
/[/+ {/72 (z,y) = p1(z) p1 (y)} dy dz,
I

S}

where for a given z,

u € [777777] and n Z 17

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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I={yelab]:|y—z[=A/(nw(z))};
J={y €la,b] :n/(nw(x)) <y — 2| <A/ (nw(2))};
K={yelab:|y—a <n/(nw())}.

If wp is the maximum of w (x) in [a, b], (recall that w is positive and continuous in [a, b]) then

b

[ [ o200 = o1 @) o1 )y ay

a

< i 192 (@,9) — p1 () 1 (v)| dy diz
{(m’y):w)ye[a’b]’lmfyIZA/(n“)O)}
nw
<G (2.16)

by Lemma 2.3(b), provided A/wg > Ag. Next,

b
%/ / {p2(@.y) = p1 (@) p1 (4)} dy do
a J
b

_ /w () / {p2 (x:z: + %(x)) — () (:z: + nw“(x))} - Lj))gdu dz.

a n<|u|<A,
z+—4—€[a,b]

nw(x)

Note that if n < |u| < A and z € [a,b] but = + ) ¢ [a,b], then z is at a distance of O (£) to a or b, and

in view of Lemma 2.4(b), the integral over such (z,u) is O (1). Using Lemma 2.4(a), we deduce that

b

Jim = J/ {2 (,9) — p1 () pr ()} dyd

b

- /w(x)dx / = (u)du | . (2.17)

a 0<|u[<A

Finally, from Lemma 2.4(b), (but with a different fixed n there),

b
. / IZ 92 .9) — 1 (@) p1 () dyds) < O, (2.18)

where C is independent of n,n. Combining the three estimates (2.16)—(2.18) over I, J, K, with (2.15) and
Lemma 2.5, we obtain

b
lim sup %Var [Ny, ([a,b])] — /w (z)dx / = (u)du+ %

n—oo

1
< —
C<A+77>,

a 0<|u[<A
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where C' is independent of n, A, n. Now if B > A > Ag, then Lemma 2.3(b) and Lemma 2.4(a) show that

~ lim / {2 (5,9) — pr (2) p1 (9)} dy dz| < C1/A.
o {yelabl:Aw(z)/n<y—o<Buw(z)/n}

It follows that [ Xj = (u) du converges. Similarly, f__ojzo = (u) du converges. So we may let A — oo above and
deduce that

/E(u)du—k%

ul>n

n—oo |T

b
lim sup lVar [Ny, ([a,b])] — /w (x) dx

< (Ch.

On the other hand, Lemma 2.4(a) and Lemma 2.4(b) show that if 0 < § < 7,

— lim ~ / / {p2 (z,y) — p1 (%) p1 (y) } dy dz| < Can.

n—oo n
a {y€la,b):6w(z)/n<y—z<nw(z)/n}

It follows that ['Z (u)du converges. Similarly, fi)n Z (u) du converges. So we may let  — 0+ above to
deduce the result. O

Proof of Corollary 1.3. Under the hypotheses of this theorem, Badkov even established asymptotics for the
orthonormal polynomials [4, p. 42, Corollary 2] that trivially imply (1.9). Also, as noted above, since p’
satisfies Szegd’s condition and so is positive a.e. in [—1, 1], it is regular [34, Corollary 4.1.3]. Then the result
follows from Theorem 1.2. O

3. Auxiliary results

Throughout this section, we assume that p is as in Theorem 1.2. We begin by recording some determi-
nantal and other formulae: let A, Q171,Q12,Q22 be as in (2.7)—(2.10). Also let

Knpi (2,7)  Kper (2y) KO (@2) KO (2,9)

s | Ko@) Ko (y) K (o) K () | 51)
EGY (2) KSY (2) KUY (@2) KUY (@)
ESY (@) K ) K8 @) KUY )
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Lemma 3.1.
(a)
K K
A (.'lf,y) = det n+1 (x,x) n+1 ($, y) : (32)
n+1 (?/790) KTH-I (ya y)
b - -
® Knir (09)  Kusi (2) KO (,2)
AQuy =det | Kopy (2,y) Ko (z,2) KOV (2,2) | 5 (3.3)
1,0 0,1 1,1
_K7(1+1) (7,y) K7(z+1) (w,2) K7(L+1) (7, ) i
. . .
( ) Kn+1 (l‘,.T) Kn-i-l ($,y) K1(10-|)-11) (J?, y)
AQgp = det | Kpp1 (7))  Kngr (ny) K3 () | (3.4)
K8 e) KD ) KLY ()
d _ -
( ) Kn+1 (.’IJ,JJ) KnJrl (3379) K’r(glﬁ-ll) (‘Ta I)
AQup =det | K (,2)  Kna (ny) K25 (o) |- (3.5)
ESY (v2) KOV oy KLY (o) |
(e) Let ¥ be given by (3.1). Then
(911922 - 9%2) A = det (E) . (36)

Proof. (a)—(d): These follow by expanding the determinants for example along the bottom row.
(e) This can be established using Sylvester’s determinant identity [5, p. 24, Thm. 1.4.1] on the matrix ¥
defined by (3.1):

det (E) det <23,4;3’4) = det (23;3) det (24;4) —det (23;4) det (24;3) 5

where X3 4.3 4 denotes the 2 x 2 matrix formed from X by removing the 3rd and 4th rows and columns of 3,
while X, denotes the 3 x 3 matrix formed from X by removing the rth row and sth column. This identity
and (a—d) yield

det () A = (AQ) (AQ11) — (AQ2)°.

Note that in identifying det (34,4) with AQ47, we have to swap the 1st and 2nd rows and columns. Moreover,
we use that Ef;g, =¥34. O

Next, we record some estimates on the reproducing kernels and their derivatives:

Lemma 3.2. Let [a,b] be a subinterval of (a',b'). Then forr,s =0,1 and r = 2,s = 0; and for alln > 1 and
z,y € [a,b],

s CnrJrs
K (2,y)] < " (3.7)

—yl+ 5
Proof. First we note that since p has compact support [18, p. 41],

Tn—1

Cy = sup < 00.

n>1 Tn
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The Christoffel-Darboux formula asserts that

K, (z,y) = 7;;1 P (T) Pr—1 (y; :Zn,l (2) pn (y)’

so that using our bound |p,, (z)| < C; for z,y € [a/, V],

20,C?
Ko (2,9)] < 20
|z -yl
Moreover, by Cauchy-Schwartz,
. vz o, 1/2
K ()] < | Y p}(2) Y| <Chn
§=0 j=0

Combining the last two inequalities gives

K, (,y)] < C? min{ 20, n} :
|z —yl

so that (for example, using the inequality between arithmetic and harmonic means) we have the result (3.7)
for r = s = 0. Next,

KM (x,y)

- (3.8)

_ <p; (#) P (4) = oy (220 () | P (@) P () = Dur (W) <x>> |

+ 2
Tn =Yy (x—y)

To estimate the derivatives, we use Bernstein’s inequality for derivatives, namely for polynomials of degree
<mn,
n

V1—22

This has the following consequence: for j,n > 1 and polynomials P of degree < n,

[P’ (z)| < 1Pl (—12 € (-1,1).

Hp(j)H < anj HP”LOO[a’,b'] '

Loo[a,b]

Here C5 depends on j,a,b,a’,b’ but not on P nor on the degree n of P. It then follows that for j = 0,1, 2,

Cy = sup ||p?) /n? < oo.

n>1

’Lw[a,b]

Also then, from (3.8), for z,y € [a, b],

2
e ] <2, { 200

lz -yl | — y|2
Next, by Cauchy-Schwartz,

1/2 1/2
n—1 / n—1 /

KM @) < [ Yop @) [ Xrie)] <Gl

Jj=0 Jj=0
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Thus

1
’Kfll’o) (ac,y)‘ < Cs min i + 2,n2 .
|z — 9| |z — y

This yields (3.7) for r = 1,s = 0. Of course r = 0, s = 1 follows by symmetry. Finally,

KD (2, y) = =t

+
Tn 2

(p; (@) Py (1) = Py (@)1 () Pl (@) Pt (1) = Py (@) P ()
r-y (z —y)

. : - oPrt (2)Pa (4) = pact (W) P <x>> |

(z—y)°

Thus using our bounds on {pg)}, j=0,1,2, gives for z,y € [a, b],

n? n 1
’K7(1171) (x,y)’ < CG { |.’I/'—y| + |£L’ 7y|2 + |x—y|3 } )

and again Cauchy-Schwartz gives

. vz o, 1/2
‘KT(LLl) (m,y)’ < Zp; (z)? Zp; (z)? < Cqnd.
Jj=0 j=0
This and the previous inequality give (3.7) for r = s = 1. The case r = 2, s = 0 is similar. O
Next, we record some universality limits. Recall that S is defined by (1.3):

Lemma 3.3. Let [a’,b] be a subinterval in the support of u such that p is absolutely continuous there, and
w' is positive and continuous there. Let [a,b] C (a',b'). Let r,s be non-negative integers. Then

(a) Uniformly for x € [a,b] and u,v in compact subsets of C,

KT(LT’S) (x_i_ u T+ v ) r+s
. nw(z)’ nw(z) 1 X
1 = (=1)° ST+ (u —v). :
= Ko (0:7) (@) —cvrsre—n .
(b) Let
0, r+s odd
Trs = 4 (—1)—9)/2 . (3.10)
s 1 0 T + s even
Then uniformly for x € [a, b],
1 rTs
Jim e K (a,2) g () = 70w (2) T (3.11)
and
1 K& (z,x) s
lim — = (nw (x)) " s (3.12)

n—oo n'ts K, (x,x)
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(¢) In particular, uniformly for x € [a,b],

1
: * 1-(1,0) _
nh_{rgo o K% (z,x) (3.13)
and forr =0,1,
K (z,2) > Cn?rHL, (3.14)
(d) 2
S"(0) = —3 (3.15)

Proof. (a) We start with a result of Totik [37, Theorem 2.2]: uniformly for x € [a,b], and u,v in compact
subsets of R,

lim lKn (:U + %,x + %) w(z) jw(z) =5 ((u—v)w(x)). (3.16)

n—oo M
In particular, it then follows that uniformly for x € [a,b], and u in compact subsets of R,

=1.
n—o0 K, (q;7x)

Theorem 1.1 in [28, p. 375] then asserts that uniformly for x € [a,b], and u,v in compact subsets of C,

T (x T R eowe Tt m(:s,z)mx))
n—o00 K, (Jj7 J;)

=S (u—v).

Here the uniformity and Totik’s (3.16) allows us to replace K, (z,z) ¢’ (x) by nw (z): uniformly for x € [a, ],
and u, v in compact subsets of C,

i Ky, (l‘ + nwu(ac) T+ nwv(ac)
m
n—oo K, (z,z)

) =S(u-—v). (3.17)

This is the case r = s = 0 of (3.9). Because the limit holds uniformly for u,v in compact subsets of C, we
may differentiate this asymptotic with respect to u,v to get the general case of (3.9).

(b) For the special case where the support of p is [—1, 1], this is Corollary 1.3 in [29, p. 917] (see also [36]).
There it was shown that [29, p. 937]

2wl ok
S(u—v)= Z Fﬁﬂ'ﬁ' “Tjkes (3.18)
dok=0 """

so we can reformulate (3.9) for r = s =0 as

- T Tjk-

J k .
i > (nw(ac)) (nw(x)) Kr(L]’k) (CC,.Z’) . L ud ok J+k
Jim > 1 K Kn(z,z) UK :
J n \Z, k=0 J

J,k=0
Comparing coefficients of like powers of u,v gives (3.12). That this holds uniformly in = for a given r,s

follows easily from the uniformity of the original limit in z (cf. [29, p. 938]). Finally Totik’s limit (3.16)
gives
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lim 2K, (2,2) 1 (2) fw (2) = 1,

n—oo N

uniformly for = € [a, b], so we also obtain the first asymptotic (3.11).
(c) This follows directly from (b).
(d) From (3.18),

[e%S) W
S (u) = —aI T . 3.19
(=35m0 (319)

So S”(O):ﬂ'z’TQ’Q:*ﬂ;. O

4. The tail term - Lemma 2.3

Recall that p1, po are defined by (2.4) and (2.6). First write

P1 ({17) 7TKn+1 (33 .73) (x) ( )
where
U () = K9V (2, 2) K (2, 2) — K9 (2, 2)2. (4.2)
Next, write
p2 (z,y) — p1(x) p1 (y) = T1 + To + T3, (4.3)

where

T = ﬁ <\/(91le2 -0 A - \/W) ;

;= . |212] arcsin <912> :
VA V0
1 1 1
SRV, U (2) ¥ (y)- 44
s <A Knt1(2,2) Kna (y,y)) @7 () (4.4)

We estimate each T' term separately. It is the following lemma that contains the main idea, namely cancel-
lation using Laplace’s determinant formula:

Lemma 4.1. There exist ng and Ay > 0 such that for n > ng and all x,y € [a,b], with |z —y| > Ag/n,

C
(Jz =yl + ﬁ)
Proof. Write
(911922 — Q%Q) A—-T ({E) v (y) - Num

= 5 —>3 ~ Denom’
m2A [\/(911922 03,) A+ /¥ (x)\If(y)}

The numerator is (recall (3.6))
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Num = (211022 — 0F5) A = ¥ (2) ¥ (y)
=det (X) — ¥ (2) ¥ (y)

Kpai (2,2) Ko (wy) K& (o) KDY (00y)

1 1
et | Ko @9) Ko (ny) EpD) ) K55 ()

=det | (0,1) 0,1) (1,1) (1,1)
Kna-ll ($,$) Kndi-l (y,x) Kn-{—l (.13,1‘) Knii-l (xay)

, )1 1,1 1
K7(L+1) (z,y) K7(L+1) (¥, v) K’r(LJrl) (z,9) Kv(erl) (¥, y)

Let ¥ be the 4 x 4 matrix above. Then we can write this as

Numzdet[E]—detlE(i g)]det Z(; j)]

where % r ® ] denotes the matrix formed from 3 by taking the elements that lie in rows 7, s and columns
J

k

J, k. Now let us use Laplace’s determinant expansion [24, p. 37]: we have chosen rows 1, 3. Laplace’s expansion

(53

where ¢ is formed from the complimentary rows and columns. The choices for (j, k) are {(1, 2),(1,3),(1,4),

(2 3)]

gives

1434 1 3
det(X)= > (-1) +3++kdet[2<j k)]det

1<j<k<4

1
(2,3)(2,4),(3,4) }, This gives det () as a sum of 6 terms, one of which is det [z ( 1 2 )] det

)detE

det

So

Num = —det |2

i
e
(

N W

+det | X

— =
-~ W
~—
.M.

/N N N
NI N
W =~
\
o
@
-+
L — |

. ™
/N
[N
w w
~_—

L [ S — |
Q.
o)
-+
L —— |
™
Y
— N
RS
~_—
| IS

Ky (z,2) K%Y (2,9) Knp1(yy) K3y (y,2)
—det | 1) (1,1) det | (0.1 (1,1)
Kn+1 (.’L’,ZL‘) Kn+1 ( ’ ) _Kn+1 ( ) ) Kn+1 (xay)
Ko (wy) KO @o)] [ Ko@) K2 @,
—det (0,1) (1,1) det (0,1) (1,1)
_Kn+1 (y,x) Ky (z,2) _Kn+1 (z,y) Kniv (v,y)
Ko (ey) KD @y)] [ Koo (y) KO (5.2)
+det | 0.1 (1,1) det | (o1) (1,1)
_Kn+1 (y,x) Kpir (=, )_ _Kn+1 (z,y) Knir (2,9)
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o | ot @) K @) | ] K ) K ()
R ) (1.1) | g KO :
Kn+1 (x,x) Kn+1 (xvy) n+1 (z,y) n+1 (y,v)

Using the estimate (3.7) and that (|z — y| + %)71 < n, we continue this as

_ et O ) O(wy1|+;)] det (zy;r}l) O (n?)
0 () 0 (m=ir) O (mr) 00
> [ O(n) O(m—;}%)_ - [ 0(n) 0(1_;}%)-
[0() 0 (“*ZH%)- [0 (%) O(\wféw%)-
_ det [0 (f=imz) 0] det [0(5r) 0]
_O (Ix—;\-i-%) o (n:}) i _O (|x_;|+%) o (ng) ]
+ det ¢ ('”“‘yl”%) o (w—;}r%)] det © (#ﬁ) © (#ﬁ
o(=m) o(@=m)) lolm=m) o(=m
e |00 ()(“‘%+i)](mt[C)<w—ﬁ+i) O (n)
[0() 0 (II—ZH%) 0 (|a:—17|+%) 0 (n?)

Thus

Also

Denom = 72A {\/(QHQ22 CQ2)A 4 \/W]
> 1AV (2) ¥ ().
Here from (3.14) and (3.13), for n large enough,
U (z) = K,(Lﬂ_ll) (z,2) K, (z,2) — KOV (z,2)° > Cn* — o (n4) > Cn.

Also from (3.14) and (3.7),

1— A _ K2 (z,y)
Ky (z,2) Ky (y,y)  Kn(z,2) K, (y,9)
C
(lz =yl + ) n?
c 1
= D) S >
(nlz—yl+1)° ~ 2

(4.6)
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if |x —y| > Ag/n with Ag large enough. Then
A Ky (7) Ko (y,9) > On? (4.7)
and
Denom > Cn®. (4.8)

Then combined with (4.6), this yields

C
(Jz =y + 2)?

Num

T =
73] ’ Denom

' <

Next, let us deal with T5:

Lemma 4.2. There exist ng and Aoy such that for n > ng and oll z,y € [a,b], with |x —y| > Ag/n,

C
[To| < —3 (4.9)
(lz =yl +3)
Proof. Recall that
1 . |12 )
To| =T, = Qpo|arcsin | ——— | .
172 2 w2V A [ <\/911922
From [sinu| > 2 |ul, |u| < %, we obtain for |v| < 1,
2 .
= |aresinv| < |v|
™
S0
< L |92AF (4.10)
2= 27TA3/2 vV Q11922A2- ’
Here from Lemma 3.1(d) and Lemma 3.2,
i (0,1)
K’n+1 (l’,l‘) Kn+1 (xvy) Kn+1 (I,x)
1
QuoA =det | Kpiy (7)) Koir (9,) K5 (0.2)
1,0 0,1 1,1
LY ) KGY ) K5 (0,2)
i 1 2
om  O(ptex) 0
_ 1 n
=det | O ETE O (n) @) EE
n 2 n?
_O lz—y[+5 O (n%) 0 lz—yl+5
We expand by the first row and continue this as
ni
Q1A =0 (1> . (4.11)
lz—yl+ 5

Next, we examine €7 and 22. From Lemma 3.1(b), followed by (3.7), (3.13),
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18
[ KnJrl (yay) Kn+1 (yax) Kr(L(lll) (y,x)
QllA = det Kn+1 (.’13, y) Kn+1 (JU,J?) Kr(z(}—ll) (.I‘,l‘)
1,0 0,1 1,1
LG () K () KLY (2,0
i 1 n

Kni1(y,y) O (\w—yl-i'%) 0 (|w_y|+%)

=det | O (W) Kn+1 (37737) o (n2)

n 1,1

o(m=m) o) K e

Expanding by the first row, and using Kff_:l) (z,z) = O (n®" 1), we see that

QA =Ko (y,y) {Kn+1 (z, ) Kr(zill) (z,7) =0 ("4)}
1 3 3
(e ) )
T —yl+ 5 T —yl+ 5 Iz —yl+ 5
2 2
(e o Gmm) o ()b
|z —yl+ 5 lz—yl+ 5 lz—yl+ 5
so if |x — y| > Ag/n, and Ay > 1,

nd
Q1A = Kot (y,y) Knya (2, 7) K7(11+711) (#.2) =0 (n”) + 0 <A_(2J>
5

> Cn —o(n°) +0 (%) > Cyn’ (4.12)
0

if Ag and n are large enough, say n > ng, by (3.13) and (3.14). Of course the constant C; depends on the
size of C, and the decay of the o (n5) term, as does ng. In much the same way,

Ko (#,2)  Kpir (zy) K&V (2,y)

QQQA = det Kn+1 (y7 .’E) Kn+1 (y7 y) Kfz%? (ya Yy
1,0 1,0 1,1

KN (gr) K8 (ny) KLY (wy)

,n5
_ mm%wKwu%wK&?ww—oW“+o<R)

> C1n°. (4.13)

Again the threshholds ng and Ag influence the choice of C;. Then combining (4.10)—(4.13), followed by
(4.7),

nt | 1 2
T <C —<C|—- .
2= (u—m+%> A3/2pd = (m—m+%>

Next, we handle T3:

Lemma 4.3. There exist ng and Aoy such that for n > ng and all x,y € [a,b], with |x —y| > Ao/n,

¢ (4.14)

Ty < ——
(Jo -y + 2)?
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Proof. Note first from (4.2), (3.13), and (3.14),

Next, recall from (4.4),

1 1 1
Ty=— (= - U (2) U
T2 <A Knii(z,2) Kpga (yvy)> @)

1 K2+1 (.’L‘,y)

E—— n )\ g
2 ARor (0,0) Bara ) ¥ - Y W)

< ¢ 5 nt
(\m —y|+ %) An?
¢

" (le—yl+ 1)

by (4.7). Note too that T3 > 0. O

Proof of Lemma 2.3(a). Just combine the estimates for T3y,75,T5 from Lemmas 4.1, 4.2, 4.3 and recall
(4.3). O

Proof of Lemma 2.3(b). From Lemma 2.3(a), for y € [a, b],

lp2 (z,y) — p1 (z) p1 (y)| dz
{w€la.b],|lz—y|>A/n}
C
< 7| |2da:
v
{w€la,b],lz—y|>A/n} Y

2
< S S —

12 A 2
{z€[a,b],|z—y|>A/n} |l‘ y| +(n)

r C
2
< / — a2 dz.
o le =yl + ()
We make the substitution x —y = %t in the integral:

_3792Cdt
A 241

— 00

Then (2.12) follows. O
5. The central term - Lemma 2.4
Recall that A, Q17, Q99, Q12 were defined in (2.7)—(2.10), while S, F, G, H were defined in (1.3)—(1.6):

Lemma 5.1. Uniformly for u in compact subsets of the plane, and uniformly for x € [a,b] andy = z+ #(w),
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(a)

e () =T e o
) Ttz 52)
(¢) niﬂn i (nw ) G ) +o(1): (5.3)
(d) nﬁﬂm i (nw ) Gu)+o0(1); (5.4)
(e) niuA : (W ) H () +o0(1). (5.5)

Proof. We repeatedly use that ?117% =1+ 0(1), as follows from (3.11).

(a) Recall that ¥ was defined by (3.1). Then (3.6) gives

[(Quﬂzz—%)ﬁ]( L ))4

Kn+1 (x,x)4 nw(
_ detX ( 1 )4
Kpp (z,2)" \nw (x)
[ 1 Kny1(z,y) K7(1+1>(m@) 1 KT(LL;.Fll (zy) 1 ]
Kpyi1(z,x) Kn+1($73€) nw(z) Kn+1($»$) nw(zx)
Kni1(2.y) Kni1(y.y) K%Y we) K8 )
— det Kpy1(z,z) Kpy1(z,z) Kni1(z,2) nw(z) Kpi1(z,z) nw(z)
T KV es 1 KV we) 1 K@) ( 1 )2 K8 (29) < 1 )2
Kpt1(z,z) nw(x) Kpt+1(z,z) nw(z) Kpt1(z,z) \ nw(z) Kyt1(z,x) \ nw(z)
K&V (@) 1 K9V wy) 1 KLY (@) ( 1 )2 KLY () ( 1 )2
| Knt1(z,2) nw(z)  Knpa(zz) nw(@) Knpi(zz) \ nw(e) Kni1(z,2) \ nw(z)

Here we have factored in into the 3rd and 4th rows and columns. Using (3.9) and recalling that

1
nw(z)
y=x+ ( y, we continue this as

1 S(—u) =5(0) =5(-u)
_ S (—u) 1 S'(w)  =5'(0)
= det -S'0) =S8 =98"(00) =5"(-u) +oll)
| =S (-u) =5"(0) —5"(-u) —5"(0)
1 S (u) 0 S’ (u)
B S (u) 1 -5 (u) 0 B
| S’ (u) 0 —S"(u) —=S5"(0)

as S is even, so S’ is odd and S” is even.
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(b) From (3.9),

A 1 n+1(55 y) 1 .
2 = det l K'n+1(957y) Ziigj Z; = det S S (1 U)
K’ﬂ-i-l (J}, .13) Kpt1(z,x) Kyi1(z,x) (771)
(¢) From (3.3) and then (3.9),
AQqy < 1 )2
Ky (z,2)% \nw (z)
I Knt1(y,y) Knt1(y,z) 7(L0+11)(y z) 1
Kyi1(z,x) Kyi1(z,x) K(,BJrll)((a: :v)) nw(x)
— det KnJrl(iEvy) 1 K7L4;1 T,z 1
P TR TR AR
L Knit1(z,z) nw(z) Kpii(z,z) nw(zx) Kpt1(z,x) (nw(z))
1 S(u) =5 (u)
—det| S(—u) 1 —§(0) | +o(1)

S (—u) —S'(0) —S"(0)

1 S(u) =8 (u)
=det | S(u) 1 0 +o(1)=Gu)+o0(1),
"(w) 0 =57(0)

recall (1.5).
(d) From (3.4) and then (3.9),

g (o o

[ 1 Knii(z,y) KT(LO+11>(9572!) 1
Koy (z,) K(nOJrl)(z ,z) nw(w)
— det Knt1(y,z) Knt1(y,y) K%Y (vy) 1
Kpii(z,x) Kpii(z,x) Kpi1(z,x) nw(z) )
1 1 1,1
KLY XY@y 1 KLY () 1
L Knit1(z,z) nw(z) Kpii(z,z) nw(z) Kpti(z,xz) \ nw(x)

1 S(—u) =5"(-u)
=det | S(u) 1 =S5'(0) [+0(1)=G(u)+o0(1)
| S (w)  S'(0)  —=S5"(0)

as S’ is odd, and we can multiply both the 3rd row and 3rd column by —1.
(e) From (3.5) and then (3.9),

KnilzxA, z)® (nwl(x)>2

[ 1 Kniyi1(z,y) Kﬁofl)(z@) 1
Kyt1(z,) Kw0+1(r z) nw(z)
= det Kni1(y,z) Kni1(y,y) K, 07V (we) 1
lfgn+1(9ﬁ ,T) Offn+1(f7f) ! 1n+1(95 x) nw(x) 5
1(L+1) (W= 1 KEL+1 (wy) 1 7(L+1)(y795) 1
L Kn+1(z,z) nw(z) Kpt1(z,z) nw(z) Kpt1(z,z) \ nw(x)

1 S (—u) 0
=det | S (u) 1 =S (u) | +0(1)=H (u) +0(1),
S’ (u) 0 —S" (u)
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recall (1.6). O
Now we can obtain the asymptotics for ps (x,y) — p1 (z) p1 (y) stated in (2.13):

Proof of Lemma 2.4(a). Recall as in (4.3)—(4.4), that

(;x)) {02 (@) — p1 (@) p1 (1)

nw (

- (#@))2 {Ty + T, + Ts}. (5.6)

We handle the terms T3, j = 1,2,3 one by one:
Step 1: T1
Firstly from (3.9), (3.10), (3.15), and (4.2),

o (om)

(K @) <

n+1
Kyt (z, )

Kn+1 (.I, Z‘)

=)
=
)
5
S—
~__—
[\v]
7 N
3
€ —
—
B
"
[\v]

=—8"(0)+o0(1) = 7T§+0(1)~

Also, from (3.9), uniformly for u in compact subsets of C,
v (y) ( 1 >2
Ky (z,2)" \nw ()

1,1 0,1 2
(K 09) Kusi ny) (K (9,9) ( 1 )
K1 (z,2) Kpya (7, 7) K1 (7, 7)

= —5"(0) +0(1) = T +o(1). (5.7)

Then

by the above and Lemma 5.1(b). Hence also with an obvious choice of branches, uniformly for « in compact
subsets of C\ {0},

(Wl(x)f% U (2) ¥ (y) = Tl(uf (?) +o(1). (5.8)
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(Note that A occurs outside the square root, and only it leads to the pole at 0). Then from (5.1) and (5.8),
and recalling the definition of Ty at (4.4),

(o) ™

_ Knyi (2,2)’ Q12 -0 A 1 \? 1 x
™A \/Kn+1 (z,2)" (nw (2))" (nw x)) SAVY (@) T ()

—ﬁ( F(u)—%2>+0(1).

Step 2: Tb
From (4.4),

(retm) ™

Kn+1 (J,‘,J,‘)g ngA 1 2 . QIZ
= 2A3/2 3 arcsin | ———
™ Kpp1 (z,2)° \nw (z) V21180922
1 H (u)

= p <1 . (U)Q)B/ZH (u) arcsin (

)
=
=
N———

+
Q
—
=

by (5.2)—(5.5).
Step 3: Ts
From (4.4) and (5.5),

:‘|>~

nt1 ( y)
(AKn+1 Kn (ya y)) v (1') v (y)

- ( ”3)2[2211823[ :

I GO K
o2 (1—S(u)2> 5 " (),

by (5.8) and (3.9). Substituting the asymptotics for T;,7 = 1,2, 3 into (5.6) gives
Y g Y J

(#@))2 {p2 (z,y) — p1 () p1 (v)}

: m 2 H (u) . (H(u)
m{ F(U>_? (1—5(“) )+mar081n(m)}+o(l)

=E(w)+o(1),

recall (1.7). O
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We next deal with u near 0, which turns out to be challenging. First, we prove

Lemma 5.2.

(a) A (m R E] ) has a double zero at w = 0, and there is p > 0 such that for all x € [a,b] and n large

enough, A (m T+ ( )) has no other zeros in |u| < p. Moreover, uniformly for u in compact subsets
of C, and x € [a, b],

A(a: x+nw(z)> B 1—S(u)2.

im = 5.9
w0 Ky (2,2)0 02 w >

The right-hand side is interpreted as its limiting value at u = 0.
(b) [(Q119022 — QF,) A (m,x + #(z)) has a zero of even order at least 4 at w = 0. Moreover, uniformly

for w in compact subsets of C, and x € [a,b),

T A

(1022 -9%) (1 ' F(u)
22 12 (nw (;@) (1 7S(u)2)2.

The right-hand side is interpreted as its limiting value at u = 0.

Proof. (a) First,

A(%x+aﬁ5>

2
u u u
:Kn s Kn 5 *Kn ) TN
+1( ) Knia (”woc) “nwu)) + (“%w(x))

is a polynomial in u, and by Cauchy-Schwarz is non-negative for real u, with a zero at v = 0. This then

must be a zero of even multiplicity. But since

A (ac T+ nw(r)>
im 5
nreo Kn+1 (:c,:r)

:1—S(U)2,

uniformly in compact sets by Lemma 5.1(b) and (3.9), and the right-hand side has an isolated double zero
at 0, it follows from Hurwitz’ Theorem and the considerations above, that necessarily for large enough n,

Alx,x+ ( ) has a double zero at 0, and no other zeros in some neighborhood of 0 that is independent
of n. Slnce the convergence is uniform in z, the neighborhood may also be taken independent of x. But

Alw,a+

then {%} is a sequence of polynomials in u that converges uniformly in compact subsets of
" n>1

C\ {0} and hence also in compact subsets of C.

(b) Recall (3.6):
(911922 - 9%2) A =det (X).

Here det (X) is also a polynomial in u when y = x + As in the proof of Lemma 2.2 in the Appendix, X

nw(z)
is a positive definite matrix when z # y, so is nonegative definite for all x,y. Then det (X) > 0 for real x,y

while det (X) = 0 when uw = 0. Thus as a polynomial in u, det (X) can only have an even multiplicity zero at
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u = 0. We need to show that it has a zero of multiplicity at least 4 when u = 0. By a classical inequality for
determinants of positive definite matrices and their leading submatrices [6, p. 63, Thm. 7], when y is real,

(1,1) (1,1)
0 < det (%) < A (z,y) det | nt1 (z,2) K,y (z,y)

1,1 1,1
KNV (@y) KUY (0y)

We already know that A has a double zero at u = 0 for y = = + But the second determinant also

nw(w)
vanishes when y = x, that is u = 0. It follows that necessarily as a polynomial in u, det (X) has a zero of

multiplicity at least 4 at w = 0. Then

QHQQQ — Q%Q - det (Z)
A A2

has a removable singularity at 0, since the zero of multiplicity 4 in the denominator is cancelled by the
zero of multiplicity > 4 in the numerator. Then from (5.1), (5.2), uniformly for « € [a,b] and u in some

neighborhood of 0,
N Q22 - 0%
nw (

(911922 - )A ( 1 >4 lKnH (13,90)2]2
K1 ( ) JZ)

S SO Y

(1 -5 (u)2>2

Moreover, since S (u) = 1 only at w = 0, this limit actually holds uniformly for u in compact subsets of
C. O

Next, we deal with the most difficult term Qq5:

Lemma 5.3. (Q212A) (SE T+ m) has a zero of multiplicity at least 3 at u = 0. Moreover, uniformly for u

in compact subsets of R, and x € [a, ],

Q1o 1 \? H (v)
nhfgo\/_< ()) T a—s )

The right-hand side is interpreted as its limiting value at v = 0. In addition, uniformly for u in compact
subsets of R, and x € [a, ],

(12| arcsin< 12| ) ( 1 >2 <C.
VA V211899 nw(z)) ~

Proof. We first perform row and column operations in the determinant defining A;5 and then expand using
Taylor series. More precisely, we subtract the first row from the second; then the first column from the
second; and then we subtract y%w X the second row from the third:

KnJrl (x,m) Kn+1 (:my) Kr(grll) (.’E, {E)
0,1
=det | K1 (y,2) Kng1(y,y) K7(L+1)( ,T)
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Ky (z,x) Kony1 (z,y) Kffill) (z,z)
0,1 0,1
=det | Kpi1 (y,2) — Kot (2,2)  Kopr (,9) — Knia (,y) KOV (y,2) = K9 (2, 2)
1,0 0,1 1,1
i ESY (y,2) ESY (v,y) ESY (v, )
[ Kpi1 (2, 2) Kpi1 (2,9) = Knp1 (2,7) K%Y (@)
Kn ) Kn )
= det | Kopr (5,2) — Ko (,2) 2t @O T Ena (02) oy 0y gon
_2Kn+1 (fE, y)
1,0 1,0 1,0 1,1
I KLY (y,2) E8Y (gy) - K59 (v,2) KN ()
[ Kni (x,2) Kot () = Ko (w,2) K\ (w,2) ]
Knt1 (y,y) + Knt1 (2, 2) (0,1) (0,1)
K, ) — K (2,2 K,2 ) - K0y (2,
_ det +1 (Y, @) +1 (2, ) 2K (2,) iy () ) i (z,2)
1,0 1,0 1,0 1,1
K2 () KL () — K (v.2) K3 ()
_ Knt1(y,2) = Knyi1(z,2)  Knt1(y,y)+EKnt (z,2) 2K 41 (2,y) _ Kﬁw’_l)(y,x)—Kf,,_;_l)(ac,x)
L y—z y—x y—x J

(5.10)
Let us examine the entries in the second and third rows. First, for some ¢ between z,y,
K (4,7) = Ko (w.2) = K1 (8,2) (y = 2) = O (0 (y — )
by Lemma 3.2. Second, using the estimates from that lemma, for some r, s, v between x,y,

Kn+1 (97 y) + Kn+1 (.’IJ,.T) - 2K7l+1 (l‘,y)

1

1,0 1,1 2,0
= Ko (@,2) + (y = 2) 2K (@.2) + 5 (v — o) 2 { &) () + K39 () }

1
i 00) =2 { Ko (0.0 + 0= ) KLY (o) 4 5 0= 0" KL (o)}

1, 2,0 0,2
= - {£ )+ KEY () - K5 (2.9)
= (n3 (y — x)2> .
Third,
KO () = K (w,0) =0 (0 (y — )

Fourth, for some ¢ between y, x,

K1 (y,2) = Knq (2, 0)
K(l,O) _ +1 Y, )
n+1 (y, ‘T) y—z

= K19 (g.2) - K4 (t2) = O (n® (y — @) .
Fifth, for some r, (, s between y, z, with r, s as above,

K’n ) K’n 9 - 2K’n )
Kr(iﬁ(i) (4,y) — K7(Ll+fi) (y, 2) — ntl (Y, y) + Kny1 (z,2) +1 (2, y)
y—x

= (=) K5 (1,0 = (v — o) {50 () + K259 () = K0 ()}

1,1 1,1 2,0 0,2
= —a) {E5Y (1,0 - K5 o) = K29 o) + K0 ()}

=0 (n4 (y—x)z),
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by the estimates in Lemma 3.2. Sixth, for some £ between x, y,

0,1 0,1
KD (g, ) Tt 0,0) ~ K03 (@)
y—x

n+1
= K8 (gm) - KUY (62) =0 (n* (y — 1) -

Then substituting all these into (5.10),

ngA
O (n) O (n?(y — x)) O (n?)

—det |O(n*(y—2)) O(n*(y—a)®) O(n’(y—u)
O (y—=) O(nt(y—2)?) O(n'(y—)
O(m) 0O(n?) O(n?
—(y—2)det [0 (n*) O(n*) O(n) | =0 (n*(y—2)°)
O(n?) O(n) O(n')

Here we extracted factors of y — x from the second and third rows, and then the second column. It follows

has a zero of multiplicity at least 3 at 0. Then Q}J—%A is a

nw(z)

that as a polynomial in u, (Q12A) (a:,x +

3/2
polynomial in u, and Q_\/% = QL%A (“KQ) , which is analytic in some neighborhood of 0 that is independent

of n, z,u. The uniform convergence in (5.5) gives uniformly for u in compact subsets of R,
7 (o)
VA \nw (x)
Q12A ( 1 >21 Knpi1 (=, x)3
K1 (z,2)% \nw (2) A3/
H (u)

Ty W

Also then, H (u) necessarily has a zero of multiplicity > 3 at 0. Finally, uniformly for « in compact subsets
of R,

\/% arcsin (%) (nwl(l’)>2

2
<Q12Z< 1 )<C’. -
)

nw (

Now we can deduce the desired bound near the diagonal:

Proof of Lemma 2.4(b). Recall from (2.6) that

lp2 (z,9)| (nwl(x))

1 Q1020 — O35 Q2] . ( |Q12] ) ( 1 )2
< = + arcsin [ ———— <C,
w2 ( A VA V1199 nw ()

(V)
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by Lemma 5.1(a), (b) and Lemmas 5.2-5.3. Next, from (4.1), followed by (5.7), (with « = 0 there)

p1 ()

w (z)

3| -

i = 5ol 5.11
\/Kn+1 (@0) (e (@) VB ), (5.11)

and a similar asymptotic holds for p; (y). It follows that

3

o2 ) = 1 )1 )] (2 ) <c,

nw ()
which gives the result, since w is positive and continuous in [a,b]. O
Proof of Lemma 2.5. This follows directly from (5.11). O

6. Appendix - proof of Lemma 2.2

In this section, we prove Lemma 2.2. The functions ps (z,y) and p; (x) arising in (2.5), are called the
second and the first intensities, or the two-point and one-point correlation functions of zeros, see, e.g., [20,
pp. 7-8|. By their defining properties, we have

b
E [N, ([a,b])] = / pr (&) d

and

E [N, ([a,b]) (N, ([a,b]) — 1)] //pgxy dx dy.

Thus the variance of real zeros of random orthogonal polynomials in an interval [a,b] C R can be written
as in (2.5) by completing the following steps:

Var [Ny, ([a, b])]
—E [N ([a,8])° — E [No ([a, )]
— E [N ([a,8]) (N ([a,8]) = 1)] = E [N ([0, )] +E [N, ([a,5)]

b b

b
//pg x,y) dx dy — //m x) p1 ( dxdy+/p1

b

://{pz (z,y) —p1(z) p1(y)} dz dy+/m () da.

a a a

We follow the argument of [19] in several parts of this proof. For z,y € R, define the random vector
T
V =V(2,y) = (Gn(x),Gn(y), G, (7), G (y))

and observe that the components of this vector are Gaussian random variables satisfying
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E[G,(z)] = E[G,(z)] = 0, Var[G,,(z)] = K, 41(z,2) and Var[G,(z)] = K.} (2, 2).

The covariance matrix X of V' is defined by

L =5X(z,y)
Var(G,, (2)] Cov[Gn (), Gn(y)] Cov[Gn(x), G (x)]  Cov|Gu(x), Gy (y)]

_ | Cov[Gn(y), Gn(z)] Var[G,,(y) Cov[Gn(y), G, (2)]  Cov[Gn(y), Gy (y)]
Cov[G),(x),Gn(x)]  Cov|Gy(x),Gn(y Var|G, (z)] Cov[G(2), G, (y)]
Cov[G(y), Gn(@)]  Cov[Gy(y),Gn(y)] CovlGy(y), G ()] Var[G, (y)]
Koii(z,z) Kppi(z, Kno’ll) z, Kflo’ll) x,
i PN YA i i i
Koy (wy) Koy (yy) Kly(zy) Ky(yy)

exactly as in (3.1). When z = y, the first row of ¥ is the same as the second row, and hence det ¥ = 0. Our
first goal is to show that V' has the multivariate normal distribution with mean zero and the covariance
matrix ¥ when x # y and n > 3. This follows in a standard way, e.g., from [21, Corollary 16.2], by proving
that 3 is positive definite, which amounts to showing that 47 X% > 0 for all nonzero ¥ € R%. Recall that any
covariance matrix is positive semi-definite [21, Theorem 12.4], i.e., 77 X4 > 0 for all ¥ € R*. This means we
only need to demonstrate that 77 = 0 implies 7 = 0. For a vector 7 = [v; s wv3 v4]T, observe that

750 = Var[t"V] =) (v1pr () + vapi(y) + vapl(x) + vapy, ().
k=0
It is clear now that ¥7 %7 = 0 if and only if

v1pk () + vopr(y) + vapy(z) +vap)(y) =0, k=0,...,n. (6.2)

But this system of equations has only trivial solution ¢ = 0. Indeed, if we write
n
Qn(t) = bip;(1),
§j=0

where {b;}7_, C R is arbitrary, then (6.2) implies that

01Qn(2) + v2Qn(y) + v3Q7, () + v4Q;, (y) = 0. (6.3)

Since {pj(a:)}?:() is a basis for the vector space of all polynomials of degree at most n with real coefficients,
the set of all polynomials Q. (t) coincides with this space. In particular, since n > 3 and x # y, we use the
following choices for @,, in (6.3) to conclude that

Qu(t) = (t = 2)(t — y)* = v3 = 0;
Qu(t) = (t—2)*(t —y) = vy = 0;
Qnt)=t—y=v, =0;
Qn(t)=t—x=v2=0.

We now write ¥ in the following block form
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Kn+1($,1') Kn+1(may) Kﬁgﬁil)(wvx) Ky(zgt;?(xJJ)
s | Enni@y) Kon(yy) K@) Kil@y)| _ [4A B (6.4)
= K(O,l)(x z) K(o,l)( 2) K(l’l)( 2) K(l’l)(l‘ ) =\ BT (|- .
(GRS o) PR cis PRSI e D
Kn—;-l (I’y) Kn—f-l (y7y> Kn—f-l (Ivy) Kn—(—l (y,y)

where A, B and C are the corresponding 2 x 2 matrices. Note that det A = A = 0 if and only if x = y by
the equality case in the Cauchy-Schwarz inequality. Thus we define Q = C' — BT A~!B for = # y, and write

s_[A 0][1 4B
=BT 1|0 Q |

The latter implies that
det X = det A det Q = A det Q.

Since ¥ is invertible for x # y, so is Q and thus detQ > 0 if x # y. It also follows from (6.4) by direct
algebraic manipulations that the elements of the matrix

o~ pT a1 |11 Q12
Q=C—-B A" B= {912 Qo
are as defined in (2.8)—(2.10).

Since the random vector V' = V/(z,y) has the multivariate normal distribution A(0,X) with a non-

singular covariance matrix X, we compute the density of its distribution by [21, p. 130] in the form

exp (7%(0’ O’ l1, tQ) 271(07 05 tq, t2)T)

pr,y(ov 03 tl, t2) =

(27)2(det 3)1/2
__ &xXp (—%(tl, tg) Qil(tl, tQ)T)
N (2m)2(det X)1/2
Using matrix algebra, we further obtain that
o1 _ [A— BC-1BT) ! —A'B[C - BTA-'B]7!
~ | -C7'BT[A - BCT'BT|! [C —BTA-1B]!

Theorem 3.2 of [3, p. 71] states that if (a,b) C R, then
E[ ([CL b])( (CL b - 1 ////|t1t2|pxy O 0 tl,tg) dtldtzdiﬁdy,

where D = {(z,y) € R?| a < z,y < b}. Hence

E[Ny([a, 0])(Nn([a,b]) = 1)]

exp (=1 (t1, t2)Q  (t1, t2)T
SIICES -

1 —1 T

exp (=5 (t1,t2) Q7 (t1,t2)7)
tit dt,dtsdxd
////|12| e dindeadedy,

dxdy,

w || adus
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where the inner integral is

1
I(Z‘ y //|t1t2|exp (—E(tl,tg)g_lal,tg),r) dtldtg.

R R

Note if z # y, we have det Q = Q11022 — 02, > 0 and

T detQ | —Q12 Qu

01— 1 [sz —912}

It follows that
Qoo O

(t1,t2) Q7 (b, t0) T = —2 42 —2 2 414, +

detQ ! det Q

Applying the result of [8, (3.9)], we evaluate the inner integral as

4(det 2)? (1 N 5
Q11Q92(1 — 62) V1—=§2

I(z,y) =

with

Finally, putting everything together, we obtain

E[N, ([ab])( n([a,0]) = 1)

/ / A(det Q)? (1 + 75 arcsin 6) _drdy
4’/T2 QHQQQ 1—52) \/1—52 \/A detQ

1 // \/7 Q12 .
— Q11099 — 023, |1 — ——=——— arcsin | —
2 12 0110 — O,

1 . ng dzx dy
= — v/ 211090 — 02 Q .
s é/ ( e 12 + 2 axesin V211829 > VA

This and Lemma 2.1 give the result. O
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