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1. INTRODUCTION

� �In 1935, Gruss proved the integral inequality 9¨

1 1 1b b b
f x g x dx � f x dx � g x dxŽ . Ž . Ž . Ž .H H Hb � a b � a b � aa a a

1
� � � � � � � , 1.1Ž . Ž . Ž .

4

� �provided that f and g are two integrable functions on a, b and satisfy the
condition

� �� � f x � � and � � g x � � for all x � a, b . 1.2Ž . Ž . Ž .
1The constant is the best possible and is achieved for4

a � b
f x 	 g x 	 sgn x � .Ž . Ž . ž /2

494
0022-247X�00 $35.00
Copyright � 2000 by Academic Press
All rights of reproduction in any form reserved.



GRUSS TYPE INEQUALITY¨ 495

Ž .The discrete version of 1.1 states that:
Ž .If a � a � A, b � b � B i 	 1, . . . , n where a, A, a , b, B, b are reali i i i

numbers, then

n n n1 1 1 1
a b � a � b � A � a B � b , 1.3Ž . Ž . Ž .Ý Ý Ýi i i in n n 4i	1 i	1 i	1

1where the constant is the best possible for an arbitrary n 
 1.4
� �For an entire chapter devoted to the history of this inequality see 11

where further references are given.
� �New results in the domain can be found in 1�7, 10 .

� �In 2 , the author proved the following generalization in inner product
spaces.

Ž ² :.THEOREM 1. Let X, � , � be an inner product space o�er �, � 	 �, �
� �and e � X, e 	 1. If �, �, � , � � � and x, y � X such that

² : ² :Re �e � x , x � � e 
 0 and Re �e � y , y � � e 
 0 1.4Ž .

hold, then we ha�e the inequality

1
�² : ² :² : � � � � �x , y � x , e e, y � � � � � � � . 1.5Ž .

4

1The constant is the best possible.4

� �It has been shown in 1 that the above theorem, for real cases, contains
the usual integral and discrete Gruss inequality and also some Gruss type¨ ¨
inequalities for mappings defined on infinite intervals.

Ž . Ž .Namely, if � : ��, � � ��, � is a probabilistic density function, i.e.,
� Ž . 1�2 2Ž . � 1�2 �H � t dt 	 1, then � � L ��, � and obviously � 	 1. Con-2��

2Ž .sequently, if we assume that f , g � L ��, � and

	 � �1�2 � f � 
 � �1�2 , � � �1�2 � g � � � �1�2a.e. on ��, � ,Ž .
1.6Ž .

then we have the inequality

� � �
1�2 1�2f t g t dt � f t � t dt � g t � t dtŽ . Ž . Ž . Ž . Ž . Ž .H H H

�� �� ��

1
� 
 � 	 � � � . 1.7Ž . Ž . Ž .

4
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Ž . 2Ž . � � 2 Ž .Similarly, if l 	 l � l � with Ý l 	 1 and x 	 x , y 	i i� � i� � i i i� �

Ž . 2Ž .y � l � are such thati i� �

	 � l � x � 
 � l , � � l � y � � � l 1.8Ž .i i i i i i

for all i � �, then we have

1
x y � x l � y l � 
 � 	 � � � . 1.9Ž . Ž . Ž .Ý Ý Ýi i i i i i 4i�� i�� i��

In this paper we point out some other Gruss type discrete inequalities in¨
inner product spaces. Applications for the Fourier transform, Mellin
transform, polynomials with coefficients in Hilbert spaces, and Lipschitzian
mappings with values in normed spaces are also given.

2. PRELIMINARY RESULTS

The following lemma is of interest in itself.

Ž ² :.LEMMA 1. Let H; � , � be an inner product space o�er the real or
Ž . ncomplex number field �, x � H and p 
 0 i 	 1, . . . , n such that Ý pi i i	1 i

Ž .	 1 n 
 2 . If x, X � H are such that

² : 	 4Re X � x , x � x 
 0 for all i � 1, . . . , n , 2.1Ž .i i

then we ha�e the inequality

2n n 12 2� � � �0 � p x � p x � X � x . 2.2Ž .Ý Ýi i i i 4i	1 i	1

1The constant is sharp.4

Proof. Define

n n

I � X � p x , p x � xÝ Ý1 i i i i¦ ;
i	1 i	1

and

n

² :I � p X � x , x � x .Ý2 i i i
i	1
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Then

2n n n

² : ² : ² :I 	 p X , x � X , x � p x � p x , xÝ Ý Ý1 i i i i i i
i	1 i	1 i	1

and

n n n
2² : ² : � � ² :I 	 p X , x � X , x � p x � p x , x .Ý Ý Ý2 i i i i i i

i	1 i	1 i	1

Consequently,

2n n
2� �I � I 	 p x � p x . 2.3Ž .Ý Ý1 2 i i i i

i	1 i	1

Ž .Taking the real value in 2.3 , we can state that

2n n
2� �p x � p xÝ Ýi i i i

i	1 i	1

n n n

² :	 Re X � p x , p x � x � p Re X � x , x � x ,Ý Ý Ýi i i i i i i¦ ;
i	1 i	1 i	1

2.4Ž .

which is also an identity of interest in itself.
Ž . Ž .Using the assumption 2.1 , we can conclude, by 2.4 , that

2n n n n
2� �p x � p x � Re X � p x , p x � x .Ý Ý Ý Ýi i i i i i i i¦ ;

i	1 i	1 i	1 i	1

It is known that if y, z � H, then

² : � � 24 Re z , y � z � y , 2.6Ž .

with equality iff z 	 y.
Ž .Now, by 2.6 we can state that

2n n n n1
Re X � p x , p x � x � X � p x � p x � xÝ Ý Ý Ýi i i i i i i i¦ ; 4i	1 i	1 i	1 i	1

1 2� �	 X � x .
4
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Ž . Ž .Using 2.5 , we obtain 2.2 .
1To prove the sharpness of the constant , let us assume that the4

Ž .inequality 2.2 holds with a constant c � 0; i.e.,

2n n
2 2� � � �0 � p x � p x � c X � x 2.7Ž .Ý Ýi i i i

i	1 i	1

for all p , x , and n as in the hypothesis of Lemma 1.i i
1Assume that n 	 2, p 	 p 	 , x 	 x, and x 	 X with x, X � H1 2 1 22

and x � X. Then, obviously,

² : ² :X � x , x � x 	 X � x , x � x 	 0,1 1 2 2

Ž .which shows that the condition 2.1 holds.
Ž .If we replace n, p , p , x , x in 2.7 , we obtain1 2 1 2

2 22 2 1 x � X2 2 2� � � � � �p x � p x 	 x � X �Ž .Ý Ýi i i i 2 2i	1 i	1

1 2� �	 x � X
4

� � 2� c x � X ,

1from where we deduce that c 
 , which proves the sharpness of the4
1constant .4

Ž .Remark 1. The assumption 2.1 can be replaced by the more general
condition

n

² :p Re X � x , x � x 
 0, 2.8Ž .Ý i i i
i	1

Ž .and the conclusion 2.2 will still remain valid.

The following corollary is natural.

Ž . Ž . nCOROLLARY 1. Let a � �, p 
 0 i 	 1, . . . , n n 
 2 with Ý p 	i i i	1 i
1. If a, A � � are such that

	 4Re A � a a � a 
 0 for all i � 1, . . . , n , 2.9Ž . Ž .Ž .i i
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then we ha�e the inequality

2n n 12 2� � � �0 � p a � p a � A � a . 2.10Ž .Ý Ýi i i i 4i	1 i	1

1The constant is sharp.4

² :The proof follows by the above lemma by choosing H 	 �, x, y � xy,
x 	 a , x 	 a, and X 	 A. We omit the details.i i

Ž .Remark 2. The condition 2.9 can be replaced by the more general
assumption

n

p Re A � a a � a 
 0. 2.11Ž . Ž .Ž .Ý i i i
i	1

Ž .Remark 3. If we assume that � 	 �, then 2.8 is equivalent to

	 4a � a � A for all i � 1, . . . , n , 2.12Ž .i

Ž .and then, with the assumption 2.12 , we obtain the discrete Gruss type¨
inequality

2n n 1 220 � p a � p a � A � a , 2.13Ž . Ž .Ý Ýi i i iž / 4i	1 i	1

1where the constant is sharp.4

¨3. A DISCRETE INEQUALITY OF GRUSS’ TYPE

The following Gruss type inequality holds.¨
Ž ² :.THEOREM 2. Let H; � , � be an inner product space o�er �, � 	 �, �,

Ž . Ž . nx � H, a � �, p 
 0 i 	 1, . . . , n n 
 2 with Ý p 	 1. If a, A � �i i i i	1 i
and x, X � H are such that

² :Re A � a a � a 
 0, Re X � x , x � x 
 0Ž . Ž .i i i i

	 4for all i � 1, . . . , n , 3.1Ž .

then we ha�e the inequality

n n n 1
� � � �0 � p a x � p a � p x � A � a X � x . 3.2Ž .Ý Ý Ýi i i i i i i 4i	1 i	1 i	1

1The constant is sharp.4
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Proof. A simple computation shows that

n n n n1
p a x � p a p x 	 p p a � a x � x . 3.3Ž . Ž . Ž .Ý Ý Ý Ýi i i i i i i i j i j i j2i	1 i	1 i	1 i , j	1

Ž .Taking the norm in both parts of 3.3 and using the generalized triangle
inequality, we obtain

n n n n1
� � � �p a x � p a p x � p p a � a x � x . 3.4Ž .Ý Ý Ý Ýi i i i i i i i j i j i j2i	1 i	1 i	1 i , j	1

By the Cauchy�Buniakowsky�Schwartz discrete inequality for double sums,
we obtain

2n1
� � � �p p a � a x � xÝ i j i j i jž /2 i , j	1

n n1 12 2� � � �� p p a � a p p x � x . 3.5Ž .Ý Ýi j i j i j i jž / ž /2 2i , j	1 i , j	1

As a simple calculation reveals that

2n n n1 2 2� � � �p p a � a 	 p a � p aÝ Ý Ýi j i j i i i i2 i , j	1 i	1 i	1

and

2n n n1 2 2� � � �p p x � x 	 p x � p x ,Ý Ý Ýi j i j i i i i2 i , j	1 i	1 i	1

Ž . Ž .then, by 3.4 and 3.5 , we conclude that

n n n

p a x � p a p xÝ Ý Ýi i i i i i i
i	1 i	1 i	1

1�2 1�22 2n n n n
2 2� � � �� p a � p a � p x � p x .Ý Ý Ý Ýi i i i i i i iž / ž /i	1 i	1 i	1 i	1

3.6Ž .
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However, from Lemma 1 and Corollary 1, we know that

1�22n n 12� � � �p x � p x � X � x 3.7Ž .Ý Ýi i i iž / 2i	1 i	1

and

1�22n n 12� � � �p a � p a � A � a . 3.8Ž .Ý Ýi i i iž / 2i	1 i	1

Ž . Ž . Ž .Consequently, by using 3.6 � 3.8 , we deduce the desired estimate 3.2 .
1 Ž .To prove the sharpness of the constant , assume that 3.2 holds with a4

constant c � 0; i.e.,

n n n

� � � �p a x � p a p x � c A � a X � x 3.9Ž .Ý Ý Ýi i i i i i i
i	1 i	1 i	1

for all p , a , x , a, A, x, X, and n as in the hypothesis of Theorem 2.i i i
Ž .If we choose n 	 2, a 	 a, a 	 A, x 	 x, x 	 X a � A, x � X ,1 2 1 2

1and p 	 p 	 , then1 2 2

2 2 2 21
p a x � p a p x 	 p p a � a x � xŽ . Ž .Ý Ý Ý Ýi i i i i i i i j i j i j2i	1 i	1 i	1 i , j	1

1
	 a � A x � X .Ž . Ž .

4

Ž .Consequently, from 3.9 , we deduce

1
� � � � � � � �a � A X � x � c A � a X � x ,

4
1which implies that c 
 , and the theorem is completely proved.4

Ž .Remark 4. The condition 3.1 can be replaced by the more general
assumption

n n

² :p Re A � a a � a 
 0, p Re X � x , x � x 
 0Ž . Ž .Ý Ýi i i i i i
i	1 i	1

3.10Ž .

Ž .and the conclusion 3.2 will still be valid.

The following corollary for real or complex numbers holds.



S. S. DRAGOMIR502

Ž . Ž .COROLLARY 2. Let a , b � � � 	 �, � , p 
 0 i 	 1, . . . , n withi i i
Ýn p 	 1. If a, A, b, B � � are such thati	1 i

Re A � a a � a 
 0, Re B � b b � b 
 0, 3.11Ž . Ž . Ž .Ž . Ž .i i i i

then we ha�e the inequality

n n n 1
� � � �0 � p a b � p a p b � A � a B � b , 3.12Ž .Ý Ý Ýi i i i i i i 4i	1 i	1 i	1

1where the constant is sharp.4

Remark 5. If we assume that a , b , a, A, b, B are real numbers, theni i
Ž .3.11 is equivalent to

	 4a � a � A , b � b � B for all i � 1, . . . , n , 3.13Ž .i i

Ž .and 3.12 becomes

n n n 1
0 � p a b � p a p b � A � a B � b , 3.14Ž . Ž . Ž .Ý Ý Ýi i i i i i i 4i	1 i	1 i	1

which is the classical Gruss inequality for sequences of real numbers.¨

4. APPLICATIONS FOR DISCRETE
FOURIER TRANSFORMS

Ž ² :. Ž .Let H; � , � be an inner product space over � and let x 	 x , . . . , x1 n
be a sequence of vectors in H.

For a given w � �, define the discrete Fourier transform

n

FF x m � exp 2wimk � x , m 	 1, . . . , n. 4.1Ž . Ž . Ž . Ž .Ýw k
k	1

Ž .The following approximation result for the Fourier transform 4.1 holds.
nŽ ² :.THEOREM 3. Let H; � , � and x � H be as abo�e. If there exist the

�ectors x, X � H such that

² : 	 4Re X � x , x � x 
 0 for all k � 1, . . . , n , 4.2Ž .k k
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then we ha�e the inequality

nsin wmn 1Ž .
FF x m � exp n � 1 im � xŽ . Ž . Ž . Ýw ksin wm nŽ . k	1

1�221 sin wmnŽ .
2� �� X � x n � , 4.3Ž .22 sin wmŽ .

l	 4for all m � 1, . . . , n and w � �, w � 
 , l � �.m

Ž .Proof. From the inequality 3.6 in Theorem 2, we can state that

n n n1 1 1
a x � a � xÝ Ý Ýk k k kn n nk	1 k	1 k	1

1�2 1�22 2n n n n1 1 1 12 2� � � �� a � a � x � xÝ Ý Ý Ýk k k kž / ž /n n n nk	1 k	1 k	1 k	1

4.4Ž .

Ž .for all a � �, x � H k 	 1, . . . , n .k k
Ž . Ž .However, the x k 	 1, . . . , n satisfy 4.2 , and therefore, by Lemma 1,k

we have

2n n1 1 12 2� � � �0 � x � x � X � x . 4.5Ž .Ý Ýk kn n 4k	1 k	1

Ž . Ž .Consequently, by 4.4 and 4.5 , we conclude that

1�22n n n n n1 1 2� � � �a x � a � x � X � x n a � aÝ Ý Ý Ý Ýk k k k k kž /n 2k	1 k	1 k	1 k	1 k	1

4.6Ž .

Ž .for all a � � k 	 1, . . . , n .k
Ž . Ž .We now choose in 4.6 , a 	 exp 2wimk to obtaink

n n1
FF x m � exp 2wimk � xŽ . Ž . Ž .Ý Ýw knk	1 k	1

1�22n n1 2� � � �� X � x n exp 2wimk � exp 2wimk 4.7Ž . Ž . Ž .Ý Ýž /2 k	1 k	1

	 4for all m � 1, . . . , n .
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As a simple calculation reveals that
n exp 2wimn � 1Ž .

exp 2wimk 	 exp 2wim �Ž . Ž .Ý exp 2wim � 1Ž .k	1

cos 2wmn � i sin 2wmn � 1Ž . Ž .
	 exp 2wim �Ž .

cos 2wm � i sin 2wm � 1Ž . Ž .

sin wmn cos wmn � i sin wmnŽ . Ž . Ž .
	 exp 2wim �Ž .

sin wm cos wm � i sin wmŽ . Ž . Ž .

sin wmn exp iwmnŽ . Ž .
	 � exp 2wimŽ .

sin wm exp iwmŽ . Ž .

sin wmnŽ .
	 � exp n � 1 im ,Ž .

sin wmŽ .
n

2� �exp 2wimk 	 nŽ .Ý
i	1

and
2 2n sin wmn lŽ .

exp 2wimk 	 , for w � 
 , l � �,Ž .Ý 2 msin wmŽ .k	1

Ž . Ž .thus, from 4.7 , we deduce the desired inequality 4.3 .

Ž .Remark 6. The assumption 4.2 can be replaced by the more general
condition

n

² :Re X � x , x � x 
 0, 4.8Ž .Ý i i
i	1

Ž .and the conclusion 4.3 will still remain valid.

Ž .The following corollary is an obvious consequence of 4.3 .

Ž .COROLLARY 3. Let a � � i 	 1, . . . , n . If a, A � � are such thati

	 4Re A � a a � a 
 0 for all i � 1, . . . , n , 4.9Ž . Ž .Ž .i i

then we ha�e an approximation of the Fourier transform for the �ector
Ž . na 	 a , . . . , a � � ,˜ 1 n

nsin wmn 1Ž .
FF a m � exp n � 1 im � aŽ . Ž . Ž .˜ Ýw ksin wm nŽ . k	1

1�221 sin wmnŽ .
2� �� A � a n � , 4.10Ž .22 sin wmŽ .

l	 4for all m � 1, . . . , n and w � � so that w � 
 , l � �.m
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Ž .Remark 7. If we assume that � 	 �, then 4.9 is equivalent to

	 4a � a � A for all i � 1, . . . , n . 4.11Ž .i

Ž .Consequently, with the assumption 4.11 , we obtain the approximation of
the Fourier transform

nsin wmn 1Ž .
FF a m � exp n � 1 im � aŽ . Ž . Ž .˜ Ýw ksin wm nŽ . k	1

1�221 sin wmnŽ .
2� A � a n � , 4.12Ž . Ž .22 sin wmŽ .

l	 4for all m � 1, . . . , n and w � 
 , l � �.m

5. APPLICATIONS FOR THE DISCRETE
MELLIN TRANSFORM

Ž ² :. Ž .Let H; � , � be an inner product over � and let x 	 x , . . . , x be a1 n
sequence of vectors in H.

Define the Mellin transform,
n

m� 1MM x m � k x , m 	 1, . . . , n , 5.1Ž . Ž . Ž .Ý k
k	1

nof the sequence x � H .
The following approximation result holds.

THEOREM 4. Let H and x be as abo�e. If there exist the �ectors x, X � H
such that

² :Re X � x , x � x 
 0 for all k 	 1, . . . , n , 5.2Ž .k k

then we ha�e the inequality

n1
MM x m � S n � xŽ . Ž . Ž . Ým� 1 kn k	1

1 1�22� � 	 4� X � x nS n � S n , m � 1, . . . , n , 5.3Ž . Ž . Ž .2 m�2 m�12

Ž .where S n , p � �, n � � is the p-powered sum of the first n naturalp
numbers; i.e.,

n
pS n � k .Ž . Ýp

k	1
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Ž .Proof. We apply inequality 4.6 to obtain

n n n1
m� 1 m�1k x � k � xÝ Ý Ýk knk	1 k	1 k	1

1�22n n1
2Žm�1. m�1� �� X � x n k � kÝ Ýž /2 k	1 k	1

1 1�22� �	 X � x nS n � S n , 5.4Ž . Ž . Ž .2 m�2 m�12

Ž .and the inequality 5.3 is proved.

Consider the particular values of the Mellin transform
n

� x � kxŽ . Ý1 k
k	1

and
n

2� x � k x .Ž . Ý2 k
k	1

The following corollary holds.

COROLLARY 4. Let H and x be as in Theorem 4. Then we ha�e the
inequalities

1�2nn � 1 1 n n � 1Ž .
� �� x � � x � X � x n 5.5Ž . Ž .Ý1 k2 2 2k	1

and

nn � 1 2n � 1Ž . Ž .
� x � � xŽ . Ý2 k6 k	1

1
� � '� X � x n n � 1 n � 1 2n � 1 8n � 1 . 5.6Ž . Ž . Ž . Ž . Ž .'12 5

Ž .Remark 8. If we assume that p 	 p , . . . , p is a probability distribu-1 n
Ž . n Žtion, i.e., p 
 0 k 	 1, . . . , n , Ý p 	 1, and p � p � P k 	k k	1 k k

. Ž . Ž .1, . . . , n , then by 5.5 and 5.6 , we get the inequalities

1�2n n � 1 1 n n � 1Ž .
kp � � P � p n 5.7Ž . Ž .Ý k 2 2 2k	1
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and

n n � 1 2n � 1Ž . Ž .
2k p �Ý k 6k	1

1 '� P � p n n � 1 n � 1 2n � 1 8n � 1 , 5.8Ž . Ž . Ž . Ž . Ž . Ž .'12 5

� �which have been obtained in 8 and applied to the estimation of the 1- and
2-moments of a guessing mapping.

6. APPLICATIONS FOR POLYNOMIALS

Ž ² :. Ž .Let H; � , � be an inner product space over � and let c 	 c , . . . , c0 n
be a sequence of vectors in H.

Ž .Define the polynomial P: � � H with the coefficients c 	 c , . . . , c0 n
by

P z 	 c � zc � ��� �z nc , z � �, c � 0.Ž . 0 1 n n

The following approximation result for the polynomial P holds.

THEOREM 5. Let H, c, and P be as abo�e. If there exist the �ectors
c, C � H such that

² : 	 4Re C � c , c � c 
 0 for all k � 0, . . . , n , 6.1Ž .k k

then we ha�e the inequality

n�1z � 1 c � c � ��� �c0 1 n
P z � �Ž .

z � 1 n � 1
1�22 n�2 2 n�2 n�1� � � �1 z � 1 z � 2 Re z � 1Ž .

� �� C � c n � 1 �Ž . 2 22 � � � �z � 1 z � 2 Re z � 1Ž .
6.2Ž .

� �for all z � �, z � 1.
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Ž .Proof. Using the inequality 4.6 , we can state that

n n n1
k kz c � z � cÝ Ý Ýk kn � 1k	0 k	0 k	0

1�22n n1 2 k k� � � �� C � c n � 1 z � zŽ . Ý Ýž /2 k	0 k	0

1�222 n�2 n�1� �1 z � 1 z � 1
� �	 C � c n � 1 �Ž . 22 z � 1� �z � 1

1�22 n�2 2 n�2 n�1� � � �1 z � 1 z � 2 Re z � 1Ž .
� �	 C � c n � 1 �Ž . 2 22 � � � �z � 1 z � 2 Re z � 1Ž .

6.3Ž .

Ž .and the inequality 6.2 is proved.

The following result for the complex roots of the unity also holds.
k
 k
Ž . Ž . 	 4THEOREM 6. Let z � cos � i sin , and let k � 0, . . . , n bek n � 1 n � 1

Ž .the complex n � 1 -roots of the unity. Then we ha�e the inequality

1
� � � � 	 4P z � n � 1 C � c , k � 1, . . . , n , 6.4Ž . Ž . Ž .k 2

n�1Ž . Ž .where the coefficients c 	 c , . . . , c � H satisfy the assumption 6.1 .0 n

Ž .Proof. From the inequality 6.3 , we can state that

n�1 nz � 1 1
P z � � cŽ . Ýk kz � 1 n � 1 k	0

1�22n�1n1 z � 12 k� � � �� C � c n � 1 z � 6.5Ž . Ž .Ý2 z � 1k	0

for all z � �, z � 1.
	 4 n�1Putting z 	 z , k � 1, . . . , n and taking into account that z 	k k

� � Ž .1, z 	 1, we get the desired result 6.4 .k

The following corollary is a natural consequence of Theorem 6.
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Ž . n kCOROLLARY 5. Let P z � Ý a z be a polynomial with real coeffi-k	0 k
Ž .cients and let z be the n � 1 -roots of the unity as defined abo�e. Ifk

a � a � A, k 	 0, . . . , n, then we ha�e the inequalityk

1
� �P z � n � 1 A � a . 6.6Ž . Ž . Ž . Ž .k 2

7. APPLICATIONS FOR LIPSCHITZIAN MAPPINGS

Ž ² :.Let H; � , � be as above and let F: H � B be a mapping defined on
the inner product space H with values in the normed linear space B which
satisfy the Lipschitzian condition

� � � �F x � F y � L x � y , for all x , y � H , 7.1Ž . Ž . Ž .

� � � �where � denotes the norm on B and � is the Euclidean norm on H.
The following theorem holds.

Ž .THEOREM 7. Let F: H � B be as abo�e and x � H, p 
 0 i 	 1, . . . , ni i
with P � Ýn p � 0. If there exist two �ectors x, X � H such thatn i	1 i

² : 	 4Re X � x , x � x 
 0 for all i � 1, . . . , n , 7.2Ž .i i

then we ha�e the inequality

n n1 1 1
� �p F x � F p x � X � x . 7.3Ž . Ž .Ý Ýi i i iž /P P 2n ni	1 i	1

Ž .Proof. As F is Lipschitzian, we have 7.1 for all x, y � H. Choose
n Ž .x 	 1�P Ý p x and y 	 x j 	 1, . . . , n , to getn i	1 i i j

n n1 1
F p x � F x � L p x � x , 7.4Ž . Ž .Ý Ýi i j i i jž /P Pn ni	1 i	1

	 4for all j � 1, . . . , n .
Ž .If we multiply 7.4 by p 
 0 and sum over j from 1 to n, we obtainj

n n n n1 1
p F p x � F x � L p p x � x . 7.5Ž . Ž .Ý Ý Ý Ýj i i j j i i jž /P Pn nj	1 i	1 j	1 i	1
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Using the generalized triangle inequality, we have

n n n n1 1
p F p x � F x 
 P F p x � p F x .Ž . Ž .Ý Ý Ý Ýj i i j n i i j jž / ž /P Pn nj	1 i	1 i	1 j	1

7.6Ž .

By the Cauchy�Buniakowsky�Schwartz inequality, we also have

n n1
p p x � xÝ Ýj i i jPnj	1 i	1

1�22n n1
1�2� p p x � x PÝ Ýj i i j nPnj	1 i	1

1�22n n n1 1 21�2 � �	 P p p x � 2 Re p x , x � xÝ Ý Ýn j i i i i j j¦ ;P Pn nj	1 i	1 i	1

1�22n n n n1 1 21�2 � �	 P P p x � 2 Re p x , p x � p xÝ Ý Ý Ýn n i i i i j j j j¦ ;P Pn ni	1 i	1 j	1 j	1

1�22n n1 12� �	 P p x � p x . 7.7Ž .Ý Ýn i i i iP Pn ni	1 i	1

Ž . Ž .Combining the above inequalities 7.5 � 7.7 we deduce, by dividing with
P � 0, thatn

1�22n n n n1 1 1 12� �F p x � p F x � p x � p x .Ž .Ý Ý Ý Ýi i i i i i i iž /P P P Pn n n ni	1 i	1 i	1 i	1

7.8Ž .

Finally, using Lemma 1, we obtain the desired result.

Ž .Remark 9. The condition 7.2 can be substituted by the more general
condition

n

² :p Re X � x , x � x 
 0, 7.9Ž .Ý i i i
i	1

Ž .and the conclusion 7.3 will still remain valid.
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The following corollary is a natural consequence of the above findings.

Ž .COROLLARY 6. Let x � H i 	 1, . . . , n and x, X � H be such that thei
Ž .condition 7.2 holds. Then we ha�e the inequality

n n1 1 1
� � � �0 � p x � p x � X � x .Ý Ýi i i iP P 2n ni	1 i	1

Ž . � �The proof follows by Theorem 7 by choosing F: H � �, F x 	 x ,
� Ž . Ž . � � � �which is Lipschitzian with the constant L 	 1, as F x � F y 	 x �

� � � � �y � x � y , for all x, y � H.
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