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Abstract

In the present paper, we prove that the modified implicit iteration sequence for a finite family
of asymptotically quasi-nonexpansive mappings converges strongly to a common fixed point of the
family in a uniformly convex Banach space, requiring one menibén the family to be semi-
compact. Our results extend and improve some recent results.
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1. Introduction

Let E be a Banach space€, be a closed convex subset &f T be a self-mapping
on C. T is said to be nonexpansive providg@ix — Ty| < ||x — y| for all x,y € C;
T is called asymptotically nonexpansive if there exists a sequengean [0, +o0) with
lim,— 400 u, = 0 such that|T"x — T"y|| < (L + up)|lx — y|| for all x,y € C andn =
1,2,.... Denote byF (T) the set of fixed points of’, that is, F(T) = {x € C: Tx = x}.
Throughoutthis paper, we always assume ) # @. T is called asymptotically quasi-
nonexpansive if there exists a sequefigg in [0, +00) with lim,,_, 1 u,, = 0 such that
IT"x —qll < A+ uy)|lx —g| forallx e Candg € F(T)andn=1,2,....
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From the above definitions, it follows that a nonexpansive mapping must be asymptoti-
cally nonexpansive, and an asymptotically nonexpansive mapping must be asymptotically
guasi-nonexpansive, but the converse does not hold.

The concept of quasi-nonexpansiveness was introduced by Diaz and Metcalf [1] in
1967, the concept of asymptotically nonexpansiveness was introduced by Goebel and
Kirk [2] in 1972. The iterative approximation problems for nonexpansive mapping, as-
ymptotically nonexpansive mapping and asymptotically quasi-nonexpansive mapping were
studied extensively by Browder [3,4], Goebel and Kirk [2], Liu [5], Wittmann [6], Re-
ich [7], Shoji and Takahashi [8], Chang et al. [9] in the settings of Hilbert spaces and
uniformly convex Banach spaces.

Recently, Xu and Ori [10] have introduced an implicit iteration process for a finite fam-
ily of nonexpansive mappings. L&, 7>, ..., Tx be N self-mappings o” and suppose
that F := ﬂf\’le(T,») # ¢, the set of common fixed points @f, i =1,2,..., N. Here-
after, we will denote the index s¢t, 2, ..., N} by I. An implicit iteration process for a
finite family of nonexpansive mappings is defined as follows, With a real sequence in
(0,1),x0€C:

x1=tixo+ (L —1t1)T1x1,

x2 =tox1+ (1 —12) Tox2,

xy=tnxny_1+ QA —tn)Tnxn,

xn+1=tn41xN + (1 —tyr) Taxn4,

which can be written in the following compact form:

Xp =taxp_1+ A —t)Tuxp, n=1, (11)

whereT; = Timodn - (Here the modv function takes values ifi.) And they proved the
weak convergence of the process (1.1) to a common fixed point in the setting of a Hilbert
space.

In this paper, we will extend the process (1.1) to a process for a finite family of asymp-
totically quasi-nonexpansive mappings, with,} a real sequence i0, 1), and an initial
pointxg € C, which is defined as follows:

x1=oa1x0+ (1 —a1)Tixa,

xv =oanxy_1+ (1 —an)Tnxn,

2
xn+1=ons1xy + (A —ay+D)T{ XN+,

2
xon =oonxon—1+ (1 —a2n)Tyxon,
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3
xon+1 = dan+1x2n + (L —aon+1) T1 x2n+1,

which can be written in the following compact form:

Xn=0pXxn_1+ (1— an)Tl-kxn, n>1, (1.2)

wheren = (k— 1N +i,iel.

Throughout this paper, we always suppose that the seqyencgenerated by process
(1.2) exists. Our purpose in this paper is to study the implicit iteration process (1.2) in the
general setting of a uniformly convex Banach space and prove the strong convergence of
the process to a common fixed point, requiring only one mefihbethe family{7;, i € I}
to be semi-compact. The results presented in this paper generalize and extend the corre-
sponding main results of Wittmann [6], Xu and Ori [10].

2. Preliminaries
For the sake of convenience, we first recall some definitions and conclusions.

Definition 2.1 [2]. A Banach space is said to be uniformly convex if the modulus of
convexity of E

) 1
ag(e)=mf{1— Syl Il =Nyl =1, x =yl =e} >0
forall 0 <e <2 (i.e.,8g(¢) is a function(0, 2] — (0, 1]).

Definition 2.2 [9]. Let C be a closed subset of a Banach spaAcé mapping7 : C — C
is said to be semi-compact if, for any sequeipeg} in C such that||x, — Tx,|| — 0
(n — 00), there exists a subsequerfeg, } of {x,} such thatt,, — x* € C.

Definition 2.3. A mappingT : C — C is said to be uniformly_-Lipschitzian if
IT"x = T"y| < Lllx =yl

forallx,ye Candn=1,2,..., whereL is a positive constant.

Lemma2.1[11].Letp > 1andr > 0be two fixed real numbers. Then a Banach spade
uniformly convex if and only if there exists a continuous strictly increasing convex function
g:[0, 00) — [0, co) with g(0) = 0 such that

[2x + @ =ny|” <AlxI? + Q=) IP —wpg(lx —yl)

for all x,y € B, and A € [0, 1], where B, is the closed ball ofz with center zero and
radiusr and

wy(A) =2 (L -2+ 11 —-1)".
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Lemma 2.2 [5]. Let the nonnegative number sequengg$, {u,} satisfy that

“+o00
an+1 < L4uy)a,, vn=12, ..., Zun < +00.
n=1
Then

(1) limy,— 400 a, €Xists
(2) If liminf,_ o0 a, =0, thenlim,,—, ;o0 a, =0.

3. Main results
Now we give our theorems in this paper. First of all, we have the following

Theorem 3.1. Let C be a nonempty closed convex subset of Banach spacgl;l.ete 7}
be N asymptotically quasi-nonexpansive self-mappings,ofe., |7 x —g; || < (1+u;y) x

Ilx — gl forall x € C, q; € F(Ty), i € I. Suppose thaF = (I, F(T;) # ¢ and that
x0 € C, {an} C (5,1 —s) for somes € (0,1), Y>> uin < +oo for all i € I. Then the
implicitly iterative sequencéx,} generated by1.2) converges to a common fixed point
in F if and only ifliminf,_, 1o d(x,, F) = 0, whered (x, F) denotes the distance ofto
setF,i.e.,d(x, F)=infyerd(x,y).

Proof. The necessity of the conditions is obvious. Thus, we will only prove the suffi-
ciency. For anyp € F, from x, = ayx,—1 + (L — o) TXx,, wheren = (k — )N + i,
Ty = Tumodny =T, 1 € I, it follows that
10 = pll = enxn—1+ (L= @) T x — p
<aplln-1— pll+ L — ) | Tx, — p
S anllxn—1—pll+ Q=o)X+ uir)llxn — pli
S anllxn-1— pll + A —an +ui)llxn — pll.
Transposing and simplifying above inequality, and noticing thatsO< o, <1 —s < 1,
we have
o
anllxn — pll < onllxn—1— pll + uikllxn — pll < @nllxn—1— pll + uian X, — pll

and

S — Uik

lxn — Pl < llxn—1 — pII. (3.1)

Sincez,jj‘{ uir < tooforalli e I, thus lim,_ o0 u;x = 0, there exists a natural num-
bernog, ask > ng/N + 1, i.e.,n > ng such thats — u;x > 0 andu;; < s/2. Then (3.1)
becomes

llxn — pIl < Xn-1—pI. (3.2)

ik
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Let
S Uu;
1+ v = — 14 2k
S — Uik S — Uik
Then
(=)<
Vik = Uik < —Uik,
S — Uik S
therefore
+00 0 T
Zvik < _Z“”‘ <+oo foralliel
S
k=1 k=1
and (3.2) becomes
lxn — Pl < A+ vik)lxp-1—pll, VYpeF. (3.3)

This implies thatd(x,, F) < (1 + vix)d(xp—1, F). From Lemma 2.2 we have
lim,— +00 d(x,, F) = 0. Hereafter, we will prove thdtr,} is a Cauchy sequence. Notice
that whenx > 0,1+ x < e*, from (3.3) we have

N +o00

nsm — pll < exp{ > vik, e = plIl < Mllx, — pll, ¥peF, (34)
i=1k=1

for all natural numbersn,n, where M = exp{Y_1 1 > 75 vik} + 1 < +oo. For all
€ > 0, there exists a natural numbet such that whem > n1, d(x,, F) < ¢/3M as
lim, 1o d(x,, F) = 0; specificallyd (x,,, F) < €/3M. Thus there exists a poip € F
such that|x,, — p1ll < d(xp,, p1) < €/2M by the definition ofd (x,, F). It follows, from
(3.4), that whem > nq, for all m,

1Xn4m = Xnll < NXm4n — pall + 11X — prll < Mllxny, — pall + Mllxp, — pall <e.

This implies that{x,} is a Cauchy sequence. Because the space is complete, the se-
quence{x,} is convergent. Let ligL, 1o x, = p. Moreover, since the set of fixed points

of an asymptotically quasi-nonexpansive mapping is closed, ¢4 thus p € F from
lim,— 400 d(xy, F) =0, i.e., p is a common point of' (7;), for all i € 1. This completes

the proof. O

Corollary 3.2. Suppose the conditions are as same as in The@@nThen the implicitly
iterative sequencegr, } generated by1.2)converges to a common fixed pojng F if and
only if there exists some infinite subsequepge} of {x,} which converges tp.

The main purpose of this paper is to prove the following convergent result for the
process (1.2).

Theorem 3.3. Let E be a real uniformly convex Banach spac¢gpe a bounded closed
convex subset of. LetT;, i € I, be N uniformly L-Lipschitzian asymptotically quasi-
nonexpansive self-mappings 6f such thatzj;"iu,»,, < 4oo forall i el. Let F =
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ﬂfV:lF(T,-) # ¢ and there exists one membErin {T;, i € I} to be semi-compact. Let
xo € C, and{«a,} C (s,1—s) for somes € (0, 1). Then the sequende,} defined by the
implicit iteration procesg1.2)strongly converges to a common fixed point of the mappings
{T;, i el}.

Proof. SinceC is bounded, take > 0 such thatC c B(0, r), whereB(0, r) is the closed
ball of E with center zero and radius By Lemma 2.1 withp = 2, we get for any; € F

2
20 — g% < nllxn—1 — qlI> + (L — @) | T x0 — || — a1 — ct) g (00),
whereo, = ||T,{‘xn — Xxp—1] = ||T,-"xn —xp_all,n=(k —1N +1i,i €l. SinceT, is as-
ymptotically quasi-nonexpansive, it follows that
2 — qlI% < atnllxn—1 — g 1% + (L — @) L+ wi) [l — g1 — 0t (L — ) g (o)
Sanllxn-1—qI? + Q= an +vi) 150 — ql1? — en (L — an) g (on),
wherev;; = 2u;; + uizk‘ Hencez,fj‘{ vir < oo foralli € I. Thus, from above inequality
ands <1—«a, <1—s,we have
Vik
Ixn — g2 < llxn—1 — qlI* + — o — q11? — (L —an)g(on). (3.5)
Hence
Vik
Ixn — g2 < llxn—1 — qlI* + — o — ql?.
Therefore, as in Theorem 3.1, we can show that,lim. ||lx, — ¢||? exists and let
liM - 400 |lXn — ¢ |2 = d. From (3.5) it follows that
58(0n) < (L — ) g(0n) < xn—1 — qlI> = lxn — g 1% + Muvi,

whereM = 2r/s < 400, r is the ball radius. Consequently, im g(o,) = 0. Since
g is strictly increasing and continuous at 0 wigk0) = 0, it follows that lim,_, 1o 0, =
lim,— 400 | T x, — x,—1]| = 0. Hence

X0 = Xn—all = (1 — o) | Ty — xu—1] = O,
as well as
X0 = Xp411l = O
forall/ < 2N. Hence, whem > N, we have
lxn—1 — Thxnll < ”xnfl - Tnkxn H + ” Ty{(xn = Thxn ” Son+L ” Tnkilxn — Xn H
<o+ L[| T8 e = T bvnw | 4+ | T b = xy
+ I x(—ny—1 — Xnll]-
Notice thatn = (n — N) (modN). ThusT,, = T,y and above inequality becomes

Ixn-1 = Tnxnll < 0 + L?|1x0 — Xn—n || + Lon—n + Ll|xn — X(—n)—1ll,
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which yields that lim_ o [|Xp—1 — Tux, |l = 0. From ||x, — Tuxull < llxp — Xp—1ll +
lxn—1 — Tnxy|l, it follows that

lim lx, — Tyxull =0.
n—+00

Hence foralll € 1

lxn — Tavixnll < lxn — Xptt | + N1Xn41 — TuriXn+i | + 1 Tt Xnrt — T x|l
<A+ L)x, — Xn+l1 | + ”xn—i-l — ThuiXnti Il

which implies that

im |lx, — Thpixnl =0 (Y€1),
n——+00

Thus

lim |x, — Tix,| =0 (Vlel), (3.6)
o0

n—+

which lies on the fact that any subsequence of a convergent number sequence converges to
the same limit.

By hypothesis that there existsin {T;, i € I} to be semi-compact, we may assume
that 71 is semi-compact without loss of generality. Therefore by (3.6) it follows that
lim,— oo llXxn — T1x, || = 0 and by the definition of semi-compact there exists a subsequence
{xn;} of {x,} such that,; — x* € C. By (3.6) again, we have

I = Trx* | = lim {1, = T | =0 (Y1<I<N). (3.7)

It shows thatv* € F and liminf,_, ;o d(x,, F) =0, therefore by Theorem 3.1 and Corol-
lary 3.2 we have thafx,} converges to a common fixed poipin F. This completes the
proof. O

Theorem 3.4. Let E be a real uniformly convex Banach spacgpe a bounded closed
convex subset of. LetT;, i € I, be N asymptotically nonexpansive self-mapping€of
such thatzj;"{ ug, <+ooforalliel. LetF = ﬂ{"le(Ti) # ¢ and there exists one
membelT in {T;, i € I} to be semi-compact. Lep € C, and{«,} C (s, 1 — s) for some
s € (0,1). Then the sequende,,} defined by the implicit iteration process.2) strongly

converges to a common fixed point of the mappifigsi € 1}.

Remark. It is pointed out by Xu and Ori [10] that it is yet unclear what assumptions
on the mapping$T,-}{V and/or the parametefs;,} are sufficient to guarantee the strong
convergence of the sequenjag}. However, our theorems answered this question to some
extent.
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