
a

ss

a

amily
t of the

ive

i-
J. Math. Anal. Appl. 286 (2003) 351–358

www.elsevier.com/locate/jma

Strong convergence of an implicit iteration proce
for a finite family of asymptotically

quasi-nonexpansive mappings

Zhao-hong Sun

Department of Mathematics, Yuxi Normal College, Yuxi, Yunnan 653100, People’s Republic of Chin

Received 27 February 2003

Submitted by W.A. Kirk

Abstract

In the present paper, we prove that the modified implicit iteration sequence for a finite f
of asymptotically quasi-nonexpansive mappings converges strongly to a common fixed poin
family in a uniformly convex Banach space, requiring one memberT in the family to be semi-
compact. Our results extend and improve some recent results.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

Let E be a Banach space,C be a closed convex subset ofE, T be a self-mapping
on C. T is said to be nonexpansive provided‖T x − Ty‖ � ‖x − y‖ for all x, y ∈ C;
T is called asymptotically nonexpansive if there exists a sequence{un} in [0,+∞) with
limn→+∞ un = 0 such that‖T nx − T ny‖ � (1 + un)‖x − y‖ for all x, y ∈ C andn =
1,2, . . . . Denote byF(T ) the set of fixed points ofT , that is,F(T ) = {x ∈ C: T x = x}.
Throughout this paper, we always assume thatF(T ) �= ∅. T is called asymptotically quas
nonexpansive if there exists a sequence{un} in [0,+∞) with limn→+∞ un = 0 such that
‖T nx − q‖ � (1+ un)‖x − q‖ for all x ∈ C andq ∈ F(T ) andn = 1,2, . . . .
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From the above definitions, it follows that a nonexpansive mapping must be asym
cally nonexpansive, and an asymptotically nonexpansive mapping must be asympto
quasi-nonexpansive, but the converse does not hold.

The concept of quasi-nonexpansiveness was introduced by Diaz and Metcalf
1967, the concept of asymptotically nonexpansiveness was introduced by Goeb
Kirk [2] in 1972. The iterative approximation problems for nonexpansive mapping
ymptotically nonexpansivemapping and asymptotically quasi-nonexpansivemappin
studied extensively by Browder [3,4], Goebel and Kirk [2], Liu [5], Wittmann [6], R
ich [7], Shoji and Takahashi [8], Chang et al. [9] in the settings of Hilbert spaces
uniformly convex Banach spaces.

Recently, Xu and Ori [10] have introduced an implicit iteration process for a finite
ily of nonexpansive mappings. LetT1, T2, . . . , TN beN self-mappings ofC and suppose
thatF := ⋂N

i=1 F(Ti) �= ∅, the set of common fixed points ofTi , i = 1,2, . . . ,N . Here-
after, we will denote the index set{1,2, . . . ,N} by I . An implicit iteration process for a
finite family of nonexpansive mappings is defined as follows, with{tn} a real sequence i
(0,1), x0 ∈ C:

x1 = t1x0 + (1− t1)T1x1,

x2 = t2x1 + (1− t2)T2x2,

...

xN = tNxN−1 + (1− tN )TNxN,

xN+1 = tN+1xN + (1− tN+1)T1xN+1,

...

which can be written in the following compact form:

xn = tnxn−1 + (1− tn)Tnxn, n � 1, (1.1)

whereTk = Tk modN . (Here the modN function takes values inI .) And they proved the
weak convergence of the process (1.1) to a common fixed point in the setting of a H
space.

In this paper, we will extend the process (1.1) to a process for a finite family of as
totically quasi-nonexpansive mappings, with{αn} a real sequence in(0,1), and an initial
pointx0 ∈ C, which is defined as follows:

x1 = α1x0 + (1− α1)T1x1,

...

xN = αNxN−1 + (1− αN)TNxN,

xN+1 = αN+1xN + (1− αN+1)T
2
1 xN+1,

...

x2N = α2Nx2N−1 + (1− α2N)T 2
Nx2N,
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x2N+1 = α2N+1x2N + (1− α2N+1)T
3
1 x2N+1,

...

which can be written in the following compact form:

xn = αnxn−1 + (1− αn)T
k
i xn, n � 1, (1.2)

wheren = (k − 1)N + i, i ∈ I .
Throughout this paper, we always suppose that the sequence{xn} generated by proces

(1.2) exists. Our purpose in this paper is to study the implicit iteration process (1.2)
general setting of a uniformly convex Banach space and prove the strong converge
the process to a common fixed point, requiring only one memberT in the family{Ti, i ∈ I }
to be semi-compact. The results presented in this paper generalize and extend th
sponding main results of Wittmann [6], Xu and Ori [10].

2. Preliminaries

For the sake of convenience, we first recall some definitions and conclusions.

Definition 2.1 [2]. A Banach spaceE is said to be uniformly convex if the modulus
convexity ofE

δE(ε) = inf

{
1− 1

2
‖x + y‖: ‖x‖ = ‖y‖ = 1, ‖x − y‖ = ε

}
> 0

for all 0< ε � 2 (i.e.,δE(ε) is a function(0,2] → (0,1]).

Definition 2.2 [9]. Let C be a closed subset of a Banach spaceE. A mappingT :C → C

is said to be semi-compact if, for any sequence{xn} in C such that‖xn − T xn‖ → 0
(n → ∞), there exists a subsequence{xni } of {xn} such thatxni → x∗ ∈ C.

Definition 2.3. A mappingT :C → C is said to be uniformlyL-Lipschitzian if

‖T nx − T ny‖ � L‖x − y‖
for all x, y ∈ C andn = 1,2, . . . , whereL is a positive constant.

Lemma 2.1 [11]. Letp > 1 andr > 0 be two fixed real numbers. Then a Banach spaceE is
uniformly convex if and only if there exists a continuous strictly increasing convex fun
g : [0,∞) → [0,∞) with g(0) = 0 such that∥∥λx + (1− λ)y

∥∥p � λ‖x‖p + (1− λ)‖y‖p − wp(λ)g
(‖x − y‖)

for all x, y ∈ Br and λ ∈ [0,1], whereBr is the closed ball ofE with center zero and
radiusr and

wp(λ) = λp(1− λ) + λ(1− λ)p.
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Lemma 2.2 [5]. Let the nonnegative number sequences{an}, {un} satisfy that

an+1 � (1+ un)an, ∀n = 1,2, . . . ,
+∞∑
n=1

un < +∞.

Then

(1) limn→+∞ an exists;
(2) If lim infn→+∞ an = 0, thenlimn→+∞ an = 0.

3. Main results

Now we give our theorems in this paper. First of all, we have the following

Theorem 3.1. LetC be a nonempty closed convex subset of Banach space. Let{Ti, i ∈ I }
beN asymptotically quasi-nonexpansive self-mappings ofC, i.e.,‖T n

i x−qi‖ � (1+uin)×
‖x − qi‖ for all x ∈ C, qi ∈ F(Ti), i ∈ I . Suppose thatF = ⋂N

i=1 F(Ti) �= ∅ and that
x0 ∈ C, {αn} ⊂ (s,1 − s) for somes ∈ (0,1),

∑+∞
n=1 uin < +∞ for all i ∈ I . Then the

implicitly iterative sequence{xn} generated by(1.2) converges to a common fixed po
in F if and only if lim infn→+∞ d(xn,F ) = 0, whered(x,F ) denotes the distance ofx to
setF , i.e.,d(x,F ) = infy∈F d(x, y).

Proof. The necessity of the conditions is obvious. Thus, we will only prove the s
ciency. For anyp ∈ F , from xn = αnxn−1 + (1 − αn)T

k
n xn, wheren = (k − 1)N + i,

Tn = Tn(modN) = Ti , i ∈ I , it follows that

‖xn − p‖ = ∥∥αnxn−1 + (1− αn)T
k
n xn − p

∥∥
� αn‖xn−1 − p‖ + (1− αn)

∥∥T k
i xn − p

∥∥
� αn‖xn−1 − p‖ + (1− αn)(1+ uik)‖xn − p‖
� αn‖xn−1 − p‖ + (1− αn + uik)‖xn − p‖.

Transposing and simplifying above inequality, and noticing that 0< s < αn < 1 − s < 1,
we have

αn‖xn − p‖ � αn‖xn−1 − p‖ + uik‖xn − p‖ � αn‖xn−1 − p‖ + uik
αn

s
‖xn − p‖

and

s − uik

s
‖xn − p‖ � ‖xn−1 − p‖. (3.1)

Since
∑+∞

k=1 uik < +∞ for all i ∈ I , thus limk→+∞ uik = 0, there exists a natural num
ber n0, ask > n0/N + 1, i.e.,n > n0 such thats − uik > 0 anduik < s/2. Then (3.1)
becomes

‖xn − p‖ � s ‖xn−1 − p‖. (3.2)

s − uik
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1+ vik = s

s − uik

= 1+ uik

s − uik

.

Then

vik =
(

1

s − uik

)
uik <

2

s
uik,

therefore
+∞∑
k=1

vik <
2

s

+∞∑
k=1

uik < +∞ for all i ∈ I

and (3.2) becomes

‖xn − p‖ � (1+ vik)‖xn−1 − p‖, ∀p ∈ F. (3.3)

This implies that d(xn,F ) � (1 + vik)d(xn−1,F ). From Lemma 2.2 we hav
limn→+∞ d(xn,F ) = 0. Hereafter, we will prove that{xn} is a Cauchy sequence. Noti
that whenx > 0,1+ x � ex , from (3.3) we have

‖xn+m − p‖ � exp

{
N∑

i=1

+∞∑
k=1

vik

}
‖xn − p‖ < M‖xn − p‖, ∀p ∈ F, (3.4)

for all natural numbersm,n, where M = exp{∑N
i=1

∑+∞
k=1 vik} + 1 < +∞. For all

ε > 0, there exists a natural numbern1 such that whenn � n1, d(xn,F ) � ε/3M as
limn→+∞ d(xn,F ) = 0; specifically,d(xn1,F ) � ε/3M . Thus there exists a pointp1 ∈ F

such that‖xn1 − p1‖ � d(xn1,p1) � ε/2M by the definition ofd(xn,F ). It follows, from
(3.4), that whenn � n1, for all m,

‖xn+m − xn‖ � ‖xm+n − p1‖ + ‖xn − p1‖ < M‖xn1 − p1‖ + M‖xn1 − p1‖ � ε.

This implies that{xn} is a Cauchy sequence. Because the space is complete, th
quence{xn} is convergent. Let limn→+∞ xn = p. Moreover, since the set of fixed poin
of an asymptotically quasi-nonexpansive mapping is closed, so isF , thusp ∈ F from
limn→+∞ d(xn,F ) = 0, i.e.,p is a common point ofF(Ti), for all i ∈ I . This completes
the proof. ✷
Corollary 3.2. Suppose the conditions are as same as in Theorem3.1. Then the implicitly
iterative sequence{xn} generated by(1.2)converges to a common fixed pointp ∈ F if and
only if there exists some infinite subsequence{xnj } of {xn} which converges top.

The main purpose of this paper is to prove the following convergent result fo
process (1.2).

Theorem 3.3. Let E be a real uniformly convex Banach space,C be a bounded close
convex subset ofE. Let Ti , i ∈ I , beN uniformly L-Lipschitzian asymptotically quas
nonexpansive self-mappings ofC such that

∑+∞ uin < +∞ for all i ∈ I . Let F =
n=1
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i=1 F(Ti) �= ∅ and there exists one memberT in {Ti, i ∈ I } to be semi-compact. Le

x0 ∈ C, and{αn} ⊂ (s,1 − s) for somes ∈ (0,1). Then the sequence{xn} defined by the
implicit iteration process(1.2)strongly converges to a common fixed point of the mapp
{Ti, i ∈ I }.

Proof. SinceC is bounded, taker > 0 such thatC ⊂ B(0, r), whereB(0, r) is the closed
ball of E with center zero and radiusr. By Lemma 2.1 withp = 2, we get for anyq ∈ F

‖xn − q‖2 � αn‖xn−1 − q‖2 + (1− αn)
∥∥T k

n xn − q
∥∥2 − αn(1− αn)g(σn),

whereσn = ‖T k
n xn − xn−1‖ = ‖T k

i xn − xn−1‖, n = (k − 1)N + i, i ∈ I . SinceTn is as-
ymptotically quasi-nonexpansive, it follows that

‖xn − q‖2 � αn‖xn−1 − q‖2 + (1− αn)(1+ uik)
2‖xn − q‖2 − αn(1− αn)g(σn)

� αn‖xn−1 − q‖2 + (1− αn + vik)‖xn − q‖2 − αn(1− αn)g(σn),

wherevik = 2uik + u2
ik . Hence

∑+∞
k=1 vik < +∞ for all i ∈ I . Thus, from above inequalit

ands < 1− αn < 1− s, we have

‖xn − q‖2 � ‖xn−1 − q‖2 + vik

s
‖xn − q‖2 − (1− αn)g(σn). (3.5)

Hence

‖xn − q‖2 � ‖xn−1 − q‖2 + vik

s
‖xn − q‖2.

Therefore, as in Theorem 3.1, we can show that limn→+∞ ‖xn − q‖2 exists and let
limn→+∞ ‖xn − q‖2 = d . From (3.5) it follows that

sg(σn) � (1− αn)g(σn) � ‖xn−1 − q‖2 − ‖xn − q‖2 + Mvik,

whereM = 2r/s < +∞, r is the ball radius. Consequently, limn→+∞ g(σn) = 0. Since
g is strictly increasing and continuous at 0 withg(0) = 0, it follows that limn→+∞ σn =
limn→+∞ ‖T k

n xn − xn−1‖ = 0. Hence

‖xn − xn−1‖ = (1− αn)
∥∥T k

n xn − xn−1
∥∥ → 0,

as well as

‖xn − xn+l‖ → 0

for all l < 2N . Hence, whenn > N , we have

‖xn−1 − Tnxn‖ �
∥∥xn−1 − T k

n xn

∥∥ + ∥∥T k
n xn − Tnxn

∥∥ � σn + L
∥∥T k−1

n xn − xn

∥∥
� σn + L

[∥∥T k−1
n xn − T k−1

n−Nxn−N

∥∥ + ∥∥T k−1
n−Nxn−N − x(n−N)−1

∥∥
+ ‖x(n−N)−1 − xn‖

]
.

Notice thatn ≡ (n − N) (modN). ThusTn = Tn−N and above inequality becomes

‖xn−1 − Tnxn‖ � σn + L2‖xn − xn−N‖ + Lσn−N + L‖xn − x(n−N)−1‖,
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which yields that limn→+∞ ‖xn−1 − Tnxn‖ = 0. From ‖xn − Tnxn‖ � ‖xn − xn−1‖ +
‖xn−1 − Tnxn‖, it follows that

lim
n→+∞ ‖xn − Tnxn‖ = 0.

Hence for alll ∈ I

‖xn − Tn+lxn‖ � ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖ + ‖Tn+lxn+l − Tn+lxn‖
� (1+ L)‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖,

which implies that

lim
n→+∞ ‖xn − Tn+lxn‖ = 0 (∀l ∈ I).

Thus

lim
n→+∞ ‖xn − Tlxn‖ = 0 (∀l ∈ I), (3.6)

which lies on the fact that any subsequence of a convergent number sequence conv
the same limit.

By hypothesis that there existsT in {Ti, i ∈ I } to be semi-compact, we may assu
that T1 is semi-compact without loss of generality. Therefore by (3.6) it follows
limn→∞ ‖xn −T1xn‖ = 0 and by the definition of semi-compact there exists a subsequ
{xnj } of {xn} such thatxnj → x∗ ∈ C. By (3.6) again, we have

‖x∗ − Tlx
∗‖ = lim

nj→∞ ‖xnj − Tlxnj ‖ = 0 (∀1 � l � N). (3.7)

It shows thatx∗ ∈ F and lim infn→+∞ d(xn,F ) = 0, therefore by Theorem 3.1 and Coro
lary 3.2 we have that{xn} converges to a common fixed pointq in F . This completes the
proof. ✷
Theorem 3.4. Let E be a real uniformly convex Banach space,C be a bounded close
convex subset ofE. Let Ti , i ∈ I , beN asymptotically nonexpansive self-mappings oC

such that
∑+∞

n=1 uin < +∞ for all i ∈ I . Let F = ⋂N
i=1 F(Ti) �= ∅ and there exists on

memberT in {Ti, i ∈ I } to be semi-compact. Letx0 ∈ C, and{αn} ⊂ (s,1 − s) for some
s ∈ (0,1). Then the sequence{xn} defined by the implicit iteration process(1.2) strongly
converges to a common fixed point of the mappings{Ti, i ∈ I }.

Remark. It is pointed out by Xu and Ori [10] that it is yet unclear what assumpt
on the mappings{Ti}Ni and/or the parameters{αn} are sufficient to guarantee the stro
convergence of the sequence{xn}. However, our theorems answered this question to s
extent.
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