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Abstract

Let f be a nonconstant entire function andddbe a meromorphic function satisfyirig(r, a) =
S(r, fyanda#d'. If f(z)=a(z) & f'(2) =a(z) and f(2) =a(z) = f"(z) = a(z), thenf = [/,
anda # a’ is necessary. This extended a result due to Jank, Mues and Volkmann.
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1. Introduction

Let f be a nonconstant meromorphic function in the whole complex plane. We use the
following standard notation of value distribution theory:

T(r, f), m(r, ), N, f), N(r, f), ...
(see [2,5]). We denote hy(r, f) any function satisfying

S@r, )=o{T(r, N},

asr — +00, possibly outside of a set with finite measure.
Leta be a meromorphic function. If the functiensatisfiesl (r, a) = S(r, f), thena is
called a small function related tp.
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Let £, g be two meromorphic functions, and letb be two complex numbers. #(z) =
b wheneverf(z) = a, then we writef =a = g =>b. If f =aifand only if g = b, we
write f =a < ¢g=0>0.If f =a & g =a, then we say that andg sharea.

Mues and Steinmetz [4] obtained

Theorem A. Leta, b be two distinct finite numbers, and I¢tbe a nonconstant entire
function. If f(z) =a & f'(2) =a, f(z) =b & f'(z) =b, thenf = .

In 1986, Jank et al. [3] proved

Theorem B. Let f be a nonconstant entire function, ande a nonzero value. If (z) =
as fl(z)=aandf(z)=a= f"(z) =a,thenf = f'.

We pose the following question.

Question A. If the valuea is replaced by a small functianrelated tof, is it still true that
f=f?

In this paper, we give an affirmative answer to Question A.

Theorem 1. Let f be a nonconstant entire functiplet « be a small function related t@
and satisfya £ a’. If f(z)=a(z) & f'(z) =a(z) and f(z) =a(z) = f"(z) = a(z), then
r=r.

Remark 1. Let f(z) = ¢ + %, anda(z) = ¢*. Then by Theorem 2.7 in [1], we know that
T(r,a) = S(r, f). Obviously,f —a #0 andf’ —a # 0. Hence,f(z) =a(2) & f'(z) =
a(z)andf(z) =a(z) = f"(z) =a(z). But f # f’. This shows that # &’ is necessary in
Theorem 1.

2. Proof of Theorem 1

By Theorem A, we consider only the case thais not a constant. For the sake of
simplicity, we set
A()=a(z)—d'(z) and F(z)= f(z) —a(2). (2.1)
Then
Tr,A)=8@r,f) and T, F)=T@, f)+ S, f). (2.2)

We prove the theorem by contradiction. In the following we supposeftiatf’. Next
we proceed in the proof step by step as follows.
Stepl. We prove that

_ 1 _ 1
N(2<r, F) = N(2<r, m) =S, F), (2.3)
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whereN(z(r, 1/F) is the counting function for multiple zero points #f and each zero
point is counted one time.

Let zo be a multiple zero point of = f — a with multiplicity £k > 2. Then byf(z) =
a(z) = f'(z) = a(z), we have (neato)

f(@)—a@) =z -2 Ak, fi(z0)#0, (2.4)

f(z) —a)=(z—20) f2(2), fa(z0) #0. (2.5)
By (2.4), we have

() —d(2) =(z— 20" 1 fa(z), fa(z0) #0. (2.6)

Thus by (2.5) and (2.6),
A(R)=a(z) —a'(z) = (z —20)" A1(z), A1(z0) #0,
wherem > min{l, k — 1} > 1. Thus

N = <N L =S F
2 r’F X raA —(}", )

Similarly, we have

- 1
N(2<r, ﬁ) = S(I", F)

Thus (2.3) is proved.
Step2. We prove that

T (r, F)=2N1)<r, %) +S(r, F), (2.7)

whereNy) (r, 1/ F) is the counting function for simple zero points Bf
By the second fundamental theorem with three small functions (see [2,5]) and the first
fundamental theorem we have

T(r,F)=T 1 OoQ)=N ! ! o1
(V, )— <V,F>+ ()— <r,F)+m(r,F>+ ()

1 1
gN(r, F) +m(r, F) + S8, F)

1 / 1
gN(I’,F>+T(r,f)—N<r,m>+S(r,F)

< N<r, %) + ;{z<r, f,_l_a) +8(r, F) < 2N<r, %) +8@r, F).  (2.8)

Now letzg be a simple zero point af but nota zero pointaf. Thenbyf (z) =a(z) =
fl(@D=a)andf' (z) =a(z) = f"(z) =a(z), we know thatz(zg) # 0, A(z0) # 0 and

f(z0) = f'(z0) = [ (z0) = a(z0). (2.9)
Thus we assume that, negy;
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1
f(2) =a(zo0) +a(zo)(z — zo) + Ea(zo) (z — 20)2

1
+ éf”/(zo)(z —z0)3+---. (2.10)
Hence we have
1
f'(2) = a(zo) +a(z0)(z — z0) + Ef”/(zo)(z — 2002+, (2.11)
(@) =a(zo) + f"(z0)(z — z0) + - . (2.12)
Thus we get

/ 1 " 2
f(z)—f(z)=§[a(zo)—f (z0)](z —z0)* +---.

Hence we have

1 1 1
2N1)(r, m) <N<r, W) +2N<r, ;) < T(r,f—f/)—i-S(r, f)

:m(r,f(l— f7)) + 8@, ) <m@, )+ S, f)

=T f)+Sr, /=T, F)+ S, F). (2.13)

Thus by (2.3), (2.8) and (2.13) we get (2.7).
Step3. We prove that

F// A + A/

— 2.14
s (2.14)
If

F// A A/

= : , (2.15)
then integrating the two sides of (2.15) we obtain that

F' = CAe*, (2.16)
whereC is a nonzero constant. Thus by (2.1) we get

f'=d + CAe*, (2.17)

f"=a"+ C(A+ A)eé. (2.18)

If A”=0, thenA = Co (£ 0), whereCy is a nonzero constant. Thus by (2.1), we have

a=Co+ Creé, (2.19)

where(C is a constant.
By (2.17) and (2.19) we get

f/=Cze* and f = Cze’+ Cy,

whereC», C3 andCy4 are constants.
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Sincea is a small function off, by (2.19) we getC; =0, i.e.,a is a honzero constant,
a contradiction.

Thus we deduce that’ # 0. Set
_ F@©
C Cet—1"

By (2.7) there exist simple zero points Bfwhich are not zero points of’. Let zg be
a simple zero point of” but not a zero point ofA’. Then by f(z) = a(z) = f/'(z) = a(z)
andf'(z) =a(z) = f"(z) = a(z), we have

f(z0) = f'(z0) = f"(z0) = a(z0).
Thus by (2.17) and (2.18),

R(2)

(2.20)

a(zo) = a'(z0) + CA(z0)e™,  a(z0) =a"(z0) + C[A(z0) + A'(z0)]€®.
Thus we get
Ce® =1,

sinceA’(zo) # 0.

On the other hand, by (2.17) it is easily to see tiat = 1= f'(z) = a(z). Thus, by
f' () =a(z) = f(z) =a(z) we deduce thaf'e* = 1= F(z) = 0. Hence by (2.2), (2.16)
and (2.20) we have

N@r, RYS Nr,F)<N(r,a)=S(, F), (2.21)
N<r 1)<N(2<r 1)-l—N(r i)<2N<r i)+N<r i)
"R) "F TAT) T " F TA
1 1 ,
< 2N<r, Z) +N(r, E) L2T(r,A)+ T, A+ 01

=5, f). (2.22)

By (2.20) we have

f=F+a=a+ R(Ce* —1). (2.23)
Thus by (2.17), (2.18) and (2.23) we obtain that

(R'+R—-A)Ce* =R, (2.24)

(R"4+2R' +R—-A—A)Ce* =R". (2.25)
Thus by (2.24) and (2.25) we obtain that

R'R—R'R—2(R)>=AR"—(A+ A)R. (2.26)
If

R'R—R'R—-2(R)%=0, (2.27)

then
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AR — (A+ AR =0. (2.28)

If R =0, thenR = Cs, whereCs is a constant. Thus by (2.20) we gEtz) = Cs x
(Ce* —1). Hence by (2.17) we deduce that= Cs, which contradictsA’ # 0.
SoR’ #0. Thus by (2.28),

RN A/
—=1+—. 2.29
7 =1t (2.29)
Integrating the two sides of (2.29), we get
R’ = CgAe®, (2.30)
whereCg is a constant. Thus
R’ = Ce(A + A')é . (2.31)
By (2.30), (2.31) and (2.27) we obtain
2(:(51426Z
R=——"—.
A/
By (2.30) and (2.32) we have
2R A
R A
Thus we get

(2.32)

R% = C7A,

whereCy7 is a constant.
Hence we have

T(r,R)=0(T(r,A))=S(r, F). (2.33)
Thus by (2.20) we know
T(r, F)=T(r, e +S(r, F).

Thuswe geSS(r, F) = S(r, %). By (2.24) we get thaR’ = 0, which contradictR’ # 0.
Now we consider the remain case that

R'R—R'R—2(R)?#0.
In this case we deduce from (2.26) that

_A(R"/R) — (A+ A)(R'/R)
" R'/R—R'/R—2(R)%/R?’
Thus by (2.21), (2.33), (2.34) and Nevanlinna’s first fundamental theorem, we get

(2.34)

m(r, R) < O{N(r, R) +N(r, %)} +S(r,R)+ S(r, F)
<SS R)+ S, F). (2.35)
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Hence

Tr,R)=m(r,R)+ Nor,R)<S(r,R)+S(r, F)=S(r, F).

Next we obtain a contradiction as the caseR6# 0.
Step4. We prove that

T(r, F) < 21\7(r, %) +S(r, F). (2.36)
Indeed, byf(z) =a(z) = f'(z) =a(z) and f'(z) = a(z) = f"(z) = a(z), we know

that at every simple zero point of F, A(zo) # 0 and f/(z0) = f"(z0) = a(zo), that is
F'(z0) = A(zo) and F” (z0) = A(zo) + A’(z0). Hence we get from (2.14) that

r? ~ r! ~X r? r?
b F F”/F/—(A-i—A/)/A F’

F” - 1
<N< >+S(F,F)<N(F,F)+S(F,F).

r, F
Thus by (2.7), we obtain (2.36).
Stepb. Set

-~ 2.37
AR (2.37)

v AF’ — (A+ A)F’
= 7 .
Obviously, by the logarithmic derivative lemma (see [2,5]) we have

m(r,¢) =S, F), m(r, ) =S(r, F).

We rewrite (2.37) and (2.38) in the following form:
f/ _ a/ f// _ a/
= — , 2.39

e T (2.:39)
A" —a) = (A+ A)(f —a)
= iy .

Itis easy to see that all the possible poleg@indy, come from the multiple zero points
of F, the multiple zero points of’ — a, and the poles ofi. Thus by (2.3) we get

(2.38)

14

(2.40)

_ 1 - 1
N(r,¢) gN(Z(”, F) +N(2<r, m) —i—N(r,A):S(r, F),

N(@r, ¢) < 21\7(2<r, %) +2N(r, A) = S@, F).
So

T(r,)=S@ F) and T ¢)=S80F). (2.41)

Now let zg be a simple zero point df but not a zero point af. Then by (2.10)—(2.12),
(2.39) and (2.40), we get
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_ f"(z0) —a(zo0)

¢ (z0) = 2A0)
and
¥ (z0) = " (z0) — a(z0) — A'(z0).
Thus we get

2A(z0)¢(z0) + ¥ (20) + A’ (z0) = 0. (2.42)
We claim that

2A¢ +y + A’ =0. (2.43)
If2A¢ + ¢ + A’ # 0, then by (2.41) and (2.42) we get

WWF)ST M 2ap 1y A "
<Tro)+Tr,v)+3T(r,a)+ S(r, F)=S(r, F). (2.44)
Thus by (2.7) and (2.44) we get a contradictidny;, F) < S(r, F). So, (2.43) is proved.
Step6. We prove that
2AA'Y + ¥ + 2497 + [2AA" — 244" — (A)?]y =0. (2.45)

Let z1 satisfy F'(z1) = 0 andA(z1) # 0, A’(z1) # 0 (such points must exist by (2.36)).
Then F(z1) # 0. Otherwise, we gef(z1) = f'(z1) = a(z1) by f(2) =a(z) = f'(z) =
a(z). Thus,a(z1) = a’(z1), which contradictsi(z1) # 0.

Hence by (2.37) and (2.38) we have

_ F'(z) - A'(z)

P = —— (2.46)
_ AGRDF"(z1)
V(z1) = T (2.47)

Hence by (2.43), (2.46) and (2.47) we obtain

[2F (z1) + A(zD) [ F"(z1) = A'(z0) F (z2).

If 2F(z1) + A(z1) = 0, thenF (z1) = 0, a contradiction. HenceFXz1) + A(z1) # 0.
Thus we have

/7 A/(Zl)F(Zl)
F = 2.4
)= 2r ) + AGD (2.48)
Thus by (2.46)—(2.48) we get
A'(z)[F(22) + A(z0)]
—_ , 2.49
) = CDRF ) + A (2:49)
A A’
V(1) = (z1)A'(z1) (2.50)

2F(z1) + A(z1)
Now we compute the derivative @f, ¢ atz1. By (2.37), (2.38) and (2.48) we get
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¢ (21) = F"(z1)  A'(z1) A'(z1)
A(z1) A(z1)  2F(z1) + A(z1)
(AN2(z)[F (z1) + AzD)]?
A2(z1)[2F (z1) + A(zD)]?
V(1) = A@DF"(z1)  A1)A'(z1) _
F(z1) 2F(z1) + A(z1)

By (2.43) we get

(2.51)

(2.52)

2A'¢p +2A¢" + ' + A" =0.
Thus we have

24" (z1)¢ (z1) + 2A(z20)¢'(z1) + ¥ (z1) + A" (z1) = 0. (2.53)
By (2.49) and (2.51)—(2.53) we get

F(z1) {A”( - A(z1) A’ (z1)
2F(z1) + A(z1) 2F(z1) + A(z1)

2(AN2(z)[F (z1) + A(z)]  2(A)2(z)[F(z1) + AzD)1? }

F/// (Zl) —

A(z1)[2F (z1) + A(z1)] A(z1)[2F (z1) + A(z1)]2

By (2.50) we get
A(z1) | A(zp)A'(z1)

F = — . 2.55
(z1) 2 T 20 (2.:55)

Hence by (2.52), (2.54) and (2.55) and some computation, we obtain
24(zDA 20V (21) + ¥ (21) + 242D Y2 (21)
+[2A(z1) A (z1) — 2A(z1) A" (z1) — (A’)Z(Zl)]w(m) =0. (2.56)
Set

(2.54)

A=2AAY +¢3+2A¢2 + [2AA" — 244" — (A)?]y. (2.57)
If A0, then by (2.56) and (2.41) we get

§ 1) _ N 1 N 1 N 1

r, F X r, Z + r, A r, A,
ST(r,A)+ S(r, F) < S(r, F). (2.58)
Thus by (2.36) and (2.58) we get a contradicti@ny, F) = S(r, F). HenceA = 0.

Thus (2.45) is proved.
Step7. Set

o F'—A _ f/—a‘
F f—a
Then by (2.3) we have

(2.59)

_ _ 1 _ 1 _ 1
N(@r, H) + N(r, ﬁ) < N(z(r, F) + N(z(r, o a) =S, F). (2.60)
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By (2.59) we get
F'=A+HF, (2.61)
F'=A'+HF+HF =A'"+ HA+ (H + H)F. (2.62)

By (2.38) we have

AF" —(A+AF —yF =0. (2.63)
Thus by (2.61)—(2.63) we have

[(H' + H»A— (A+AH — y]F = A%(1—- H). (2.64)

If (H +H?)A—(A+A)H -y =0, then by (2.64) and = 0 we deduce thali = 1.
Thus by (2.59),f = f/, a contradiction.
Hence(H' + H®)A — (A + A")H —  # 0. Thus by (2.64) we have
. A%(1— H)
C(H+H)A—(A+AYH -y
By (2.64) we get

(2.65)

[AH +AH" + A'H?> +2AHH' — (A'+ A"YH — (A+ AH' — y/|F
+[AH'+ AH? — (A+ A)H — ¢ F'
=2AA'(1— H) — A%H’. (2.66)
Thus by (2.61) and (2.66) we have
[~AH' +AH" — AH? + 3AHH — (A'+ A" + y)H + AH® — y']F
=2AA + Ay — (AA' — A®>)H — 2A’H’ — A’H?. (2.67)
By (2.67) and (2.65) we get
[~AH'+ AH" — AH? +3AHH' — (A'+ A" +y)H + AH® — y/'|A%(1 - H)
=[2AA" + Ay — (AA" — A>)H — 2A%H' — A*H?]
x [(H'+ HHA — (A+ AH —y].
Thus we have

PiH?+ P,HH' + PsHH' + P4(H')? = PsH + PgH' + P7H” + P, (2.68)
where

Pr=A%A" + A(A))? — A%A” + A%y, Pr=A%A' — A3,

P3= A3, Py= —2A3,

Ps=A%A" — A%A" 4+ 2A(A)? + A%y + A%y,

Ps=—A%—2A%A" — 3A%y,

Pr=A3,  Pg=Ay?+24A Yy — A%y,
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PLH? + P,HH' + PsHH' + P4(H')? =0,
then by (2.68) we have
PsH + PsH' + PrH" + Pg=0.
If Pg=0, thatis
AY? + 244"y — A%y =0,

then we have
A2\
(5) -
4

A2
K=——.
v

Then by (2.70)K is meromorphic and

Set

K/ — A K// — A/ K/// — A//.
Thus by (2.70) we get
(K')?

Y=

By (2.71), (2.72), (2.45), and some computation we obtain that

ZK(K/)ZK// _ (K/)4+2K(K/)3 _ ZKZK/K//
+2K?K'K" — 3K*(K")? =0.

Claim. K has no poles and zeros.

107

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

Let zo be a zero ofK with multiple ¢ (= 1). Then by (2.73)z¢ is also a zero oK’.

Thusg > 2. Next we consider two cases.
Casel: g = 2. We assume that (neag),

K(z) = az(z — 20)* + az(z — 203 + as(z —z0)* +---, a2 #0.
Thus we get

K'(2) = 2a2(z — z0) + 3a3(z — 20)* + 4as(z — 20)° + - - -,

K"(z) = 2ap + 6a3(z — z0) + 12a4(z — 20)> + - - -

K" (z) = 6az+ 24a4(z — 20) + - -
Hence by (2.74)—(2.77) and (2.73) we get

(2.74)

(2.75)
(2.76)
(2.77)
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16a3(z — 20)*[1+ b1(z — z0) + b2(z — 20)% + - -]
— 16a3(z — 10)4[1 + c1(z — z0) + c2(z — 20)% + - - ]
+16a5(z — 10)5[1+ di(z — 70) + da(z — z0)° + - - ]
— 8a3(z — 20)°[1+ e1(z — 20) + e2(z — 20)% + -]
+ 24a3as(z — zo)5[l+ f1(z = 20) + fo(z — z0)% + - - ]
—12a3(z — 20)*[1+ 81(z — 20) + g2(z — 20)* + -] = 0. (2.78)

Thus by (2.78) we get 1§ — 16a5 — 1215 = 0. Hencegy = 0, a contradiction.
Case2: g > 3. We assume that (neag),

K(2) =ay(z — 2007 + ag+1(z — 2009 + ag42(z — 200772+ -+, a, #0. (2.79)
Thus we get

K'(z) =qay(z — 20071 + (¢ + Dag11(z — 20)?

+(q +2)ag42(z —z0) "+, (2.80)

K"(2) =q(q — Dag(z — 20)? %+ (¢ + Dgag+1(z — 2007 1+ -+, (2.81)
K"(2)=q(q - D(q — day(z — 203

+ (@ +Dg(q—Dagr1(z — 2072+ -+ (2.82)

Thus by (2.79)—(2.82) and (2.73) we get
2a2q%(q — 1)(z — 20 [1 4 b1(z — 20) + ba(z — 20° + - ]
—alq*(z — 20% 71+ c1(z — 20) + c2z — 2002+ -]
+2a3(z — 200" 3[1 4 di(z — 20) + d2(z — 20)° + -]
—2a%4%(qg — D(z — 20031+ e1(z — 20) + e2(z — 202 + - -]
+2a24%(q — D(g — 2z — 20 1+ fa(z — 20) + falz — 202 + -]
—3a3q%(q — D*(z - 201+ g1(z — z0) + g2(z — 202+ - ]=0. (2.83)

Thus by (2.83) we get®(q — Daj — g*a]+2q%(g — 1)(q — 2a] —3¢*(qg — 1)%a;} = 0.
Henceg, =0, a contradiction.

Hence we prove that # 0. Similarly, we can prov& # co. Thus the claim is proved.

Thus there exists an entire functian= «(z) such that

K =e“. (2.84)
By (2.71) and (2.84) we have
2(0)%0 = 2d'a" — 2d'a"" + 3(a”)?. (2.85)

If «” # 0, then by (2.85) and the same argument as used in pra¥igg0 we get
o’ #0. Thus by (2.85) we have

) O[/,/O[/ _ OlW/O[/ + (3/2)(0///0[/)2
o = .

- Ol”/()l'
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Therefore we obtain a contradiction,

o o 3 o 2 o
T(r,a")=m(r,a") < m<r, ——— 4 (—) ) +m(r, —) + 8@, o)
a 2 / o

o o

a// a// a//
< T(r, —/) + S, o) =m(r, —/) —I—N(r, —/) + 8(r,a)
o a a

_ 1 _
< N(r, —,) + N, )+ S, a) =8, a).
o
Hencex” = 0. That s,

a=Az+u,

wherex, u are two constants.
Thus by (2.71), (2.72) and (2.84) we get

A = rerTH, (2.86)

A X (2.87)
Hence by (2.63) we have

F"— @A+ MNF +1F=0. (2.88)
Solving Eq. (2.88) we obtain

ro={irtge 320 @5

Herecy, ¢, are two constants.
SinceA is a small function of related t&, we deduce from (2.86) and (2.89) that 0.
But by (2.86),A = 0, which is a contradiction.

Hence

Pg#£0.
Thus by (2.69) we have

1 1 H’ H"

—=——| Ps+ Pg— — ). 2.90

H P8<5+ 6H+P7H> (2.90)
Hence we get

1
m(r, ﬁ) =S(r,H)+ S(r, F). (2.91)

By (2.90), (2.60), (2.68), (2.41) and (2.2) we get

1 1
N<r1_)<N<r1F>+N(r7P5)+N(r7P6)+N(r1P7)
8

H
H/ H//
N\r,— N|r, — o1
+ (r H)—i— <r H)—i— D

<3N(r, H)+ 3N <r, %) +8(r, F) = S(r, F). (2.92)
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Thus by (2.91) and (2.92) we obtain

1 1
T(r, H):m(r, ﬁ)-l—N(r, ﬁ) =S(r, F). (2.93)
Then by (2.59) we have
1 _ 1F H
F AF A
Thus by (2.93), (2.2) and (2.3) we get
1 1F H
m(r’ —>:m<r,————):S(I’,F) (294)
F AF A

and

N 1 < 2N ! +N il + N(r,H)
rsF ~X rsA er r7

gN@F%HW%%)+ﬂnD

1 1
gNl(”aF)+S(raF)<N<raF>+S(r’F)'

Thus we have

N<r, %) = Nl(r, %) + S, F). (2.95)

By (2.94) we get

1

T@Pj:N(nF>+SmFy (2.96)
Thus by (2.3), (2.7), (2.60), (2.95) and (2.96) we get a contradiction,F) = S(r, F).
Therefore

PiH? + P, HH' + P3HH" + P4(H')? #£0.

Thus by (2.68) we have
2_ H(Ps+ Ps(H'/H) + P7(H"/H)) + Pg
P1+ Py(H'/H) + P3(H"/H) + P4(H'/H)?

Thus we have

H/ H//
Zm(V’H)Zm(V,HZ)gm(”,H(PS'FPG?-FP??)+P8>

H H" H 2
T(r P Po— + P3—— + P4| —
—i—(r 1+2H+3H+4<H>)
<m(r, H)+ S(r, H) + S, F).
Henceweget

m(r, Hy< S(r, H) + S(r, F).
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SinceN(r, H) = S(r, F), we get
T(r,H)=S(r, F). (2.97)

Next we get a contradiction as the caseRgf#£ 0. Thus the proof of Theorem 1 is
complete. O
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