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Abstract

An integral representation of the Appell seri€s(o, aq, a2; B1, B2; x,y) is used here to ob-
tain several finite-sum expansions in terms of the less cumbersome hypergeometric fusfetions
andsF». In the case when the parametersyq, ap, 81, andgo are all positive integers, some of our
results may be seen as a generalization of the finite-sum expansions of the Appelfselitsined
by Cuyt et al. [J. Comput. Appl. Math. 5 (1999) 213-219]. Other important consequences (as well
as potential applications) of our results are discussed and a listing of some useful reduction (and
transformation) formulas is provided.
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1. Introduction and definitions

The Appell hypergeometric series

F(o, a1, a2; B1, B2; x,y)

arises frequently in various physical and chemical applications (cf. [2,3,5,6,8,11]). It is
defined by

() mtn (@) m(2)y x_m ﬁ

Faloenazi 1 P ) = D D s ) =

m=0n=0
(|x| +1yl <1 B €eC\Zy; Zg :=1{0,-1,-2,.. .}), (1.1
where(1); denotes the Pochhammer symbol defined, in terms of Gamma functions, by

()k::F(k+k):{1 (k=0; »eC\{0}),
() MA+DA+2)---(A+k—1) (keN; reQ),
N being the set opositiveintegers.
Recently, Cuyt et al. [1] obtained a finite aljaic sum representation of the Appell
hypergeometric serie; defined by

o0 o0
a b b/ xn’l n
Faa, b, b0,y = 3 3 Wnen @@ n )”’Z)( )+’"( )"ﬁ% (max{lxl. 1y} <1) (1.2)
m=0n=0 m=n T

in the case when the parameter$, b’, andc arepositiveintegers withc > a. Their results
can be summarized for the simplest case as follows [1, p. 215, Theorem 2.1a, b, and c]:
Foranys,r € No:=NU {0} andx # y,

(—x)'y* s+t
F1(1,5+1,t+1; 2,X,y)=m< s )[ln(l—x)—ln(l—y)]

_ 'i (j + s) (=)' 11— @ = )]
=\ s )T o0 T
s=t (k + t> X (—y)F[L = (1= x)%=]

— oyt
=\ ) =y =k

(max{|x], [y} <1). (1.3)

Motivated by the aforementioned investigation by Cuyt et al. [1], we extend their results to
obtain a finite algebraic sum representation of Appsksondseries

Fa(0, a1, az; B1, B2; X, y)
in the case when the parametersxs, a2, 81, and B, arepositiveintegers. We show that
their results are indeed special cases of our representatidh.fAs intermediate steps, we
derive a number of reduction and transformation formulasfforThe paper is organized
as follows: In Section 2, we develop reduction formulas farin terms of the Gauss
hypergeometric functiopF; and the Clausen hypergeometric functign. We then show
that the derived form of*, reduces to the known expression (1.3) far In Section 3, we
extend these results to obtain finite-sum representatiofiswith nonnegativgparameters.
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2. Reduction formulasinvolving the Gauss 2 F; and the Clausen 3 F»
hypergeometric functions

Lemma 1 (cf., e.g., [10, pp. 20-21]For |z| < 1, the Gauss hypergeometric functipf
is given by

a—+ 1, 1 . _(aZ)*l[l_ (1_ Z)fa] (a ?é O),
2F1< 2 ‘Z) _{—zlln(l—z) (a=0). (2.1)

Theorem 1. For |x| + |y| < 1, the Appell hypergeometric functidf is given by
Fa(a+1,01,1; 1,2, x,y)
1 F(a,al )+ 1 F(a,al x )
=——02F X — 2
ay B1 ay(l—y)* B1 [1—y
(a#0; a1€C; preC\Zy) (2.2)

and

F(1,01,1; B1, 2 x, y)
a1|: X <a1,1,1‘ x )

=—-— 3
Bryll—vy f1+1,2]1—y

( a1, 1,1 )j| In(1-y)
—x3f xX)|-—
p1+1,2 y

(a1€C; B1eC\Zy). (2.3)

Proof. By means of Euler’s integral representation of the Gauss hypergeometric function
[9, p. 20, Eq. (1.6.6)]:

1

a,b| \ _ I'(c) b—1gq _ ~e—b—lpq _ __\—a

2F1< - ‘Z>_F(b)F(c‘—b)/T 1-7 1—z7) %dt
0

(R(c) > R(b) >0

arq1—z)|§rr—e; 0<e<n), (2.4)

we reduce the following double integral representation [9, p. 214, Eq. (8.2.3)]:

11
. . _ r'(ByI'(B2) o1 o1

F(o,a1,a2; B1, B2; x, y) = F(Oll)F(Olz)F(,Bl—al)F(,Bz—Olz)//u 1mip®2

00

cL—whrra—ta— )bl — xy— yo) " dudr
(RBj) >R(@)>0; j=12 |x|+]y|<1) (2.5)

into a single integral involving the Gauss hypergeometric fungtignas follows:
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F(o, a1, a2; B1, B2; x,y)

_ Iy Fuea=l(1 - gyPron-l (G’ o2 y—) du
T Tl (i-an /) 1= xu)° "\ B |T=xu
(R(B1) > R(a) > 0; |x| + |yl < 1). 2.6)

The assertion (2.2) of Theorem 1 then follows by substituting the first expression of (2.1)
into (2.6)with

oc=a+1 (@#0 and ax=p2—-1=1,

and using an integral representation analogous to (2.4). The proof of the assertion (2.3) of
Theorem 1 is completed by first rewriting

y xu
—In(l— )=—In(1—y)—|n(1——)+In(1—xu),
1 1—y

— XU

and then substituting from (2.1) into the integral representation (2.6), in view of the fol-
lowing (easily-derivable) identity:
1

/ ur 11— wPra=lind — zu)du

0
__ZF(O(]_—i—l)F(,B]_—Oll) P <0{1+1, 1,1‘ )
- r(1+1) 2\ 1412
(R(BD) > R(e1) >—-1). O (2.7)

Lemma 2 (cf. [7, p. 455 et seq.]For |z| < 1and p, g € Ny,

Pk
Ly ()a-a-or

+1 _
zP k:Ok
L L r<aq),
g+1lp+ 1 p _ 1)k
F _lp+ D" (p k— 2.8
A B = PR
k=0 (k+q)

- (—1)k(’,j> In(1— z)) (»=q).

Theorem 2. Foray € C, f1 € C\ Zy, and|x| + [y < 1,
Fo(g+Loa,p+181.p+2x,y)
’)

_ pl p+1l F(al,q—p
pHig (=D <p> = m(p—k) (@)
_l’_ — -
yPH =g — k) (1= y)i+ \k ”;( V) Gom

= - 2
g@—q), y 2N
oa1+m,g—k| x
'2Fl( lﬂlen ‘1_y> (p.q €No: p<q) (2.9)
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and
Folg+ Lo, p+LBLp+2,x,y)

1 g — "=k
“oan( )| B 2 ()~ (nan)
k=0

(k#q)

_p+1 (—DF p
IR Z k—q)(1—y)a- "( >
(k#q>

, ’i‘(_x)m(p—k><al>m2F1<al+m,q—k‘ x )
m—0 m (BLm BrL+m 1-vy
_(_1)qp+10t1(>2( ),,,(P Q)(Otl-i-l)m

yril

=0 m (Br+ D
|: (otl—i—m—i—l,l,l )
- x3F2 X
pr+m+1,2
X a1+m+1,1,1‘ X >j|
F —_— ,q €No; p=q),
- <ﬁ1+m+1,2 1y (p.q €No; p=29q)

where as usualan empty sum is understood to be nil.

Proof. In view of (2.1), the integral representation (2.6) readily yields
Fo(g+ 1 a1, p+L B p+2x,y)

_ p+1 P (=pk I'(B1)
yptl k=0 (k=q) k! ') " (B1 — 1)

1
. / ur= 1 —yPrea=1(1 — xy)P9 du
0

_p+1l " (—pk I'(B1)
yptl k=0 (k=q) k! ') " (B1 — 1)

1

. / ur t 1 — Pl 1 — xu)PF A — y — xu) 9 du

0
_PH1IG (i a1, —p
—y,,+12(k Y Fl( 1 ‘x>

PHII (—pk i"(—pmmw r(By)
T k= q)kl 4= (1= )7 m! T(en) I (B1 — 1)
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1
ay+m—1 1— Br1+m—a1—m—1
: / ! d=w du, (2.11)

—k
5 (1-15)
where we have also used each of the following elementary identities:
p—k
— k
(L—xu)P* = Z w(xu)’" (p2k)

m!
m=0

and

k—q
(1—y—xu>k—q=(1—y>k—q(1— ’”‘ ) .
l1-y

The proof of the assertion (2.9) of Theorem 2 is completed by noticing that the last integral
in (2.11) is the integral representation of

a1+m,q —k| x
2F1
Bi+m [l—y

as given by (2.4). The proof of the assertion (2.10) of Theorem 2 follows in a similar
fashion and is, therefore, omittedo

Lemma 3 (cf. [7, p. 455 et seq.]Letp,q,r € Ngand|z| < 1. Then

F(p+LHIre+1 . <q+1,p+1‘ )
F'(p+r+2 p+r+2

T\ (R Dk (p+ ) kg
;zHHl(j)(;)k—q( k )[1_(1_Z) ]
(p<q—r),

R N AV A G |y _ (2.12)
Z—O[ > (-t

=0 I otz ¥4
—(—1)q(p;rj>ln(l—z)] (»=4q).

Theorem 3. For p,q,r e Ngand|x| + |y| < 1,

rp+Drr+1
T(p+r+2

_Z( 1)’() __(p+ P! ZFl(al,q—P—j
< yPrIth\j q(1=q)p+j B1

_% (—Dk (p+j)
k=) A— )1k k

Fo(g+ 1o, p+L B p+r+2x,y)

)
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r &t m p+Jj— (a@D)m oa1+m,q —k X
Z (=x) 2F1
m (B)m B1+m 1—y

(P<q—") (2.13)

and
FT'p+HIre+1
I'(p+r+2

(=1 a1, g—p—j
Zyp+/+1< ){ F1< B ‘x)
pHi o, ank . .
£ 200t
- q

= k—a
(k#q)

_ lg (=D* (p+j)
— (k—q)(1—y)P=*\ &k

(k#q)
k
p—i (- )m(p+] )(al)m 2F1(051+m’q_k‘ X )
m (,Bl)m :Bl+m 1—)’

+%(_1) <p+]>p4iq( (P+j_k>(al+1)n1

:31 m (,31+1)/n

|: X (oz1+m+1,1,1‘ X ) (oz1+m+1,1,1‘ )i|
. 3F> —— | —x3f> X

11—y Bi+m+1,2 |1—y B1+m+1,2

(rzq), (2.14)
where an empty sum is interpretes usualto be nil.

Fo(g+ 1o, p+LBL.p+r+2:x,y)

Proof. First of all, by using (2.12), the integral representation (2.6) yields
Fo(g+ Lo, p+LBLp+r+2:x,y)

_ I'(B1)
(o) (B1— 1) ,

| re+r+2 i(—o,- (L —xuyrtitt Iij(—l?—j)k "
r'p+LHrr+1 pary Jj! yp+i+l = (k—q)k!

ur @ — a1 — xu)—9t

I'(B1)

— uO(l*l(l_u)ﬂlfalfl(l_xu)qul
I(a) I’ (1 — 1) )

r(p+r+2) Z (—r); (L —xu)Ptitl
. rp+LHrr+1 par’ j! ypHitl
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H=p—in xu \
: 27(1—xu)q_k(l—y)k_q<1— ) du
= k=@ k! 1-y
_ I'(p+r+2
T I(p+DHIr(r+1)

Xr: -, 1 . (a-p—ja
j yp+j+12 1 B1

H -
x) E k=K ]

oL !

_ Tptrt2 Kfen; 1 A Dk

F(p+1)F(r+1)j§)< j! yl’+1+12 ok 7Y

'F1<a1,k—p—j,q—k;/31;x,1x >D (2.15)
-y

where we have used the following known integral representation of the Appaléries
[8, p. 215, Eq. (8.2.5)]:

Fi(o, a1, a2; B1; X, y)

1
= L’Bl) o—1 _ Br—o—1 . —a _ —u
_F(a)r(ﬂl_a)off Q-0 o 1 - x0) ™M1 - y1)"%2dt

(%(ﬂl) >R(o) > 0; max{|arg(1
Now the proof of (2.13) follows by using the identity [9, p. 211, Eq. (8.1.7)]:

00

(@m(D)m a+m,b x™m
F 1b7b/; ; ) = - < F I 216
1(a cix.y)=y_ On 2 1( ctm ‘ ) (2.16)

fr m!
and the fact that, since the second parametefiofn (2.15) is anonpositiveinteger
(0= k £ p +r), the infinite sum collapses into a finite sum. The proof of (2.14) follows
similarly. O

}gn—e; O<e<n).

Remark 1. By applying the symmetry relationship:
Fa(o, a1, a2; B1, P2 x, y) = Fo(0, a2, a1 B2, P13 y, X),
similar expressions for the Appell series
Faa+1,1, a2 2 B2y, x),
whena # 0 or whena = 0, can easily be developed from Theorem 1.

Remark 2. Although the derivations of (2.2) and (2.3) are straightforward, the results are
quite powerful. Indeed, by using the comprehensive representation tables of

a,b ai,as, a
2k z) and 3F> 1.42.43 z),
c b1, b2
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provided by Prudnikov et al. [7, pp. 454-551], we can easily generate tables of the corre-
sponding formulas for

Fao(a+1,01,1; 81,2, x,y)

by means of (2.2) and (2.3). A short collection of potentially useful formulas is given
in Appendix A.

Remark 3. The result of Cuyt et al. [1, p. 215, Theorem 2.1a] follows as a special case of
(2.2). Indeed, we notice first that

Fi(Ls+1t+12x,y)
y s+1 y
:(—) Fg(s+t+2,s+l,l;s+t+2,2;1——,y). (2.17)
X X
Consequently, using (2.2), we have

Fi(L,s+1Lt+12x,y)

v\t 1 s+r+1s+1] y
== ——F—2F 1-=
X (s+t+ 1y s+t+2 x

n 1 s+t+1,s+1| x—y
G+1+Dy@— 12 sprr2 k@)

which, in view of (2.8), yields

FilLs+1t+1,2x,y)
C\tyS
(=x)y (s+t>[ln(1—x)—ln(1—y)]
S

Ty

s+t its—k(1 _ y)s—k
G %6*4)@ Qo0 fa— v~ —a-y],  (218)

—$)(r =y

where the equivalence of the sums follows by direct expansion.

3. Finite-sum representations of Appell’s serieswith nonnegative parameters

Theorem 4. Each of the following finite-sum representations holds true for the Appell
seriesky:

Fola+1n,1L,m,2;x,y)

__" ~ (n— @k g —a—k _ (1 _ \—a—k
o 2 () e e
(aeC\{O};mEN;nENo;ngm) (3.1

and
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F(1,n,1;m,2;x,y)

_m—n"i*l (—n+m+1>k[< x )k“ (x )k“}

Comy kD +De[\x+y-1 x—1
1 1-—-

+—In<7x> meN; neNg; n2m+1). (3.2
y \l-x-y

Proof. The proof of Theorem 4 follows directly from Theorem 1 by applying the Pfaff—
Kummer transformation:

7b — ) _b
m(“ z>=(1—z) “zFl(a ¢ : )
c c z—1
(a,be(C;ce(C\Za; arq1—z)|§n—e;0<e<n) (3.3)
and the fact that
b, — 1
3F2<a, ,—n+m+ ‘x)
2,¢

is a polynomial of degree—m —1linx (n2m+1). O

Theorem 5. Suppose thap, g, s, r € Ng withr = 5. Then
B+l t+1Lp+1s+1Lp+2x,y)

~ (p+1)-p! [Ii(—l)’(q—p)l(t_s)( x )1}
q(L=q)py?t A —x)t=r | = (s+ 1)y I J\x-1
_l;;ll Z(l—x—(y)lq)kk(k q)( )(ZO( (pnzk>gigm

. E:Z; %(f ; s) (ﬁ)ﬂ) (p<q) (3.4)
Fag+Lt+1p+Lis+1 p+2x,y)

p 1k B rP—q 1

_p+1 Z( 1 (p)_( Pg In(L— y) (=p+ @i+ x"

vy & k—q \k q! = (s +1) I
(k#q)

pt1 Z (—p)r(L—x — y) (”Z" (—p+h)j+1); 5/

and

yl”""l (k—q)k! (s+1); J!
(70

"i(—wsn(q—k)l( x )’
s+j+D ! \x+y-—-1

=0

P+1( p)q Z (= p+‘I)m(t+1)mx_m
yl”+l — (s+D, m!
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e Hil (=t+s+1y x i X
s+m-+1 = (+Ds+m+2; | \x+y—-1 x—1

1— _
*'”(Mﬂ .
1—-x—y

Theorem 6. If p, q,s,t € Ng witht = s, then

r'p+Drr+1
F(p+r+2)

———D 1),( )(1—x>1’+f “(p+))!

P L~ ) pyj
) Z (—I+S)z(q—P—j)l( x >l
= (s+1)1! x—1
r (_1)j , p+Jj (_1)k(17:]')
) Z L () ,;, (k—q)d—x— )i F
— m s+ Dp

| l
_1 L—s (g —k) x )

rp+Drr+1
F(p-i- r+2)

Q= x)rti—a
_Z( 1)]( ) yptitl
L Df (p+ P+
T8 200l

' k—a
(k#q)

' i(—l)m(_s)(q—p—j)m( x )m
m (S+1)m x—1
_Z( 1)]( >yp+j+l

p+ij _k(pti pti—k ok 1
. Z ( ) (7]2 ) Z (_x)m (P +J ) t+ D
~ QL—x—y)?*k—q) m (s + Dm

m=0

Folg+1Lt+1Lp+Ls+1p+r+2:x,y)

and

Folg+1Lt+1Lp+Ls+1p+r+2:x,y)

(kq)

)]

(3.5)

(3.6)
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(S () ()
= I J+m+D\x+y—-1

(—1)/+4 pHN(TE L (p+i—a\E+Dn
N[O | e G

j=0
s—r et (—=t+s+1), X I+1 P
s+m+120 l+1)(s+m+2)l{(x+y—1) _<x—1) }
+|n<(1—x)(1—y)>j|) (pzq) (37)
1—-x—y

Remark 4. The proofs of Theorems 5 and 6, although lengthy, are much akin to those of
our results derived in this as well as theepeding sections, and we choose to omit the
details here.

Remark 5. Our generalization of thabove-mentioned more complicated result of Cuyt
et al. [1, p. 215, Theorem 2.1c] can be seemi®ans of the following identity [9, p. 220,
Eqg. (8.3.1.7)]:

Fo(o,a1,a2;0, B2, x,y) =(1— X)_D”Fl(az, a1,0 —a1; B2 1i—x y)
(c=s+t+2, a1=5+1 ar=a+1 Bo=a+d+?2). (3.8)

Remark 6. By suitably applying the following linear transformations for the Appell series
F (cf., e.q., [7, p. 449)):

Fx(a,b,b;c,c’; x, y)

:(1—x)_“F2<a,c bbic, o, —— 2 )

x—1"1—x

_ X y
=1-y"Fla b, =bc
( y) 2<a c c,C iy y_1>

_ X y
=(1- - aF 5 _b7 /_b/; ’ /; ’ ’ 39
QL-—x—-y) 2<ac c ¢, ¢ P—— x+y—1> (3.9)

it is not difficult to deduce severélrtherresults equivalent to those presented in this paper.

4. Concluding remarksand observations

Recently, there has been some interest in computing Gordon'’s integral (cf. [4, p. 662,
Appendix f], [8,12]; see also [3,5,6,11]):

’
* kl’)lFl( ¢
14 Yy —P

o
J}‘f’p(oz,o/) ::/t}'lﬂehlel(
0

k/l') dt 4.1)
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because of its relevance to the study of singular potentials. The integiat’tar, o) is a
specialcase of the followingvell-knownintegral formula:

o0

o o
/r“leht1F1< ! Kt)lFl( 2 K’r) dt
4 B1 B2

=h"°I(0)F2(0, a1, a2; B1, B2: X, y)
(R(o) > 0; |k|+ I«'| < |hl). (4.2)

Direct application of the present results to the ongoing research on singular potentials and
the computation of matrix elements of singular operators can be achieved by means of the
known identity ([9, p. 219, Eqg. (8.3.10)]; see also Eq. (3.9) above):

Fo(o, a1, a2; B1, B2; x, y)
y

X
=(1—-x—y) "F| o0, p1— a1, B2—az B1, P2 — ,— .
l-x—y 1—-x-—y
(4.3)

No further computation shall be given here.
We have developed a finite-sum representation of the Appell function

Fo(o, a1, a2; B1, B2; x, y)

in the case when the parameters, o, 81, andj; are positive integers and have shown
that one of our results is a generalization of the finite-sum representatifn aérived

by Cuyt et al. [1]. Additionally, we have shown that an integral representation of Appell’s
F, series can be used to generate many reduction formulas in terms of the hypergeometric
functions; F1 ands F» that are very useful in applications. As a consequence of the present
work, the integrals (4.1) and (4.2) contaigithe products of the Kummer (or confluent)
hypergeometric functions can now be expressed in terms of elementary algebraic functions.
The reduction formulas, as derived in Thewrs 1, 2, and 3, expodeg type of singularities

of F» in the vicinity of the pointst + y = 1 and at(x, y) = (1, 1). Indeed our reduction
formulas show two types of singularities nea# y = 1 and(x, y) = (1, 1), one algebraic

and the other logarithmic in nature.
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Appendix A

Here we give a brief collection of reduction formulas that follow directly by using some
of our results. It can be largely extended by using the work of Prudnikov et al. [7, pp. 454—
546].
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1
F2<a+1,a+§,1;20+1,2;x,y>

:%[(¢1—y+il—x—y>%_(ﬁ)h] (A5

1
F2<a+1,a+§,1;20,2;x,y>

1 1 2 2a-1
:E[\/l_x_)’<\/l_y2“2\l/l—x—y)
_¢11—x<1+¢21_x> ] (A-2)
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F2<a+1,a— E,l;Za,Z;x,y)
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In particular, we obtain the followinfurther consequences:

F2(1,1,1;2,2,x,y)

X Y S lox—y X
_y[uz<1—y) LIZ(X)} xy ln(l 1—y)

L -, (A.9)

+
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where theDilogarithmic functionLi2(z) is defined by

X _n

Liz@) =)= (21£1)
n=1

:_/ln(li_”df‘
T

0

F2(3,2,1;3,2x,y)=

1 1 1—x-—
n< b

x2y \(1-x)1-y)

rA—0l—x—y) 2y ) (A.10)

F2(4,2,1;4,2;x,y)
1 1
= +
x21-y) x°A-x)A-x-—y)

—%[In(l—y)—ln(l—lixﬂ. (A.11)

F2(4,1,2;3,3;x,y)

= —<2x[—4+ y(5+ y)] +2(1- y)zln(l— x)

m)) (3221 - »?) (A.12)

+2(1— y) (=54 2x + 7y) In<
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S 3y(l-y) x 1-y
_ _ 1 _
+ i(l—i— In(1—x) n (3—x)tanh ﬁ) B In(1 y). (A14)
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F>(6,2,5;4,6; x,y)
—x%+5x%y — 10x3y3 + 1023 + 35+ x (1 - 2y2+ y) (L + 2y(y — 1)))
1-x)A-y*21—x—-1y)

(A.16)
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where theDigamma(or Psi) functiony(z) is defined by

¥(2) = {'” @} =

ra o InF(z)sz(r)dt.
I'(z)
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