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function u = 1. We show that if the delay is small, this equilibrium solution is asymptoti-
cally stable, similar as in the case without delay. We also show that, as the delay goes to

Ifzgffcdiqumon infinity, this equilibrium becomes unstable and undergoes a cascade of Hopf bifurcations.
Boundary delay The structure of this cascade will depend on the parameters appearing in the equation. This
Hopf bifurcation equation shows some dynamical behavior that differs from the case where the nonlinearity
Periodic orbits with delay is in the interior of the domain.
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1. Introduction

We consider the following 1-dimensional reaction-diffusion equation with nonlinear boundary conditions of logistic type
with delay

a9
8—?(&5)2%50,5), (t, &) eRT x (0, 1),

z—g(t,%‘) —au(t,&)(1—ut—r,8), £=0,1, teR", (11)

u(t, &) =, §) >0, (t,§) € [-r,0] x [0, 1],

where o > 0 and r > 0. We consider non-negative initial conditions and study the asymptotic behavior of the solutions
depending on the two parameters « and r.

In recent years there has been a lot of work dealing with reaction-diffusion equations with delays, see for instance
[22,13] and references therein. Particularly, the logistic reaction term f(u,v) =cau(1 — v) has been used in many applied
models, first in ordinary differential equations of the type x = f(x, x) (the so-called logistic equation) and its extension to
retarded differential equations X = f(x(t), x(t —r)), called Hutchinson’s equation. Recently, the retarded partial differential
equation u = Au + f(u(t),u(t —r)) has been extensively studied and a nice survey can be found in [22]. A common
feature to these equations is the appearance of oscillations, a fact which is very important in the model problems coming
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from biology, chemical processes and others. The appearance of these oscillations has been studied by many authors like
[7,18,16,8,11,9], where finally it was shown the existence of a cascade of Hopf bifurcations and, moreover, that the principal
bifurcation is always of dimension two.

In this work we analyze Eq. (1.1), which has a nonlinear logistic term with delay on the boundary. Reaction-diffusion
equations with nonlinear boundary conditions with delays have been used to describe phenomena related to collision-
dominated plasma (see [21]).

When there is no delay present in the equation, that is r = 0, this equation generates a well-defined nonlinear semigroup
in X ={u e H'(0,1); u > 0}. For this case the system has only two equilibrium solutions u =0 and u = 1, the first is
unstable and the second one is always asymptotically stable. The system is dissipative and gradient and the dynamics is
well understood. For any initial condition ¢ >0, ¢ # 0, its solution converges in H'(0, 1) and even in stronger norms to the
equilibrium solution u =1, see [3] for general results on parabolic equations with nonlinear boundary conditions.

When r > 0 the equation generates also a well-defined nonlinear semigroup in Y = C([—r, 0], X), where X is defined
above. Again, it has only two equilibrium solutions u =0 and u = 1. The trivial equilibrium solution is always unstable but
the stability of u =1 is not determined a priori. We will see that for r small, this equilibrium is asymptotically stable but as
r increases it will loose its stability and it will undergo a sequence of Hopf bifurcations as the parameter r increases from 0
to oco. The structure of this cascade of Hopf bifurcations will depend on the parameter «.

Observe that the existence of cascades of Hopf bifurcations for these delay problems is in some sense expected. Note
that if for fixed o > 0, ¥ (t, &) is a periodic orbit of period To of (1.1) for the value of the delay r =rg > 0, then  is also
a periodic orbit for (1.1) for the sequence of delays ro + kT for all k € Z such that ro + kTo > 0. This result is obtained
just by noting that if v (t, &) satisfies the first two equations of (1.1) for the delay ro then v (t, &) also satisfies the same
equations for the delay ro + kTy. This follows just by noting that v (t — (rg + kTg), &) =¥ (t —kTg — 19, &) =Y (t — 10, €). In
particular, if for r =rg, the equilibrium u =1 undergoes a Hopf bifurcation of periodic orbits, that is, we have continuous
curves of delays r(w) and periodic orbits v, (t, &) of period T(u), u € (—¢, €) for some ¢ > 0 small such that r(0) =rg and
T(0) = Ty, then the points r, =rg + kTo, k € Z such that r, > 0 are also points where a Hopf bifurcation occurs, with delay
curves ry(u) =r(w) + kT () and periodic orbits v, (t, &) of period T ().

We summarize the results of this paper in the two following results.

Theorem 1.1 (Case 0 < « < 2). For fixed a € (0, 2] there exists a delay ro > 0, such that the equilibrium solution u = 1 is asymp-
totically stable for O < r < ro and unstable for ro < r. Moreover, there exists a Tg > 1o, such that the equilibrium u = 1, undergoes a
Hopf bifurcation at the points r, =rg + kT fork =0, 1, 2, ... and these are the only values of r for which there is a bifurcation of the
equilibrium solution u = 1.

Moreover, if for r = ro, the bifurcation curves are given by the continuous functions ro(u), with r(0) = ro, with periodic orbits
of period T (1) for u € (—¢, €) for some ¢ > 0, then these functions are all analytic, T (0) = To and the bifurcation curves at r = ry
are given by the functions ri (1) = ro(u) + kT (1) with periodic orbits v, of period T ().

The periodic orbits bifurcating at r = ry for k > 1 are all unstable.

Theorem 1.2 (Case o > 2). For any fixed a > 2 there exist 0 <19 < To and 0 <Tp < To with the property that either ro o or
To # To, such that the equilibrium solution u = 1 is asymptotically stable for 0 < r < min{rg, 7o} and unstable for min{rg, 7o} <.
Moreover, there exists a discrete set I C (2, o0) which is either a finite set or a sequence = {aj}?.‘;] with aj — 2, such that for all

o € (2,00) \ I, the equilibrium u = 1 undergoes a double cascade of Hopf bifurcations, at the points ri, = ro + kT and ¥, = Fo + kTo,
k=0,1,... and these are the only values of r for which there is a bifurcation of the equilibrium solution u = 1.

Moreover, as in Theorem 1.1, if for r = rg, I, the bifurcation curves are given by the continuous functions ro(u), fo(u), with
1(0) = ro, 7(0) = To, with periodic orbits yr,, ‘Zu of period T(w), T(w) for u € (—¢, €) for some & > 0, then all these functions are
analytic, T(0) = To, T(0) = To and the bifurcation curves at r = ry, ¥y, are given by the functions ri () = ro(p) + kT (1), Fe() =
Fo(u) + kT (1) with periodic orbits Yy, 1[7,; of period T (), T (). The periodic orbits bifurcating from u =1 atr = ry, 7 fork > 1
are all unstable.

Remark 1.3. The set I in Theorem 1.2 consists of the cases where either {r}p°, C {Fk}p2, or {Filpo C {rk}pe,- In particular
we are not excluding the case where ro =T7o but {re}p2, & {Fk}pe, or {Tklpog & {Tklpe,- In this case we have two curves of
periodic solutions bifurcating from the equilibrium solution u = 1. The minimal periods of these two periodic solutions are
different, and for values of the parameter r near ro =7y the two periodic solutions live in a 4-dimensional center stable
manifold. Nevertheless the dynamics of these two periodic orbits is not clear.

This case is new and it does not occur when the nonlinearity with the delay is set in the interior of the domain (see [11]).

Remark 1.4. In terms of the first Hopf bifurcation (r =rg) we conjecture that it is supercritical and the periodic orbit is
globally stable, see [5] for some numerical evidence in this respect. This issue will be addressed in a future work.

As we mentioned above, when there is no delay present, the dynamics generated by Eq. (1.1) is a simple one, that is,
it is a gradient system with just two equilibria and the evolution of any non-negative and nontrivial initial condition will
approach the constant equilibria u = 1. Also, in terms of the linearization around an equilibrium u = ug, we see that the
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linearized operator is a nice self-adjoint operator (the laplacian with some Robin boundary conditions) and the spectrum
consists of a sequence of simple real eigenvalues converging to —oo and the associated sequence of eigenfunctions form
a nice sequence of orthonormal eigenfunctions which form a base in L2(0, 1) for instance. We refer to [4] for a general
reference for the dynamics of reaction-diffusion equations in several spaces dimensions with nonlinear boundary conditions.

On the other hand, notice that by turning on the delay in Eq. (1.1), Theorems 1.1 and 1.2 tell us that, even in a 1-dimen-
sional problem like (1.1), we are producing some dynamic behavior which is more complex than its counterpart equation
without delay. As a matter of fact, these theorems account for a cascade of Hopf bifurcations as the delay increases to
infinity and this type of bifurcation is never present in a gradient system. Also, as it is stated in Theorem 1.2, for some
values of the parameters of the equation, it is possible by increasing the delay to destabilize the constant equilibrium
solution u =1 and make that 4-complex eigenvalues of the form +iwq, tiw;, cross the imaginary axis from the stable part
to the unstable part of the complex plane. This is saying that at this value of the delay, we have a 4-dimensional center
manifold around the equilibria u =1 and the dynamics in this center manifold is by no means a trivial one.

This phenomena is related to other results from the literature. As a matter of fact in [10] the authors compare the
dynamics of a scalar 1-d reaction-diffusion equation of the type u; = uxx+ f(x, u) in (0, 1) with either Dirichlet or Neumann
boundary conditions with the dynamics of the same equation where a linear term of the form c(x) fol v(x)u(x)dx is added
to the equation. They show that by choosing appropriately the functions f, ¢ and v, the dynamics of this new nonlocal
equation is much more complex than the original one. Actually, they are able to show that for appropriate f, ¢ and v the
linearized equation around u = 0 has 2m-complex eigenvalues of the form +iw1, ..., iwy, where the numbers wq, ..., wp
and m are chosen a priori. Moreover the rest of the eigenvalues live in the stable part of the complex plane. If this is the
case, a center manifold theorem can be applied which gives us the existence of an exponentially attracting center manifold.
Observe also that if we choose w1, ..., w;, rationally independent we have that the linearized equation reduced to the
linear 2m-dimensional space is formed by quasiperiodic orbits. Moreover, they are able to show, that the function f can
be chosen in such a way that the reduced vector field to the center manifold can have a prescribed Taylor expansion
of an order as large as we want. In this way it is possible to see how very complicated dynamics may be generated by
the addition of linear nonlocal term as described above. Several other generalizations of this ideas, applied to equations
with non-x-dependent nonlinearities, are also obtained in [17]. Moreover, other complicated dynamics is also address in
|6] where a combination of Center Manifold techniques and KAM theory is applied to show the persistence of complicated
dynamics, persistence in the sense that is stable under high order term perturbations.

With respect to delays, we would like to mention also the work [11] where the author analyzes the bifurcations occurring
in a reaction-diffusion equation when the delay acts in the interior of the domain (not on the boundary). He analyzed in
detail the eigenvalue of the linearized problem and showed that it is possible to choose appropriate nonlinearities such
that for some value of the delay we have again 2m purely imaginary eigenvalues of the form +iwi,..., *iw, where
W1,..., Wy and m can be chosen a priori. This is another indication of the possibility of obtaining complex dynamics by
introducing a delay in a reaction-diffusion equation. One important remark should be made. In the case where m > 2,
the possible complex dynamics obtained in [11] is necessarily unstable because in this case there is always some positive
eigenvalues that makes the center manifold unstable and therefore the dynamics is not stable, see Theorems 3.2 and 3.3
of [11]. In this respect, our setting contemplates the possibility of having 4-complex eigenvalues crossing the imaginary axis
(see Remark 1.3) and therefore, we may have some complex dynamics while the rest of the eigenvalues have negative real
parts (they are stable) and therefore this complex dynamics maybe stable. In the present paper we do not deal with this
case but it will be addressed in a future work. It maybe possible that the methods and techniques from [10,17,6,11] may
give some light for this case.

We describe now the contents of the paper.

In Section 2 we reformulate problem (1.1) as an evolutionary problem in the space C([—r, 0], H'(0,1)). We indicate its
main properties and obtain the linearized equation around the equilibrium u = 1. We also introduce some notation that will
be used hereafter.

In Section 3 we study the linearized problem around the equilibrium solution u = 1. We will determine the behavior of
the eigenvalues as functions of the parameters o and the delay, r. Here we will see that as the delay goes to infinity, we
will have pairs of eigenvalues crossing transversally the imaginary axis and this produce Hopf bifurcations.

In Section 4 we study the stability of the equilibrium point u = 1, obtain the cascades of Hopf bifurcations and provide
a proof of the main results.

In Appendix A we provide a proof of the Hopf bifurcation theorem for the case we are studying. For this we follow the
work of [7] and [18]. This theorem is used in Section 4.

2. Abstract setting and linearization

In this section we rewrite Eq. (1.1) as an abstract evolutionary equation in appropriate functional spaces. We start out by
setting some notation that will be used through out the rest of the paper.

Let A: D(A) C L?(0,1) — L?(0,1) be the unbounded linear operator, Ap = —@yx, with domain D(A) = {¢ € H2(0, 1):
@x(0) = @x(1) = 0}. Following [1,2], we know that this operator has an associated scale of Hilbert spaces X#, g € R, which
are obtained through interpolation-extrapolation procedures and that, since we are working in a Hilbert setting, they co-
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incide, for 8 € [0, 1], with the scale of fractional power spaces, that is, X = D(A#), and for g € [—1,0], X~# are the dual
spaces of X%,

Moreover, the operator A, or more properly speaking, the realization of the operator A in X#, is an unbounded operator
in X# with domain X'*#, The operator A generates an analytic semigroup in X? for all 8 € R and the following regularizing
estimate holds

leuly, <Ml v <8

Moreover, the constant M can be chosen uniform for all —-1<y << 1.

In particular, we are interested in the operator A_1,2 : D(A_1,2) C H~1(0,1) — H~1(0, 1), where D(A_1,2) = H!(0, 1).
Givenr > 0 and B € R, we define Cg = C([—r, 0], X#), the Banach space of all continuous functions from [—r, 0] to X? with
sup-norm, and similarly C# = C([0, r], X?).

We will denote by H=1(0,1) the dual space of H!(0,1) (notice that this notation is usually reserved for the dual
of Hg,) and we consider the duality product (-,-), between H'(0,1) and H~1(0,1) which is obtained as the extension

of the standard L2-product. That is, if ¥ € H'(0,1) and f € L2(0,1) c H~1(0, 1) then

1
(v, f)=fW(X)f(X)dx.
0

Let us consider, for o € R, the linear operator £: H!(0,1) — H~1(0, 1), given by L(¥)(¢) = —a (¥ (0)¢ (0) + ¥ (1) (1)),
for all ¢ € H'(0, 1). Now we define some operators related with our Eq. (1.1). Moreover, given a > 0, we define the linear op-
erator Lq : C([—a, 0], H'(0, 1)) = H1(0, 1), by La(¢) = L(¢(—a)), for all ¢ € C([—a, 0], H'(0, 1)). We will also consider L_g.

Let Ay : C_1/2 — C_1,2 be the linear operator with domain

D(Ay) = |¢ € C12, suchthat, ¢ € C1/2, ¢(0) € H'(0,1), ¢~ (0) = —A_1,20(0) + L ()},

and defined (Ay@) (@) = ¢(0), for all ¢ € D(Ay) and 0 € [, 0].
Consider now, for a given « > 0, the nonlinearity g : H'(0,1) x H'(0,1) — H~1(0,1), defined by g(¢,¥) =
—L(@(1 — ¥)), for all ¢, ¥ € HI(0,1). And, finally, given «,r > 0, we define G: Ci2 — H7'(0,1), as G(¢) =

£(¢(0), ¢(—1)) — L (¢).
With this definition, Eq. (1.1) can be written as

{ﬂ(t)+AUu(t)=G(ut), t>0, (21)
u(t) = @(t), te[-r,0], ’
where u¢(s) = u(t +s) for s € [—r, 0]. Following [14,15,19,20,22], we get that the solutions are in C([—r, 0], H'(0, 1)) and, if
the initial condition is positive, their are positive for all times.

We will need to analyze the stability properties of the equilibrium solution u =1 of Eq. (1.1) for o > 0 and r > 0. This
stability properties are given by the stability properties of the zero solution of the linearization around u = 1. This linearized
equation is given by

dv
- = Ve in (0,1) XR+,
d‘t/ (2.2)
P —av(t—r) in{{0}U{1}} x RY.

And, finally, using the definition of the operator £ we can rewrite (2.2) in the abstract form
v(t)+ Ayv(t) =Lve, t>0, (2.3)
V(D) = @(t), te[-r,0l '

3. Eigenvalue behavior

The analysis of the stability properties of the equilibrium solution u =1 and of its possible bifurcations is based on the
study of the numbers XA € C for which there exists a nontrivial solution of the problem

Yee =A@ in (0,1),

WP e (31)
o ae M@ in{0}U{1}.

Although properly speaking problem (3.1) is not an eigenvalue problem, we will call the numbers A, eigenvalues and
their corresponding solutions of (3.1) the eigenfunctions ¢.

This section is devoted to the study of problem (3.1) and to the analysis of the dependence of the eigenvalues on the
parameters o > 0 and r > 0.
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Notice first that A =0 is not an eigenvalue for any « > 0, r > 0. This is due to the fact that the unique solution of the
problem

Pee =0 in (O,l),
bl . (3.2)
o ap in{0}U{1}

is ¢ =0.

Notice also that A is an eigenvalue of (3.1) with eigenfunction ¢ if and only if X is also an eigenvalue with eigen-
function @. To see this we just take complex conjugates in (3.1). In particular we just need to study the eigenvalues with
non-negative imaginary part. From now on in this section we will consider only the case of A € C with Im(%) > 0.

Moreover, if we take r =0 the eigenvalues of (3.1) are well determined. They all are negative real numbers, they can be
explicitly calculated and they are all simple eigenvalues. We will denote them by 0> A1 > Ay > ---.

Let us set A = w?. Obviously, under this transformation the set {* € C, Im(%) > 0} is mapped one to one to the first
quadrant of the complex plane {w € C, Re(w) > 0, Im(w) > 0}. Let us look for solutions ¢ of (3.1) of the form ¢(§) =
c1 exp(—wé) + ¢y exp(wé), for c1 and ¢ not both being zero. After some simple calculations we obtain that w must satisfy
that the following system of linear equations in (c1, c) must have nontrivial solutions:

e*W(oce*Wz’ —w) eW(ae*WZr +w)\[(c1)_ (O (33)
ae T+ w ae T —w ) \0)° ’
The fact that the rank of the matrix of the system above is never zero, for any « > 0, r € R and w € C tells us that all
eigenvalues of (3.1) are geometrically simple, that is they have only one independent eigenfunction.
If we denote by F(w,r) the determinant of the matrix of the system (3.3), the solutions of the equation F(w,r) =0
gives us the values of w so that A = w2 is an eigenvalue of (3.1). The function F is given by

2

F(w,r)=e “(ae™ " — a))2 —e? (ae“"zr + a))z.

For fixed r € R the function F(-,r) : C — C is a holomorphic function, which obviously is not identically zero. Therefore
the roots of F(-,r) form a discrete set in the complex plane with no accumulation point. Moreover, since the function
JF is continuous in both w and r we will have that if (wy,r,) are roots of F and (wy, 1) = (Weo,Too) € C x R then
(Weo, o) is also a root of F. We also know that if F(wg,rg) =0 for some (wg,rg) € C x R and F'(wyg, rg) # 0, where ’
stands for d/dw, then by the implicit function theorem, there exists a neighborhood B(wyg, §) x (rg — €, 19 + €) such that
for all r € (rg — €,rg + €) there exists a unique w(r) € B(wg, §) such that F(w(r),r) = 0. Moreover since the function
(w,r) - F(w,r) is analytic then the function r — w(r) is real analytic. We also have that, if for fixed rg, the complex
number wy is a root of multiplicity k of F(-, o), that is F(w, o) = (W — wo)¥G(w, rp) for some analytic function G(-, o)
with G(wog, o) # 0, then in a neighborhood of ry we have exactly k continuous branches of roots w1 (r), wa(r), ..., w(r),
maybe coinciding some of them.

Notice that F can be decomposed as F(w,r)=e Y F(w,r) - F(w,r) where

Fw,r) =w(e®—1) +ae““2r(ew +1),
Fw,n=w(e®”+1) +oee_“’2r(e“) -1).
The following result states that F and F cannot have common roots.

Lemma 3.1. A pair (w, r), cannot be a simultaneous root of both F and F.

Proof. If F(w,r) = F(w,r) =0 then e" # 1, since if e" =1 from the first equation we obtain F(w,r) = 2oe= T # 0. With
a similar argument we can also prove that eV # —1.
Obtaining the value of ae™"’T from the first equation and plugging it into the second equation we obtain
dwe"
ew 41~

which is impossible since e" # 1 and therefore w #0. O

Lemma3.2.I[fw e CT\ {0} is arootof F(-,r) (resp. F(-,1r))forsomer e Rand w ¢ (1+i)R then there is not other s € R, s # r such
that w is a root of F(-, s) (resp. F(-, s)).

Proof. If F(w,r) = F(w, s) =0 then we have that a(e‘wzr — e“"’zs)(ew + 1) =0. As we did in the previous lemma, e" +
1 # 0 which implies that e~W’r — e=w’s But this is only possible if there exists a k € N such that w2r = w?s + 2krmi, or
equivalently r =s + 2kmri/w?. But if w ¢ (1 +i)R then w? ¢ R. This means that either r or s are not real numbers. O
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As an immediate consequence of this lemma, we have:

Corollary 3.3. If w € CT with w ¢ (1 + )R is a root of F(-, 1) for some r € R then there exists at most another s € R, s # r so that
w is a root of F (-, S).

In the following lemma, we will show that if A = w?, with w =x+iy € C* is an eigenvalue of (3.1) for some r > 0 then
we have several restrictions on the places where w can lie. In fact, we can divide the complex plane in regions where the
eigenvalues can lie and these regions will give us an insight on the dependence of the eigenvalues on r.

Lemma 3.4. Let A = w?, w = x+iy € CT \ {0} be an eigenvalue of (3.1), associated to the eigenfunction ¢. Then the following hold:

(i) If Im(1) # O, then there exists k € Z, k > 0, such that

2xyr € (2km, (2k + 1)7r).
(ii) If, moreover, Re(A) > 0 then

|:(4k+ D

2Xyr € ,(2k+1)n).

Proof. Multiplying Eq. (3.1) by the conjugate of ¢, integrating by parts and getting real and imaginary parts, we get that
the following system must be satisfied

1

1
—/V_Ww d& — aexp(—(x* — y?)r) cos(2xyr) (¢(0)¢(0) + p(De(1)) = (x* — y?) / Py dt,
0 0

1
aexp(—(x* — y?)r) sin(xyr) (¢(0)p(0) + ¢(Mg(1)) = 2xy / Q@ dx.
0

From this, and keeping in mind that x, y > 0, (i) and (ii) follow immediately from the restrictions imposed to the sign of
sin(2xyr) and cos(2xyr). O

We also have the following important result.

Lemma 3.5. For any R > 0 and for any a > 0 there exists b > 0 such that there are no eigenvalues X of (3.1), for any 0 <r < R, in the
region {A € C, Re(A) > —a, |Im(A)| > b}.

Proof. As usual it is enough to prove that there are no eigenvalues in the region {A € C, Re(A) > —a, Im(A) > b}. This
region is transformed by the map A = w? into the region {w =x+iy e C, x,y >0, x> — y*> > —a, 2xy > b}. This region is
delimited by the intersection of the two hyperbolas x> — y2 = —a and 2xy = b in the first quadrant and it can be easily seen
that x2 + y2 > b for any w =x + iy in the region. In particular we have that 2x2 > b — a or equivalently x > ((b — a)/Z)%.
If A =w? with w =x+ iy is an eigenvalue of (3.1) then w satisfies F(w,r) =0 or F(w,r)=0.
Consider first that F(w,r) = 0. Then w(e® — 1) + ae*wzr(e‘” + 1) which implies that e = —a)gf‘ﬁ%%; and taking
modulus, we obtain

X+iy _ X _
§ ety — 1] yleX —1]

—X=yHr _ (2 2 2 2
ae = () 2 6 )

which implies that
1
1 |14 e~ (b-0/2)2
b2 < eaR —l
[1—e—((b-a)/2)2
But this last inequality cannot be satisfied for large b since the right-hand side is uniformly bounded as b — oo and the

left-hand side goes to infinity.
With a similar argument for F we prove the result. O

Lemma 3.6. For any R > 0 there exists a > 0 such that there are no eigenvalues X of (3.1), for any 0 < r < R, in the region {A» € C,
Re(}) > al.
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Proof. As before we need to consider only the case Im(A) > 0. The region {A € C, Re(A) > a, Im(A) > 0} is transformed by
the map A = w? into the region of the first quadrant given by {w =x +iy: x,y >0, x2 — y> >a} and in this region we
have (x2 4+ yz)% >x>./a.
If 2 = w2 with w = x + iy is an eigenvalue of (3.1) then w satisfies F(w,r) =0 or F(w,r)=0.
Consider first that F(w,r) = 0. Then, as we did in the previous lemma e~ = _ EiZ;};
obtain

and taking modulus, we

%|ex+iy_1| |ex_]|
e Y+ 1] 7 Tex 1|
Again, this inequality does not have any solution for large x since the right-hand side goes to infinity and the left-hand

side is bounded. _
With a similar argument for F we prove the result. O

o > ae~ @Y = (¥ +y?)

Let us use this bounds to try to say something more about the eigenvalues.
Lemma 3.7. There exist r* > 0 and a* > 0 such that for any r with 0 <r < r* all eigenvalues X of (3.1) satisfy Re(A) < —a*.

Proof. Consider a value a* > 0 such that for r = 0 there are no eigenvalues in the region {A; Re(A) > —a*}. This is always
possible since for r =0 all eigenvalues are real negative and uniformly bounded away from zero.

Applying the previous lemma to R =1 and a* we obtain that there are positive numbers a, b > 0 such that for any 0 <
r <1 if there is an eigenvalue with Re(1) > —a* then it must lie in the compact region {}; —a* < Re(A) <a, |Im(1)| < b}.

If the statement of the lemma would not be true, there would exist a sequence r, with 7 g 0" and corresponding
eigenvalues A lying in the region above. By compactness there would exist a subsequence of A, converging to Ao, and
by the continuity of the branches of eigenvalues we would have that A, is an eigenvalue for (3.1) for r = 0. But this is
impossible since Re(Ay) > —a*. O

From Lemmas 3.6 and 3.7 we easily see that if for some r > 0 there is an eigenvalue of (3.1) with positive real part,
then this eigenvalue has crossed the imaginary axis at some point. Hence, we look now for eigenvalues A that cross the
imaginary axis, or equivalently for branches w(r), roots of F, that cross the line (14 i)R*, which is the diagonal of the first
quadrant. Therefore we will look first for roots of F of the type w = x + ix.

We start with the following technical lemma that will be used in several points below.

Lemma 3.8. For any w = x + ix with x > 0 we have

2w
Re(1+———)>0 (3.4)
ew —-w
or equivalently if we define n(x) = e?* 4+ e~2* — 2 cos(2x) and y (x) = 2x((e* — e™*) cos(x) + (e¥ + e ) sin(x)) then
nx) £y >0. (3.5)
Proof. Notice that
2w 1 W W
Re<ew — e—W> = Re(2w(e" —e™")),

but " —e~W|2 = e2X 4 e~2X — 2 cos(2x), and

Re(2w(e” —e™™)) = 2x((e¥ — e ™) cos(x) + (e* +e7¥)sin(x))
which shows the equivalence between both statements (3.4) and (3.5). We show this last inequality.
Using the expression cos(x) = (e’ +e~'*)/2 and sin(x) = (e’* — e~'*)/2i we obtain that
Y (x) = 2x[(e¥ — ™) cos(x) + (e* + ™) sin(x)]
=x(e (1 — i) + e =1 i) + A+ i) + e (=1 +10))
and by a power series expansion we obtain

o0

Xt 2k+3 k
V(x)zkgomz (—1) .
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Similarly,
2 2 o xikr2 4k+4
X) =e* +e ¥ —2cos(2x) = — e,
nx) * %) Z(4k+2)!
k=0
Therefore,
o X ak+4 S 2k+3 k
X)Lty = —2 + —2 -1
nEy =) @k +2)! 2. @2 D
k=0 k=0
0 Ak+2

— (4k m 2)' 22k+3 (22k+1 + (4k + 2)(_])1{)
k=0 ’

But the real numbers aki =22+1 + (4k 4 2)(—1)¥ are all positive except for a® = 0. This shows that nx)£yx) >0 for
any x> 0. O

We have decomposed F as F(w,r) =e Y F(w, r)F(w,r) where
Flw,n=w(E”-1)+ ae"”zr(e‘” +1),
Fo,n=we”+1) +oce"”2r(e“’ —-1). (3.6)
Lemma 3.9.

(i) For any a > O fixed, the value w = x + ix, x > 0, is a root of F(-,r) (resp. F(-,)) for some r > 0 if and only if h(x) = O (resp.
h(x) = 0) is satisfied, where

h(x) = (2x* — a?)(e* +e™) — 2 cos(x) (2x* + &?),
h(x) = (2x* — a?)(e* +e7) + 2 cos(x) (2x* + &?).

(ii) If x > 0 is a root of h and if we define © = 3% + arctg(322%) e (r, 37'[/2) ro =22 > 0and To = % then we have

0 <19 < To and (x + ix, ) are roots of F for all re=ro+ kTo for allk=0,1,2,.... Moreover, these are the only values of r for
which w = x + ix is a root of F. i

(iii) If X > 0 is a root of h and if we define ® = - arctg(zsm(")) € (w,3m/2), fo = 2’;;2@ >0, and Tg = Z; then we have
0 <7 < To and (X + iX, ) are roots ofF for all fx =To + kTo forallk =0, 1,2, .... Moreover, these are the only values of r for

which W =X + ix is a root of F.

Proof. (i) If the value w =x+ix, x> 0, is a root of F or F, then
w(e” 1) = fwe (" £1)P = 2| (e” £ 1)]”

Evaluating this expression in w = x 4 ix we obtain the equations h-(x) =
(ii) If x > 0 is a root of h and we denote by w = x + ix, then we have

[w(e™ —1)| =ale” +1].

Hence, if we denote by © =Arg(%) €[0,2m) we have that w(e" — 1) = —e@+ZMig(eW 4 1), k € Z. In particular,
since w? = 2x%i, we have that for all values r = — 32T we obtain

w(e" —1)= —e_""zroz(e"" +1)

which is equivalent to F(w,r) =0. A simple computation shows now that @ = Tﬂ arctg(zf“‘e(f)) € (7,37 /2) and that if
27—
Z. o
2x2 2

ro= © then all the values r > 0 can be rewritten as ry = ro + kTo with To =
We also have the following
Lemma 3.10.
(i) Forany a > 0 the equation h(x) = 0 has only one positive root x = x(ct). Moreover x(«) is an increasing function of a.

(ii) Forany « € (0, 2] the equation h(x) = 0 has no positive roots. Moreover for any « > 2 the equation h(x) = 0 has only one positive
root X = X(c). Moreover X(«) is an increasing function of o.
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Proof. The equations h(x) =0, E(x) =0 can be written as g(x) = «2/2, g(x) = a2/2, respectively, where

,e¥+e % —2cos(x)
eX +e~*+2cos(x)’

,e¥+e %+ 2cos(x)
eX+e~X—2cos(x)

g(x)=x

g =x
But the derivatives of g, g satisfy
g0 =2x(n(x) — y(0)/(e* +e™* +2cos)” > 0,

70 =2x(n®) +y(®)/(e* + e ¥ — 2cos(x))* > 0,

for any x > 0 by (3.5).
With this result, by the fact that g(x), g(x) — +o0 as x — +o0, and the fact that g(0) =0 and g(0) = 2 we conclude the
proof of the lemma. O

Lemma 3.11. If w = x + ix with x > 0 is a root of F(-,r) (resp. F(-, 1)) for some positive r then it is a simple root of F(-, 1) (resp.

F(, ).

Proof. Assume w = x + ix is a root of F(-,r) such that F/(w,r) = 0. After some simple calculations we show that w must
satisfy the equation
2w

ﬁ =—1 —2W2r.
e” —e—

But if w = x+ix then —1 — 2w?r = —1 — 2x?ri and taking real parts above, we obtain

2w
Re 1+m =0

which is impossible by Lemma 3.8. With a similar argument we prove it for F. O
Lemma 3.12.

(i) Forany a > 0, if w* = x* 4 ix*, with x* > 0, is a root of F (-, r*) then there exist €* > 0 and an analytic function w : (r* — &*,
r* 4+ &*) — C with w(r*) = w* such that F(w(r), r) = 0 and these are the unique roots of F in a neighborhood of (w*, r*).

(ii) The branch w(r) satisfies w'(r*) = a + bi with a > b, that is, the branch crosses transversally the diagonal {z = x + ix; x > 0}
and always in the same direction, from {z = x +iy; x < y} towards {z=x +iy; x > y}. Moreover, w(-) is defined for all r > r*,
w()ef{z=x+iy; x>y >0}forallr >r*and wr) - 0asr — +oc.

(iii) If wq(-) and wa(-) are two branches passing by w* for r and r3 respectively with r} # r3, then both branches are different in the
sense that w1 (r) # wy(s) forany r # 15 and s #r3.

(iv) Similar statements are obtained for F.

Proof. (i) The existence of the branch and its analyticity follows from the simplicity of the roots given by the lemma above.
(ii) In order to study the crossing with the diagonal, let us compute w’(r*). By implicit differentiation and using that w*
is a root of F(-,r*) we have that

(w*)?
w(r*) = —.
) —1 = 2(w*)2rr + 2

e~ _ew*

If we denote by

V23

2w R 2

—wF —EW*

>0,

then we can write

/ 2 . . 2w*
wr=Al-2x1T1+D)+A -1+ =——] |-
eW _e—W
If we express 1+ % =a+ bi then W (r) = A(=2x2r(1 + 1) + (1 — i)(a + bi)) = A(=2x*r(1 + i) + (@ + b) + i(b — a))
and w(r) will cross transversally in tt*le direction stated if and only if a + b > b — a or equivalently if and only if a > 0. But
a=Re(1+ -2 __)—Re(1+ ew*z_%) > 0 by Lemma 3.8.

eV —e—W*
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Assume that the branch w(-) is defined in [r*, r,). Since the crossings with the diagonal are only in one direction then
w(r) ¢ {z=x+1iy; x=y > 0} for any r € (r*, r). If there exists rg € (r*, ro) with w(rg) € [0, 00) C R and we assume this
is the first ro > r* with this property, it would mean that by continuity of the eigenvalues A(rg) = w(rg)? € [0, 00) is an
eigenvalue of (3.1). But this is impossible. Therefore w(r) e {z=x+iy; x>y >0} for all r € (r*, r).

Since F(w,r) =0 can be written as e’ = —wggwﬂ) and taking modulus, we obtain for w(r) = x + iy,

1|eXty — 1

e~ =y — (x +y)z 23 le¥ 1]

e =1 2
|ex+z‘y+1|/( ) leXx +1|

(3.9)

Since x > y the left-hand side is bounded by « for all r > r*. This implies that [w(r)|> = x2 + y2 is uniformly bounded for
all r € (r*, roo). This implies that ro, = +00. By the bounds from Lemma 3.4 we have that there exists a constant C such that
2xyr < C and therefore any accumulation point of w(r) as r — oo must lie in the set {x +iy; y =0, x > 0}. But passing to
the limit as r — oo in (3.9) we obtain that necessarily w(r) — 0 as r — oo.

(iii) That the two branches are different follows from Lemma 3.10. O

Remark 3.13. Notice that not only the two branches are different but we can show that they cross the diagonal with
different inclination. For this we will show that w’ (r})/w’(3) ¢ R. But,
wi(rh) 2wt —1%) 2x2i(r;“— *)

wh(ry) Sl — 2w Y — 14 2x2r5i + -

ew* —e~ W*

This implies that w/ (r})/w)(r5) € R if and only if

2w*
Re 1+m =0

which is impossible by Lemma 3.8.
Summarizing the results of this section and rephrasing them for the original eigenvalue problem (3.1) we obtain:

Proposition 3.14. We have the following results:

i) If 0 < a < 2 there exists only one value Lo = bi, with b > 0, such that ¢ is an eigenvalue of (3.1) for some r > 0. Moreover,
b= 2)((05)2 where x(«) is the unique root ofh(x) where h is given by Lemma 3.9.
(i1) Ifwe consider ro defined by Lemma 3.9 and To = b = ra )2 then 0 < rg < T and all the values of r for which g is an eigenvalue

of (3.1) are given by r, =ro + kTo, k=0, 1, .... Moreover, for all these values ry, k =0, 1, ..., the corresponding eigenfunction
is always the same, which is given by the unique nonzero solution, ¢o (up to a multiplicative constant) of the problem (3.1) with
r=rgand A = Ag.

(i2) Forany 0 <r < rg there exists a(r) > 0 such that all eigenvalues of (3.1) satisfy Re(1) < —a(r).

(i3) Foranyk =0,1, ..., there exist g, > 0 and an analytic function Ay, : (ry — &k, 00) — C such that A, (r) and its complex conjugate
Xk (r) are eigenvalues for (3.1) for the value of the delay r. Moreover, Re(Ak(r)) < O for r < ry, A(ri) = bi, Re(Ar (1)) > 0 for
r > 1, and Re(A'(ry)) > 0. We also have A (r) — 0 as r — oo. In particular, for r € (r,_1, 1) we have exactly 2k eigenvalues of
(3.1) with positive real part.

(i4) Associated to the branches of eigenvalues A, (r) we have the branches of eigenfunctions, which are given by analytic functions
Xk (. — &k, 00) — H'(0, 1) where xi(ri) = @o.

(ii) If @ > 2 there exist only two values Ao = bi, Ao = bi with b,b > 0, such that X0, Ao are eigenvalues of (3.1) for some r > 0.
Moreover, b = 2x(ct)2, b = 2X(ot)? where x(«) and X(ox) are the unique roots of h(x) and h(x) respectively, where h and h are
given by Lemma 3.9.

(ii1) If we consider ro, Fo defined by Lemma 3.9 and To = 2£ = x(Z)Z' To = 27” = 2(2)2 then 0 < 1o < To, 0 < 7o < To and either
1o # o or T # To. Moreover, all the values of r for which g is an eigenvalue of (3.1) are given by r, =g +kTo, k=0,1, ...
and all the values of r for which g is an eigenvalue of (3.1) are given by 7, =79 + kTo, k=0,1, ....

(ii2) For any 0 <r < min{rg, T} there exists a(r) > 0 such that all eigenvalues of (3.1) satisfy Re(X) < —a(n).

(ii3) For any k =0, 1,..., there exist & > 0 and an analytic functions Ay : (ry — &, 00) — C, et (e — &k, 00) — C such that
Re(M(r)) < Oforr <T, Re(A(r)) <0 forr <7y, A (1) = bi, Ak(Fo) = bi, Re(Ag(r)) > 0 for r > 1, Re(h (1)) > O for r > 7,
Re(X (1)) > 0 and Re(X' () > 0. Moreover Ay (r), Ax(r) = 0 as r — oo.

4. Cascades of Hopf bifurcations. Proofs of the main results

In this section we analyze the stability properties of the equilibrium solution u =1 and show the existence of cascades
of Hopf bifurcations.



J.M. Arrieta et al. / ]. Math. Anal. Appl. 361 (2010) 19-37 29

We keep the notation from previous sections, in particular the meaning of Aq, io, ro, To, To, To, from Proposition 3.14.
We will show now several results that will conclude with a proof of the main results.

Proposition 4.1.

(i) Iffor0 <o <2 wehave 0 <1 <1 or for « > 2 we have 0 < r < min{rg, 7o} then the equilibrium point u = 1 is asymptotically
stable.
(ii) Iffor 0 < o < 2 we have r > rg or for « > 2 we have r > min{rg, 7o} then the equilibrium point u = 1 is unstable.

Proof. (i) We just need to realize that, in both cases, from Proposition 3.14(i2) and (ii2), we have that there exists a function
a(r) > 0 such that all the eigenvalues A of (3.1) have Re(X) < —a(r).
(ii) In both cases, there is at least one eigenvalue of (3.1) with positive real part by Proposition 3.14(i3) and (ii3). O

Our basic result on Hopf bifurcations is the following

Proposition 4.2. Assume o« > 0 and let r = p > 0 be a value of the delay for which problem (3.1) has an eigenvalue . = Bi, 8 > 0,
with eigenfunction ¢ (and obviously it also has the eigenvalue — Bi with eigenfunction ¢). Assume also that none of the values npi,
n=2,3,...isaneigenvalue of (3.1) withr = p. Then, there exist & > 0 and three analytic functionsr: (—¢,&) > R, T : (—&,¢) > R
and ¥ : (=&, &) — C3 (R, H'(0,1)) such that r(0) = p, T(0) = &, ¥ (0) = 1 and for all j1 € (—¢, £) the function

(t.&) =w( )(tz—” s)
Kt =FUO Ty

is a T (u)-periodic solution of problem (1.1) for the value of the delay r = r(u) and x, # 1. Moreover these are the only periodic
solutions near the equilibrium u = 1 of period near ZT” forr near p.

The proof of the proposition follows the lines of the Hopf bifurcation theorem given in [7] and [18], uses the results
in Proposition 3.14 and the fact that Re()'(0)) > 0. The proof is long, very technical and needs some extra notation and
lemmas, so we will give it in Appendix A.

We can provide now a proof of the main results.

Proof of Theorem 1.1. Observe that from Proposition 3.14, if 0 < « < 2, we have that for all values of the delay ro + kT,
k=0,1,..., we can apply Proposition 4.2 and obtain the existence of a Hopf bifurcation at these points. Notice that for
any of these values ro + kT, the linearization around u =1 has only two eigenvalues, +bi, b > 0, in the imaginary axis.
Moreover, these are the only values of the delay for which there exists a bifurcation, since by Proposition 3.14, these are the
unique values for which the eigenvalues of the linearization around the equilibrium point u = 1, cross the imaginary axis.
Moreover, if the bifurcating curves from rg are given by ro(i4) with r9(0) =r¢ and the periodic orbits are 1, with period
T (w) with T(0) = To, then the bifurcating curves for ro 4+kTo have to be ri () =ro(u) + kT (w) with periodic orbits v, and
period T(u). This is obtained just by noting that, as it was pointed out in the introduction, if v, is a periodic orbit with
period T(w) the value of the delay ro(u), then v, is also a periodic orbit for the value of the delay ro(u) + kT (1) for all
k=0,1,.... Moreover, from the uniqueness of the curves of the Hopf bifurcation we obtain that the branches bifurcating
from rg 4+ kT are necessarily given by ro(u) + kT (w). The fact that the periodic orbits obtained from the Hopf bifurcation
for k > 1 are all unstable are due to the fact that for k > 1, the linearization of the equilibrium point has at least two
eigenvalues with positive real part. O

Proof of Theorem 1.2. For the case o > 2 we have to set of values of the delays which are candidates for Hopf bifurcating
points, ry = ro + kTo, 7x = o + kTo. It is clear that if for some kg =0, 1, ..., we have that Tky & {7 7°=0, then at r =ry, there
will be only two eigenvalues +bi crossing the imaginary axis and, therefore, for this value of the delay we will be able to
apply Proposition 4.2 and will obtain a Hopf bifurcation. If we denote by ri,(u), ¥, T(1t) the curves of delays, periodic
orbits and periods, respectively, bifurcating from ry,, then for any other ry, k=0,1,..., we will have that the curves
re() =T, + (kK — ko)T (), ¥y, T(p) are curves of delays, periodic orbits and periods, respectively, bifurcating from ry.
Moreover, from the uniqueness obtained in the Hopf bifurcation theorem, we deduce that these are the unique curves
bifurcating from r. In a similar way we can argue if there exists 7y, ¢ {rx};2,. For this case, we will obtain bifurcation
curves emanating from 7 for all k=0,1,....

Hence we will have a double cascades of Hopf bifurcations if we can show that {r}p, \ {Fk}p2y # @ and {F}2, \
{re}p2 o # 9. We will be able to show this relation for all values of o > 2 except for a sequence of «; — 2. In order to prove
this, we proceed as follows.

Notice first that if we have {r}2° C {}2°,, then ro = fo+koTo and ro+To =Fo+koTo+nTo for some kg € NU{0}, n e N.
From here we obtain that necessarily To =nTg for some j € N. Similarly, if {Fepep C {rk}pe, we will obtain that To=mTy

for some m € N. But we know that Ty = x(Z—)? To= x(Z—ﬂ where x(«), X(«) are the unique roots of g and g defined in (3.7),
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(3.8), respectively. Hence, we are looking for values of o > 2 for which either (o) = «/nx(ct) or x(a) = /mX(ct) for some
n,meN.

Let us analyze first the case n =m =1, that is, the case x(a) = X(«). From the expression of the functions g and g,
we have that x(a) = X() if and only if cos(x(«)) = 0, which implies x(«) = % +km, k=0,1,... and o = «/5(% + k),

k=0,1,.... But, from Lemma 3.9, we have that ro = 2Z=2 with © = 2L + arctg(fxsi%) and 7o = £=2 with @ = 2L —
arctg(23"%). Since sin(x) = £1, we get that ro # o and also |ro — Fo| = 5210 — O] = 35 2arctg(E=) < & =To = To.

From here we easily get not only that rg # I but that {r,} N {Fx} = @. This implies that for this case we have always a double
cascade of Hopf bifurcations.

We look now to the case where n or m > 2. Observe that, as it was proved in Lemma 3.10, the functions g and g
are strictly increasing. Moreover, it is obvious to see that g(% + k) = (% + ki) for all k=0, 1,.... This implies that
necessarily, for any « > 2, if x(o0) € [% + k', & + (k+ 1)7r] then X(a) € [5 +km, T + (k+ 1)7] also. Hence, we always have
that for any o > 2, |x(«) — X(«0)| < 7. Define now, for 8 > 2, the set

Dg = {a > B: there existsn € N, n > 2 with x(or) = v/nX(«), or X(er) = v/nx(at) }.

Let us prove the following two statements:

(i) Dg C Dy if B <y and there exists a Bp > 2 such that Dg, = 9.
(ii) For any B > 2, Dg is always a finite set.

That Dg C Dy, if B <y, is a direct consequence of the definition of Dg. Moreover, since x(o), X(ct) = 00 as o — 00,
we can choose By such that for any o > o we have (v/2 — 1) min{x(«), ()} > 7. This implies that |/nx(e) — X(@0)| >
(v/n— 1) min{x(a), X(a)} — 7 > 0, for any n > 2, which proves (i).

In order to prove (ii), notice that, since for a > g > 2, we have x(a), (@) > d = min{x(8), X(8)} > 0, then, if \/np > 1+ %
we have |/nox(a) — X(a0)| > (/no — Dx(a)| — |x(ox) — X(et)| > (/o — 1)d — 7 > 0. This means that

Dg = {a €[B, Bol: there exists n =2, ..., ng with x(e) = v/nX(er), or () = v/nx(ex) }.
But then

no
D = | J{a €8, Bol: x(@) = Vnx(@), or k(@) = Vnx(@)}.
n=1

But, g and g are real analytic functions, strictly increasing for x > 0. Hence, g=1,&~1: [, Bo] — R are real analytic. In

particular, for each n, the number of roots of the equation g=! —./ng~! and g~' — \/ng~! in [B, Bo] is finite for all n. This
proves (ii).

If we consider now a decreasing sequence of S, — 2, then, since Dg, C Dg, for m >n and each of them is finite, if we
define

o0
D= Dg,
m=1

then D is either a finite set or a sequence converging to 2. Moreover, for all values of o > 2 with o ¢ I, we have that
{rihpeq \{Tidpe, # 9 and {7}p2 \ {rilee, # ¥ and a double cascade of Hopf bifurcations will occur. This concludes the proof
of the theorem. O

Appendix A. Hopf bifurcation

In this section we prove the existence of the Hopf bifurcation, where we adapt the results from [7,12,18] to our situation.
This adaptation is not straightforward since a careful study of the functional setting and the inequalities involved in the
proof must be done with care.

We show the Hopf bifurcation as a perturbation result, as was introduced by [12]. In order to do this, it is convenient
to consider our equation and the corresponding eigenvalue problem from a different point of view. This new point of view
will express the perturbation more clearly.

First of all, given r, & > 0, we define the pairing (-,-) : C'/2 x C1/ — R, by

0
W, @) = (¥(0), p(0)) + / L(Y(s+n)e(s)ds,

for all ¥ € C'/2 and ¢ € Cy/2.
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This pairing will induce the transpose equation of the linear equation, that is the solutions of

dv . _

— = Vgt in(0,1) x R,

g‘f/ (A10)
%=—av(t+r) in {{0}U{1}} xR".

In the same way as in Section 2 we can define it in an abstract form. This is done by defining the transpose, AE 12
C~1/2, to be the linear operator with domain

D(A])) = {w e C'/2, suchthat, ¥ e C'/2, w(0) e H'(0,1), —¥1(0) = —A_1 2% (0) + L (¥)},

and define (ALT]lI/)(G) =—y (), forall ¥ D(AE) and 6 € [0,r]. And, in the same way, the solution exists, is positive (for
positive initial data) and belongs to C([0,r], H'(0, 1)) for all time.

Remark A.1. For all ¢ € D(Ay) and ¥ € D(A])), we have (¥, Ayg) = (AL W, ¢).

Proof. Let be ¢ € D(Ay) and ¥ € D(A])), then we have

0
(w,Amp):(q/(O),Au<p(0))+fﬁ(uz(err))AU(p(s)ds

0
:(W(O),¢(O))+/E(ll/(s—f—r))gb(s)ds

0
— (¥(0), —A—120(0)) + (¥ (0), L (@) + L(¥ (s + 1) (5)| ., — / L(¥(s+1)p(s)ds

0
= (—AL/ZW(O), @(0)) + L(¥ (1) p(0) + / L(ALW (s+1))p(s)ds

=(Alw,9). O

Let us start by rewriting the eigenvalue problem to get the bifurcation equation. For each A € C and r > 0, define the
linear operator A(x,r): H~1(0,1) — H~1(0, 1), by

AGuDU=—A_1u+e " Lu—u,

for all 0 <u e H(0,1).

Remark A.2. We can now look the eigenvalues and eigenfunctions in a different perspective, compared to the previous
section, that is, the operator Ay has an eigenvalue A = w? = ib = 2ix?, x, b 0, for some r > 0, if and only if,

—A_1p@+e ML —ibp=0

is solvable for some b > 0 and 6 = 2w — ®) € [0, 2], where ® was defined in Lemma 3.9. If this is the case, for a pair
(b,6) and ¢, then for alln=0,1,2, ..., we have

A(ib, )¢ =0,

where r; = %. We have shown in this article the existence of such sequence. So we are going to fix through out this
section b, A, 6, r, and @ as above. In order to get the notation more simple, we will still denote the linear operators as Ay
and ALT] despite its dependence on ry,.

Consider

é(s) — [ (peibs gEefibs ] ,
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for all —r, <s<0and

- B (pefibs
¥ (s) = [ B.gels |
for all 0 < s <ry, where B, € C is such that Bn[fol @2 (x)dx + rnll(goz)e*ibr"] =1. And, consider also the real basis related to
& and ¥,

P(s) =[@1(5) P2(5)]=[Re(pe™) Im(gpe™)]

_ [ (peib5+¢efibs —i(peibs—&-i(_pe*ibs ]
2 2 ’

for all —r, <s<0and

¥ (s)} _ [ 2Re(Bapebs) Bape ™S + B,gel®s

B [—2 Im(Bngae*be)] B [iane*"bS + —iB_,,ae“’S] ’

() -
forall 0 <s <.

We will denote, for a given r,, by A the eigenfunction space of Ay corresponding to the eigenvalues A = +ib, it is easy
to see that @ is a real basis for A and ¥ is a real basis of the eigenfunction space of AE of Ay corresponding to A = =+ib.
One can also check that

i g (I, &1) (‘171,‘132)) (1 0)

v.d)=|(, ="~ =7 = .

. ® ((‘1’2,¢1) W2, 62 ) =0 1
This follows from the definition of B, and from the following equality: ib(gpe
Aype~iby = —ib(pe~® pe~ib) = 0.

Define now the projection 4 : Ci2 = A by A (¥) = @, 9), for all ¥ € Cq/2, and, given Tg > 0, let Pry ={g €
C(R, H71(0,1)): g(t+ Tp) = g(t), t € R}, with the norm | - ||7>T0 defined by ||g||pT0 = SUPtepo, 191 18BNl 2(0,1)- With this,

for each r, and Tg > 0, consider the linear operator Z : Pr, — R? defined, for any g € ‘P, by

w&:[

,ib’ gEefib) — (Atlweiib, (Zefib) — ((pe*”’,

To

zg=/@@vm%mé[£Wﬂmwm»m]
0

(g (), wa(t)) dt

Now, summarizing the results in [22,19,20,15,14] we get that:

Facts A.3.

1. The linear equation (2.2) can be written in abstract form as

u(t) =—A_q1pu®) + Ly (ur), t>0, (A11)

which has an analytic semigroup U (t) whose infinitesimal generator is Ay.
2. The nonlinear equation (1.1) can be written in abstract form as

u(t) =—A—12u(®) + Lr(ue) + G(ur), t=>0. (A12)

From now on n and o will be fixed. Following the usual techniques to study Hopf bifurcation, one should introduce a
change of variables in order to have a perturbation of the origin. To do this, first, we introduce v and p such that u =v +1
and p =r — ry, and substituting this in (A.12) we get

V() =—A_12V(®) + Lipgry (V) + F(vEO + 1, vt — p —10) + 1) = Lipgry(ve), t=0. (A13)

The next step is to fix also the period, therefore let To = ZT” and w(t) = v(t(1+ B)). With this, v is a To(1 + B)-periodic
solution of (A.13) if and only if w is a Tp-periodic solution of

W(t) =—A_1ow(t) + Ly, (W)

+ {—ﬂAq/zW(t) — Ly, (W) +(1 +ﬁ)f<W(t) +1, w(t - ’;i;) + 1) } t>0. (A14)

Thus, we will define

Go. B.we) = {—ﬂA_l/zwm L (wo+d +ﬂ)f(W(t) +1, W<t— ‘1’:;) + 1)] (A15)
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Remark A.4. In fact, one should look for this equation, for each ¢, in the unknown u;(-) € C1/> and, respectively, v¢(-) and
we (o).

Following [12] and [22], we get that, for all g € Pr,, the equation

dw
— =Ayw+g (A16)
dt
has a To-periodic solution if and only if g € N'(Z).
With this, one can define the linear operator K : N'(Z) — Pr, such that K(g) is the To-periodic solution of (A.16)
satisfying 7 4 (K(g)) =0 or (¥ (-), (K(g))o(-)) = 0. If we apply this to our case, we get that (A.14) has a Ty-periodic solution
w(t) if and only if there is a constant ¢ such that

ZG(p, B, wy) =0, and (A17)
w(t) =c®1(t) + [KG(p, B. wn) | (D). (A18)
for all t e R.

Remark A.5. By applying the implicit function theorem for c, p and B sufficiently small, we can solve (A.18). Let w(t) =
w(c, p, B)(t) be this solution, then w(c, 0,0) —c®1 = o(|c|), as |c| — 0. Moreover, since w(c, p, B) satisfies (A.18) and (A.16),
it is continuously differentiable in c, p, 8 and t.

The strategy is to expand all in terms of c. To do this, let p =cu, B =c8 and w(c, cit, c8)(t) = cP1(t) + c2W (), noting
that, from the remark above, W € Pr, and cW is O(]c|), as |c| — 0. Thus we can rewrite (A.15) as

- 1
Glcp, 8, wp) = cz{_m,l 21(0) = 8cA_1 /2 W (©) = —Lr, ((@1)e) = Lr, (W)

1+cs 2 Cu+rn 2 CU~+Tn
14 cdq(t W), 14co1|t— Wilt—
+ 3 f( +cdi(t) +c“W(t),1+c¢ 1< <1+c6 >)+c T

1
= Cz{—5/‘\—1/2¢’1 () —3cA_12W (L) — E(Lrn ((@1)e) — L(%)(((pl)t))

= (Lry (Wo) = Licusm) (Wo) + 8L ) (@1)e) + €L et (We)

el +c5)£<(¢1 (t) +cW (1)) <‘p1 (t B (C1M++cgn>> W (t B (Clujcgn))))}

=c?N(c, b, 8, Wy). (A19)

So, Egs. (A.17), (A.18) become equivalent to

IN(c, ,8, W) =0, and (A.20)

for all t € R, which is the bifurcation equation that we have to solve to observe the oscillatory behavior of Eq. (1.1) near the
positive constant equilibrium.

Lemma A.6.
lim N(c, . 8, We) = =8A-12@1(0) + (1 — )Ly, ((D1)¢) + 8L, ((P1)e) + L(P1(O)P1(t — 1)).
Proof. The proof follows easily if we take the limit as ¢ goes to zero in (A.19), taking into account Remark A.5. O

Lemma A.7.ZN(0, 0,0, W;) =0.

Proof. Observe that
IN(0,0,0, Wy) = (: _ll> (

S0 (Brpe bt N(0,0,0, W,)) dt)
7 (Bpge=, N(0,0,0, W) dt )~
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Thus it is sufficient to show that fOTO(goe‘ibt, N(0,0,0, W))dt =0. In fact,

To To
/(gae’”",N(0,0,0, Wt))dt:ll((p[/eibtcm )P (t—rn)dt}>
0 0

and the result follows easily if one observes that
) 1 ) ) ) )
e*le@] (s)¢] (S _ rn) — _((p2€1b(sfr,.) + (pgzeflb(sfrn) + (zgoeflb(S‘H”n) + ¢2€71b(357rn))’ (A.ZZ)
using that @1(s) = (1/2)(pe'®s + pe~%). Finally, noting that To = 2%, we have the result. O

Following [18], since a periodic solution of (A.14) is a C! function, one can restrict its attention in (A.20), (A.21) to
We P}O = {g € Pr,, such that g € Pr,}, with ||g||73} = |\g||7>T0 + ||g|\7>T0. Thus it is not difficult to see that ZN : [z x R x
0

Iz x 7371.0 — R is a continuously differentiable function. From Lemma A.7, we have that N(0, 0, 0, W;) € N'(Z). We have that,
if we denote by W¥ = K[N(0, 0,0, W;)], using the decomposition (A.22) it is easy to see that

W) = Ye2t 4 Ye 2P 4 7 + & (t)o (A.23)
where Y = —Xe 0 (—A_y;, + Le72 — 2ib) 1 L(9?), Z = —1cos(®)(—A_12 + L)T1L(pP), and 0 = —(¥(-), Ye2l +
Ye~2ib- 4 7).

On the other hand, as shown before, there exists a continuous branch of eigenvalues A(r), such that Re(i(ry)) > 0. But
we can say a little more now, observing that

AT =[-A_12+e L —Al]p=0, (A.24)

we can differentiate with respect to r, and applying (¢, -), we get that

d d dx
O:<¢’E(A(k’r)¢)> <‘p . ¢>_<"”E(r‘f“ﬁﬂ)@—(w,xe*”ap)

dr
= <(—A_1/2 +e ML —Al)p, ‘Z—‘f> - <¢, Z—i (re "+ 1)<p> — (. 2e7 M Ly). (A.25)
Therefore, using the definition of B;,, we get
A= —Bare M L(p?). (A.26)
Lemma A.8.
@f—,'zm(o, 0.0, W) =To (ffnfg) _Ig(k)> .

Proof. First of all, we have that %(0, 0,0, We) = =Ly, ($1)¢) and 38(0,0,0, W) = —A_1/2P1(t) + Ly, ($1)) + Ly, (D1)0).
Moreover we can write @ = ®H and ¥ = H~'¥, where H = 7(1 _')

1i/°
Thus, in order to evaluate ”IN (O 0,0, W;) we will start with

To To

1
/ (W (©), Ly, ((D1)e))dt = — / v (o), Ly, (‘p)t»dtH(O)
0

To
(Buge™, L(upe ™)) - (Bage™ ™, L(—rpe 7)) (1
(Bnpe*t, L(rper =)y (B,ge, L(—age *{E=)y) 0)
0
(A27)

First of all, using the definition of distributional derivatives to commute derivatives and traces (recall that ¢ is as smooth
as one wishes), following the same argument as to show that (¥, ®) =1, we have that the matrix inside the integral is
diagonal, thus, having in mind (A.26), one has only to evaluate

To To
/(Bn(pefk(t), L(rpe* M) dt = / Bpie M L(p?)dt = ToBnre """ L(g?) = —Toh.
0 0
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In order to evaluate BBI—SN(O, 0,0, W;), we proceed as above and we have

To
/(W(f), —A_12®1(0) + Ly, (®1)¢) + L, ((D1)c))dt = To (_Igl()\)> .0
0
Lemma A.9.
0ZN

G
0,0,0,W T ,
ac 5 ( ) 0 (gz)
where G; = ToRe(L(Bn@?Z(1 + e~ ") 4+ B,o@Y (e*™ + e**n))).
Proof. First of all, we have that
N 4 4
(0 0,0, W ) L(P1OWE(E — 1) + D1t — 1) WE(D)).

Since we have Wi(t) = Ye? 4+ Ye=2M 4 7 + @ (t)b = W (t) + @ (t)o, we have that

To
dIN aN 8
. ——(0,0,0,Wf) = /<w g(o,o,o, Wt)>dt
0
To
= /(w, L(P1 OW (t —rp) + D1 (t — rn)W(t)))dt, (A.28)
0

where we have used fOTO(lII, L(P1()P(t —1y)0 + DP1(t —17)P(t)0)) dt = 0. Finally we finish the proof using the definition of
W, W and To. O

Lemma A.10. G; #0.

Proof. One can note that ¢, Y and Z are symmetric around x = % and we can choose ¢ in such a way that ¢(0) = ¢(1) =1.
Let us remind that A =ib, 6 is such that the bifurcation points are r, = W. To = 27” @ satisfies ¢”(x) = A@(x), for
xe€(0,1), —¢'(0) =—ae ™ and ¢'(1) = —ae ™", Y satisﬁes Y”(x) =2AY (%), for x € (0, 1), —Y'(0) = —a(e 29V (0) + Je 1)
and Y'(1) = —a(e‘z"’Y(l) + 2e7) and, ﬁnally Z(x) = —4 cos(9). With this, we must show that

Re <Bn <Y(O) (M e~ 2Hn) — % cos(9)(1 + e‘”")>> #0.

Let be (Y (0)(e*™ +e~2"n) — 1 cos(8)(1 +e~™)). We have that ?;Eg:; does not depend on n, and using the definition of
B, we get

Re(B;) _Re(fo1 @2 (x)dx — 2ar% (0)e>n) n—oo cos(9)
Im(Bn) Im(fol @2(x)dx — 2arp @2 (0)e—4m) sin(6)

Therefore, if Re(By¢) =0, for all n and ¢ #0, then

Re(fol ©2(x)dx) __cos(6)
In(fy @2(x)dx)  sin@)’

thus, Im(e' fol @?(x)dx) = 0. Using that ¢ is an eigenfunction, we get that

1
B o [ 5 B 1, 2eV*
O_Im(e 0/¢ (X)dx)_ ( Vi — er))

Therefore, A must satisfy Im(—) b, or Re( ) = —1, which contradicts (3.4) in Lemma 3.8.
Vae=Vr—eVh) f
_ 1 14e 0 cos(6)
It is left to prove that ¢ # 0. Once again, we suppose that ¢ =0, that is Y(0) = 5 cos(O)e,uee_m = 3cos =T > 0.
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From the eigenvalue equation and the equation for Y, we have that

\/ﬁl_eﬁyo 20y (0) 4 &
N 0) = ( 0) + 4>

1—eﬁ
1+evr

Since ae™ £ 0, we can divide the two equations and get

—if

=oue

ﬁl 4 eVh _ eV2h _ oViAv20 et 1 2(cos(8))® +2cos(6) =1 isin(@)
1= etV i oV 4y () 2cos(6) '

Expanding the left-hand side and collecting real and imaginary parts, one gets R”DL;"’, where

Dp=1-— 2eVb/2+vb cos(v/b/2 + /b) — 2eVb2 cos(v/b/2) + 2e"? cos(vb) + e2(/b/2+b)

4 2e2VP24Vb o5 (/b — 2eV/P/2+2VD cos(y/b/2) +e>Vh/2 — 2eVb/2+vb cos(v/b/2 — v/b) + eV,
Rp=~2(1— 2eVb/24Vb o5 /)2 + Nb) — e2VD/2 4 2eNVbI2VE o5 /bj2 — /by — 2P 4 ez(\/m’“/g)), and
Iy = v/2(2eV?72 sin(\/b/2) — 2¢¥P sin(v/b) + 2e2VP/2VP sin(/b) — 2ev/2/242V0 i/ 2).

Therefore, we must have

I _ —sin(9)

Dy ’

R,  2(cos(9))? +2cos@) —1
Dy 2c0s(6) ’

and from the second equation, since cos(9) < 0, we must have
Ry _9y_ [oRe _9y2
(2 Dy 2) (2 Dy 2)-+4+8
2 )

and since sin?6 + cos?0 = 1, we get

cos(f) =

1 (R, — Dp)?  (Rp— Db)\/4(Rb — Dp)? + 8D? 1
2+ _
D2 2 4

However, one can check that the left-hand side is always negative, which is a contradiction. O

Proof of Proposition 4.2. We know that 4 (rn) >0,n=0,1,2,... and from Lemma A.7, ZN/(0, 0, 0, W;) = 0. It follows from
Lemma A.8 that we can take cg, a nelghborhood B C R of the origin, a neighborhood Vo € 73}0 of W% and continuously
differentiable functions , 8 : [—cg, co] x Vo — B, so that p(0, W?) =0 =8(0, W), and for each (c, W) € [—cg, co] x Vo,
(14,8) € B x B, ZN(c, 4,8, W) =0 if and only if u = u(c, W), § =8(c, W). Then we can define a differentiable map
Q2 :[—co,col x Vo — 73}0 by

2(c, W)=W —[KN(c, u(c, W), 8(c, W), W) ](®), (A29)

satisfying £2(0, W¥) = W? — [KN(0,0,0, W))](t) = W? — KL®1(t)®1(t — 1y) = 0. Once again, from Lemma A.7, we have
9 IN(O 0,0, W) =0, and differentiating (A.29) with respect to W at ¢ =0, we can see that —Q(O W#) = I. Hence,
Q(O why . Pl — 731 is bijective. We can now apply the implicit function theorem to solve Eq. (A.29). Specifically,
there are a constant € (O col, and a neighborhood Vi € Vg of W¥, and a function W* : [—c —1,c — 1] = V¢ such that
W*(0) = W¥, and for each (c, W) € [—c1,c — 1] x V1, £2(c, W) =0 if and only if W = W*(c). Therefore (A.13) has a Tg
periodic solution W (t) near zero for p, 8 sufficiently small, if and only if W (t) = c®(t) + W(c,t), p =cu(c, W*(c)), B =
cs(c, W*(c)), for some value of c € [—c1, c1], where W*(c,t) = (W*(c))(t), for all te R, then I/\/(c w*(c),8*(c), W*(c)) =
0, for all ¢ € [—cq, c1], where u*(c) = u(c, W*(c)), 8*(c) = 8(c, W*(c)). Since 4 @ 2 () > 0, d(u HI) (O 0,0, W) is invertible.
Differentiating ZA with respect to ¢ at ¢ =0, and applying Lemmas A.9, A.10 for ¢ small enough, we arrive at, for some
real h #£0,

G

— 2 3 = ool
=hI(n,§)c* 4+ 0(c’) #0, where I'(k, §) = Real(i)’
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This implies that for each n =0, 1, 2, ..., the Hopf bifurcation arising from the constant positive equilibrium occurs as
the delay r passes monotonically through each r,, and thus proves the proposition. O
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