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1. Introduction

In recent years, there has been considerable interest in travelling wavefront solutions of lattice differential equa-
tions (LDEs). Typically, an LDE has the form

i = F(u) (11)

with u €/ and F : U — U. Here, U C B denotes a Banach space which, as a set, is contained in
B=(R"" ={u|u:A4—R", (1.2)

the set of vectors u indexed by the set A. In most cases, A is a lattice (i.e., a discrete finite or infinite subset of R with
some regular spatial structure). Typical examples are the d-dimensional integer lattice Z¢, the hexagonal lattice in R2 and
the crystallographic lattices in R3.

In many applications, LDEs are closely related to partial differential equations (PDEs). For example, LDEs might appear
as spatial discretizations of PDEs or, the other way round, PDEs arise naturally as the continuum limit of LDEs if some
discreteness parameter tends to zero. To become even more concrete, let us consider a classical example: The spatially
discrete Nagumo equation is given by

ux,t) =d(ux+1,0) —2ux, t) +ux —1,t)) + f(u(x, 1) (1.3)

withd >0, fu)=u@w —a)(1—u) and 0 <a < % This model system is used, for example, to describe the conduction in
myelinated nerve axons (cf. [1]). In [7, Theorem 1], there has been proved that for every sufficiently large d there exists
a velocity ¢ € R such that this equation has travelling wavefront solutions u(x, t) = u(x + ct) which satisfy u(—oo0) =0 and
u(oo) =1.
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In numerical calculations (using, for example, the methods presented in [3]), it can be observed that these solutions
increase in width by a factor of ~/d as d — oo. If we, therefore, rescale the spatial scale by a factor of Ld, it turns out that

the shape of a travelling wavefront solution changes only slightly if the parameter d is varied and, as a matter of fact, has a
limit as d — oo.

In the following, we investigate this observation analytically. If we plug the travelling wave Ansatz u(x,t) = u(x+ct) into
Eq. (1.3), we get the travelling wave equation

Tw)=0 (1.4)
with

T(u) = —cu' +dA*(1,u) + f(w), (15)
the discrete second derivative

%(u(z—i— ) —2u(@)+u(z—1)) fort #£0,

u"(2) fort =0 (16)

Az(r,u;z)=[

and the real variable z = x+ct. Using the stretching operator S (u; z) = u(trz), we obtain the functional differential equation
of mixed type

0=S57'Ts (u)——iu’+A2<l u)—l—f(u) (1.7)
Lu T Jd’ ' '

Here, % serves as the discreteness parameter. Let ¢ = ﬁ. In the continuum limit d — oo, Eq. (1.7) becomes

0=—Cu'(2) +u"(2) + f(u(). (1.8)
For ¢ = 1;%“, this ordinary differential equation has a solution
u(z) = ! (1 +tanh< ! z)) (1.9)
=5 7 .

which satisfies u(—o0) =0 and u(oc0) =1.

This paper deals with the question whether there exists for some d < co a continuation of this solution of the continuum
limit (1.8) to the original equation (1.4). The continuation of solutions of a (simpler) equation is a standard technique in the
theory of LDEs (see, for example, [6]). But, as a matter of fact, this is done usually without rescaling the solution (i.e., the
discreteness parameter is not touched).

The simple reason for this restriction can be seen if we have a close look at Eq. (1.4): If we rescale u, the parameter 7 in
the discrete second derivative AZ(t, u) becomes non-constant. Suppose we are dealing with two Banach spaces V and W
(e.g. two weighted Sobolev spaces) such that A2 :R x V — W. Then, standard tools as the implicit function theorem of
Hildebrandt and Graves are not applicable since the operator A2 has no continuous Frechet derivative. Nevertheless, it is
still possible to use implicit function techniques also in this situation if we give up the uniqueness of the solution. One
of the reasons for this loss of uniqueness lies in the fact that the general solution of the ordinary equation (1.8) has only
two parameters whilst the solution space of the functional differential equation (1.4) is infinite dimensional. In general, this
leads to a bunch of new effects such as pinning (also known as propagation failure).

In the following, we present an implicit function theorem of Craven and Nashed which gives up uniqueness in order
to allow weaker differentiability properties (i.e., some kind of Hadamard differentiability). The main twist of this theorem
is that it needs differentiability only in the direction where the solution actually lies. This direction - together with all
estimates required - can be determined if the solution to be continuated has some additional smoothness (as in our case,
where it is even analytic). This theorem is presented in Section 2. In Section 3, we verify these differentiability properties
for a class of operators (which includes the discrete second derivative A2).

In order to provide an example how the continuum approximation together with the above implicit function theorem
can be utilized in order to give existence results for LDEs, we present in Section 4 an alternate proof for the following
classical result on the spatially discrete Nagumo equation:

Theorem 1.1. Let 0 < a < % Then, there exists a d* > 0 such that for all d > d* there is a ¢ > 0 such that the travelling wave
equation (1.4) has a solution u € C2(R) with u(—oo) = 0 and u(oo) = 1.

It has to be stressed that the interest of this paper is not to prove this well-known result (for even more in depth results
on the Nagumo equation see, for example, [4]) but to develop a technique which allows us to continuate travelling wave
solutions of LDEs from the travelling wave solutions of a PDE, which can be treated as the limit of LDEs.
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2. An implicit function theorem

In the following, we extensively deal with Hadamard differentials. The concept of Hadamard differentiability is one of
the weakest which obey all the common rules of differentiability (including the chain rule).

Definition 2.1. Let X and Y be real Banach spaces. A function G : X — Y is Hadamard differentiable at a € X if there exists
a linear mapping M € £(X,Y) such that, for any continuous function w : [0, 1] — X for which «’(0") exists and w(0) =a,
the function F = G o w is differentiable at 01, with F(07) = Mw/(0") where M is the Hadamard derivative.

In addition, the function G : X — Y is strongly Hadamard differentiable at a € X if F = G o w is strongly differentiable
at 0T. This is the case if for any ¢ > 0 there exists a § > 0 such that

G (W) — G(w(v)) — M/ (0F)(u — v)|| < elu —v| (21)

whenever |u — v/, |v| <4.

The function G : X — Y is restricted strongly Hadamard differentiable at a if the strongly Hadamard differentiable property
holds only for w restricted to be strongly differentiable at 0% (i.e., if |w(u) — w(v) — /' (07)(u — v)| < &|lu — v| whenever
[u—v|,|v|<9).

Moreover, G is restricted strongly Hadamard differentiable at a with respect to the initial slope ¢ € X if we restrict w further
to functions with o’ (0") =c.

In [2, Theorem 2], Craven and Nashed gave an inverse function theorem for Hadamard differentiable functions. In the
following, we will use a reformulation of this theorem in the form of an implicit function theorem (for the equivalence of
inverse and implicit function theorems see, for example, [5]):

Corollary 2.2. Let V and W be real Banach spaces, go € V, U C R x V an open neighbourhood of (0, go), F : L/ — W be
Hadamard differentiable at all (t,g) € U with T > 0 as well as at (0, go). Let F(0, go) = 0 and the Hadamard differential M =
F'(0, go) : R x V — W be a bounded linear operator of the form M(T, g) = M1 T + M>g.

Suppose M3 has a bounded right inverse M, Lwo vV, g= M5 'M11 and F is restricted strongly Hadamard differentiable at
(0, go) with respect to the initial slope (1, go). Then, there exists a sufficiently small interval I = [0, €[ and a solution g : I — V such
that g(0) = go, g'(07) =gg and F(t, g(t)) =0forall T € I.

Proof. Let X=RxV,Y=RxW,a=(0, g), S=Rx{0}and G: X — Y be given by G(t, g) = (t, F(7, g)). By construction,
it holds —b = —G(a) = (0, 0) € S. The Hadamard derivative

o 1 0
G(a)= <M1 Mz) (2.2)
exists, is bounded linear and has a bounded right inverse
1 0
b= (—M;1M1 M, ) (2.3)

with bound I'. In [2], there is made use of the notion of an approximative right inverse B, . Since we will assume the
existence of a bounded right inverse B, let B, = B, the bound function I"(w) = I and the weighted spaces X, = X
be all independent of w. Thus, all dependencies on the parameter w can be neglected. For ¢ = m(l,go), it holds

—[G(a) + G'(a)c] = (m,O) € S. Thus, all prerequisites — with exception of the smoothness conditions - of [2, Theo-
rem 2| are met.

A short inspection of the proof of [2, Theorem 2] shows that the required smoothness conditions can be weakened
slightly: In fact, Hadamard differentiability is only needed twice: At the very beginning, there is made use of the restricted
strong Hadamard differentiability of G at a with respect to the initial slope c. The more general restricted strong Hadamard
differentiability without restriction to the initial slope is only needed if one does not want to take care about c.

Secondly, at the top of [2, p. 381], there is made use of the Hadamard derivative H'(w(u)) = G'(w(u)) for u > 0. Since
w(0F) =a+ tc with t > 0, it is guaranteed by construction, that there are only w(u) = (ty, g) under consideration with
Ty > 0. Also, t can be chosen sufficiently small to give w(u) € U.

Thus, our requirements on F are sufficient for the proof of [2, Theorem 2] to go through. The resulting solution x(t) =
a+ tc +n(t) is strongly differentiable at 0T. Its T-component has positive initial slope and, therefore, is strictly increasing
for sufficiently small t. By a reparametrization, we obtain the final solution g(tr). O

3. Hadamard differentiability of discrete derivatives

In this section, we verify that operators like A2 satisfy all the differentiability properties required for the application of
Corollary 2.2. First, we define some appropriate Banach spaces (equipped with exponential weights, which allow us an easy
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control of the asymptotic behavior of our final solution as z— +o00) and two basic operators: the shift operator A and the
discrete (first) derivative A. More complex operators can be constructed afterwards by the combination of these two basic
operators.

Definition 3.1. We denote by X(m,«) with m € Ny and o € R the real linear space of functions g : R — R which are
bounded under the weighted norm

dk
el —g(2)

o (3.1)

m
Iglxan.ay =Y _ sup

k=0 zeR

and, in addition, satisfy that e"“z‘ d —=g(2) is uniformly continuous in z € R.

First, we check that X(m, «) is complete and, thus, becomes a Banach space: Given any sequence g, € X(m, «), some
g :R — R which satisfies

lim [gn — gllxm,e) =0 (3.2)
n—o00o
and any € > 0, there exists an N € N such that for alln > N
&
lg — gnllxm.e) < 3 (3.3)

Since gy is uniformly continuous, there is a § > 0 such that whenever |z; — z3| < §, we get

el Uiz — el U g )] < £ (3.4)
dz! dzl} 3’ ’
It holds
dm dm dm dm dm
el — g(z1) — el ——g(z2)| < el gn(21) — 2l —gn(22) | + [Pl - (g(21) — gn(21))
Z] z z] dzj dz]
e¥l22l 7 z
+|e a7 (g( 2) — gn( 2))‘
8
§ +2[Ig — gnllxm.)
Therefore, e%/?! (fz—mm g(2) is also uniformly continuous in z and we are finished.
Definition 3.2. Let me Ng and o € R. By A: R x X(m, @) — X(m, o) we denote the shift operator
AT, g, 2)=g(z+1). (3.6)
Furthermore, let A:R x X(m+ 1, 2) — X(m, o) denote the discrete derivative
1 _
AT g) = { c(A(t,g)—g) fort #0, (3.7)
! fort =0.

Lemma 3.3. Let m € Ny, a € R and (79, g0) € R x X(m + 1, ). Then, the shift operator A : R x X(m, «) — X(m, ) is Hadamard
differentiable at (tp, go) with the derivative

M(7,8) = A(t0, £)T + A(T0, &). (3.8)

Proof. Let w: [0,1] — R x X(m,a) with w(0) = (19, go) and @’ (0") = (To, &0) € R x X(m, «). For simplicity, we use the
shortcut notation (7, gy) = w(u). . A

For any & > 0, we get from the differentiability of w at 0% the existence of a §(¢) > 0 such that for all u € [0, 5(8)] it
holds

|Tu — To — Tou| < &u and |[|gu — go — ZoUllx(m.a) < EU. (3.9)
For k=0,1,...,m— 1, the functions e""z‘gékﬁ) (2) and e“'z‘g((,k+l)(z) are bounded. Therefore, e"“z‘g((,k“)(z) and e""z‘gék) 2)

are uniformly continuous. Together with the uniform continuity for k =m, we obtain a 5(8) > 0 such that for all k=
0,1,....,m,zeR and ¢ € [-§(€),5(8)]
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/\

|ea\z+{|g(()k+1)(z+§) alzlg(l<+1)(z)| |TO| (3.10)
e gy 2+ ) —e*Hg ()] < 2. (311)

Now, let & > 0,

&
&= , 312
eldl(Tl+D (2m + 4 + 2| goll x(m4+1,0)) (312)
. Sy A+ ) In(1+ zt—)
8:min{8(8), I ( )” Mol ool TEoTxina) } (313)
|Tol +€& |Tol + €& la|(ITol + &) la|(ITol + &)

and u € [0, 8]. It holds

| A(tu, gu) — A(z0, £0) — M(To, 80t gy oy = | A(Tus 81) — A(T0, 80) — (A(70, 80)To + A(T0, 80))t | ()
<[ ATu. gu — g0 — 8o | x .
+ || A(zu. 20) — A(70. g0) — A(70. g5) Tou ||X(m’a)
+ | AT, 80) — A0, 80) | .0y U- (3.14)

In the following, we give estimates for each of the above three terms. From Eq. (3.9) and our definition of §, we get

|Tul < |70l + (170l + &)u < |To| + 1. (3.15)
It follows
| ATu. gu — 80— 8o ) y .00y (3.16)
m k
=2 sup e (u@+T) — 0@+ Tw) — 0@+ Tw)u)
k=0 zeR
m dk
_ Z Suﬂgea(\z\*lz+rul) eIzt Tul 7(gu(z+ 7)) — 80z 4+ ) — 8oz + ) u)
k=0 ze

<el®mul)g, — go — Zoull xm.a)

< el +D 5y

In the last line, we used Egs. (3.15) and (3.9).

Now, we consider the second term in Eq. (3.14). For each k=0, 1,...,m and z € R, there is a { between 7y and 1, such
that
o|z| dk / =
e @(A(tu, 205 2) — A(70. 80; 2) — A(T0. 8¢; 2) Tout)

=eg®z 4+ 1) — gP 2+ 10) — g5V (2 + T0) Toul|
=gl Dz + 0)(ru — T0) — g5 (2 + T0) Tou|
< el |g(k+1)(z +0)| 1T — 70 — Foul + izl |g(k+l)(z+ ) — g<k+1>(7_ + 70) || Tolu
< ellnol+D) ]e“'”“gékﬂ)(Z—i- C)|§U + ‘ea|z+§|g(()k+1)(z+ 7)) — ea\z+ro|gg<+1)(z+ To)“folu
+ (ela(iffo)\ _ 1)|eaIZ+CIgé’<+1)(z +0)|I17olu)
< e\al(\foH-l)(2|ea|2+§lgé’<+1)(z +0)|+1)éu. (3.17)

Here, we used Egs. (3.15), (3.9) and (3.10). Therefore,

| A(tu, g0) — A(7o, 80) — A(70, 80) Tott]| y .y < 1P 210N x(m+1.00) + 1+ 1)Eu. (3.18)
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For the last term in Eq. (3.14), we get from (3.15) and (3.11)

m
| A(tu. 80) — AT0. 80) | oy = . sUP e (85" 2+ 70) — 857 (2 + 10)) |
(m.a) L

k=0 %€

m
< elol(ITol+1) Z Sup(|ea|z+ru|g((]k) (Z4 1)) — ea|z+ro\g(()k) (z+ To)|

k=0 zeR
+ (el @m0l _q) ’eaIZJrru\g(()k) z+ 1))
L el D gy 4 2)8. (3.19)
Altogether, we obtain
| Atzu, gu) = A(To, g0) — M(T0. 80)t |y o) < & (3:20)

which is the stated result. O

Lemma34.letmeNg, o eR, 19 R, gope X(m+1,a) if 1o # 0 and go € X(m + 2, ) if 1o = 0 respectively. Then, the discrete
derivative A : R x X(m+ 1, ) — X(m, @) is Hadamard differentiable at (tg, go) with the derivative

=(A(%0, 8p) — A(T0, 80))T + A(10,8) for 7o #0,

M(,8) = 1one L o B
28, T+8& for g =0.

(3.21)

Proof. Since X(m+ 1,a) C X(m, «), the case 79 # 0 is an immediate consequence of Definition 3.2 and Lemma 3.3.

Now, let 7o =0 and go € X(m + 2, ). As in the proof of Lemma 3.3, we consider an w: [0,1] - R x X(m + 1, @) with
w(0) = (0, go) and @' (0") = (7o, 8o) € R x X(m+ 1, ). Again, we use the shortcut notation (7, g) = w(u) and obtain from
the differentiability of @ at 0% for any & > 0 a §(¢) > 0 such that for all u € [0, §(8)]

|Tu — Toul <€u and ||gu — 8o — ZoUllx(m+1,0) < EU. (3.22)
Also, we get from uniform continuity a §(¢) > 0 such that for all k=0,1,...,m, ze R and ¢ € [<5(8), §(&)]

elz+¢| k+2) _ el gk+2) < — _, 3.23

} g (z+10) g @] TAR (3.23)

|elz#¢1gi D z 4 1) — eIl (7)| < 2. (3.24)
Let € > 0,

R e

&= 1 , (3.25)

6(m+1) + (8ol xm+2.0)
e 1 N+ rier—) I+ =rt—)
5— mm{a(s)’ ) _ 1 (FolrElgolxae TEolxea) } (3.26)
[Tol + & lal(ITol + &) le|(ITol + &) le|(ITo| + &)
and u € [0, 8]. It holds
= 5 / 1 - 5/
| A(Tu. gu) — A(To. 80) — M(To, 80)t| y .0y = HA(ru, gu) — 8 — <§gofo + go>u
X(m,a)
g H A(tUa gu - gO - gou)HX(m,a)
/ 1 /=
+ | A(Tu, 80) — & — 80 ToU
X(m,a)
+ | AT 80) = 80 g I11- (327)
As in Lemma 3.3, we give estimates for each of these three terms. From Eq. (3.22) and the definition of §, we get
_ R 1
1Tul < (170l + &)lul < —. (3.28)

||

For k=0, ...,m, there exists a ¢ € [—|ty], |Tu|] such that
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d _
el AT, gy — 20— Bow: 2)| = Fg Ve + ) g+ 0 V@ + Oyl

< ele¢lay
<eéu. (3.29)

In the second line, we used Eq. (3.22) and in the last line Eq. (3.28).

For 7, =0, the last two terms in Eq. (3.27) become zero and we are finished. In the following, let 7, # 0 without loss
of generality. Using Taylor s formula go(z+v) = go(2) + go(z)v + fo (v —1¢)gy(z+¢)dg, we obtain by the use of (3.28) and
(3.23) for k=0, ...,m by the same kind of estimates as in the proof of Lemma 3.3

alz|

dk / 1 " = o|z| 1
e A(Ty, 805 2) — 89(2) — gD Tou )| < e | —
Z 2 Tu

Ty
/ (- (g +0) - g @) d¢
0

1 i )
+ §|e“‘z‘g3 2 (2)| |ty — Toul

1 .
< <1 + E\ec"zlgg"+2>(z)|)su. (3.30)

Considering the last term in Eq. (3.27), there is a ¢ € [—|ty|, |Ty|] such that we get by the use of Eq. (3.24)

dk
el R (A(Tu,go,z) 20(2) —e“‘z‘\g(k+l)(z+§) (kH)(z)}

< ‘ea\2+£|§(()k+1)(z +¢)— ea\z\ggﬁl)(z)‘
+ (ela{I _ 1)|ea\2+{\gg<+1)(z+ {)|
<é+E. (3.31)
Altogether, we have
| A(Tu. gu) — A(T0. 80) — M(To, 8ol .y < EU (3.32)

which finishes the proof. O

Lemma3.5.Letm e Ng, ¢ € R, go € X(m+2, @), Top # 0and go € X(m+ 1, ). Then, the discrete derivative A : R x X(m+1, o) —
X(m, ) is restricted strongly Hadamard differentiable at (0, gg) with respect to the initial slope @' (0") = (Tg, 80).

Proof. Let w:[0,1] — R x X(m + 1, @) be strongly differentiable with w(0) = (0, g¢) and @’(07) = (Tp, 8o). As before, we
use the shortcut notation (ty, g4) = w(u). For any £ >0, we get from the strong differentiability of w at 0" the existence
of a §(&) > 0 such that for all u, t € [0, §(&)]

|tu — Tt — To(u—0)| <&lu—t| and |gu—g —Zo(u — t)HX(m-H,a) <&lu—tl. (3.33)
For & < |f2—°| Eq. (3.33) implies

[Tol 3| 7o]

—Ju—t Ty — T —ju—t 3.34
> | [<ltu— 7l < 2 | | (3.34)
which includes the special case
7ol 3|70l
—u< |y < —u. 3.35
> [Tul > (3.35)
Again, we obtain from the uniform continuity of e“‘”g(k”)(z) and e""z‘g(kH)(z) a 8(8) > 0 such that for all k=0,1,...,m,

zeRand ¢ € [-3), 5(8)]

|e°“z+{|g(()k+2) (z+70)— e“'zlg(k“) 2| <3, (3.36)
’ea\l+§|gg(+1)(z+ g-) O[|Z|g(k+])(z)’ < 8 (337)

Let € > 0,
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T e
in{ilﬂ, 5 }, (3.38)
2 (m+1)(20+47e) + 51180l x(n+2.0)

™m>
I
3

1 .. 20+ ) 2In(1 + )
S:min{ . @50, Tgolx(mt2.0 TZoll X+ 1.0 } (339)

|20 7o 3lato| ’ 3lato|

and u, t, |[u—t| € [0, 8]. The case t = 0 follows already from Lemma 3.4. Also, the case t = u is trivial. Therefore, let 0 <t < u.
By our choice of £ and Eq. (3.33), this implies 0 < |t¢| < |ty/|. It holds

| ATy, gu) — AT 8) — M(To, 80)U — )| .o

<||A(ze gu — 8 — 8o = ) || xm.ary + | A(Tus 8u — 80 — Bow) — ATt 8u — 80 — 8o | y .oy

1,
A(Ty, 8u) — A(Tt, &) — <Eg5ro +g6>(u )

X(m,a)

1,
+ HA(ru, go) — A(Tt, go) — Egé)’fo(u —t)

X(m,e)
+ [ A 80) = 86 [ xgm.o 14 — 1+ [ AT, 80) = ATt 80) | 0 (3.40)
From Eq. (3.35), we get |t¢| < |ty < 3“”‘ IL Thus, for k=0, ..., m there exists a ¢ € [—|tt], |7¢|] such that
e g(A(n, gu— & — Bo(u — 1); Z))‘ =g V24 0) - gV @+ 0) - gV e+ Hw -1
< elolla=lz+eD gy g
<eélu—t|. (341)

Here, we used Eq. (3.33).
Next, we consider the second term of Eq. (3.40): |A(ty, f) — A(Te, Hlixm,e) With f(2) = gu(2) — go(2) — &o(2)u. From
Eq. (3.33), we get || fllxn+1,0) < £u. Using Taylor’s formula f(z+ w) = f(z2) + fow f'(z+ w)d¢, we obtain

el ;k(A(tu,f 2) - A(tt,f;Z))‘ e~ /f(k“)(erC)d{ /f(k“)(ZJr;“)di
0
11\ [
alz| (k+1) L1 (k1)
<e ( Tu/f (z+0)de| + (Tu Tt)/f <z+;>dc)
Tt 0
< 6ed(u—t). (3.42)

Here, we used Egs. (3.34) and (3.35).
For the third term of (3.40), Taylor's formula - together with the same kind of estimates as above - leads to

d¥ 1 _ 1 .
e/l o (A(Tw £0:2) — A(Tr, 0 2) — 5 g5 (2)To(u t))‘ < (6 + Ele“'z'gé"“)(Z)l)S(u —0). (3.43)
In the same fashion, we get for the remaining terms of (3.40)
d¥ _ _
el o (MG 802 — Bo(2)) | <28 (3.44)
and
dk
e (AT, 80;2) = AT, §0; 2)) [u < 128(u = 0). (345)
Thus, we end up with
| ATy, gu) — AT, 80) — M(To, 80) (U = )| x4 oy < EIU — ¢ (3.46)

which is the stated result. O
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Lemma 3.6. Let m € Ny, @« € R, (10,8) € R x X(m + 2,), Top # 0 and gy € X(m + 1,®). Then, the shift operator
A:R x X(m+1,a) - X(m, ) and the discrete derivative A : R x X(m + 1,) — X(m, ) are restricted strongly Hadamard
differentiable at (tg, go) with respect to the initial slope ' (07) = (Tp, o).

Proof. The shift operator A can be written in the form

A(T, 8) = (T — T0) A(T — 70, A(T0. 8)) + A(T0. &) (347)

Since A(7p, g) does not depend on 7 and, therefore, is linear in (t, g), the restricted strongly Hadamard differentiability of
A(t, g) at (1o, go) With respect to the initial slope (7p, go) follows immediately from Lemma 3.5 and the common rules of
differentiation.

Moreover, we get by Definition 3.2 the restricted strongly Hadamard differentiability of A(t, g) at (7o, go) with respect
to the initial slope (7o, 8o) for 79 # 0. The case top = 0 has already been proved in Lemma 3.5. O

Corollary 3.7. let me Ng, ¢ e R, 19 € R, gp € X(m + 2, &) if o # 0 and go € X(m + 3, o) if 1o = 0 respectively. Then, the discrete
second derivative A% : R x X(m + 2, a) — X(m, o) given by

A2 g)={3—2<A(r,g)—2g+A<—r,g)> fort #0, (3.48)
’ g’ fort=0
is Hadamard differentiable at (1o, go) with the derivative
AlTo.8)—ACTo.8y) _ 2 A2(g, T4+ A%(19,8) fortg#0
M(E.8) = ( = = A%(70. 20)) (t0,8) fortg #0, (3.49)
g’ for 1o =0.

Furthermore for Tg # 0 and go € X(m + 2, ), it is restricted strongly Hadamard differentiable at (tp, g0) € R x X(m + 3, o) with
respect to the initial slope @' (0") = (Tp, Zo).

Proof. Since

A(T,8)=A(T, A(-T,9)), (3.50)

this corollary is an immediate consequence of Lemma 3.6 and the chain rule. O

4. Existence of travelling wavefronts for the spatially discrete Nagumo equation

After these more general preparations, we are now able to prove Theorem 1.1. First, we give a lemma on the right
invertibility of the relevant derivative. This result will be the main ingredient in the subsequent proof of the theorem.

Lemma 4.1. Let 0 < b < 1. Then, the linear bounded operator Ly : R x X(2,1) — X (0, 1) given by

Ly(c, u; z) = —4(1 — tanh?(2))c + u”(z) — 2bu’(z) — 2(3tanh?(z) + 2b tanh(z) — 1)u(2) (41)

has a bounded right inverse.

Proof. Let 0 <b <1 and f € X(0, 1). The inhomogeneous equation Ly(c, u) = f is equivalent to ib(u) = f(c) with

Lp(u; 2) =u"(2) — 2bu’(z) — 2(3tanh?(z) + 2b tanh(z) — 1)u(2) (4.2)
and

f(c:2) = f(2 +4(1 — tanh?(2))c. (4.3)
The homogeneous linear differential equation ib(u) =0 has the two linearly independent solutions

u1(2) =1 — tanh?(2), (4.4)

1
2bz 4 3 2 2
uy(z) = e’ —————(3tanh®(2) — 6btanh’(z) + 6(b* — 1) tanh*(z
2(2) P 2(2)( (2) (2) +6( ) (2)

— 2b(2b* — 5) tanh(z) + (2b* — 8b* + 3)) (4.5)
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and the Wronskian

W (z) = 4b(b* — 1) (b? — 4)e*~. (4.6)

Let us choose

[ WS @) de

A WS (1 —tanh?(£))dg

(4.7)

Both integrals exist since the integrands go exponentially to zero for z — +o0. Also, the denominator is nonzero since the
integrand is positive. Then, f satisfies

o0

u1(¢) -+
J W)

f(c;o)de =o. (4.8)

A solution of the inhomogeneous linear differential equation Ly (u) = f(c) is given by the variation of constants formula

2(8) 1(¢)
u(z) = —u1(z )/W(C)f( $)de — 2(2)/W(§)f( £)dg. (4.9)

Solving the inhomogeneous equation ib (u) = f(c) for u”, we obtain
u"(2) = f(c; 2) + 2bu’(2) +2(3tanh?(2) + 2btanh(z) — 1)u(2). (4.10)

Since e f(c; z) is uniformly continuous, the same becomes true for el?lu”(z) if e?lu(z) and e/?u/(z) have a bounded deriva-
tive. Thus, it is only left to prove the boundedness of u and its first two derivatives in our weighted norm.
It holds

u1@)| <4e™7. Juj(2)| =< 8e7?, (411)
luz(2)| < 38e?P2e?,  |uh(2)| < 96e?P7e?,
1 1 2b

< —<bz .
Wo Sap-1n. %

In the case z > 0, this leads to

lu@)| < |us <z>|/' 201 f(C;C)|dC+|u2(Z)|/ O 5 ) dg

(W (&)l (W (2)]
z 19 [o¢]
< 4e_22/ mef | £© ] x4, d¢ + 38e2(b+])z/ 56=T) l)e_(3+2b){} F©Ol .1 d¢
0 z
1 _ _ 38 _ ~
s m(%(e ey Z) @l
<Shp=n° Ol (412)
and in the same fashion
}”/(Z)| S b(b - ||f(c) “X(O 1)° (4.13)

In the case z < 0, we get by Eq. (4.8)

)] / @)+
: d ; d
u@| <|u ]()|/|W(;)| el +imel [ il

76
<
b(b

[u'(2)| <

1)e7|2| ”f(C)meJ)* (4.14)

b(b ei‘zl | f ) HX(O,l)' (4.15)
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Using once more Eq. (4.10), we obtain for all ze R
u”(2)| = | f(c; 2) + 2bu’ (2) + 2(3 tanh?(2) + 2btanh(z) — 1)u(2)|

<e ([ F @l o+ 20 Ixon + 121l x0)
1257 2
—lzl
Sho-n° HOlxon o

Thus, the linear bounded operator Ly : R x X(2,1) — X(0, 1) has a bounded right inverse. O

Proof of Theorem 1.1. Let 0 <a < % and ug(z) = %(1 + tanh(z)). We describe the asymptotic transition d — oo by letting
T — 0% in

1
1-2

c(t)= = +c1(7), (4.18)
4T

u(t) =ug + tuq(7) (4.19)

with uq(t) € X(2,1). Let T > 0 be sufficiently small. Using the stretching operator S;(u; z) = u(tz), we get
~ 1
T(r.c1(D),u1(v)) = ;SJTsf(u(r))

= —c(DU/ (1) + Td(T) A% (T, u()) + %f(u(t))

1-2 1 . ,
=-— au;(r)+gAz(r,ul(r))—ug,cl(r)+u0(r)+f(r,u1(r)) (4.20)

with
. 1 1—2a
Uo(t;2) =~ (— 1
1 tanh?(7)
T8t (12(1 — tanh?(7) tanh?(2))

1
ug(2) + gAz(r, uo; 2) + f(uo(z))>

— 1) tanh(z)(tanh?(z) — 1), (4.21)

F(r,ui(m) = %(f(uo(Z) + Tu1(7; 2)) — f(u0(2)))

= t2d(ri2) - %((1 — 2a) — 3tanh(2))u3(t; 2)
— %(3 tanh?(z) 4+ 2(1 — 2a) tanh(z) — uq(t; 2). (4.22)
Since
lir{)l+ tig(t;2) =0, (4.23)

the operator T is well defined in the limit T — O*. Then, it becomes

2

o 1-— 1 1
T@,c1,uq;2) = _T"u; (2) + gu’{(z) — 5(1 — tanhz(z))cl

- %(3 tanh?(z) +2(1 — 2a) tanh(z) — 1)u1(2). (4.24)

From i1g(7) € X(0, 1), it follows that T maps Rg x R x X(2,1) — X(0,1). By Corollary 3.7 and the common rules of differ-
entiation, it is Hadamard differentiable at all (t,cq,uq) € RBL x R x X(2,1) with T # 0 as well as at the origin. Also, it is
restricted strongly Hadamard differentiable at the origin with respect to any initial slope (1,cq1,u7) € {1} x R x X(2,1).
For t =0, T is already a linear bounded operator. Therefore, M, = D(ﬁ,ul)f(o, 0,0) : R x X(2,1) - X(0,1) is given
by the right-hand side of Eq. (4.24). If we multiply M, by 8 and set b =1 — 2a, we get the linear bounded operator
Ly : R x X(2,1) — X(0, 1) given by

Lp(c1,u1; 2) = —4(1 — tanh?(2))c1 + uf (z) — 2bu} (2) — 2(3 tanh?(z) + 2b tanh(2) — 1)u1 (). (4.25)

By Lemma 4.1, it has a bounded right inverse.
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Now, we are able to apply Corollary 2.2. For sufficiently small T > 0, we obtain the existence of a family of functions
(c1(7),u1(7)) € R x X(2, 1) which satisfy (c1(0), u1(0)) = (0, 0), lim;_,¢+(c1(7), u1(7)) = (0,0) and

T(z,c1(1), u1(r)) =0. (4.26)

The backward transformation leads to a solution

u(z) =uop(rz) + tur(r; 12) (4.27)

of the travelling wave equation (1.4) for d = 817 and c = 14’T2a + c1(7). By construction, it holds u € X(2,0) C C2(R),

u(—oo) =0 and u(oco) = 1. Furthermore, ¢ > 0 if 0 < 7 is sufficiently small. O
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