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1. Introduction

During the past decades, algebras of nonlinear generalized functions have been developed as a framework for model-
ing and understanding nonlinear partial differential equations and differential geometry with singular data [3,4,6,13]. As
a rule, nonlinear generalized functions are constructed as equivalence classes of families of smooth functions. In contrast
with distribution theory, such generalized functions can be viewed as pointwise functions acting on generalized points. The
similarity with the generalized objects in nonstandard analysis has been observed in an early stage [11,13]. More recently,
a number of fundamental tools for nonlinear generalized functions like internal sets and a saturation principle have been de-
veloped in a publication in this journal [16]. Unlike the objects in nonstandard analysis [17], nonlinear generalized functions
are usually not constructed as families of smooth functions modulo a free ultrafilter. One can however view them naturally
as families of smooth functions modulo a free filter, usually with a further identification, e.g. by means of certain growth
conditions.

It is the goal of this paper to develop a number of principles known from nonstandard analysis (transfer, internal defini-
tion, countable saturation, spilling principles) in the more general setting of families modulo a free filter, relevant in practice
for the theory of nonlinear generalized functions. Because of the more general setting, some of the principles only hold in
a restricted form, but, contrary to what one could perhaps expect, transfer (e.g.) does not break down to the extent that it
would become useless. We illustrate this by showing a result that came as a surprise to experts in the nonlinear theory of
generalized functions (Theorem 7.5).

In fact, our setting is the same as Schmieden and Laugwitz’s [18], in which such principles to our knowledge have not
been investigated. The reason for this probably is the success of the corresponding theory using ultrafilters (i.e., nonstandard
analysis), in which stronger versions of the principles hold, giving rise to a more elegant theory. In this context, we want
to emphasize that the current paper does not intend to advocate the use of free filters instead of free ultrafilters. On the
contrary, we hope that this paper will increase the awareness amongst researchers in the theory of nonlinear generalized
functions of the usefulness of nonstandard ideas and the potential that nonstandard theories [15,19] may have to offer. We
should also remark that the status of the generalized objects in nonstandard analysis often is one of idealized, ‘auxiliary’
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objects, used to facilitate proofs about nongeneralized objects, whereas the nonlinear generalized functions are ‘legitimate’
objects in themselves, used as models for real world phenomena. As a result, it may be considered natural that, if a family
(fe)ee(o,1) of functions represents the generalized function 0, at least f; — 0 should hold as ¢ — 0, a property that can be
easily achieved modulo a free filter, but not modulo a free ultrafilter. Also, sometimes properties can more easily be shown
modulo certain free filters than modulo a free ultrafilter (Theorem 7.9).

2. Generalized objects

For the definition of a filter, we refer to books on set theory or topology (e.g. [7-9]). A filter F on a set [ is free if
\scr S =2. A formula P, depending on ¢ €I holds a.e. iff {¢ € I: P} belongs to F.

Throughout this paper, we fix an infinite index set I and a free filter F on I.

In particular, for applications to nonlinear generalized function theory, one can keep in mind the choice

I=N with F/={S CN: N\ S is finite} (1)
(F is the so-called Fréchet-filter) or
I=(0,1] withF={S<(0,1]: (3n € (0,1]) (0,n) < S}. (2)

Then a property P, depending on ¢ € N (resp. ¢ € (0,1]) holds a.e. iff P, holds for sufficiently large ¢ € N (resp. for
sufficiently small ¢ € (0, 1]).

For the sake of generality, we develop the theory for any free filter F on any infinite index set (hence also including the
case of a free ultrafilter F; only starting from Section 5, we will impose extra conditions on F).!

As in nonstandard analysis (i.e., the case in which F is an ultrafilter), we define generalized real numbers as elements
of *R :=R!/F: families (az)¢e; of real numbers modulo F. Hence by definition, for the equivalence classes [a;], [bs], we
have

l[acl1=[bs] <= as=Dbsae.
Further, we inductively define so-called internal objects:

1. By definition, elements of *R are internal objects.
2. Let meN. If [a1¢], ..., [am,] are internal objects, then

[(01,87 s am,s)] = ([al,slv cees [am,s])

is an internal object.
3. If A are nonempty sets (for each ¢ € I) such that for each choice of a; € Ag, [a.] is an internal object, then

[Ae]:={lac]: ac € Ac ae.}

is an internal object.

Any internal object is defined by applying these rules finitely many times.

In accordance with mathematical practice in analysis, we do not consider tuples to be sets (set-theorists will e.g. use the
Kuratowski definition (a, b) := {{a}, {a, b}}). Hence [(ag, bs)] cannot be mistaken for an internal object defined by a family
of sets (which, if well defined, yields another definition, unless F is an ultrafilter).

As in nonstandard analysis, we also define *a := [a] (the internal object corresponding to the constant family (a).). In
this text, a nongeneralized object is (by definition) an object a for which *a is well defined.

Remark 2.1. The map * in this paper is a restriction of the map * defined in nonstandard analysis. We can see this more
explicitly as follows. Let Py(A) :={B C A: B # &}. Given a set X, let S be the smallest set satisfying

1. XeS,
2. if Y €8, then also Py(Y) €S,
3. if Yq,...,Y, €S (for some n € N), then also Y; x --- x Y, €S.

Then the restricted superstructure of X is the set X := Uyes Y, ie,

X=XUPyX)U X" UPs(Psx)) U Pa(X) U | X" x Pa(X™) U

neN neN n,meN

1A tutorial text for the use of nonstandard principles in generalized function theory intended for researchers in the nonlinear theory of generalized
functions, focusing on the filter (2) and with additional examples can be found on http://arxiv.org/abs/1101.6075. For comparison, tutorial texts
on nonstandard analysis are e.g. [2,12].



538 H. Vernaeve / J. Math. Anal. Appl. 384 (2011) 536-548

The set R is the set of nongeneralized objects. The internal objects in this paper form a subset of *R. (If 7 is an ultrafilter,
the internal objects in this paper are exactly those internal objects from nonstandard analysis that belong to *R.) The map *
is a (non-surjective) map R — *R.

Hence (in contrast with the superstructure from nonstandard analysis), informally speaking, a set A € X can only contain
elements ‘of the same type’: A cannot contain both elements of X and subsets of X, nor can A contain both subsets of X
and functions X — X, ....

Lemma 2.2. Let [a.], [be] be internal objects. Then:

1. [ag] =[be] iffas =b. ace.
2. [ag] € [be]iffas € be ace.

Proof. 1. We proceed by induction. Equality in *R is by definition equality a.e. on representatives. For m-tuples, we find by
induction
[@1e,....ame) ] =[(b1e.....bme)]
& lajel=I[bje], forj=1,...,m
& dajg=bjcae, forj=1,....m
— (@16, ----0me)=b1e,...,bme) a.e.

For nonempty sets Ag, Bg, if Ac = B¢ a.e., then by definition [A;] =[B¢]. The converse statement follows if we show that
[A¢] C [B¢] implies that A € B, a.e.:

Choose x; € Ag \ Bg, if Ag ;(_ B., and x; € Ag, if A; € Be. Then [x:] € [A:] C [B], so x; € B, a.e. By the choice of x,, this
implies that A C B, a.e.

2. By the definition of an internal set (rule 3). O

Remark 2.3. If we would allow @ as an internal object, the previous lemma would not hold. This motivates our choice to
exclude o from the restricted superstructure *R.

In order to incorporate m-ary relations R with domain D, we identify (as usual in set theory and nonstandard analysis)
R with its graph Ggr = {(x1,...,X%n) € D: R(x1,...,xm)}. For a family (R¢)ee; of relations with domains Aj e X -+ X Ame
(with [Aj ] internal sets, j=1,...,m), we therefore have

[Gr. 1= {[(Xl,a, cees Xm,a)]3 Re(X1,6, ..., Xm,¢e) a~e'}
which is the graph of a relation, denoted by [R.], with domain [A1¢] X -+ X [Am.¢] and
[Rs]([xl,s]’ cees [Xm,s]) — Re(X1¢,...,Xme) a.e.

Similarly, we consider a map f:A — B as a particular binary relation: R(a, b) iff f(a) =b. The map f is thus identified
with its graph Gy = {(x, f(x)): x € A}. A family (f¢)e of maps f:A; — B (with [A.], [B¢] internal sets) defines therefore
amap [fe]:[Ae] — [Bc] with

[fa]([xs]) = [fa(xa)]~
Remark 2.4. The internal subsets of a given internal set X, together with &, form a Boolean algebra under the operations

AAB:=ANB, AVvB:=[A;UB.] and A" :=[X; \ A¢] (with X =[X.], A=[Ac], B=[B¢]). Notice that AUB C AV B and
A’ C X\ A, but that AUB and X \ A are in general not internal, unless F is an ultrafilter.

3. Transfer
As in nonstandard analysis, we will proceed to show a transfer principle, i.e., for certain statements P(aq, ..., ap) involv-
ing (nongeneralized) objects aj, we generally have that P(ay, ..., an) is true iff P(*aq, ..., *ay) is true.

First, we define the formal language containing the statements that we will consider.
The language contains variables and function variables.
Inductively, terms are defined by the following rules:

T1. A variable is a term.
T2. If t1,...,ty, are terms (m > 1), then also the m-tuple (t1,...,ty) is a term.
T3. If t is a term and f is a function variable, then also f(t) is a term.
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Inductively, formulas are defined by the following rules:

F1. (Atomic formulas) If t1, t, are terms, then t; =ty, and t; € t, are formulas.

F2. If P, Q are formulas, then P A Q is a formula.

F3. If P is a formula, x is a variable free in P and t is a term in which x does not occur, then (3x € t) P is a formula.
F4. If P is a formula, x is a variable free in P and t is a term in which x does not occur, then (Vx €t) P is a formula.
F5. If P, Q are formulas, then P = Q is a formula.

F6. If P is a formula, then —P is a formula.

F7. If P, Q are formulas, then P v Q is a formula.

A sentence is a formula in which all occurring free variables are substituted by objects, which we call the constants or
parameters of the sentence. The meaning associated to a sentence is given by the natural semantics. We introduce brackets
in formulas to make clear the precedence of the operations. It is silently understood that function variables are substituted
in such a way that the objects to which a substituted function f is applied are within the domain of f.

Notation. We denote f(x1,...,xp,) (or shortly t(x;)) for a term t in which the only occurring variables are x1, ..., xn. We
denote by t(c1,...,cm) (or shortly t(c;)) the term t in which the variable x; has been substituted by the object c; (for
j=1,...,m).

Similarly, we denote P(xq,...,Xn) (or shortly P(x;)) for a formula P in which the only occurring free variables are
X1,...,Xm. We denote by P(cy,...,cn) (or shortly P(c;)) the formula P in which the variable x; has been substituted by
the object ¢; (for j=1,...,m).

In order for transfer to be valid, we do not consider, in accordance with mathematical practice in analysis, real numbers
as sets (equivalences of Cauchy sequences of rational numbers, e.g.). Similarly, we do not consider generalized real numbers
as sets.? This avoids that sentences involving elements of real numbers (in which one is anyway not interested in analysis)
like (3x € QYY) (x € 1) would complicate the transfer principle. With this convention, internal sets contain only internal
elements. We will also identify *a € *R with a € R and hence consider R C *R.

Definition 3.1. A formula P(x;) is called transferrable if for all internal objects [c; ],
P(cje)is true a.e.
is equivalent with

P([cj,¢]) is true.
Lemma 3.2. Let t(x;) be a term formed by rules T1-T3. For internal objects [C; ¢],
[t(cie)] =t(Icje)-

Proof. T1. If t is a variable, this is clear.
T2. Let tq, ..., t, be terms. For the term (tq, ..., ty;), we find inductively,

[(tl yeees tm)(cj,a)] = [(t] (Cje)s---s tm(Cj,a))] = ([tl (Cj,a)]a cees [tm(cj,a)])
= (tl ([Cj,s])7 cees tm([cj,e])) =(t1,..., tm)([cj,s])~
T3. Let t(x;) be a term and f a function variable. For the term f(t), we find inductively (with [¢.] an internal function),
[f©) (e, cje)] =[de(t(cje))] = [#el([t(c)e)]) = [@el(t(Icje])) = F(O) (Igel. [cjel). DO
Proposition 3.3. Let P(x;j) be a formula formed by applying rules T1-T3, F1-F4 only. Then P (x;) is transferrable.

Proof. F1. For atomic formulas, this follows immediately from Lemmas 2.2 and 3.2.
We proceed by induction for more general formulas. We put ¢ :=[cj ].
F2. For a formula of the form P(x;) A Q (x;), we find inductively,

P(cj) A Q(cj) is true
&= P(cj,)istrueae, and Q(cj) is true a.e.

< P(cje) AQ(cje)istruea.e.

2 In order to realize this within set theory, one identifies R and *R with sets of atoms [8].



540 H. Vernaeve / J. Math. Anal. Appl. 384 (2011) 536-548

F3. For a formula of the form (3x e t(x;)) P(x, x;), we find inductively,

(I et(cy) P(x,cj) is true
<= there exists c e t(c;) such that P(c, c;) is true
<= there exists (c¢) with cg €t(cj ) a.e. such that P(cg, ¢j ) is true a.e.
& (Iet(cje)) P(x,cje)is true ae.

F4. For a formula of the form (Vx € t(x;)) P(x,x;), we find inductively,

(Vx et(cj) P(x,c))is true
< foreach [c¢] withc, € t(cj ) ae., P([ce], cj) is true
<= ifce et(cje) ae, then P(ce,cj ) is true ae.

We show that this is still equivalent with: (Vx e t(cj¢)) P(x,cj¢) is true a.e.
—: Choose

Ce €1(Cje) With =P (ce,cje), if =(VXx €t(cje)) P(X,Cje),
Ce €t(Cje), if (VXEL(Cje)) P(X,Cjg).

(Since t(c;) is internal, t(cj) # @, so w.l.o.g. t(cj ) # <, Ve.) Then by assumption, P(ce, Cj ) is true a.e. By the choice of ce,
this implies that (Vx e t(cj¢)) P(x,cj) is true a.e.
<=: Let ¢, et(cj,) a.e. Then by assumption, P(ce,Cj ) is true a.e. O

Theorem 3.4 (Transfer principle, restricted). Let P(a1, ..., am) be a sentence formed by applying rules T1-T3, F1-F4 only, in which
the constants aj are nongeneralized objects. Then P(ay, ..., ay) is true iff P(*aq, ..., *ap) is true.

Proof. This is a special case of Proposition 3.3. O
Remark 3.5. If 7 is a nonmaximal free filter, the full transfer principle (i.e., including rules F5-F7) cannot hold. E.g., in that
case, *R is partially, but not totally ordered. Hence transfer cannot apply to the statement (containing V)
Vx,yeR) (x<yvy<x).
Similarly, in that case, *R is a ring, but not a field. Hence transfer cannot apply to the statement (containing —)

(Vx,yeR) (=(x=0) = @Ay eR) (xy =1)).
4. Internal definition and transfer (extended)

Theorem 4.1 (Internal definition principle, LD.P.). Let P(x, x;) be a transferrable formula. Let A, a; be internal objects. Let {x € A:
P(x,a;)} # @. Then {x € A: P(x,a;)} is internal.
Explicitly, if A=[A¢] and aj = [aj ¢ ], then {x € A: P(x,aj)} =[{x € Ae: P(X,aj¢)}].

Proof. Let {x € A: P(x,aj)} # @, ie, (x € A) P(x,a;). By transfer, (3x € A;) P(x,a;j.) holds a.e. For an internal object
¢ = [c¢], we have by transfer,

cefxeA: P(x,a))} ce Aand P(c,aj)

—

< s €Agand P(cq,aj,)ace.

& coefxeAs P(x.aj,)}ae

— ce[{xeAs Px,aj0)}].

where the latter internal set is well defined since the corresponding family is a family of nonempty sets (a.e.). Further, as A

is internal, A has only internal elements. Hence {x € A: P(x,a;)} =[{x € A¢: P(x,a;.)}] is internal. O

Identifying R with a subset of *R, for a map f:R" — R™, we have that *f :*R" — *R™ is an extension of f (in view
of [fel([xe]) = [fe (x¢)]1). We will therefore denote *f by f (as usual in nonstandard analysis). In the case of relations on R,
some confusion may arise in dropping the stars. E.g., for a, b € *R, a(*#)b is not equivalent with —(a = b). We will drop the
stars for <; on the other hand, we will use a#b for —(a=b), a £ b for =(a <b), and a <b for a <b A a #b. By transfer,
(*R, +, -, <) is a partially ordered commutative ring.
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Example 4.2. 1. The archimedean property of R
(VxeR) @neN) (n=>|x])

yields, by transfer,
(Vxe™R) (Ine™N) (n>|x]).

2.ForaeR and R € R (R > 0), let B(a, R) = {x € R: |a|] < R}. Then by transfer (or by L.D.P.),
*(B(a,R)) = {x € *R: |a| < R}.

The version of transfer obtained so far is too weak for practical use. We will therefore allow another rule in the formation
of terms:

T4. If P is a formula, x is a variable free in P and ¢ is a term in which x does not occur, then {x € t: P} is a term.

We will call such a term a set term. We call the variable x bound (by the set term). We will denote by t(x;) a term t with x;
as its only free variables.
We define a unary predicate N (‘is recursively nonempty’) with the following semantics:

1. If a is not a tuple, then N(a) iff a # @.
2. Ifa=(ay,...,an), then N(a) iff N(ay) A--- A N(am).

Lemma 4.3. Let t(x;) be a term formed by rules T1-T4, in which all occurring formulas are transferrable. Let [c; ] be internal objects.
IfN(t([cje])), then

[tcjo)] =t(lcje])-

Proof. T1. Clear.

T2. If t = (t1,...,tm), then N(t([cj])) iff N(ti([cje])) for i =1,...,m. Hence the claim follows by induction (as in
Lemma 3.2).

T3. If t = f(s), then t([¢pe], [cje]) = [¢e](s([cj¢])) is assumed to be well defined. In particular, s([cj]) is internal, and
therefore N(s([cj¢])). Hence the claim follows by induction (as in Lemma 3.2).

T4. Let P be a transferrable formula in which x is free and let t(x;) be a term in which x does not occur. For the term
{x et(xj): P(x,xj)} with (by assumption) {x € t([cj¢]): P(x,[cj¢])} # @, we have that also t([cj]) is a nonempty set, and
thus N(t([cj ¢])). Further, we find inductively by Theorem 4.1

[{xetcje): Px,cjo)}]=1{x€[tlcjo)]: P(x.[cje])} ={xet(lcjel): P(x.[cjel)}. O
The condition that set terms cannot be recursively empty leads us to the adapted rules:

F1’. If t1, t are terms, then t;1 =ty A N(t1) A N(t2) and t1 € t; A N(t1) A N(t2) are formulas.
F4'. If P is a formula, x is a variable free in P and t is a term in which x does not occur, then [(Vx € t)P] A N(t) is a
formula.

Notice that for terms t(x;) formed by rules T1-T3 and internal objects c;, the side condition N(t(c;)) # @ is always satisfied
(and hence can be omitted from the formula).

Proposition 4.4. Let P (x;) be a formula formed by applying rules T1-T4, F1’, F2, F3, F4'. Then P (x;) is transferrable.

Proof. The induction of Proposition 3.3 goes through, provided that we can at any moment in the proof write [t(cj¢)] =
t([cje]). This is exactly what the side condition N(t) accomplishes: if N(t([c;.])), then by induction, Lemma 4.3 can be
applied.

Notice that also the side condition is transferrable: if the last rule applied in the formation of t is T1 or T3, then N(t(...))
is always true. If t = (tq, ..., ty), then inductively,

N(t([cjel)) <= N(ti(lcjel)) fori=1,....m
< N(ti(cje))ae. fori=1,....m <<= N(t(cje))ae.
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Finally, if t = {x € s: P}, then inductively,

N({xes(lcjel): P(x.[cjs])}) < (Axes(lcjel)) P(x.[cjel)
< (Ixes(ce) P(x,cje) ae.
& N({xescje): P(x,cje)})ae.

Hence the side condition also transfers properly. O

Theorem 4.5 (Transfer principle, extended). Let P(ay, . .., am) be a sentence formed by applying rules T1-T4, F1/, F2, F3, F4/, in which
the constants aj are nongeneralized objects. Then P(ay, ..., ay) is true iff P(*aq, ..., *ap) is true.

Proof. This is a special case of Proposition 4.4. O

In practice, an important corollary is that transfer can be applied to formulas that also contain ‘=—>’, under a constraint
that is almost always fulfilled in practice:

F5'. If P, Q are formulas, x is a variable free in P and Q, and t is a term in which x does not occur, then [(Vx € t)
(P= Q)] A[(3xet) P]is a formula.

Corollary 4.6. Let P(x;) be a formula formed by applying rules T1-T3, F1-F4, F5'. Then P (x;) is transferrable.

Proof. The formula F5' is equivalent with [(Vx € {x € t: P}) Q] A N({x' € t: P}), which is transferrable by Proposi-
tion 44. O

In practice, we will apply transfer to the formula (Vx €t) (P = Q), silently checking that the side condition (3x € t) P
is fulfilled.

Remarks.

1. The formula (Vx €t) [(P = Q) A R] can be treated similarly. In fact, it is equivalent with [(Vxet) (P = Q)] A
[(Vx € t) R]. Similarly, (Vvxet) (3y €s) (P = Q) is equivalent with (Vxet) ([(Vy €s) P] = [(Ay €s) Q]).

2. A sentence containing the connective Vv can sometimes be transferred using idempotent elements in *R. E.g., the sen-
tence (Vx,y € R) (x<yV y <x) is equivalent with (¥x, y € R) (Je € R) (e2 =e Axe < ye Ax(1 —e) < y(1 —e)), which
is transferrable.

3. A sentence containing the connective — can sometimes be transferred if it can be pulled through to an atomic formula.
Eg, (VxeR) (x#0 = 3y € R) (xy =1)) can be transferred as (Vx € *R) (x(*#4)0 = (Jy € *R) (xy = 1)). Notice
that for x € *R, x(*#)0 is a stronger condition than x # 0 (unless F is an ultrafilter).

5. Saturation

Definition 5.1. We call a free filter F on I selective if for each sequence (Sy)nen with S5 :=1\ S, ¢ F, there exist &, € Sy
such that {e,: ne N} ¢ F.

We call a free filter F on I blocked if for each S; C I with S? ¢ F (j =1,2), there exist disjoint Tj € S; with TJ? ¢ F
(j=1,2)3

Similarly, we call a free filter 7 on I o-blocked if for each S; €I with S? ¢ F (j € N), there exist mutually disjoint
T;CS; with Tjif(]GN)

A free filter F on I is called Rq-regular (resp. R1-incomplete, also called o -incomplete or §-incomplete) [7] if there exist
Sn € F such that (o Sn = @ (resp. ey Sn ¢ F). For an ultrafilter, Ry-regular is equivalent with R-incomplete.

We call a filter F common if F is an Ni-regular selective blocked free filter.

A filter F is called Ramsey [1] if for each decreasing sequence (Sp)neny With S, € F, there exist &, € S, such that
{en: ne N} e F.

Lemma 5.2.

1. Let F be a free ultrafilter. Then [ is selective iff F is Ramsey.
2. If F is a selective free filter, then F is 81-incomplete.

3 The name blocked stems from the fact that this property is an obstruction for the filter to be an ultrafilter.
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Proof. 1. For an ultrafilter, S¢ ¢ F iff S € F. Replacing S, € F by S1N---N S, € F, we may restrict ourselves to decreasing
sequences only.

2. As F is selective, there exist &, € I such that {e,: n € N}° ¢ F. As F is free, S, := {&}¢ € F for each n € N, but
MhenSn ¢ F. O

Part 1 of Lemma 5.2 shows that our definition of a selective free filter is consistent with the fact that a Ramsey ultrafilter
is also called a selective ultrafilter [10].

Examples 5.3.

1. The filters (1) and (2) are common. E.g., to see that they are selective, let (Sp)nen be a sequence with Sf ¢ F, for each n.
Then we can construct an increasing (resp. decreasing) sequence of elements &, € S, such that ¢, — oo (resp. &, — 0).
Then {g,: ne N} ¢ F.

In particular, it is trivial to construct selective free filters (in contrast with selective free ultrafilters on N, whose exis-
tence is not guaranteed under the ZFC axioms of set theory).

2. Let wq be the first uncountable ordinal. Let

I=w withF={SCw: @new) @, w)C<S}. (3)

Then F is o-blocked: for each n € N, let S; € wq with S§ ¢ F, i.e, for each n € w1, there exists € > n with ¢ € Sp,.
Inductively choose for limit ordinals A € w1 and n e N

&) =Supé&y € w1,
a<i

Ex+n € Sn,  Extn > Entn—1-
Then Tj :={€)+n: A € w1 is a limit ordinal} C S, are mutually disjoint. Also &, > « for each o € w;. For any n € w1,
there exists a limit ordinal » € wy with A >n. Then T, > &,44 > A +n > 1. Hence TS ¢ F.
Further, F is Rq-complete: if S, € F, for each n € N, then there exist 1, € w; such that (n,,w1) € Sp. Then F >

(SUPyen M, w1) < mnEN Sn.
It follows that F is also not selective by Lemma 5.2.

Lemma 5.4. Let F be a selective blocked free filter. Then F is o -blocked.

Proof. Let Sj €I with S? ¢ F, for each j e N. As F is blocked, we find Sj, € S; with S?,z ¢ F and S12N S22 =0 (as
F is free, wlo.g. Sj> ; Sj, Vj). For each n e N (n > 2), we similarly find (repeatedly using the fact that F is blocked)
Sin g Sjn—1 with Sj_n ¢ F and with mutually disjoint S1p, ..., Sp.n. As F is selective, we find €1, € S1,n such that {1 n:
neN)¢ ¢ F. Let T1 :={e1,,: n € N}. Similarly, {e2n: n e N} ¢ F for some &, € Sz, and we let T :={ezn: n € N}\ Tq. As
T1N Ty is finite, TS ¢ . And so on. O

Theorem 5.5 (Saturation principle). Let F be a common filter. Let X be an internal set. For each n € N, let A, C X be internal and
Bn € X such that X \ By isinternal or By = X.If Ay N---N A, N Bj # @ foreachn, j € N, then (,cy An N Bn # @.

Proof. Assume first that B, # X, for some n. Then w.lo.g. B, # X for each n. Let X = [X¢], An =[An¢] and X \ By, =[Cp ¢]
for each n. As Cy o € X a.e,, we may assume that X \ B, = [X¢ \ By ] for some By . € X,. Choose X, j € Ay N---N Ay N B;

for each n, j e N with j <n. As X is internal, also x, j € X are internal. Let X, j = [Xn j¢]. Then xp j . € A1 e N---N Ay ae.
Hence

Sni={eel: (Vj,k<n) (Xnje€Ars)) €F, VneN.

As F is Ry-regular, we find S, € F, S, C §n, (Sp)n decreasing and (), Sn = @.

Further, xp j ¢ [Xe \ Bj ], i.e. X3 j ¢ ¢ Bj . does not hold a.e.

Let Ty j:={cel: Xpje€Bje} NSy As Sy e F, also Tﬁ’j ¢F,vVn,jeN, j<n.

By Lemma 5.4, F is o-blocked. So we find mutually disjoint U, ; € T, j with Uf]’j ¢ F. As F is selective, there exist
&n,j € Upn,j such that {e, j: n,jeN, j<n}°¢F. Let

Xp {Xn,j,s’ &= 8”,] (] < n)7
T | xnre, €€ (Sn\Sn) \fen i, jEN, j<n}.
As (Nnen Sn = @, this unambiguously defines x. for each € € S1.
(1) Let n € N. We show that Sy \ {exj: j<k<n}C{eel: x; € An ¢}, whence [x¢] € Ap.

Let £ € Sp. Then € € Sy \ Smyq for some m>n. If € ¢ {ey j: n, jeN, j<n}, then Xg =Xm 1, € An,e Dy definition of Sp,.
If &€ = gy j for some j <k with k > n, then g, ; € Uy j C Sk. Hence X =X j ¢ € An,e by definition of Sy.
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(2) Let j € N. We show that {¢; j: neN, j<n}C{eel: x; € Bj .}, whence [x.] € Bj.

If e=¢nj(n>j) then e € Upj and x; =Xy j -; hence x, € Bj . by definition of Uy ;.

Finally, if B, = X for each n, then the proof is a simplified version of the previous argument (i.e., choosing x, € A1 N
N Ap, §n ={eel: (Vk<n) (Xne € Ake)} and xg :=x,¢ for e € Sp\ Spy1). O

The following special case resembles the classical countable saturation in nonstandard analysis more closely:

Corollary 5.6. Let F be common filter. Let X be an internal set. For eachn € N, let A, C X such that Ay, or X\ Ap is internal. If (Ap)neN
has the finite intersection property, then (\,cn An # 2.

In contrast with nonstandard analysis (i.e., the case in which F is a free ultrafilter), a sequence of nonempty cointernal
sets automatically has a nonempty intersection if F is a common filter.

Corollary 5.7 (Quantifier switching, Q.S.). Let F be a common filter. Let X be an internal set. For eachn € N, let Py (X, Xy j), Qn(X, Yn,j)
be transferrable formulas. Let ay j, by, j be internal constants. If P, gets stronger as n increases (i.e., for each n e N and x € X,
Pni1(X, any1,j) = Pn(x,an,j)) and if

(vnmeN) @xeX) (Pn(x,anj) A=Qm(x,bn ),
then also

@xeX) (vneN) (Pp(X, anj) A—Qn(X, by j)).
Proof. Let A; :={x e X: Pp(x,a,)} and By :={x € X: —=Qu(x,by j)}. By LD.P, Ay, X\ By are internal or empty. By as-
sumption, A, are not empty and Ap+1 € A,, Vn. If X\ B, is empty, then B, = X. By assumption, for each n,m € N,

Ai1N---NA; N By = A, N By # @. The result follows by the saturation principle. O

6. Overspill and underspill

Definition 6.1. Let a,b € *R. Then a is called infinitely large if |a| > n, for each n € N; a is called finite if |a| < N, for some
N e N; a is called infinitesimal if |a| < 1/n, for each n € N. We denote a ~ b iff a — b is infinitesimal. We denote the set of
finite elements of *R, resp. *N by Fin(*R), resp. Fin(*N) and the set of infinitely large elements by *R, resp. *Ngo.
Example 6.2. If F is not Xq-regular, then *Ny = @: If [n.] € *Neo, then n; € N for each ¢ € I and for each m € N, there
exists X, € F such that ng > m, for each € € X;;. As F is not 8q-regular, there exists &9 € (), Xm- Then ng, > m for each

m € N, a contradiction.

This example shows that the condition that F is Nj-regular cannot be dropped in the statement of the saturation
principle.

Lemma 6.3. Let F be a common filter. Let a € *R. If |a| < m for each m € *N, then a is finite.

Proof. Suppose that a is not finite. Then (¥n € N) (3m € *N) (m > n Ala| £ m). By Q.S., there exists m € *N such that |a| £ m
and m >n, for each n € N, contradicting the hypotheses. O

Recall that Py(A) ={X C A: X #T}.
Lemma 6.4. Let A # & be a nongeneralized set. Then *Py(A) is the set of all internal subsets of *A.

Proof. By definition, *Py(A) only has internal elements. Further,
[Xc]€*Py(A) <= X.ePy(A)ae << X.CAae.

As in the proof of Lemma 2.2, this is still equivalent with [X;] C *A. O
Just like Q.S., the applications of saturation known as overspill and underspill are convenient for practical use.

Theorem 6.5 (Spilling principles). Let F be a common filter. Let A C *N be internal.

1. (Overspill) If A contains arbitrarily large finite elements (i.e., for each n € N, there exists m € A with m > n), then A contains an
infinitely large element.
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2. (Underspill) If A contains arbitrarily small infinitely large elements (i.e., for each w € *Ny,, there exists a € A with a < w), then A
contains a finite element.

3. (Overspill) If N C A, then there exists w € *N, such that {n € *N: n < w} C A.

4. (Underspill) If *Noo C A, then ANN #£ 2.

Proof. 1. As (VvneN) (3me A) (m>n), AN*Ny # & by Q.S.
2. By transfer on the sentence

(VX ePy(N)) @me X) (YneX) (@n=m),

every internal subset of *N has a smallest element. Let n,;;, be the smallest element of A. Then npy;; < w, for each w € *Ny.
By Lemma 6.3, np;, is finite.
3. First, let ng € N. By transfer on the sentence

(VX ePy(N)) [1eXA--AngeX) = (YmeN) (m<ng = meX)]

(side conditions are trivially fulfilled), any internal subset of *N that contains N also contains {m € *N: m < ng}, for any
no € N. Then

B={ne*N: (Yme*N)(m<n = me A)}

is internal by LD.P. (since the side condition is trivially fulfilled and B # @) and contains N. By part 1, B contains an
infinitely large w. Hence {n € *N: n < w} C A.
4. Let

B={ne*N: (Yme*N)(m>n = me A)}.

By L.D.P, B is internal (since the side condition is trivially fulfilled and B # @). By part 2, B contains a finite element, i.e.,
there exists n € B and N € N such that n < N. By definition of B, Ne A. O

7. Applications to generalized function theory

Remark 7.1. In generalized function theory, the spaces considered are usually not *R or other spaces introduced so far, but
they are rather quotients of these spaces modulo a further identification (e.g. by means of certain growth conditions). The
reason why we nevertheless introduced them is that they can be used advantageously to prove statements about generalized
functions, using the strong principles that were described in the previous sections. We briefly exemplify this in the following
sections.

Similar principles for the objects obtained after a further identification often do not hold. In particular the transfer
principle and the internal definition principle are then too restricted for practical use: e.g., with analogous definitions of
internal objects, {x € A: x > 0} need no longer be internal if A is an internal set [16].

7.1. Automatic continuity

Assumption. In this section, we work with the filter (2) on I = (0, 1].

We also denote p :=[€] € *R.
Let E be a locally convex vector space (belonging to the nongeneralized objects) with its topology generated by a family
of seminorms (p;)seca. The Colombeau module constructed on E [5] is defined as Gg := Mg /Ng, where

Mg ={(ug)s € E': (Yae A) AN eN) (pi(ue) <e Nae.)},
Ne={(ue)e € E': (YA€ A) (YneN) (p(us) < &"ae)}.
For E =R (resp. E = C), one denotes R := Gg (resp. C := G¢).
If we define
Mg ={ue*E: (vhe A) BN eN) (*p, @) < p~V)},
Neg ={u €*E: (YAe A) (VneN) (*p,w) < p")},

then, in view of Lemma 2.2, the identity map on representatives introduces isomorphisms Mg/F = Mxg and Ng/F = Nak.
It follows that Gg = (Mg/F)/(Ng/F) = Mxg/N«g, where the first isomorphism is also introduced by the identity on
representatives (expressing that the identification up to ANg can equivalently performed in two steps, in the first step only
identifying modulo F).
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Definition 7.2. We call p-topology on *E the translation invariant topology with finite intersections of sets B; (0, p™) (A € A,
m € N) as a base of neighborhoods of 0. Here B, (0,r) :={u € *E: *p, (u) <r} forre *R, r > 0.
For u, v € *E, we write u = v iff u — v e Nig.

Proposition 7.3 (p-continuity). Let E, F be locally convex spaces and let the topology of E, resp. F be generated by an increasing
sequence of seminorms (Pp)nen, 1eSp. (qn)nen. Let T : *E — *F be internal and u € *E. Then the following are equivalent:

1. (YmeN) @neN) (Vv e*E) ("p,(v —u) < p" = *q,(T(v) = T(u)) < p™),
2. YWWe*E) (vRu = T(v)=T@)).

Proof. —: Let v € *E with v = u. Hence *p,(u—v) < p", for each n € N. Let m € N. By assumption, *q,, (T (v) — T (u)) < p™.
As m € N is arbitrary, T(v) = T (u).

<=: Let m € N. Consider the map p:N x E — R: p(n,u) := pp(u). By transfer, *p(n,u) = *p,(u) for each n € N and
u € *E. Also by transfer, as (pn)nen is increasing,

(Vue*E) (Yn,me*™N) (n<m = *p(n,u) <*p(m,u))
(the side condition for the implication is always fulfilled). Similarly for q(n, v) := qn(v). Define
A:={ne*N: (Vv e*E) (*p(n,v —u) < p" = *q(m, T(v) — Tw)) < p™)}.

Let n € *Neo. If *p(n,v — u) < p", then v = u. Hence, by assumption, also T(v) = T(u), and in particular *q(m, T(v) —
T(w) < p™

So A contains all infinitely large n € *N. By LD.P,, A is internal (the side condition for the implication is always fulfilled).
By underspil, ANN#@. O

Definition 74. Let E, F be locally convex spaces. In analogy of [16], we call a map T:Gr — G internal if there exist
Tg:E — F (for each € € 1) such that T([ug]) = [T¢(ug)] for each [ug] € Gg (here [.] denotes the equivalence class mod-
ulo NVE, resp. NF). This definition implies in particular that

(Ug)e e Mg = (Ts(us))s € M, (4)
(Ug)e € ME, (Ve)e € ME, (e —Ve)e €N = (Ta(ua) - Ta(va))g € Nr. (5)
The sharp topology on Gg is the topology induced by the p-topology on Mg, ie., with p;:Gg — R: pa([uel) ==
[p;.(ug)], it is the translation invariant topology with finite intersections of sets
{uege: ppw) <[e]"} (AeA, meN)
as a base of neighborhoods of 0 [5].

The following result came as a surprise to specialists in the theory of nonlinear generalized functions:

Theorem 7.5 (Automatic continuity). Let E, F be metrizable locally convex spaces. Let T : Gg — GF be internal. Then T is continuous
for the sharp topology.

Proof. If T([ue]) = [Te(ue)], let T be the internal map [T¢]:*E — *F. By (4), T(Msg) € Msp and by (5), umv —
Tu = Tv, for each u, v € Mxg. By Proposition 7.3, this means that T is p-continuous on M. Hence T is continuous for
the sharp topology on Gg. O

7.2. Pointwise regularity
For an open set §2 C RY the usual locally convex topology on C®(£2) is described by the seminorms ppg(u) :=

SUDPxe Ky, o] <m [0%u(x)|, where (Kp)m is a compact exhaustion of £2 (m € N). In this case, one usually denotes G(£2) :=
Geo()- We denote *2¢ :=Jgep *K.

Proposition 7.6. M«cx (o) = {u € *C*(£2): (Va € N?) (Vx € *2¢) (0%u(x) € Msg)}.
Proof. For a finite set A={ay,...,a,}, we denote Pq, A--- A Pg, as /\,cp Pa. Let m € N. By transfer on

(Vr eR) (Yu eC*®(R2)) [pm(u)<r<:)(\7’xel<m)< A\ ya“u(x)|<r>],

aeNd| ja|<m

we find for u € *C*°(£2) that
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ANeN) (pnw)<p™)
& (@ANeN) (Vxe*Knm) (Yo e N, Jo| <m) ([8%u@)| <o)
& (YaeN!, Ja|<m)@ANeN) (Vxe*Kn) ([8%u@|<p™).
By Q.S. on the negation of the latter formula, it is equivalent with
(Yo e N, || <m) (Vxe*Km) AN eN) ([0%u@)|<pV).

Hence

U € Mxcoo ()
= (YmeN) (Yo eN!, |a|<m)(Vxe*Kn) ANeN) (|8%@|<p™)
— (YaeN) (vxe*2:) (0% eMsg). O

Similarly, NVicw () = {u € *C(2): (Yo e N¥) (Vx € *2¢) (0%u(x) € NR)).

Definition 7.7. The subalgebra G*°(£2) of G°°-regular Colombeau generalized functions on 2 is defined as

{(ug)é3 eC®(): (VKe2)ANeN) (Vae Nd) (sup|8°‘ug(x)| < e’Na.e.)]//\/coo(_Q).
xek

As in Section 7.1 (and by transfer, as in the proof of Proposition 7.6),

G=(2) = {u e*C™(R2): (VK € £2) AN e N) (Ya € NY) (Vx € *K) (|0%u®)| < p™N)} /Noee(@).

Definition 7.8. We say that u € *C®(£2) is G®-regular at x € *2 if there exists N € N such that for each o € N¢,
0%u@l < p~".

Theorem 7.9 (Pointwise characterization of G*°(§2)). Let u € *C°°(£2). The following are equivalent:

1. (VK € £2) AN e N) (Vo € N%) (Vx € *K) (|0%u(x)| < N,
2. uis G®-regular at each x € *$2..

Proof. —: Clear.
«—: Suppose that 1 does not hold. Then we find K € £2 and o, € N¢, Vn € N such that (vn e N) (3x € *K) (|0% u(x)| &
p™™. By QS., (Ax € *K) (Vn e N) (|9*u(x)| £ p~™), contradicting the hypotheses. O

Hence (cf. [14, Thm. 5.1]),
GX ()= {u € "C*°(£2): uis G™-regular at each x € *.QC}/N*COC(Q).

If one works instead with an ultrafilter extending the common filter (2), as in [15], the proof of Theorem 7.9 breaks down,
since cointernal sets then do not automatically have the finite intersection property.

Acknowledgment

We thank the referee for advice that improved the readability of the paper.

References

[1] T. Bartoszynski, J. Judah, Set Theory. On the Structure of the Real Line, A.K. Peters, Wellesley, MA, 1995.
[2] R. Cavalcante, Reduction of the number of quantifiers in real analysis through infinitesimals, http://arxiv.org/abs/0809.4814.
[3] J.E. Colombeau, Elementary Introduction to New Generalized Functions, North-Holland Math. Stud., vol. 113, North-Holland, Amsterdam, 1985.
[4] Yu.V. Egorov, A contribution to the theory of generalized functions, Russian Math. Surveys 45 (5) (1990) 1-49.
[5] C. Garetto, Topological structures in Colombeau algebras: Topological C-modules and duality theory, Acta Appl. Math. 88 (2005) 81-123.
[6] M. Grosser, M. Kunzinger, M. Oberguggenberger, R. Steinbauer, Geometric Theory of Generalized Functions with Applications to General Relativity,
Math. Appl., vol. 537, Kluwer Academic Publishers, Dordrecht, 2001.
[7] M. Holz, K. Steffens, E. Weitz, Introduction to Cardinal Arithmetic, Birkhduser, Basel, 1999.
[8] T. Jech, The Axiom of Choice, North-Holland, Amsterdam, 1973.
[9] T. Jech, Set Theory, third ed., Springer, Berlin, 2002.
[10] W. Just, M. Weese, Discovering Modern Set Theory, vol. I, Amer. Math. Soc., 1997.
[11] Li Bang-He, Li Ya-Qing, New generalized functions in nonstandard framework, Acta Math. Sci. 12 (1992) 260-269.


http://arxiv.org/abs/0809.4814

548 H. Vernaeve / J. Math. Anal. Appl. 384 (2011) 536-548

[12] T. Lindstrem, An invitation to nonstandard analysis, in: N. Cutland (Ed.), Nonstandard Analysis and its Applications, Cambridge Univ. Press, 1998,
pp. 1-105.

[13] M. Oberguggenberger, Multiplication of Distributions and Applications to Partial Differential Equations, Pitman Res. Notes Math., vol. 259, Longman,
Harlow, 1992.

[14] M. Oberguggenberger, S. Pilipovi¢, D. Scarpalezos, Local properties of Colombeau generalized functions, Math. Nachr. 256 (2003) 1-12.

[15] M. Oberguggenberger, T. Todorov, An embedding of Schwartz distributions in the algebra of asymptotic functions, Int. J. Math. Math. Sci. 21 (1998)
417-428.

[16] M. Oberguggenberger, H. Vernaeve, Internal sets and internal functions in Colombeau theory, J. Math. Anal. Appl. 341 (2008) 649-659.

[17] A. Robinson, Non-Standard Analysis, North-Holland, Amsterdam, 1966.

[18] C. Schmieden, D. Laugwitz, Eine Erweiterung der Infinitesimalrechnung, Math. Z. 69 (1958) 1-39.

[19] T. Todorov, H. Vernaeve, Full algebra of generalized functions and non-standard asymptotic analysis, Log. Anal. 1 (2008) 205-234.



	Nonstandard principles for generalized functions
	1 Introduction
	2 Generalized objects
	3 Transfer
	4 Internal deﬁnition and transfer (extended)
	5 Saturation
	6 Overspill and underspill
	7 Applications to generalized function theory
	7.1 Automatic continuity
	7.2 Pointwise regularity

	Acknowledgment
	References


